A note on admissibility for unbounded bilinear
control systems

Larbi Berrahmoune

Dedicated to Abdelhaq El Jai on the occasion of his 60th birthday

Abstract

This paper studies infinite-dimensional bilinear control systems described
by v/ (t) = Ay(t) + u(t)By(t) where A generates a semigroup (e4);>0 on a
Banach space Y (state space), B : D(B)(C Y) — Y is an unbounded lin-

ear operator and u € Lfo .(0,00) is a scalar control. Sufficient conditions are

given for B to be admissible, i.e for any ¢, the integral fot u(s)e*=5)4By(s)ds
should be in Y and depends continuously on u € LP(0,00), y € L7(0,00;Y)
for some appropriate positive numbers p, 4. This approach enables us to ob-
tain, through an integrated form, a unique solution for the bilinear system.
The results are applied to a heat equation.

1 Introduction

In this paper we deal with abstract infinite-dimensional bilinear control systems

of the form () = Ay(t) (t)By(t)
y/ = Ay(t) +u yit),
{ S, (1.1)

where A generates a strongly continuous semigroup (e!4);>o on an infinite di-
mensional Banach space Y (state space) whose norm will be denoted by ||.|,
B : D(B)(C Y) — Y is a possibly unbounded linear operator and the control
function u(.) denotes the scalar control. We note that (1.1) is bilinear in the pair
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(u,y) and in this case, its possible solution is a nonlinear function of u. Recall that
when the operator B is bounded, it has been established in [1] that if u € L!(0, T)
(T > 0), then (1.1) admits a unique solution y € C([0,T];Y). Technically, this
result has been obtained by applying the contraction mapping principle to the
integrated form of (1.1) given by

y(t) = eyy + /Otu(s)e(t_S)ABy(s)ds. (1.2)

Here we shall suppose that B is unbounded in the sense that it is bounded from
Y to some larger Banach space X O Y. This fact often occurs naturally when
the control is exercised through the boundary or a point for systems governed
by partial differential equations (PDEs). Furthermore, we shall suppose that A
admits an extension, still denoted by A, which generates a strongly continuous
semigroup, still denoted by (e/4);>0, on X. Hence for any y € Y

¢“By| <M 1Bl v, x) e Iyl x (1.3)
|24

for some constants M > 1, w > O so that givent > 0,1 < p <occand1 < g < oo,
we have

t
/ u(s)e" =4 By(s)ds € X, forall u € LP(0,00), y € L1(0,00;Y)  (1.4)
0
provided that
1 1
—+-=1 1.5
- (15)

This enables us to introduce the bilinear operator

®; : LI (0,00) x L] (0,00,Y) — X

loc
given by
t
D (u,y) :/ u(s)e" =94 By(s)ds. (1.6)
0

Inspired by the concept of admissibility developed in [10] for unbounded linear
control systems, Idrissi has introduced in [6] the following notion of admissibility:
the operator B is said to be p-admissible if ®;(u,y) € Y forallu € L! (0,00),

loc
y e L?OC(O, c0; Y) where p and g satisfy (1.5). Unfortunately, it appears along the
results obtained in [6] that this definition is too restrictive and it seems hard to
find examples of admissible operators enabling us to treat significant examples.
In this paper, we shall introduce a new definition of admissibility for the operator
B by avoiding the constraint (1.5). Indeed, we can easily deduce by using the

generalized Holder inequality that ®¢(u,y) € X provided that

Lolog (1.7)
P q
It follows that the constraint (1.5) can be dispensed with. This enables us to in-
troduce a new definition which will give advances in the following directions: (i)
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The system (1.1) will admit a unique solution y € C([0,00);Y). (ii) The resulting
approach gives an alternative way to study systems (such as the PDE consid-
ered in the application below) which are not covered by the treatises concerned
with abstract evolution equations (see for instance [9]). (iii) Challenging open
problems relative to the control aspect for such systems will be interesting to in-
vestigate. Let us mention for instance the problem of stabilization which consists
of choosing an appropriate feedback

u(t) = F(y(t))

such that the solution of the resulting feedback system satisfies in some sense
y(t) — 0ast — oo. If we formally compute the time rate of change of the
“energy” :

