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Abstract
It is shown that when a real quadratic integeof fixed norm u is considered,

the fundamental unit4 of the fieldQ(¢) = Q(+/d) satisfies logq > (logd)? almost
always. An easy construction of a more general set conialhthe radicands
of such fields is given via quadratic sequences, and theeeftigi of this substitution
is estimated explicity. Whem = —1, the construction gives all's for which the
negative Pell's equatiorX? — dY? = —1 (or more generallyX? — DY? = —4) is
soluble. Whenp is a prime, it gives all of the real quadratic fields in whicte th
prime ideals lying oven are principal.

Introduction

The regulator is probably one of the most unpredictable teois related to a num-
ber field. Dirichlet’s class number formula already gave eaclconnection between the
L-value, the class number, and the regulator, but while tts¢ fivo have been admit-
ting huge theories in various perspectives, the regulaems to remain far from being
exploited. Letd be a positive square-free integer akdthe field Q(+/d) with discrim-
inant D, class numbehy and fundamental unity. In this case Dirichlet's formula
reduces to

_ vDLx)

47 T 2logeq

The L-value is known to stay in a relatively narrow ranfe < L(1, x) < log D
for arbitrary € > 0 [14], so we know thatD¥/?~¢ « hqlogeq < DY2*¢. As for the
class number, many things can be said about the primary phitieal class groups.
Nevertheless we know very little about the fundamental,uhispite the fact that the
computation ofhy is essentially impossible without computing lag

Although logeq seems to vary in a wide range betwe®(log D) and O(DY2logD)
in a somewhat uncontrolled way, concerning its average we haveral precise conjec-
tures in terms ohy [2, 11, 13]. A problem that can be considered as a yardstickig
direction is to show that the regulator is in most cases mardel than the class number.
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It is well known that the fundamental unity comes from the continued fraction
expansion ofy/d or (v/d + 1)/2 whose period is the most dominant factor in the
size of g4 [1]. Naturally, many researches have been focused on thee cfizperiod
and now its upper bount <« +/dlogd has fairly precise versions [3, 18]. As for the
lower bound, it is generally believed that lag>>> DY/?~¢ holds for most of square-free
integerd. However, the average order af is known only to the following extent; for
almost all non-squard, one haseq > d”/4< [6, 7].

Keeping this difficulty in mind, in this article we lay our @est on quadratic in-
tegers instead. When a quadratic integenas norm a rational prime@, £ generates a
principal prime ideal, i.e.p splits or ramifies into principal prime ideals @(£)/Q.
A simple fact is that the more there are rational prinpes +/d that split into princi-
pal primesPP in Q(+/d), the bigger the fundamental unit becomes [22]. Another
fact is that (see Section 3) ip < +/D/2 and&, & are the least elements iR, P
among those numbers greater than 1, thén= peq. This suggests that a full know-
ledge about a single principal prime and its conjugate gfulisinformation abouteq.
This already justifies a study about quadratic integers,vaadhow in this article that
logeq > log?d is true in most cases, where ‘most’ shall be interpreted iradequate
fashion based on quadratic integers.

Now we formulate the main result. Let be a square-free integer with| > 1 and
£ a quadratic integer, i.e., a zero of a monic polynon¥dT X+ u for some integer
T. Since we will treat real quadratic fields which appear onlyewT? — 4, > 0, we
shall fix the normu of £ and let|T| — oo. For each intege with T2 — 4, > 0,
let £,(T) be the large root oX? — TX + u = 0 and D = D,(T) the discriminant of
Q(£,.(T)) when&,(T) is irrational. Observe thab,(T) = D,(—T), so it is no harm
to consider positivel only. Letd = d,(T) be the radicand corresponding B, viz.,
d=D if D=1 mod 4 andD/4 otherwise. Letf|,(N) be the number of distinct fields
in {QE_.(T) |1 <T < NYU{Q(.(T)) |1 < T < N}. w(u) denotes the number of
distinct prime factors ofu.

Our main result is following

Theorem 0.1.

0.1) fiminf 1N 500
N—o00 N
and
0.2) N“m (ﬁ{1< T <N |||\log8d > LM(T)}) _1
where
JB)Z ( 2I092) VD 2l
L, (T)= log— | —(3- log— —2log 2— .
u(T) |09|M|( 977 ogiul ) %9 2 7210927 g
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Yamamoto already gave the infinitude of number fields thasfyabgey > log"™* D
for n = 2 [22], but he did not discuss how often such fields arise inneatOn the other
hand, Reiter tried to make Yamamoto’s bound effective [28]] in the process of doing
so the original leading term"@og +/D)"*/((n + 1)! log p; - - - log pn) was weakened to
(logv/D/2)"*1/(2(n+ 1)!log p; - - -log pn). Theorem 0.1 gives a density result about the
appearance of such fields for the case- 1, and the lower bound for the regulator is
also tighter than that of Reiter.

