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ABSOLUTELY TORSION-FREE RINGS
ROBERT A. RUBIN

Call a ring A (left) absolutely torsion-free (ATF) if for
every finite kernel functor o (i.e., a topologizing filter of non-
zero left ideals), o0 (4) = 0. Since a commutative ring is ATF
iff it is an integral domain, ATF rings may be viewed as
generalizations of domains. Now an ATF ring is a prime
ring, but there are even primitive rings that are not ATF.
However if A is either finite as a module over its center, or
finite dimensional and nonsingular as a left 4-module, then
A is ATF iff it is prime—in which case 4 is right ATF as
well. The class of ATF rings is closed under the formation
of polynomial rings, overrings in the maximal quotient ring,
and Morita equivalence, but not under subrings. If 4is ATF
with maximal left quotient ring @, then Q is simple, self-
injective and von Neumann regular. Furthermore Q is arti-
nian iff 4 is (left) finite dimensional. An interesting class of
ATF rings are the hereditary noetherian prime rings (HNP).
Techniques used in deriving properties of ATF rings show
that every ring between an HNP ring 4 and its maximal
quotient ring is itself a ring of quotients of 4 with respect
to some idempotent kernel functor, and thus is HNP itself.

The ideas of kernel functors, filters of left ideals, torsion theories,
ete.Tare by now well known, and we assume the reader is familiar
with them. The terminology and notation are that of Goldman {5]. In
particular, for any ring 4, K(4) (respectively I (4)) denotes the set of
kernel functors (respectively idempotent kernel functors) on the category
of left A-modules. TFurthermore, 7, denotes the unique largest kernel
functor with respect to which 4 is torsion-free; 7, is idempotent; a
left ideal ¥ is 7,-open if and only if ¥ is a rational left ideal; and
Q: (A1) is the Utumi maximal left ring of quotients of A (see [10]).

Note. In this paper all rings have units, ring homomorphisms
are unital, and the term “module” means left module over the ring
being considered. Also since we are using kernel functors defined on
the category of left modules, our definition is actually that of left
ATF rings.

1. Absolutely torsion-free rings. The following proposition
motivates our forthecoming definition.

ProrosITION 1.1 Let R be a commutative ring. Then R is an
integral domain < for every ¢ € K(R), # o« = o(R) = 0.
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Proof. (=) Since d(R) = {#e€ R| Ix = 0 for some I€ 7}, if 0%
(i.e., if 0 ¢ .7,) then 6(R) = 0. (=) Let 0 = a € R and suppose ax = 0
for some xe€ R. Then the set of ideals I of R with ae I defines a
kernel functor ¢,, and o, # <, since a = 0. But Ra is o,-open and
Rax =0, so xe€0,(R) = 0.

Note that in the proposition above that we must check to see
that R has no torsion ideal for all kernel functors, not just the idem-
potent ones. For if we let R = Z/p*Z, p a prime we have: for every
PeI(R), p # « = p(R) =0, but Z/p*Z is certainly not an integral
domain.

DEFINITION. A ring 4 will be called absolutely torsion-free (ATE)
if for every g€ K(4), 0 # « = a(4) = 0.

The partial ordering on K(A) provides a nice description of ATF
rings.

PRroPOSITION 1.2. /4 is absolutely torsion-free < there is
pe I, i+ o

such that for all o = oce K(4),0 < [

Proof. (=) Recall that 7, satisfies: if 0(4) = 0 then ¢ < 7,. Since
T, # oo, 0t =7, will do. (=) It suffices to show that ¢ =7, Now
T,# o 80 7, < #. Hence all we must show is that ¢ < 7, i.e., that
pn(A) =0. Let I =p(A). Then I is a two-sided ideal, so that the set
of left ideals ¥ of 4 such that ¥ 2 I determines a kernel functor o,.
If I+ 0,theno;+# , and soo, < ¢. Now I is o,-open (i.e., I€ 7,),
so [ is also p-open, and hence 4/I is p-torsion. Consider the exact
sequence 0 — I — A4 — A/I— 0. Since e I(4), 4 is p-torsion, [5, Prop.
1.7]. But 4 is p-torsion = ¢t = oo, a contradiction. Hence p(4) =I=0.