¥ ly(8)11* = (Ay(t), y(£)) +u(t) (By(t), y (b)) (1.8)

and assuming that the semigroup is of contraction so that (A¢, ¢) < 0 for all
¢ € D(A), we get
1d

57 IW(OIF < u(t) (By(1), y(t) (19)
In order to make the energy nonincreasing, a natural choice for u is
u(t) = — (By(t),y(t)) - (1.10)
Hence the resulting closed-loop system is
{ y'(£) = Ay(t) — (By(t), y(t)) By(t), (1.11)
y(0) = yo-

When B is bounded, this feedback system has been studied in [2], [3] where weak
and strong stability results were obtained. Moreover, in [5] a decay estimate of the
energy has been established. When B is unbounded, a first difficulty arises con-
cerning the meaning of the scalar product (By(t),y(t)) and the well-posedness of
the system (1.11). Also, we mention the problem of controllability which can be
formulated as follows. The system (1.1) is said to be exactly controllable in Y in
time T > 0 if for any yo, y; € Y there is a control u in some space to be specified
such that the solution of (1.1) satisfies y(T) = y; (desired state). The requirement
y(T) = y,; can be relaxed to various notions and degrees of controllability: ap-
proximate controllability, null exact controllability (see [4, Vol. 2]). This problem
has been studied in [1] when B is bounded.

The plan of the paper is as follows. In section 2, we introduce a new notion of
admissibility and state the main results. In section 3, we treat a system governed
by the heat equation. Throughout the paper, the norm of any other Banach space,
say W, will be specified by ||.||;y. Moreover, we shall denote by C a generic pos-
itive constant which may be different at different occurrences. Whenever such a
constant depends on some parameter, say 7, this fact will be pointed out by C,.
Furthermore, given a function f defined on [0,0) and T > 0, f(T + .) denotes the
translated function such that f(7+.)(s) = f(T +5).
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2 Main results

In the sequel, p and g are real numbers satisfying (1.7). Then we introduce
Definition 2.1. The operator B is (p,q)-admissible with respect to the semigroup
(et if for any t > 0, the operator ®; defined by (1.6) is bilinear bounded from
LP(0,00) x L1(0,00;Y) to Y.

Since the semigroup (e'4);>q is clear from the context, we shall simply say
that B is (p, q)-admissible. Moreover, the inequality (1.3) combined with (1.7) en-
sures that for any t > 0, the operator ®; given by (1.6) is bilinear bounded from
LP(0,00) x L9(0,00;Y) to X. Then the admissibility can be characterized as fol-
lows:

Proposition 2.2. The following conditions are equivalent:

(i) B is (p, q)-admissible.

(ii) 4 (u,y) € Y forany t > 0 and any (u,y) € L! (0,00) x LI
(

loc loc(O’ o, Y)
(iii) ®¢(u,y) € Y forany t > 0and any (u,y) € LP(0,00) x L1(0,00;Y).

Proof. (i)=-(ii) Let t > 0 and consider (u,y) € L! (0,00) x L7

loc lOC(O, 00; Y). We intro-
duce the projection operator given by

P LF

loc

(0,00) x L] (0,00;Y) — LP(0,00) x L7(0,00;Y),

pi)) = { 5 e

The boundedness of the operator ®; from LF(0,00) x L1(0,00;Y) to X gives

(2.1)

D (u,y) = ®[Pi(u,y)] in X.

On the other hand, since P;(u,y) € LP(0,00) x L7(0,00;Y) and B is admissible,
we have ®;[P;(u,y)] € Y so that &4 (u,y) € Y.
(ii)=-(iii) The deduction is trivial from the inclusion

LP(0,00) x L1(0,00;Y) C L? (0,00) x L1

loc loc

(0,00;Y).