Recalling how little we know abouty in general, Theorem 0.1 suggests an inter-
esting set of radicands, namely = ©,, = {d,(T) | T > 0, T?—4u > 0}. It would be
desirable to list up the elements ®f according to their size and examine the density
of ® in Z, or to construct the seD explicitly. Unfortunately we were not successful
in this direction. Instead, we try to consider a bigger seit ttontains® and whose
construction is simple, explicit and has a sort of measerafficiency. For this, as

long as&,(T) and £,(T’) generate distinct ideals i(+/d), we allow the radicandi
to be counted again i®.

Let 10(u) = {(y,x) € 22| 0<x <y, gcdk, y) =1, x> = u (mod y)}, | D) =
{(y, x) € 1O(u) | y is odd and

. {%’ if yis even,
y:

y otherwise.

We useN to denote the set of nonnegative integers. Define

DO y:t) = (YK + 2K(I/y) Vi + 2+t [k e N,
DD y: t) = (4y?Kk? + 4ky/4 + y2t +t | k € N}
which are quadratic progressions, and let
DD (u: y;it) = {d e DD(u: y: t) | d is square-frep
Then we have

Proposition 0.2. (1) There exist mapg$’: 10)(u) — © for j = 0, 1 such that

ocl) U 2P0 y: ey, ).

1=0,1(y,x)el D(u)

(2) For each(j, y, x) there exists an arithmetic progressidi,’}(d) | d € D (u; y;
¢ (y, x))) satisfying d(TyR(d)) = d for d e D NDD(w; y; o (y, x)), such that

©3) >y X -

(J) s
1=0,1(y, )€l (1) de@D (u:y:0P(y,x)) (Tyx(d))
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has a simple pole at s 1 with residue Ru) <« 1.

The proof of Proposition 0.2 is simple but is constructivel ahows that the maps
¢,()) and T&,JQ can be determined in a canonical way.

What Proposition 0.2 says is the following. Singg(T) — T| < |u/T|, one has
D EUT)> =3 T3 «1ass— 1+. It turns out by Theorem 3.2 that even when
we pick the tracedl in a way that the ideals generated y(T) are all distinct, the
series)_ T still have the same residue with(s) at s = 1. We may say for this
that the residue corresponding @ is 1. In Proposition 0.2, (1) suggests tHatcan
be approximated by a union of quadratic progressions, an@pyits correspondent
residueR(u) may be considered as a measure of this approximation gualit

To specify how much this union is bigger thah let Ii(u,) be the residue in (0.3)
that we shall obtain whe® D (.: y; ¢ (y, X)) is replaced by® D (u; y: ¢ (y, X)) in the
innermost sum. We first observe th&{u) = 1. This is becausd,}(d)? — 4u = yd
under our construction, and if we assumds square-free, there is only one quadru-
ple (i, y, x, d) satisfying T{(d) = T for a fixed T. Since R(u) is the sum of all the
residues of the innermost sums in (0.3), computing the tewngisquare-free numbers
in D0 (u:y: ¢ (y,x)) shall give an estimate dR(,). Write [N] = {1,2,...,N} and put

FN) = DD (s y: g0y, x)) N [N]],
FON) = 19D (s y: gD(y, ) N [N]I.
Then we have
Proposition 0.3. For each pair(y, x) € 1 D(uw),
N 51
NDso (N
yx(N)

()65 e5) T (o 3)

ply P2 ptuy, (n/p)=1

where the restricted products are over odd primasd

if j =0,y is odd andu =0 or 1 (mod 4);
if j =0,y=2 (mod 4),u =1 (mod 8);
if j =0,y=0 (mod 4)

otherwise.

wy(2) =

o NN

ExAmMPLE 0.4. Let C,(})(y, X) be the limit in Proposition 0.3 and considgr=
2. For any pair ¥, x) € 10(2), 2 must be a square modulo If y is odd, this is
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possible exactly when every prime factor gfis congruent to+1 modulo 8. Since
ged(x,y) = 1, y cannot be even and we thus ha®(2) = | D(2) = {(1,0),(7,3),(7,4),
(17,6), (17,112),..}. It is easy to see thaby(2) = 0 always, and numerically one can

show that
Son-Tl6-3) T (3)

ply

p=+1 (mod 8)
2
- I 0-%)
p=+1 (mod 8)
=0.94- -

which implies that 0.98(2) < R(2) = 1. The union of quadratic progressions can be
therefore considered as a nice substitution®oin this case. The choice = 2 might
seem to be especially good, but in falfitp:odd(l— 2/p?) > 0.64 and the probability to
get a square-free integer fro@W(u; y: ¢{(y, X)) is very often close to 1, and hence
so is R(u). Note that the product in Proposition 0.3 does not involag add primep
with (u/p) = —1, and the value of the infinite product is affected veryditdy large
primes. The probabilityc,ﬁj)(y, X) is therefore particularly close to 1 when= 2 or

3 (mod 4), 1 is square-free andu(/p) = —1 for small odd primesp so that 4} vy,
wq(2) = 0 and many small primes are excluded in the infinite product.