For commutative rings it is not necessary to know what a kernel
functor is in order to be able to talk about integral domains. Fortu-
nately the same is true for ATF rings, although we must introduce
a new concept in order to show it.

DeriniTION. Let M be a module and P a submodule of M. Then
P is said to be a weakly essential submodule of M, or M is a weakly
essential extension of P, if, for any finite collection {x,, ---, x,} of
elements of M, there is a 0 = re 4 such that »rz;€ P for each 7 =
1, cee, T

The following proposition describes the elementary properties of
weakly essential extensions.
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ProPOSITION 1.3. Let P= M. Then

(i) of P s weakly essential in M, and if x€ M, then (P:x) =
{acd|axe P} is a weakly essential left ideal of 4;

(i) 4f P is an essential submodule of M, P is a weakly essential
submodule of M;

(iii) if Q 1s an essential submodule of P, and if P is a weakly
essential submodule of M then Q is a weakly essential submodule of M.

Proof. (i) Let b, +--,b, be elements of 4. Then bxe M for
every 4, and since P is weakly essential in M, rbx e P for every ¢, for
some 0 red; i.e., rb,e(P:x) for every 4. So (P:x) is weakly
essential.

(ii) Let =, +++,2,e M. Then for each ¢ =1, .-, m, (P:x;) is
essential, and so is MN~, (P:x;). In particular then, N; (P:x;) = 0 so
there is a 0 == rc 4 with rx; e P for each <.

(iii) We first show by induction that if {y,, ---, ¥} is any finite
(nonempty) set of nonzero elements of P, there is re 4 such that
ry;€ Q for all 7, and ry;, # 0 for some 7'. Since @ is essential in P,
the case m = 1 holds. If m > 1, there is se 4 such that 0 # sy, € Q.
If sy;e@ for all ¢ we are done. If not, the induction hypothesis
applies to the nonzero elements of {sy,, ---, sy.}, and we obtain the
desired element of 4. Now if {x, .-+, 2,} & M, we can find 0 = te 4
such that ¢x;e P for each j. Then either each {x;€ Q@ and we are
done, or we can apply the preceding to the nonzero elements of
{tx,, -+ -, tx,} and obtain the desired ring element.

ExaMPLES. (i) We describe weakly essential submodules for
modules over rings without zero-divisors. So let 4 be such a ring,
and P& M A-modules. Then it is easy to check that P is weakly
essential in M if and only if M/P is torsion. For such rings we have
an additional characterization of weakly essential that makes its rela-
tion to essential quite clear: P & M is weakly essential if and only
if whenever N M is such that NN P =0, then N is torsion.
Furthermore if 4 is ATF the previous statements still hold, where
“torsion” means “z,torsion”.

(ii) We show that in part (iii) of Proposition 1.3 if the order of
“essential” and “weakly essential” are exchanged the result is false;
i.e., we give an example where Q & P < M with @ weakly essential
in P and P essential in M, but @ not weakly essential in M. Let R=
Z/AZ, M = R as an R-module, P = 2R, and @ = 0. Then P is essential
in M, and @ is weakly essential in P since 2P < Q. However Q is
not weakly essential in M.

The value the notion of weakly essential submodules is that it
gives us a way of describing in more common language a result in-
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volving kernel functors. If % is a left ideal of 4, there is a smallest
kernel functor, which we will call oy, for which U is relatively open.
In the following proposition we describe o, via its topology.

PROPOSITION 1.4. . 7,, is the set left ideals I of A such that for
some finite subset x,, +++,®, of 4, F2RLxz) N -+ N QAL a,).

Proof. The proof that the above set of left ideals defines a kernel
functor is straightforward, using only the fact that if B is a left
ideal, and x and y are elements of 4, then ((8: z): y) = (B: yx). Call
this kernel functor ¢. Now e .7, since A = (: 1). Furthermore if
for some pe K(4), A is p-open, then for any finite subset {x,, ---, 2.}
of A each (U: x;) is p-open and hence so is [); QL x;). So any o-open
left ideal is p-open; i.e., 0 < p.

