ON AFFINE TRANSFORMATIONS OF
A RIEMANNIAN MANIFOLD*

JUN-ICHI HANO

In this paper we establish some theorems about the group of affine transfor-
mations on a Riemannian manifold. First we prove a decomposition theorem
(Theorem 1) of the largest connected group of affine transformations on a
simply connected complete Riemannian manifold, which corresponds to the
decomposition theorem of de Rham [4]" for the manifold. In the case of the
largest group of isometries, a theorem of the same type is found in de Rham’s
paper [4] in a weaker form. Using Theorem 1 we obtain a sufficient condition
for an infinitesimal affine transformation to be a Killing vector field (Theorem
2). This result includes K. Yano’s theorem [13] which states that on a compact
Riemannian manifold an infinitesimal affine transformation is always a Killing
vector field. His proof of the theorem depends on an integral formula which
is valid only for a compact manifold. Our method is quite different and is based
on a result [11] of K. Nomizu.

The author expresses his deep thanks to Dr. Nomizu who suggested these

problems to him.

I. Preliminaries

1. Let M be a differentiable manifold of class C*.” The set ¥ of all
tangent vector fields defined on M is a module over the ring % of all differ-
entiable functions on M.

An affine connection is defined by a homomorphism over % : X — Fx from
¥ into the module of linear mappings (over the field of all real numbers) of

T, which satisfies the following condition

Received March 10, 1955.

* The subject of this paper was prepared while the author was a Yukawa Fellow at Osaka
University.

) Numbers in brackets refer to Bibliography at the end of this paper.

?) As we only consider manifolds, tangent vector fields, tensor fields and mappings which
are “differentiable of class C®,” we always omit this adjective. We deal only with con-
nected manifolds. For the terminology concering manifolds, we follow C. Chevalley [3].
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Px(feY)=f Pz Y+ (X-1)Y,

where X and Y are in T and f in F.¥ Py is the so-called covariant differenti-
ation along X.
The torsion tensor field T, of type (1, 2), and the curvature tensor field R,

of type (1, 3), are expressed as follows:

(X, Y)=V,-Y-Fy- X-[X, Y]
R(X, Y)‘ZZVx'Vy'Z—Vy'VX'Z_V[X,Y]Zs

for any X, Y and Z in T [10].

When M has a Riemannian metric defined by a positive definite symmetric
quadratic tensor field G, there is one and only one affine connection such that
its torsion tensor field T is zero and the covariant differentiation of the funda-
mental tensor field G along any X in ¥ is zero. This connection is called the
Riemannian connection associated to a Riemannian metric G.

Let M; (i=0,1,..., 7) be a manifold with an affine connection and let
M be the direct product of M; (:=0,1,..., 7). For any point p = (po, D1,

., Pr), where p;€ M;, the mapping «(p): pl— (po, . = ., Di-1, Dty Div1y « o = 5 Dr)
from M; into M defines the submanifold M;(p). The tangent space T(p)
at p is the direct sum of Ti(p) (:=0,1,..., 7), where Ti(p) is the tangent
space at p of the submanifold Mi(p). Any X in € can be written uniquely as
a sum of X;, where X;(p) € Ti(p). We call X; the i-component of X. More-
over from a tangent vector field X/ on M; we can define a tangent vector field
Xi:p->di(p)+ X on M. Let ¥; be the set of all extended tangent vector
fields which are so obtained from vector fields on M;. In the submanifold
M;(p) through p, we can define a connection which is isomorphic with the
given connection of M; by the mapping ().

We can now define the product connection on M as follows. For any X
and Y in

(1) Py+Y = %(foi i+ 20X Vi),

where the lower index 7 (resp. j) of a vector field means the 7 (resp. j)-com-
ponent and (Fix, * Yi)(p) is calculated on the submanifold M;(p) for each .

3) This definition of an affine connection is due to Koszul [10].
4) Clearly two mappings ¢:(p) and ¢:(p’) coincide if Mi(p)=M;:(p').
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When each connection on M; is a Riemannian connection associated to a
fundamental tensor field G;, the product connection on M is also a Riemannian
connection which is associated to the product Riemannian metric G.