Next remarks are all about Proposition 0.2.

REMARK 0.5 (Quadratic units). We assumgeds square-free, but Propositions 0.2
and 0.3 are valid fon = +1 too and quadratic units can be dealt with in the same way.
Supposer = £1. If d € DO(u;y, ¢y, X)), the fundamental solution to the Pell's
equationX? — dY2 = u is (|V/d]y + x)2 — dy? = u. Onces! is determined naturally,
the notion ofleasts to iin [17] means the least element DO (; v, ¢y, x)) for each

(y, x) € 19(w). So Propositions 0.2 and 0.3 may be considered as a gematiati of the
result in [17] to quadratic integers with norm other thaf.

REMARK 0.6 (Ramification and fundamental units). Suppdse 2, 3 (mod 4) and
d € O(p: y: $0(y, x)), Vd—1> p and p is ramified inQ(~/d)/Q.
Then (see Section 3 and the proof of Proposition 0.2)

(0.4) &4 = %(Lx/ajy + X 4 yV/d)2.

Suppose that a real quadratic number field with discrimin@ne 4d, vVd — 1 > 2
has class number 1. Then 2 is ramified into a power of a prihdgeal, say £)?,
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where £ comes from the continued fraction afd and corresponds to a paiy,(x) €
1O@2)u 10(=2). It follows that all such fields have fundamental unit of tlorm (0.4)
for some §, x) € 1O(u) where we takgw = +2.

REMARK 0.7 (Decomposition into principal primes). In cageis a prime, say
p, the set®, U D_, gives a complete list of real quadratic number fields in which
p ramifies or splits into principal ideals. This is because principal prime ideal of
norm p has a generatdgy of norm +p and®,U®_, contains all of the positive radi-
cands of such fields. Since the prime ideal opeis always principal wherp is inert,
this classifies all radicands for which the prime idealsQf{fv/d) over p are princi-
pal. A square-free integet, though, can be contained in several quadratic progression
given by the construction.

The article is organized as follows. Section 1 gives retgssbriefly. In Section 2
the relations between principal reduced ideals and redgoedratic irrationals coming
from the continued fraction of/d or (14 +/d)/2 are described. In Section 3 we state
the distribution of minimal quadratic integegs where a quadratic integéris minimal
if it is the least number greater than 1 in the idegl if generates. Using the contents
in Sections 2 and 3, the proof of Theorem 0.1 is given in Secfio Section 5 covers
details for Propositions 0.2 and 0.3. In Section 6 we disamse technical issues for
further research.

1. Preliminaries

In this articleu represents a square-free integer whose absolute valumisacatively
small, andd a square-free positive integer which is usually considéoede large. Let
Kq = Q(+/d) and Oy the ring of integers oKy, D the discriminant ofKy. Put

1+/d
wqg = 2
Jd otherwise.

if d =1 mod 4,

Let wg = [ag, a1, @, .. .] be the simple continued fraction expansion«f, | the
period of wg, pn/0n = [@0, a1, ..., 8n] @ convergent tavy, any1 = [@ns1, @ns2, - .. ] the
(n 4+ 1)-th total quotient. By convention we pup(i1,q_1) = (1,0), (p_2,q_2) = (0, 1).
For x € Q(+/d), let X be its conjugate andN(x) = xX. For then-th convergentp,/an
of wq, put

Pn—0On + Ohowg  if d =1 mod 4,

énzpn_andz{ .
Pn + Ghed otherwise

and letv, = [N(&)| = (-1)"*IN(&,). We say that a quadratic integércomes froma
convergent tawg whené = &, for somen.
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Recall that a quadratic irrational is reducedif « > 1 and—1 <o < 0. It is
a classical result that the continued fraction expansiora o€al numberx is purely
periodic if and only ifx is a reduced quadratic irrational (for example, see Thedten
of [16]). In particular+/d + |+/d| and (1+ +/d)/2+ [(1+ +/d)/2] —1 are reduced, so
one can writewy = [ag, @z, ..., &] Whereg = 2a;— 1 if d = 1 mod 4 anda = 2a
otherwise. We also recall

Proposition 1.1 ([1]). &g = &1, and the sequencgay, ..., -1} iS symmetric.

The following will be used freely. Lek be a positive real numbepn/dqm be its
m-th convergent and, the m-th total quotient.

Proposition 1.2 ([10]). If (p, q) = 1 and

LU

then p/q is a convergent to x.
Proposition 1.3 ([10]). PnOn-1 — Pn-10n = (—1)"*+L.
Proposition 1.4 ([10]).

On+1Pn + Pn-1

x =[ag, ay, ..., a8« = )
[ ' n+1] ®n+10n + On-1

2. Reduced ideals and the convergents teqg

Following the literature of [5], [12] and [21], an expliciborespondence between
the set of reduced ideals @(+/d) and the set of reduced quadratic irrationals with
discriminantD was given in [22]. For the sake of references in followingtiess, a
short material in [22] is included here.