Note that if % = B are left ideals, then g, < 0y, and if pe K(4),
then for any e . 7,,0, < p. Alsoif I is a two-sided ideal of 4, then
7., is the set of left ideals containing I, so I+ 0 =0, # oo.

PROPOSITION 1.5. o0y %% oo = U is a weakly essential left ideal.

Proof. 0y = co <=0 is g,-open < for some finite subset {x,, -+, x,}
of 4,MN; (W x;) = 0= A is not weakly essential in A.

We can now characterize ATF rings in terms of the o,’s.

PROPOSITION 1.6. A s absolutely torsion-free = the set Z# of those
left ideals A of A such that oy # o defines an idempotent kernel
functor.

Proof. (=) Let ¢ be the unique largest member of K(A) — {co},
and note that for any left ideal %, 0y = « = W e 7,. Using this fact
and the remarks following Proposition 1.4, one can easily check that
T =7,

(=) If & defines pe I(4), then for any oe K(A), g + - = for
any o-open left ideal B, 04 <0, so B is p-open. Hence ¢ < o, and
4 is ATF.

If 4 is an ATF ring, then the unique largest member of K(4) — {co}
as described in Proposition 1.2 is 7,. Recall that the elements of 7
are just the rational left ideals of 4. This finally gives us a descrip-
tion of ATF rings that is independent of kernel functors.

THEOREM 1.7. A is absolutely torsion-free = every weakly essen-
tial left ideal of A is a rational left ideal.

Some elementary properties of ATF rings are worth noting.
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ProrosITION 1.8. If A is absolutely torsion-free them A is a prime
ring; t.e., the product of monzero two-sided ideals of A is monzero.

Proof. Let I,J be two-sided ideals of 4. Then the set of left
ideals containing I defines 0, € K(4). If IJ = 0, either J = 0, or ¢,(4) # 0,
whence ¢, = «, which can only happen if I = 0.

PROPOSITION 1.9. Let 4 be absolutely torsion-free and R its center.
Then R is an integral domain, and A is a torsion-free R-module.

Proof. If 0% ae R and ye 4 such that ay = 0, we have:
(Aa)(Ay ) = A(ad)(yA) = A(da)(yA) = dayd =0 .
Since 4 is a prime ring, Ay4 = 0, and so y = 0.

We should have some examples of ATF rings.

(a) If A4 has no zero divisors, 4 is ATF. For comparing the
definitions of “weakly essential” and of “rational” one sees that
“weakly essential” immediately implies “rational.”

(b) If 4 is a simple ring, 4 is ATF. This follows immediately
from the fact that for any o e K(4), o(4) is a two-sided ideal.

(e¢) If A satisfies the d.c.c. (on either side) then 4 is ATF < 4
is simple. (This is the non-commutative analog of the fact that a
commutative domain with d.c.c. is a field.) For if 4 is an ATF ring
with d.c.c., then 4 is a prime ring with d.c.c., and so is simple.

Proposition 1.8 tells us that an ATF ring is a prime ring. The
following example shows that the converse is false. Let & be a field,
and V a countably infinite dimensional vector space over k. If 4 =
Hom, (V, V), then 4 is more than a prime ring; it is primitive (with
V as faithful simple module). Now viewing 4 as a left 4-module, 4
is nonsingular (i.e., no nonzero element of 4 has essential left annihi-
lator) and Socle (4) # 0. Thus 4 contains a nonsingular simple
module S. Furthermore since 4 is not semi-simple, 4 has an essential
maximal left ideal, and consequently a singular simple module S’. If
o = Ty, the largest kernel functor for which S’ is torsion-free, we have,
since S % &, 0(S) = S (see [5] p. 36). Thus ¢(4) =+~ 0, and 4 is not ATF.

Under certain circumstances however, prime rings are ATF, when
the ring is commutative for instance. We find two additional instances.
The first is that the ring is “almost” commutative; i.e., it is finitely
generated as a module over its center.