For any pe M, M;(p) ({=0,1,..., 7) is a totally geodesic submanifold,
that is, any geodesic curve tangent to Mi(p) at a point is contained in Mi(p).

Let T; and T be the torsion tensor fields of M; and M respectively, and R;
and R the curvature tensor fields of M; and M respectively. Then it is easily

seen that
(2) T(X, Y):igmxi, Y)
(3) R(X, Y)Zr-%Ri(Xi, Yi)Zi,

where (T:(X;, YONp) and (R(X;, Y1) Z;)(p) are calculated in M;(p). Indeed,
T and R being tensors, the above equalities have only to be verified for
X;e€%;, Y;e%; and Zr € 3.

2. Any tangent vector field V on a manifold M generates a local one-

parameter group of local transformations ¢:( — ¢ <t < ¢)” such that
.1
1}“37(% of=f)=V-f,

for any f in 5. A vector field V on M with an affine connection is called an

infinitesimal affine transformation if it generates a local one-parameter group
of local affine transformations, that is,

(4) dee(FPx+ Y) = dastxy » (de(Y))

for any X and Y in ¥, and for any t( —e < ¢ <e). When M has a Riemannian
metric, we say that V is a Killing vector field if it generates a local one-

parameter group of local isometries, that is,
(5) Gdp!(X), dp(Y)) =G(X, Y)

for any X and Y in , and for any #( —e <t <e).
A necessary and sufficient condition for a vector field V to be an infinitesi-

mal affine transformation is that we have

5 More precisely, for each point p, there exist a neighbourhood U(p) and a positive
number ¢ such that ¢: (—e¢<#<¢) defined on U(p).
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(6) PxoPyo(V)=Poxy (V) +Px (T(V, Y) =TV, Px* Y)+R(V, X\)Y =0

for any X and Y in . Using the covariant differentiation and the contraction,

we can write the above equality as follows:
PPV, Y®X> +(Px TNV, Y)+T(FPx-V, Y)+R(V, X)Y=0.
A vector field V is a Killing vector field if and only if it satisfies
(7) GV, Y)+G(X, Py V)=0
for any X and Y in €. The equalites (6) and (7) can be obtained by com-

puting the Lie derivatives along V of the both sides of (4) and (5) respectively.

LemmAa 1. Let M=M, X ... X M, be a product manifold with a product
affine connection, and let V be an infinitesimal affine transformation on M with
the i-component Vi. Then V; is an infinitesimal affine transformation on M
and the restriction of Vi on Mi(p) is an infinitesimal affine transformation on
M;(p) for each i.

Proof. From (1), for a vector Z such that Z(p) € Ti(p) at each point, we

have
(Fx+ Z))(p) € Ti(p),
for any X€ . From (2) and (3) we have
(T(V, X))i=T(V;, X) and (R(V, X)Y)i=R(V;, X)Y,

for any X and Y in €. The i-component of the left hand side of (6) is equal
to the left hand side of (6) in which V is replaced by V;. This shows that V;
is an infinitesimal affine transformation on M.

Next, from (1) we can see easily
Vo Yi=Vix;» Y

and this vector field is contained in &; for X; and Y; in $;. Moreover for a

vector field Z such that Z(p) € Ti(p) at each point p, we have
in’ZIVileZ
for X; € ;. From (2) and (3) it follows that

(T(X, V)i=Ti(X;, Y3)
(R(X, Y)*2)i=Ri(X;, Yi)* Zi,
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for any X and Y in 8. Therefore, the i-component of the left hand side of (6)
for X=X; in ¥; and Y=Y, in Z; is equal to

Vix,* Vivy * (Vi) +Pivigyevy * (Vi) +Fix; » (Ti( Vi, Y3))
= Ti(Vi, Vix; » (Vi) + R(Vi, Xi) Y.