(iii)=(i) For any t > 0, the boundedness of the operator ®; from LF(0,c0) x
L7(0,00;Y) to X combined with (iii) and the closed graph theorem implies that ®;
is bilinear bounded from L (0, 00) x L7(0,00;Y) to Y. This completes the proof of
the proposition. n

Remark 2.1. From above, it is easy to see that B is (p, g)-admissible if, and
only if, for any t > 0, there exists some positive constant C; such that for all
ucll (0,00),ye€L! (0,00Y)
loc\>” 'Y loc\>7 =~/

[®(u, y)|| < Ci ||u||LP(O,t) ||1/||m(o,t,-y)' (2.2)

Furthermore, the following proposition shows that the constants C; can be cho-
sen so as to satisfy Cy < C;if t/ < t.
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Proposition 2.3. Suppose that B is (p,q) admissible. Denote by ||®;|| the norm of
the continuous bilinear operator ®; : LF(0,00) x L1(0,00;Y) — Y obtained by taking
the supremum of || D¢ (u, y)|| for

||u||m(o,oo) <1 ||]/||Lq(0,oo;Y) <L

Then || D¢|| is nondecreasing as a function of t.

Proof. Suppose thatt > t/, ' =t — 7, then

t , t—t
Dy (u,y) :/0 u(s)elt _S)ABy(s)ds:/O u(s)e =794 By (s)ds.

The change of variable s + T = ¢ gives

t
Oy (u,y) = / u(o —1)e" " 4By(o — 1)do

T

t
= / ii(0)el' =) ABij(0)do
0

with
() = 0if0<o <t
~ | u(oc — 1) otherwise ’

J(o) = 0if0<o<T
A y(o — 1) otherwise
Hence, we get

1Py (u, )| = (@ (2, B -

On the other hand, from [[u| (g ,c0) = [|#l]1r(0,00) 1Y L3(0,005v) = U1l 13(0,00v) WE
obtain

[P (e, )| = ([ @ (15, y) | < [|De | [[ue]| [l
so that || Dy || < ||D¢||. This completes the proof of the proposition. n

In order to make precise the solution for (1.1), we introduce
Definition 2.4. A function y € C([0,00);Y) is called a mild solution of (1.1) if for any
t > 0, y satisfies (1.2) in Y.
Then we have:
Theorem 2.5. Suppose that B is (p, q)-admissible with p, q satisfying

1<p<oo,1<g<on.

Then for any yo € Y, u € Lf o (0,00), the system (1.1) admits a unique mild solution
y € C([0,0);Y).



198 L. Berrahmoune

Proof. Let0 < T <1, R > 0 and consider the set
F={yeC0,TEY) [ [ly(H) —yoll <R, 0 <t <T}. (23)

We consider for u € L! (0,c0) the mapping f,, : F — C([0,T];Y) defined by

Fulp)(6) = g0+ [ u()elt 4By (s)as 24)

Then f, is well defined. Indeed, we have for /' > t, ' = t+ 1
L)) = Fu) D] < ¢4y — o[ + @0 e,y) — @iw]  (25)

Obviously HetlAyo - etAyOH — 0 as T — 0. Furthermore, we get the following
decomposition

T t
Po(,y) = Si(u,y) = [ u(s)e I ABy(s)ds — [ u(s)eltIABy(s)ds

0 0

T t t

:etA/ u(s)e(T_S)ABy(s)ds—l-/ u(s—l—r)e(t_s)ABy(S-i-T)dS—/ u(s)el! 94 By(s)ds
0 0 0
t
p /ju@)e“*”By(s)ds + [ s +7) = u(s)el = By(s + 7)ds

—i—/ e =AB(y(s + T) — y(s))ds.