Write @ = (D + +/D)/2 whereD is the discriminant ofQ(+/d), so that the ring
of integers isOq = Z[w]. For X, ..., X, € Q(+/d), let [Xs, ..., Xa] and i, ..., Xn)
be theZ-module andO4-module generated by, . .., X, (for exampleOy4 = [1, 0] =
(1)). For each integral idedl there is a unique canonical basis of the following form:
| =[a, b+ cw] wherea, b, c are integers satisfying
(i) a>0,c>0,ac= N(I),

(i) c dividesa, b and N(I) divides N(b + cw), and
(i) —a<b+cw<0.
We call the number

b+ co

a(l) =
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the quadratic irrational associated with the ideal Whenc = 1 and«(l) is reduced,
we say thatl is reduced.

Two quadratic irrationals are said to be equivalent if themintinued fraction ex-
pansions become identical at the tail, and the set of quadredtionals of discriminant
D falls into hy classes by this equivalence relation. By the above correkpae, the
set of reduced ideals iy gives the set of reduced quadratic irrationals of discrim-
inant D, and a reduced idedl is in the principal ideal class if and only #(l) is
equivalent towy.

We begin with a well-known correspondence.

Lemma 2.1 ([1], Sections 5.6 and 5.7)

a((én)) = anta-

Lemma 2.2 ([22]).
[
l_[ o = &qg.
i=1

Lemma 2.3 ([22]). An integral ideal | is reduced if
(i) N(l) < +/D/2 and

(i) the conjugate ideal is relatively prime to |I.
Lemma 2.4. Forn>0

VD On-1 I (—1ntt

Opny1 = —
" Vn On Onén
In particular,
VD vD
—l<oapn1 < .
Vn Vn

Proof. The casesl = 2 and 3 (mod 4) are easier in computation, so here we
assumed = 1 (mod 4) andwy = (1 4+ +/d)/2. Recall that the continued fraction ex-
pansion ofwy has a natural geometric interpretation xy-plane. LetO = (0,0) be the
origin of the xy-plane, A = (Gn_1, Pn—1), B = (0, pPn), C the intersection ofAB and
the liney = wgx, and D = (Qn, w4qn). Then [AC : CB] = [any1 : 1] and the area of
AOAB s 1/2. Observe that the area &fOBD is |(pn—0nwg)dn|/2. Let B’ = (0, pn),

D’ = (0, @q0hn).

We have

&nén — (&—1+wd)(&—1+1—wd) :(_1)n+1$

n
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or
Pn (—1)"*w,
wyg =
On On(Pn — On + @d0hn)

and therefore

|OB'BDD|

|(Pn — Ond)Tnl

Vn
Pn/0nh — 1+ wq

Vn

20g — 1 + (—=1)"*1vn/(An(Pn — Gn + @d0hn))

Vn 1
N 209 — 1 (1 + (1) /((2wg — 1)n(Pn — On + Cl)dQn)))

n -1
\/a(l + €n)

wheree, = (—1)"*1v,/(v/don&n). Examining the ratios of the coordinatesAfB andC,
it is easily deduced that the areaABC D is ((1— 0n—1/0n)/(1 + @nt1))(vn/ (V) (1 +
en)~%, and hence

|AOBC| = |AOBD| — |ABCD|

1—0nh-1/0n ) Vn 1
=(1-— 1+
( 1+ anta 2\/6( én)

Qnt1 + qn—l/Qn) Vn 1
= 1 + € .
( 1+ ansa 2¢a( ")

But |[AOBC| = |AOAB|/(1 + ant1) = 1/21A + ony1)), whence @ni1 +
Gn-1/0n)(vn/~/d)(1 + €,) " = 1. Thus

vd Oz (1)
- T4
Vn On Onén

Qn+1 =

Recall thatg_-; =0 < qgo =1 <0y, r-1 < O, for n> 2, and&, > ghwg > qn for n > 0.
Therefore we have/D /vy, — 1 < any1 < ~/D/vn for n > 0, which proves the lemma
in cased = 1 (mod 4).

Whend = 2 or 3 (mod 4), exactly the same computation with continuedtion
of wg = +/d completes the proof. ]

Suppose € Q(+/d) is a quadratic integer with square-free nogmand («,d) = 1.
Then §) is a principal integral ideal which is relatively prime tts iconjugate, and
(&M) is relatively prime to its conjugate too. Hence the cowdisi of Lemma 2.3 are
satisfied by §™) if IN(€™)| < wq— 1. Combining Lemmas 2.1, 2.2 and 2.4, one easily
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sees thatky is large if there are many quadratic integére Q(+/d) with square-free
norm [N(¢)| < +/D/2. In this sense, the problem of fundamental units is ndjural
translated to the problem of quadratic integers of smalhsor