PrROPOSITION 1.10. Let 4 be a ring which s finitely generated as
a module over its center R. Then A is absolutely torsion-free = A 1is
a prime ring.
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Proof. (=) Suppose ¢ € K(A) such that ¢(4) # 0. Let 0 = z e a(4).
Then there is a o-open left ideal 2 such that 2x = 0. Now 4 =
Ry, + «-+- + Ry, for some y,, +++, y,€ 4, and

B=@Wy)N- - NQL:y,)e. 7.

But =% and B is the two-sided ideal (A: 4) = {acd|ad = A}
Hence Bx = 0. But then B(4x) = (W NHAdx = Ax = 0, and x += 0. So
(2:4) = 0, and hence ¢ = o.

The next instance is somewhat more interesting.

Recall that a module M is called finite-dimensional, dim (M) < o,
if there is no infinite collection of submodules of M whose sum is
direct. Recall further that z(M) = {xe M| (0: ) is an essential left
ideal}, where (0: x) = {re 4| rx = 0}.

THEOREM 1.11. Let A be a ring such that dim (,4) < . Then
A s absolutely torsion-free = A is a prime ring and z2(,4) = 0.
Furthermore, if A is absolutely torsion-free, it is right absolutely
torsion-free as well.

Proof. (=) Proposition 1.8 and the fact that ze K(4) yield this
result. (=) Let Q= Q. (4); i.e., @ is the maximal left quotient ring
of 4. Then @ is a simple artinian ring, and is the classical left ring
of quotients of 4 as well (Theorem 1.6 of [8]). Now since @ is sim-
ple,it is ATF, and since @ is semi-simple as well, the only weakly
essential left ideal of @ is @ itself. Let U be a weakly essential left
ideal of 4, and let ¢,, ++-,¢,€ Q. Then there is a regular de 4 such
that dg;e 4 for each 1 =1, .-+, n. Furthermore there is 0 re4
such that rdg; e 2 for each 4. Since d is regular, rd # 0, and so QU
is a weakly essential A-submodule, and hence Q-submodule, of Q.
Thus Q¥ = Q. Then by Lemma 1.5 of [8],2 is an essential left
ideal of 4. But essential left ideals of rings satisfying z(4) = 0 are
rational. Thus 4 is ATF.

Now let 6 be a kernel functor defined on the category of right
A-modules. Suppose that « # d, and that I = 06(4) # 0. Then I is
a two-sided ideal, and since 4 is a prime ring, I is essential as a left
ideal. Thus QI = @ by Theorem 1.6 of [8] again, and so there are
¢:€Q,x;el,i=1 .-+, m such that 1 = 3, ¢x;. Since each =z;¢ 1,
there is a nonzero right ideal & of 4 such that 2,3 = 0 for each 4.
But if aeF,a=1a=>,¢qx0=0. Thus =0, a contradiction.
Hence I = 0, and 4 is right ATF.

NoTE. While the definition of ATF rings is one-sided, the two
preceding results give rather common situations under which the
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condition is actually two-sided. This naturally raises the question as
to whether there are any one-sided ATF rings.

Given a commutative domain R, it is easy to make other domains:
subrings of R, rings between R and its field of quotients, polynomial
rings over R are all domains. We now turn to question of obtaining
new “domains” from an old one in the more general setting. The
following theorem, which is of considerable interest in itself, immedi-
ately yields an important fact about ATF rings.

THEOREM 1.12 Let A and I" be rings, and suppose that the cate-
gory of (left) A-modules, #(A), is equivalent to the category of (left)
I-modules, _#(I"); t.e., there are fumnctors S: _#(A)— #Z (") and
T: # () — #(A) such that ST (resp. TS) is naturally equivalent
to the identity functor on _#(I")(resp. #(A)). Then K(I") is isomor-
phic to K(A) as partially ordered sets.

Proof. Define S: K(A) — K(I") and T: K(I") — K(4) by: if o€ K(4)
and if X is a I"-module, then X is S{o)-torsion = X ~ S(M) for some
o-torsion A-module M; similarly if oe K(I") and M is a /A-module,
call M T(o)-torsion <= M ~ T(X) for some p-torsion /"-module X. It is
routine that S and T are order preserving and inverses of each other.