From the admissibility of B it follows that for T small enoughsoas T + 1 < 1, we
obtain by virtue of Remark 2.1

[P (4, y) = Pe(u, y) | < Collluell Lp(o,0) 1Yl ao,2v)

+lu(+7) = ullppon 1y + D lay) + 11lle) VG +T) =Yl
for some positive constant C;. It is easy to see that [[uf,o, — 0 and
[YllLao,c;v) — 0as T — 0. On the other hand, by using the dominated con-
vergence theorem and a density argument we get ||u(. + 7) — u|| tr(o1) — 0and
ly(-+7) = yllLa1,v) — 0as T — 0. This yields fu(y) € C([0,T];Y). Further-
more, f, maps F to F provided that

HetAl/O - yOH +G ||uHLP(O,T) HyHm(o,T;y) < Rforall0 <t <T. (2.6)

From )

1Yl La¢0,,v) < (lyoll + R)TA,
inequality (2.6) is verified if

1
[e4y0 = yol| + Cr lull ooy (lyoll + R)TT < Rforallo <t < T (27)
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This condition is satisfied for T small enough. Moreover, f, is a contraction map
from F to F if there exists some constant 0 < k < 1 such that foranyy,y € F

1fu(w)(t) = fuy (DIl < klly = ¥llco,r:v) forall0 <t <T. (2.8)
From

A0 = £ = | [ u(s)e 4 B(y(s) - 7))

<G H”HLP(o,T) Tﬁ |y — g”C(O,T;Y)

we deduce that (2.8) holds again for T sufficiently small. By applying the con-
traction mapping principle, we conclude that for T small enough, the system
(1.1) admits a unique solution y € C([0, T];Y). Let [0, T;ax) be the maximal inter-
val where the solution exists. We shall see that Tj,,x = co. Indeed, suppose that
Tmax < o0 and let (t,), be an increasing sequence such that t;, — Tyax as n — o0.
By proceeding as for (2.5), we obtain for m < n

ly(tn) = yCtar) | < [[efyo = eyo | + e, (w,y) = D, (1, )]

and consequently ||y(t,) — y(tm)|| — 0as m,n — oo. Thus, limy(t) as t — Tyax
exists and y(t) can be extended continuously beyond t = T,y in a standard way.
Hence, Ty;0x = o0 and this completes the proof of the theorem. [ ]

3 Application

Let Q) be an open bounded domain in RY with sufficiently smooth boundary T.
We consider the bilinear system given by the following heat equation

N

Y - ay+un(-a)

yon (0,00) x ), (3.1)
y=0on (0,00) xT, (3.2)
y(0,x) = yo(x) on QL.

This system has the form (1.1) if we set Y = L?(Q), B = (—A)% and
D(A) = H*(Q) N H}(Q), Ay = Ay. (3.4)

Let0 < B1 < B2 < ... < By < ... be the set of eigenvalues of —A and denote by
{¢n}, the corresponding orthonormal basis in L?>(Q)). Then the semigroup e/ is
given explicitly by

ey =Y (y, gn) e Prig, forally € L2(Q), (3.5)
n

where (.,.) denotes the scalar product in L2(Q)). Moreover, the operator B can be

expressed by
By =) (¥, @u) V/Buoon- (3.6)
n
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Clearly B is unbounded on L?(Q) and it is bounded from L?(Q)) onto the space
X defined as the completion of L2(Q)) for the norm defined by

| = 3 (e en)” 57)

n 1671
Recall that the space D((—A) %) is normed by
2
Ity = Z@I%% : (3.8)

1

It is easy to see that the space X can be interpreted as the dual space of D((—A)?2)
with respect to the L2(Q)-topology, the space L?(Q)) being the pivot space. Fur-
thermore, the restriction (respectively the extension) of the operator A to

D((—A)z) (respectively X) generates a strongly continuous semigroup still de-
noted by (e!4);> (see [4, Vol. 1, p. 111]).

The system (3.1)-(3.3) is an example of fractional equation of diffusion type.
Such systems are useful models for the description of transport processes in com-
plex systems, slower than the Brownian diffusion. As systems displaying such
anomalous behaviour, let us mention the charge carrier transport in amorphous
semiconductors, the nuclear magnetic resonance diffusometry in percolative and
porous media etc (see [7], [8]). Then the following admissibility result holds.
Theorem 3.1. Let p, g be real numbers satisfying1 < p < 00,1 < g < oo and

1 1 1
- < 3.9
<2 (3.9)

Then the operator (—A )% s (p, q)-admissible.