3. Quadratic integers of small norms

Assumeé = a+bwy € Oy Wherea, b are positive integers that are relatively prime
and [N(&)] = v < wqg—1. Assumingd = 1 mod 4 (ord = 2,3 mod 4), it easily follows
that @ + b)/b — wg < 1/(2b%) (or a/b — wg < 1/(2b%)), which implies & + b)/b (or
a/b) is a convergent tawy and hence comes from a convergent i@4. Lemma 2.3
in fact tells us that this is true if < ~/D/2. Recall that for every positive integer
there are only finitely many non-associated (quadratiggets inOg4 of norm +v. As
the unit rank of Q4 is 1, in each class of associated integers one can choosedse |
element among those irrational ones greater than 1.R&h = {&1,..., &)} be the set
of these least elements, and defifig(x) = R N (Ud:square_freeF(d,u)”-

Proposition 3.1. If wg = [ag, a1, ---,&], wg —1> v >1andv is square-freg
then the elements of J5) are of the form a+ bwy where (a + b)/b (or a/b) =
[, a1, . - ., ay] for some n< I.

Proof. Clear from Proposition 1.2. O

Assumep < wg — 1 is a rational prime that splits or ramifies into principainpe
ideals in Kq/Q. Write pOy = PP. Let& € P and& € P be the least elements of
P, P among those greater than 1. Thenc¥, § < ¢4 and €€ is an algebraic integer
associated tq. By Proposition 3.1 one can write = a + bwg > wg Where @ + b)/b
or a/b is a convergent tavg, whence|&| = p/é < 1. Thusé # £ and ££ is not a
rational integer. This shows thg€ = peq.

The distribution of minimal quadratic integers is given he tfollowing

Theorem 3.2. Letv < M < x. Then
(i) E,(xX) <2x—2v+ 0O(1),
(i) E,(x) >2(1-1/2M —1))x — (de<M|F(d,U)|/Iog sd) log x + O(1).

Proof. Observe that every quadratic integewof norm +v is a solution of the
equationX? + mX v = 0 for somem € Z. The number of real quadratic integeys
greater than 1 with tracen and norm=v is 2 if m > 2,/v and 1 if m < 2,/v. With
the expressiorf = (m+ +vm?2 + 4v)/2 the first inequality is trivial. As for the second
inequality, note that sucly must be of the formgek for some¢ e F@,» andk > 0.
E.(x) counts the numbers witk = 0, so we can simply exclude the numbén% less
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thanx with k > 1. Butgag < x if and only if k < (logx —log&)/log g4, and therefore

F
#EeK <X |k>1, & € Fa,, g < M} < (ZM %) log X.
wd =

Now considerog > M and write £e§ < x < £ < x and &5 < x/£. Sincewqy >
M > v, as mentioned at the beginning of this sectior= né for somen € N where
£ comes from a convergent 9y and hencet > 2M — 1. Therefore the contribution
to E,(x) from wg > M andk > 1 is less than the number of quadratic units in the
interval (1,x/(2M — 1)), which is (2(2M — 1))x + O(1). 0

Let aq,,) be the set of reduced integral ideals of nornin Oy. By Lemma 2.3,
if vis square-free and < +/D/2 then|F )| < |ad.u)l-

Proposition 3.3. Assumewy > v Wherev is square-free. Let; = gcd(v, 2d) and
write v = vyv,. Then

2¢02)  jf d is a square module, d = 2 or 3 (mod 4),
| = 2¢(2) jf d is a square module, d = 1 (mod 4),v is odd
B 2°2)+1 if d is a square module, d = 1 (mod 8),v is even

0 otherwise.

Proof. Letl € ag,) and writea(l) = (b+cw)/v. Thenl is reduced if and only
if c=1anda(l)>1, -1 <a(l) <O0.

Supposed = 2 or 3 (mod 4) so thate(l) = (b + 2d + +/d)/v. The condition
N(b + 2d + +/d) = 0 (mod v) implies b + 2d)2 = d (mod v), so we can writeh =
—2d 4 ¢ (mod v) where¢? =d (mod v). Hence ifd is not a square modulo there is
no such ideal. The conditiorv < b 4+ cw < 0 impliesb varies in a complete system
of residues modula; hence ifd is a square module, the number of possiblé’s
is the number of solutions t¢? = d (mod v). For an odd prime factop of v, the
congruencez? = d (mod p) has two roots ifp } d and one root ifp | d. The first
case easily follows from this.

Now supposed = 1 (mod 4). Thenx(l1) = (b + d/2 + +/d/2)/v and in the same
way as above we gé# + db+ d(d — 1)/4 = 0 (mod v) whereb varies in a complete
system of residues modubke. Whenv is odd, 2 is a unit module so one can write

= —d/2 + ¢ (mod v) where¢? = d/4 (modv). This proves the second case. When
v is even, writev = 2v" and conside? + db + d(d — 1)/4 = 0 (mod 2) andb? +
db+ d(d — 1)/4 = 0 (mod ') separately. The latter hag’®) solutions. The former
has no solution whenl =5 (mod 8) and two solutions wheth= 1 (mod 8), which
proves the third case. O
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4. Proof of Theorem 0.1
Now Theorem 0.1 can be proved easily in the philosophy of Témac3.1 in [22].