COROLLARY 1.18. If A 1is absolutely torsion-free, and I = M,(4),
the m X m matric ring with entries in A, them I' is absolutely
torston-free.

Proof. As is well known, the category of left A-modules, _Z(4),
is equivalent to the category of left M, (4)-modules, .~ ,(4). So K(4)
and K(M,(A)) are the same as partially ordered sets. But by Proposi-
tion 1.2, the condition for being ATF is stated purely in terms of the
partial ordering on K(4). So M,(A4) is ATF as well.

The next theorem shows that the formation of polynomial rings
preserves our condition.

THEOREM 1.14. Let A be absolutely torsion-free and I' = Afx],
1.e., we adjoint to A a central nonzero-divisor, nonunit x. Then I is
absolutely torsion-free.

Proof. If « % oe K(I"), and geo(l’), then g is annihilated by
a weakly essential left ideal. Thus it suffices to show that no weakly
essential left ideal of I" annihilates any nonzero element of 7.
Let ¥ be any left ideal of I', and letA = {red|ay, + ax + <<+ +
@, 2"+ ra"eX for some a, +--,a, €4} i.e., A is the set of
“highest coefficients of X.” Then U is a left ideal of 4. Further-
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more, if £ is a weakly essential left ideal of 77, then 2 is weakly
essential in 4, for if 2, ---, 2, is any finite subset of 4, thenz,, ---, 2,
is also a finite subset of 7", and so there is a 0+ fel',f = a, +
ax + +++ + a2 a, *= 0, such that fz;€¥% for each 4. This means
that a.2; + @28 + -+ + a,z;2"€X for each 4, and so a,z;¢¥ for
each %, and a, = 0. Suppose now that X is weakly essential in I,
and that Xg = 0, for some g = b, + bx + -+ 4+ b,2"e€ . Now if A
is the set of highest coefficients of ¥ as above, let ae . Then
h=c¢ +cx+ -+ +ax*ecX and hg = 0. Now the highest coefficient
of hg is ab,, the coefficient of z™*?. So b, = 0 and since A is
weakly essential, and hence rational in 4, Wb, = 0= b, = 0. Now b,
is the highest coefficient of g, so g = 0.

Next we show that all rings between an ATF ring and its
maximal quotient ring are still ATF.

THEOREM 1.15. Let /A be absolutely torsion-free and let @ = Q. (4).
Then if I' is a ring such that AS " = Q, then I' is absolutely
torsion-free.

Proof. Let % be a weakly essential left ideal of I°, and let
A =4N%. Then U is a left ideal of 4, and if x, ..., 2, is any
finite subset of 4, it is also a finite subset of /7, so there exists
0 # vel" with vx;eX for each 7. However 0 = ve @, so, since Q/4
is 7,torsion while @ is 7, torsion-free, 0 %= rvye 4 for some re /.
Then (rY)x;€X N A for each 1, i.e., A is weakly essential, and so is
rational in 4. By noting W c 4, that 4 is rational in @, and that
A<= = Q, and finally that rationality is transitive, [10, 1.5,
pg. 2] we see that X is rational in I'. Hence by Theorem 1.7 I" is
ATF.

We have seen a number of ways in which new ATF’s naturally
arise from a given one. There is one manner in which they fail to
arise, despite what occurs in the commutative case; namely from
taking subrings.

Let 4 be the ring of 2 x 2 lower triangular matrices over a field
k. Then the maximal ring of quotients of 4 is M,(k), the 2 x 2 full
matrix ring. M,(k) is ATF while 4, which has a nilpotent ideal, is
not. So it can happen that very reasonable subrings of ATF rings
need not be themselves ATF. An interesting problem would be to
determine which subrings of ATF rings are ATF.