Since each term is calculated on M;(p), this shows that the restriction of ¥V on
M;(p) is an infinitesimal affine transformation on M;(p).
When V is a Killing vector field the situation is just the same as above.

Remark. It is almost evident that the vector field V; in I; which is the
extended vector field of an infinitesimal affine transformation (resp. a Killing
vector field) of M; is also an infinitesimal affine transformation (resp. a Killing
vector field) of M.

We say that a manifold with an affine connection (or a Riemannian mani-
fold) M is complete if every geodesic curve can be extended for any large
value of the canonical parameter. When the completeness is satisfied on M,
any infinitesimal affine transformation (or a Killing vector field) generates a
one-parameter group of affine transformations (isometries) from M onto itself

[71.

3. Let M be a manifold with an affine connection. The group A(M) of
all affine transformation of M onto itself is a Lie group with respect to the
compact-open topology [5]1, [6]1, [9]. When M has a Riemannian metric, the
group I(M) of all isometries of M onto itself is a closed subgroup of A(M).
I(M) is also a Lie group [8].

The mapping from A(M)x M onto M, which gives the transformation
law, is differentiable as is known from a theorem of S. Bochner and D. Mont-
gomery [1]. Any one-parameter subgroup in A(M) (resp. I(M)) induces an

infinitesimal affine transformation (resp. a Killing vector field) on M.

II. Decomposition Theorem of A((M) and I,(M)

4. In this section we always assume that M is a simply connected com-
plete Riemannian manifold.

The homogeneous holonomy group #(p) at p operates on the tangent space
T(p) and is completely reducible. If T'(p) is irreducible, we call M irreducible.

The following theorem is due to de Rham [4]:
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1) A simply connected complete Riemannian manifold M is isometric to
the direct product of a Euclidean space M, and simply connected complete ir-
reducible Riemannian manifolds M; with dim M;=2 (i=1,..., ), and this
decomposition is unique up to the order and isometries.

2) The tangent space T(p) at each point p is the direct sum of the
¥(p)-invariant subspace To(p), Ti(D), . . ., Tr(p), where To(p) is the subspace
of all #(p)-invariant vectors, Ti(p) (i=1, ..., 7) are irreducible and any two
subspaces T;(p) and Tj(p) (i=j, 4,7=0,1,...,r) are mutually orthogonal.
This decomposition is unique.

If we identify M with the direct product Mo X M; X ... X M, the
subspace Ti(p) is the tangent space at p of the submanifold M;(p) which cor-
responds to M; in the manner mentioned in 1.

We call these decompositions the de Rham decomposition of the manifold,
or of the tangent space T'(p).

5. The aim of this section is to prove the following

TueoreM 1. Let M be a simply connected complete Riemannian wmanifold,
and M= M, X My X ... X M, be the de Rham decomposition of M. Then the
group AfM) is isomorbhic to the direct product Aol M,) X AdM) X ...
X Ao(My), and the group IL[(M) is isomorphic to the direct product I\(M,)
X I(My) x ... X L({(M;), where Al M) and Ay(M;) (resp. I(M) and I,(M;))
are the connected components of the identity in ACM) and A(M;) (resp. I(M)
and I(M;)) respectively.

To prove this theorem the following lemma, which is given by K. Nomizu
[111, [12] is useful.

Lemma 2. Let T(p) = To(p)+ T p)+ ... + T+ (p) be the de Rham decom-

position of the tangent space. Then
de(Ti(p)) = Ti(¢(p)),
for any ¢ € Al D) and for any p € M.

Proof of Theorem 1. Let ¢; be an element in A¢(M;) (i=0,1,...,7), a
transformation ¢(p) = (¢o(po), . . ., €i(pi), . .., ¢ (p,)), where p=(po, . . .,
Di, ..., Dr) is an element in A« M). The mapping from A¢(M,) x A M)
X oo X A(M;) into Ad(M) which maps (@, ¢, .

morphism. Then to prove the theorem, we have only to show that the induced

.., %) to ¢ is an iso-
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isomorphism from the direct sum of the Lie algebras associated to A¢(M;)
(=0, 1, ..., ») into the Lie algebras a associated to A¢(M) is onto. The Lie
algebra a is the Lie algebra of all infinitesimal affine transformations on M.
The set a; of all infinitesimal affine trasformations contained in %;, namely the
image of the Lie algebra associated to A¢(M;) by the induced isomorphism, is
an ideal for each .