Proof of Theorem 0.1. Le§ € Fg ) and putL = [logy, (vD/2)|. The ideals

(&%) and Ee) of Oy are reduced ifu|® < v/D/2 by Lemma 2.3. Now by Lemmas 2.1,
2.2 and 2.4 we have

|
Eq = Hai
i=1

L L
> [T [T(E)
e=1 e=1
L «/B 2
> 1:[1 <|M|e -1).
Taking logarithm,
L
logeq > Z 2 Iog(\/ﬁe — 1)
= |l
L -1
> ZZ(Iog VD —elog|u| — (T/M_E - 1) )
e=1

The last term can be written

_y AwF
< VD
_ Iule(lulL—l)
VD \ [u] -1
Il
| -1’
and therefore
logeg > 2L log v/D — L(L + 1) log|u| — |||—M|1
-
2(—'°g(ﬁ/ 2 _ 1) log v/D — log(~/D /2)(—'°gw5/ 2 | 1) _ 2
log| | log| | Iu| -1
1 D\? 2log 2 D 2
= (Iog£) —(3— g )Iog£—2logZ— Il .
log| 2 log|u| 2 lul —1
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(0.1) follows from Theorem 3.2 and Proposition 3.3 immesliat (0.2) also follows
from Theorem 3.2 at once too. U

5. The quadratic progressions

In this section we give the proofs of Propositions 0.2 and OIBe constructive
proofs also give quadratic progressions, which resemldeptbgressions that appeared
in the inverse problem for Pell equation [17].

Proof of Proposition 0.2. We prove (1) and (2) at the same.tiSwgpposal € D.
Then there exists a quadratic integee Oy of norm u. Assumeé € Z[+/d] first and
write £ = ny + x 4+ y+/d. Multiplying a unit if necessary, we may assume<( <y
and 1< & < gq. Then

N() = n?y? + 2nxy+ x> — y?d =
and
x*=p (mody)
and
2xyn= —x%>+u (mod y?).

Since u is square-free,x, y) = 1 and so yn= —x? + u (mod y?) if and only if
2n = ((—x3 + ux)/y)u~t (mody). Thus ,x) € 1©(u), andn is uniquely determined
modulo y. We write n = ng + yk for this.

Conversely, ifx?2 = u (mod y) and Xyn= —x? + u (mod y?), put

X2 —
V2

2
(5.1) d=n2+7xn+

and it immediately follows that
N(ny + x 4+ yv/d) = p.

We have proved that for eadhe ®, in caseé € Z[+/d], there exists a pairy( x) €
1 O(w), and for each, x) € 19(u) there arises an arithmetic progression + Yk}«
with common differencey, which gives rise to a quadratic progressi@f) = {d(k) =
(N0 + TK)? + (2x/y)(No + §K) + (X? — 1) /Y?}k. It is easy to see thaD© is of the same
form with ©@(y; y; t) for somet.

Now assume = ny + X + Yoq € Z[wg] \ Z[+/d]. Then

AN
N(ny+x+ywd)=(ny+x+§) —Zdzu
or
((2n + 1)y + 2x)? — y°d = 4u.
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Sincey is odd, we have
x? = w (mod y)
and

(2n+1)xy= —x2+pu (mod y?)

andn is uniquely determined modulg = V.
Conversely, ifx?> = 1 (mod y) and (2 + 1)xy = —x? + u (mod y?), put

(5.2) d=(n+12+ —(2n B Wi

so thatN(ny + x + ywq) = u. This gives another quadratic progressioft! which is
of the same form a®®(u; y;t) for somet.

There is a canonical way of choosinygj,”. Let n andd be in the relation as in
(5.1). For eachy, x) € 10(x), QW) have only finitely manyd for which ny + x +
ywq > &q. This is becauséu| < +/D/2 impliesn+ x/y (or n+ 1+ x/y) is a conver-
gent towyg; in this case, Lemma 2.4 shows thay + X + ywg > g4 can happen only
when /D = a+ O(1) wherea is the largest partial quotient x/y = [0,ay,a,...,am].
Discarding these finite numbers, we cho@é’(y, X) to be the smallesti in QU) sat-
isfying ny + X + yoq < &q.