Proof. Letu € L} (0,00),y € L] (0,00;L2(Q2)) and t > 0. We set
Yn(s) = (y(s), ¢n), (3.10)

so that by adopting the same notations as in (1.6) we get

D (u,y) = /Otu(s)e(t_s)A(—A)éy(s)ds
=/0 $) L V/Brigns) e Pl g, ds.

This yields
ds)?. (3.11)

@1 (u, y)|)? /I Z\/En Je Prlt=s)g,

On the other hand, we have forall0 < s < ¢t

Buyu(s)e P =g

Zﬁn [yn(s) e 2pnt=s)
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Z2ﬁn ) lyn(s)[* 72009,

Let M denote a posmve constant such that
se”® < Mforalls > 0.

Then it is easy to see that

VM
< 2SOl

ﬁn n 'Bnt S§0n

This implies
)| < V3 [ ﬁ||y<s>||ds. (312)

Let us consider the real r > 0 defined by

1,11 (3.13)
r P 4
Then we have
1<r<2
and this ensures the convergence of the integral
/t s _ 2 -4
o s z-r
Moreover, by Holder inequality we get
1
@) < VA (52 ) 0 ooy Wlhooery (319

Thus, taking into account Remark 2.1, we deduce that (—A A)Zis ( s (p, q)-admissible.
This completes the proof of the theorem. n

From this theorem, we obtain the following existence result for the solution of
the system (3.1)-(3.3).
Corollary 3.2. Let p be a real number such that 2 < p < co. Then for any yo € L*(Q),
ue LZOC(O, o0), there exists a unique solution y € C([0,00); L2(Q)) to the system (3.1)-
(3.3).

Proof. Let us consider a positive real number g such that (3.9) holds. From Theo-

rem 3.1 we deduce that (— )2 is (p, q)-admissible. Then we can easily conclude
by using Theorem 2.5. m

In order to show that the conjugacy of the parameters p, g is too restrictive, we
consider in detail the case of the one-dimensional heat equation (N = 1).
Proposition 3.3. Suppose that O = (0,1). Let p, q be positive real conjugate numbers.

Then the operator (—A)% is not (p, q)-admissible.
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Proof. The eigenvalues {B,}, and the corresponding orthonormal basis of eigen-
functions {¢, }, are given by

By =n’n*n=1,2,.., (3.15)
¢n(x) = V2sin(nmx); n =1,2, .... (3.16)
Let z be the vector in L?(Q)) defined by
P
z—;nn (3.17)

and consider for t > 0, € > 0 the following functions

(t=s)7~° , (3.18)

L__ifo<s<t
0 otherwise

(t=s5)7"° , (3.19)

L ifo<s<t
0 otherwise

y(s) = v(s)z. (3.20)

Clearly, u € LF(0,00), y € L1(0,00; L?(Q)) for any € > 0 and

t

D (u,y) :/ u(s)v(s)e(t_s)A(—A)%zds

0

= /Ot u(s)o(s) {Ze‘”zﬂz(i_s)qon} ds.

Since forall 0 <s <t

2
1

Ze—nznz(t—s)qon

n

D(A2

the dominated convergence theorem implies the following equality in D((—A) 2 )

Qi (u,y) =Y {/Ot u(s)v(s)e‘”zﬂz(t_s)ds} Pn- (3.21)

n

Let us consider the sequence

2

() = /0 ' u(s)0(s)e =g, (3.22)

The fact that p and g are conjugate yields

t 1
yn(t) :/O me_nznz(t_s)ds. (323)
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The change of variable defined by t — o = n?>7%(t — s) gives

1 t 1
yn(t) = ic 4€/t vt (F L e € do. (3.24)

Thus we get for some constant C > 0
(B> > —in=12,... (3.25)

Hence || D¢ (u, y) H%z () = oo provided that € < & This completes the proof of the
proposition. |
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