Let V be an infinitesimal affine transformation in a and V; the ¢-component
of V. We now fix an arbitrary point p* =(ps, . .., p¥, ..., pr) and consider
the mapping «(p*) from M; onto M;(p*) as stated in 2. From Lemma 1 V;
and the restriction of Vi on M;(»*) are infinitesimal affine transformations on
M and M;i(p*) respectively, and there is an infinitesimal affine transformation
V% on M; such that du(p*)(V)) is equal to the restriction of Vi on M;i(p™).
Let V; be the infinitesimal affine transformation on M which is the extension
of Vi. Clearly V{* is contained in ¥;. We shall prove that Vi = V.

We now consider the difference V;— Vi. Clearly it is an infinitesimal
affine transformation on M, and (V;i— VF)(p) is zero when p is on Mi(p*).
From our assumption that M is complete, V;— V{* generates a one-parameter
subgroup ¢: in Ao M). First, as (Vi— V) (p)=0 on Mi(p*), each transfor-
mation ¢; leaves every point on Mi(p*) fixed. And as (Vi— VI)(p*) € Ti(p)
at any point on M, we have ¢:(p) € M:(p), namely, each ¢; maps M;(p) onto
itself. Next we consider the submanifold M;(p) ={p' ; P EM, p'= (P, . . ..
plos, iy Pivi, . o ., Dr), where pieE M; (5 x1i)} through p= (P, . ... D, Pi,
b1, .., BF) which is on Mi(p*). The tangent space of M7 (p) at p'is T;(p')
=T+ ... +Tici(p)+ T )+ ... +T(p'). Let g be an arbitrary
point on M7 (p). As M7 (p) is a totally geodesic submanifold and is complete,
b and ¢ can be joined by a geodesic curve o(s) on M7(p), and the tangent
vector X(p) of a4(s) ai P is contained in T7(p). According to Lemma 2, we
have d¢:+ X(p) € T7(p) for any real number #, and d¢:+ X(p) is the tangent
vector of a geodesic curve ¢:-s(s) at p. Therefore the geodesic curve ¢« o(s)
lies on M7(p), and ¢:(q) is in M;(p). This shows ¢:(M;(p)) C M;(p) for
any p on M;(p*). Any point q on M is contained in one and only one M7 (p)
through some p on M;(p*) and, on the other hand, in Mi(qg). Hence ¢:(q)
e M;(p)~ Mi(q). But Mi(q) and M7?(p) have one and only one common

point g, and hence ¢:(q) =q. Thus we conclude that ¢: is the identity transfor-
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mation for any # and V;= Vi on M. This shows that any element V in a can

be written as a sum of elements in a; (=0, 1, ..
is onto.

., 7), and our isomorphism

III. An Application of the Decomposition Theorem

6. Let M be a Riemannian manifold with the fundamental tensor field G.
For any ¢ in A(M), d¢+G is also a positive definite symmetric tensor field
and as d¢ is commutative with the covariant differentiation, 7 (d¢ « G) =0. Then
(dy « G)(p) is invariant by the operations of the homogeneous holonomy group
¥(p). If M is irreducible, there is a positive constant ¢(¢) such that d¢ - G
=c%(¢)+ G, and ¢ - ¢(¢) is a continuous representation of A(M) into the multi-
plicative group of all positive real numbers [11], [12]. This follows from the
fact that, the invariant positive definite bilinear form on T(p) is uniquely de-
termined up to a positive constant, as the homogeneous holonomy group is ir-

reducible. From this fact the following lemma is easily obtained.

LemMma 3. When a Riemannian manifold M is irreducible and complete, an
infinitesimal affine transformation V is a Killing vector field if and only If there
is a non-trivial orbit on which the length of V is bounded.