2, The maximal ring of quotients of an ATF ring. For any
ring 4, Utumi’s maximal left ring of quotients is Q. ,(4) in the language
of [5] (see [10]). In this section we describe the maximal (left) ring
of quotients of an ATF ring.
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THEOREM 2.1. Let A be an absolutely torsiom-free ring, and
Q(= Qy(A)) its maximal left ring of quotients. Then Q is stmple,
von Neumann regular, and self-injective (as left Q-module). Further-
more Q satisfies the d.c.c. = A is (Goldie) finite dimensional as a left
A-module.

Proof. Since an ATF ring is nonsingular, all but the simplicity
of Qis well known: that @ is von Neumann regular goes all the way
back to Johnson [6]; [Prop. 3, p. 95 and the Corollary to Prop. 2,
pg. 106 of 7] applied to @ itself yields self injectivity; and, once we
have simplicity, the furthermore is taken care of by Theorem 1.6 of
[8]. We give a proof due to Goldman that @ is simple.

For any module M over any ring, there is a smallest kernel
functor, which we will call v,, with respeet to which M is torsion.
Furthermore .77, is the set of left ideals containing some finite inter-
section of annihilators of elements of M. Let I be a two-sided ideal
of @, which by Theorem 1.15 is ATF. If I+ 0, we have, since
v(Q) 2v,(I) = I+ 0,y, = . Hence there are elements x,, -+, z, € [
such that ann (x,) N +-- N ann (x,) = 0, where ann (z;) = {g € Q | gx; = 0}.
Let I"=1I& :-- @ I (n times) and let f: @ — I* be defined by f(1) =
(2, 3y +++, ®,). Then f is a @-monomorphism from @ to I", and since
Q is injective, f splits; i.e., there is a Q-homomorphism g: I" — Q such
that gf(1) = 1. Now g is a map from a sum, so there are @Q-homomor-
phisms ¢;: [—Q,5=1,+--,n, such that for any (a, :--,a,)el”
g{(ay, +++, a,)) = > 9;{(a;). But again Q is injective, and I is a left
ideal of @. Hence for each j =1, ..., n there is ¢;€ @ such that
gi(a) = ag; for any a€ I. Thus 1 = g(f(1)) = g((x, + -+, %.)) = 235 9;(®;) =
>vixiq;. But each ;€ I, which is a two-sided ideal of Q. Thus either
I=0, or 1e¢l. Hence Q is simple.

3. Hereditary noetherian prime rings. Recall that a ring is
left hereditary if every left ideal is projective. Recently a great
deal of interest has been shown in hereditary noetherian prime rings,
these being very reasonable noncommutative analogs of dedekind
domains. Here hereditary and noetherian are assumed to hold on
both sides. See [2] and [3] for more about these rings. In this
section, we shall show that every overring of an hereditary noetherian
prime ring 4 in its maximal quotient ring is of the form Q,(4) for
some o € I(4), and is itself hereditary noetherian and prime. In doing
so we shall have need of the following restatement of Theorem 13.10
of [9].

THEOREM 3.1. Let AL[’ be an epimorphism of rings. If f in-
duces on I" the structure of a flat right A-module, then there is a
pe I(4)y such that I ~ Q.(4).
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THEOREM 3.2. Let A be an hereditary moetherian prime ring and
Q its maximal ring of quotients. Let I be a ring such that AST" = Q.
Then there is a pe€ I(A) such that I" ~ Q.(A).

Proof. By Theorem 3.1 it suffices to show that the inclusion of
A in I' is an epimorphism of rings and induces on /" the structure of
a flat right A-module. Now by Theorem 2.1 of [2], every finitely
generated right A-submodule of @ is projective (since the ¢ of that
theorem is 7, in our language, and 7,(Q) = 0). But projective right
A-modules are right flat, I” is the direct limit of its finitely generated
right A-submodules, and flatness is preserved by direct limits. Hence
I' is flat as a right 4-module. Now since I" & @ and " is right 4-flat,
'@, =Ir'k,Q. But Q is itself right A-flat (Theorem 2.7 of [8]),
so tensoring I" = @ with @ gives Q ®.I" =S Q@ ®,Q. But it is well-
known that Q ®,Q ~ Q. For instance Theorem 4.3 of [5], and the
fact that @ can be viewed either as Q.,(4) or as the classical ring of
quotients of 4, yield this quickly. So I"'®R, IS QR,Q~ Q. But
the image of I"®,I" in Q is just I'; i.e., ' Q[ ~1,s0 A<= isan
epimorphism of rings.