In previous paragraphs, for eadre 9 (u;y: ¢ (y,x)) there is a quadratic integer
ny + X + ywg whose trace isT{9(d) = 2ny + 2x or T{))(d) = (2n + 1)y + 2x. It is
clear thatd, (T{}(d)) = d for d € ® N DD (u: y: ¢{’(y, x)) and the traced})(d) form
an arithmetic progression from the expressioa ng + yk. To compute the sum (0.3),
observe than < +/d and write

> Ty o

(J)( d)s
0 (yx)el D) de@ iy (y.x)
1
< Z 2. 2 M) °
i=0 (y,x)el )(y) k=0 (X +yy iy, X) + yz)
1 1 1 1
=0 (y,x)el 0)(u) y 1=0 (y,x)el (w) ( (J)(y’ ))

For (y, X) € 10)(u), every odd prime factoq of y satisfies £/q) = 1. Unlessu =
1, the sum)_ 1/y® over all suchy’s involves only a half of the primes in the Euler
product form of the zeta function. Hence its order is asytigatly =< ¢(s)¥/? ass —
1+. Using the Chinese remainder theorem it is easy to see thaiumber ofx € [0,y)
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satisfyingx? = u (mod y) is a bounded multiple (that is, between a half and twice) of
2¢M), Recalling}_° , 2°M/ns = ¢(s)?/¢(2s) (see Theorem 301 of [10]), one sees that

20(y)
yS

TS

(y,x)el %) y: u is a square mogt

=< ¢(s) ass— 1+

and Z}:o Z(ylx)el(j)(m y~% « 1. Besides, since there is an upper bound of the period
of wq in terms ofd [3, 15] which gives an upper bound ef;, we also have a lower
bound of¢,())(y, x) (in terms ofy, x) which goes to the infinity ay grows. Therefore

s =o(¢(s)) ass— 1+,

3 1
(v )€l 0)(u) (y\/ oDy, X))

which completes the proof. ]

Now we give the number of elements ®(u; y, X) that are square-free. We state
a lemma first.

Lemma 5.1. Let p be an odd prime and (X) € Z[x] a quadratic polynomial
whose leading coefficient is not divisible by p. Thegx)f= 0 (mod p™) has a solution
if and only if the discriminant of (x) is a square modulo .

Proof. (<) The root formula for quadratic equations gives a solution.
(=) Lett € Z be a solution to the modular equation. Then

. R .
(4 pi) = 10 + 1P + 2 P22

Let p' || f'(t). Choosex so that f(t) +a« = 0 (mod pM) where M is sufficiently
large. Note thatx is necessarily divisible by™. We have

') orpa,

f(t+pr+1jl)+a:f(t)+a+7p j1+ 2r+2:2

£t
1O 22

5 p
= £ +a+ P (mod p2 19

f(t+ pr+lj1 + pr+2j2) +a=flt+ pr+1j1) +o+ f(t+ pr+1j1)pr+2j2

£/t + p'tija) .
n : 1 p2r+4122_
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Writing f/(t + p"*1j1) = f/(t) + /() p *Ljs,

ft+p s+ p 2j) +a

= f(t+ pr+1jl) + o+ %pzwzjz (mod p2r+3)’

and successively, there exists a unique sequepcgs( js, ...) such thatt + p'+1j; +
P’ 2j, 4+ p*3js+ - € Zy is a root of f(x) + «. SinceZpy[x] is a UFD, it follows
that the discriminant off (x) + « is a square irZ, and hence that of (x) is a square
modulo p™. ]

We appeal to the next theorem. We only need its strength fadmuic poly-
nomials, which can be proved unconditionally using the esief’ Eratosthenes [9].

Theorem 5.2([9]). Suppose that (k) € Z[x] has no repeated root. Let B be the
largest integer which divides (h) for all integer n and select Bto be the smallest
divisor of B for which BB’ is square-free. If the abc-conjecture is trulen there
are ~ C; N positive integers i< N for which f(n)/B’ is square-freewhere G > 0
is a positive constanwhich we determine as folloyws

ci= [T (1--%2)

p: prime

wherg for each prime pwe let g, be the largest power of p which divides Bnd
let w¢(p) denote the number of integers a in the range< a < p?t% for which
f(a)/B’ = 0 (mod p?).

Proof of Proposition 0.3. We first tre@(.; y, $©(y, x)). Let do = ¢y, X)
be the least element @ (y;y, qbl(f’)(y, X)) andng the associated integer in the context

of the proof of Proposition 0.2. The elements ®f(u; y, ¢£f’)(y, X)) are given by a
quadratic polynomial
X2 —

y2

d = d(k) = (no + k§)% + 2§(no +ky) +

2
= 7K + (Vyx + 2yno)k +do

for nonnegative integerk.

We use the notations of Theorem 5.2. lsebe the discriminant of the quadratic
polynomiald(k) and »/(p) the number of solutions td(k) = 0 (mod p?) in the range
0<k < p? Wheny is even,§ = (X + yng)® — y’dy = n and similarly§ = 4 when
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y is odd. Therefored(k) has no repeated root. Note tha}(p) < p? implies p B’
and henceyp = 0.

We consider odd primes first. Cleart(k) (mod p) is degenerate if and only if
p|yu. For p}t Yu, every root ofd(k) = 0 (mod p) has a unique lifting to gp-adic
root. There exists such a root if and only if the discrimingnta square modul@,
whence we have

2 if (u/p)=1,

valP) = {o i (u/p) = 1.

If p|¥, d(k) is congruent to X 4+ yno)k + dg or 2(x + yno)k + dg modulo p?,
which has a unique solution and henog(p) = 1.