Proof. Let ¢: be the one-parameter group generated by V. Then V(¢:(p))
=dgt- V(p) and | V(g(p))| =c(9)| V(p)], where | X(p)| denotes the length
of a vector X(p). If V is a Killing vector field, ¢(¢;) =1 for every t and surely

the length of V is bounded on any orbit {¢:(p)}. Conversely, let {¢:«p)} be a
non-trivial orbit on which the length of V is bounded. Then V(p) is not zero
and the function ¢(¢:) of ¢ is bounded. As already mentioned, ¢(¢:) is a con-

tinuous representation of the additive group of all real numbers. Therefore

c(¢:) must be equal to 1 for every ¢, and V is a Killing vector field.

7. A Riemannian manifold is called locally flat when the homogeneous
holonomy group is discrete.

If there is an absolutely parallel vector field® on a complete Riemannian

manifold, it is a Killing vector field. We define a #ranslation as an isometry

which lies on the one-parameter group of isometries generated by such a Killing

6) A vector field X is an absolutely parallel vector field when for any two points p and ¢,
X(p) and X(q) are parallel along any piece-wise differentiable curve which joins p and gq.
This condition is equivalent to the condition vX=0.
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vector field.

For the necessity in the next section we prepare

Lemma 4. If the length of an infinitesimal affine transformation V on a
complete locally flat Riemannian manifold is bounded, then V is a Killing vector

field and generates a one-parameter group of translations.

Pyoof. The universal covering manifold 3 of M has a natural Rieman-
nian metric induced from that of M, with respect to which M is also complete
and locally flat. Asis well known,” a complete locally flat Riemannian manifold
M is isometric to a Euclidean space with the usual metric when it is simply
connected, and the group of all affine transformations A(Mf) is the usual affine
group. If we take a system of cartesian coordinates 1, %%, ...,x" on M,
then an infinitesimal affine transformation V is given by

n n 3
e ]
g(g aij* X +bl) ax‘

where ai; and b, are arbitrary real numbers. It is easily seen that the length

\/2(2 aij* x’ +b;) of V is bounded on M if and only if each aij (4, j=1, 2,

c e, n) is zero.

For a Killing vector field V on M whose length is bounded, there is a
Killing vector field ¥ on M such that the projection from M to M maps V
on V, and its length is bounded on M. Then V and accordingly V are abso-
lutely parallel vector fields on M and M respectively.

CoroLLARY. If M is a compact locally flat Riemannian manifold, A M)
coincies with I(M) and is abelian.

8. Tureorem 2. Let M be a complete Riemannian manifold. If the length of

an infinitesimal affine transformation V is bounded on M, then V is a Killing
vector field.

Proof. Let A be the universal covering manifold of M and let M
=My X M1 X% ... XM, be the de Rham decomposition of M. It has a
Riemannian connection which is naturally induced from that of M, and is

complete with respect to it. If V is the infinitesimal affine transformation

7 For example, cf. [2] Chapitre 111, II.
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which is mapped on V by the projection from A onto M, then the length of
V is also bounded on A7. As i is simply connected and complete, we can
apply the arguments in IL

Since the length of V' is bounded on A7, the length of the é-component

V: of V is also bounded on M. As we have seen in the proof of Theorem 1,
V: is the extension of a certain infinitesimal affine transformation Vi on Ai7:,

and the length of Viis clearly bounded. We see that Vi is a Killing vector

o

field from Lemma 3 when 1 =7 < 7, and from Lemma 4 when 7=0. As we
already remarked, the extension V; of a Killing vector field V! on M; is also
a Killing vector field on M for each i. Hence V and accordingly V are Killing
vector fields on M and M respectively.

On a compact Riemannian manifold, the length of any vector field is of

course bounded. Hence we have

TueoreM 3. (K. Yano) On a compact Riemannian manifold M, every
infinitesimal affine transformation ts a Killing vector field. Therefore Ao M)

coincides with I(M). .
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