The above theorem allows us to prove the noncommutative analog
of the theorem that says every ring between a Dedekind domain and
its quotient field is also Dedekind. Some preliminaries are needed
however, including the following well-known lemma.

LEMMA 8.8. Let o I(4), S and T Q,(A)-modules, and f a A-homo-
morphism from S to T. Then if o(T) = 0 when T is considered as
a A-module, f is a Q,(4)-homomorphism.

Proof. Let ge Q,(4) and x€ S. Then for some e .7, Ag < i(4).
Then for any ae?, af(qw) = flagx) = (ag)f(x) so a(f(gw) — ¢f(w)) = 0.
Hence A(f(gx) — ¢f(®)) = 0= f(gv) = ¢f(x) eo(T) = 0. Hence f(qv) =
qf(x) for all xe S and g<c Q,(4); i.e., f is a Q,(4)-homomorphism.

ProPOSITION 3.4. Leto € I(4), and suppose 4 = Q,(A); i.e., o(4) = 0.
Let X be a left ideal of Q.(A), and A = ANZX. Then if A is a finitely
generated projective A-module, X is a finitely generated projective
Q,(A)-module.

Proof. Recall that a module M is projective if and only if there
exist families {z.,} of elements of M and A-homomorphism {f,: M — A}
such that for each xe M, almost all f,(x) =0 and 2 = 3. fu(®)2,
[1, Prop. 3.1, p. 132]. Furthermore M is finitely generated projective
if and only if the families {x,} and {f,} are finite. So now let X be
a left ideal of Q,(4) such that % = XN 4 is finitely generated pro-
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jective. Then we have finite families {x,} S % and {f.,: % — 4} such
that for any ac, a = 3.fo(@)2,. Now let ze¥; then xec Q,(4), so
Sx = A for some Je. 7,. But Jp =% as well, so Jrc4nNX =2,
Hence %/ is o-torsion. For any @, we obtain the following diagram
of A-modules and 4-maps:

0—A—%

|

4

l

Q = QG(A) .

Since Q is o-torsion-free and o-injective there is a unique A4-homo-
morphism g¢.:X — @ making the diagram commute. The preceding
lemma shows that g, is a @Q-homomorphism. Now define, for any
reX, g(x) = . 9u(®)2.. Note that g is a @-homomorphism, and hence
a A-homomorphism, from ¥ to @ and that g restricts to the identity
on 9. Consider this diagram of A-modules:

00— A—%

.

4

l

Q.

Now there is a unique 4-homomorphism %, which again is a @-homo-
morphism, making the diagram commute. We could certainly have
h =1,, and we could also have h = g. So g =1,; i.e., forany xcX ¢ =
9(x) = e g.(2)%, s0 X is finitely generated projective as a Q,(4)-module.

THEOREM 3.5. Let A be an hereditary mnoetherian prime ring
with maximal ring of quotients Q (~Q.(4). If I' is a ring with
AS TS Q, I is an hereditary moetherian prime ring.

Proof. By Theorem 1.15 I is ATF, hence prime. Theorem 3.2
says that I" ~ Q,(4) some o€ I(4), and so by Proposition 3.4. I is
left noetherian and left hereditary. But since @ is the two sided
classical ring of quotients of 4, 1" is also left 4-flat, and Theorem 3.2
holds for I as a right ring of quotients of 4. So Proposition 3.4
applies on the right, and I" is right hereditary and right noetherian
as well; i.e., I" is an hereditary noetherian prime ring.



514 ROBERT A. RUBIN

REMARK. Using the language of Theorem 4.3 of of [5] we can
readily show that if o, o are kernel functors having Property (T),
then Q,(4) ~ Q,(4) =0 = p. From this a generalization of a fact
about Dedekind domains can be made: if 4 is an hereditary noetherian
prime ring, and o, p€ I(4), then o # p = Q,(4) % Q.(4).
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