When p | 1, d(k) = 0 (mod p) has a double root. Ldtbe the root of this equation
in the range 0<t < p. Fromd(t + pj) = d(t) + d'(t)pj (mod p?) and d'(t) = 0
(mod p), it follows that d(k) = 0 (mod p?) has p roots if d(t) = 0 (mod p?) or none
otherwise. By Lemma 5.1d(k) = 0 (mod p?) has a root if and only if the discriminant
w (or 4u) is a square modulg?, which in this case is equivalent tp? | 4. Thus
wy(p) = p if p?| pn andwj(p) = O if not.

Now let p = 2. Assumey is odd (so ¥ = 2 mod 4). Then

d(k) = k? + 2(x + yno)k + do
=k? + 2(X + no)k + N3 + 2xng + x> — . (mod 4)
and
d(0) = d(2) = 3 + 2xnp + x2— 1 (mod 4),
d()=d@)=nd+2xng + x> —pu+1+2x+2ny (mod 4).
If ng is odd,d(0) = d(2) = (x + 1> — i (mod 4) andd(1) = d(3) = x*> — u (mod 4).
If ny is even,d(0) = d(2) = x?> — . (mod 4) andd(1) = d(3) = (x + 1)? — . (mod 4).
It follows that w|(2) = 2 if w =0, 1 (mod 4) andwy(2) = 0 otherwise.
Now assumey is even (andx is necessarily odd). Suppose= 2y whereyV is
odd. In a single line of computation we obtain
d(1)=do + x + 3 (mod 4),
d(2) = dp + 2x (mod 4),
d3)=dp + 3x + 3 (mod 4)

which shows that)(2) = 2 whendp is even andw;(2) = 0 otherwise. Observe that
w=(X+yng)?—y?do =1+ 4ng + 4n3 —4dy = 1 —4dy  (mod 8)

and it follows thatd, is even if and only ifu = 1 (mod 8).
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Finally, suppose 4vy. In this cased(k) = xk 4+ dp (mod 4), which has a unique
solution tod(k) = 0 (mod 4) and hencey(2) = 1.

In every casevj(p) is less thanp? and g, = 0.

To treat®®(u; y, D(y, x)), write

4 4 — 4
d =d(K) = (2(no + yk) + 12 + 7X(2(n0 +yR+1)+ %

4x
= 4(n3 + 2ynok + y?k?) + 1+ 4ng + 4yk + 7(2n0 + 1+ 2yk)

ax2 — 4
e
= 4y’Kk® + 4(2yno + Y + 2x)k + do.

The computations for odd primes are exactly the same as #ejca 0. For p = 2,
wy(2) = 0 becausd is always congruent to 1 modulo 4. Applying Theorem 5.2 we
complete the proof. ]

6. The density of discriminants and further topics

It is very natural to ask the density dfs for which p splits or ramifies into prin-
cipal prime ideals, ord’s such thatp is in the image of the norm maply /4 -
This is trivially zero because sudah must not be divisible by any prime factgr with
(p/q) = —1 and these ‘special’ integers constitute only a null seZinMore mean-
ingful question is therefore to ask the portion @§ out of all those special integers.

When . # 1, the constructions of ) (;) and W (u:y: ¢(y, x)) are pretty much
the same as the cage= —1. We can therefore expect the density of

U 9D y: 9y, x)

(yx)el O (u)

for u # 1 to be always similar to that of

U D91y, g9y, x).

(yx)el )(-1)

This counts the square-free integefssuch thatO4 has an element of norm1,
i.e. the fundamental unit of2(+/d) has norm—1. This is possible only when every
odd prime factor ofd is congruent to 1 modulo 4, but not all of such integegives
a field with N(eq) = —1. Assume} is a set of prime numbers with Dirichlet density
o. Following the estimation in [20], one can deduce that thenlber of positive in-
tegers (or positive square-free integers) less tNaand whose odd prime divisors are
all in %P is of the order=< N(log N)~'*“. In particular, whenu is not a square and
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B = {p]| p: prime, @/p) =1}, the number of such fundamental discriminants is of
the orderN/./log N.

For u = —1, it is a recent result that between 41 % and 67 % out of suctafun
mental discriminants satisfig$(eq) = —1 [8]. We hope similar results to be found for
prime numbersp instead of—1 too, but the situation is not that simple. Consider a
prime idealp of Q(+/d) above p and its ideal classp]. Then our problem is to show
that [p] is the principal class for a positive density of fundamérmiscriminants out
of those O(N(log N)~%/2) numbers. As-1 is replaced byp, however, the argument in
[8] only implies that the order ofp] is not divisible by 2. This is because the whole
reasoning stems from the theory of genera, which covers ttoesibn elements (and
2-divisibility) in the ideal class group. The asymptotichbgior of 3-torsion elements
is handled via class field theory [4], and the same technigesns to be applicable
in obtaining some 3-divisibility result ofp]. Except these few results, not so much is
known about density estimation. It will be very interestifiga family of ideal classes
can be actually shown to be principal.
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