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Abstract

Clifford analysis is a higher dimensional function theory offering a refine-
ment of classical harmonic analysis, which has proven to be an appropriate
framework for developing a higher dimensional continuous wavelet transform
theory. In this setting a very specific construction of the wavelets has been
established, encompassing all dimensions at once as opposed to the usual
tensorial approaches, and being based on generalizations to higher dimen-
sion of classical orthogonal polynomials on the real line, such as the radial
Clifford—Hermite polynomials, leading to Clifford—Hermite wavelets. More
recently, Hermitian Clifford analysis has emerged as a new and successful
branch of Clifford analysis, offering yet a refinement of the orthogonal case.
In this new setting a Clifford—Hermite continuous wavelet transform has al-
ready been introduced in earlier work, its norm preserving character however
being expressed in terms of suitably adapted scalar valued inner products
on the respective Lo—spaces of signals and of transforms involved. In this
contribution we present an alternative Hermitian Clifford-Hermite wavelet
theory with Clifford algebra valued inner products, based on an orthogonal
decomposition of the space of square integral functions, which is obtained by
introducing a new Hilbert transform in the Hermitian setting.
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1 Introduction

The one-dimensional continuous wavelet transform (CWT) is a successful tool for
signal and image analysis, which has found numerous applications in mathematics,
physics and engineering (see e.g. [13, 14]). On the real line wavelets constitute
a family of functions 1), derived from one original function ¢, called the mother
wavelet, by change of scale a (i.e. by dilation) and by change of position b (i.e. by
translation):

wa,b(x):% <x;b> . a>0, beR.

On this mother wavelet i) some conditions have to be imposed. First, ¢ is required
to be an Lo—function, i.e. a signal of finite energy, which is well localized both in
the time and in the frequency domain. Moreover it has to satisfy the so—called
admissibility condition

du < 400,

0y = x [ LI

o ul

where F[i] denotes the Fourier spectrum of ¢. If ¢ is an L;—function as well, the
admissibility condition implies that 1) should have zero momentum, i.e.

/;oolp(x) dr =0

which can only be fulfilled if ¢ is an oscillating function, explaining the terminology
wavelet. In applications, additional requirements are imposed, among which a given
number of vanishing moments, viz.

—+00
/ 2" Y(xr)de=0, n=0,1,...,N.

— o0

This means that the corresponding CWT defined as

Fla,b) = <tup . [ > = %/_J:O<¢ <x;b>>c f(x) dzx

(where -¢ denotes complex conjugation) will filter out polynomial behaviour of the
signal f up to degree N, making it adequate at detecting singularities. When
considering Lo—functions f and g with respective transforms F' and G, the following
weighted inner product may be introduced:

G| = C%}/;m /0+°°(F(a, b)) Glab)

da
5 db .

a?
Taking into account the above mentioned admissibility condition for the mother
wavelet v, the corresponding Parseval formula reads

[F.G] =< f,g>,

showing that, as a consequence of the admissibility condition, the CW'T is an iso-
metry, or a norm preserving map, from Ly(R) into Ly(Ry x R, Cy 'a=2 da db).
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Higher dimensional CW'T’s typically originate as tensor products of one-dimensio-
nal phenomena. As opposed to these tensorial approaches, Clifford analysis (see e.g.
2, 15, 16]) offers an appropriate framework for developing a higher dimensional
CWT theory where all dimensions are encompassed at once as an intrinsic feature
(see e.g. [7, 8,9, 10, 12]). Standard Euclidean Clifford analysis focusses on so—called
monogenic functions, i.e. null solutions of the rotation invariant vector valued Dirac
operator

m
Op = €0, ,
=1

where (ey, ..., e,,) forms an orthonormal basis for the quadratic space R%™ underly-
ing the construction of the real Clifford algebra Ry ,,. As a function theory, Clifford
analysis may be considered both as a generalization of the theory of holomorphic
functions in the complex plane and as a refinement of harmonic analysis, since the
Dirac operator factorizes the Laplacian. The wavelets developed in this setting are
based on Clifford generalizations of classical orthogonal polynomials on the real
line. In this respect we explicitly mention the radial Clifford-Hermite polynomials
introduced in [20], which were applied to wavelet analysis in the Euclidean Clifford
setting in [11].

In earlier work the CWT has also been studied in a new branch of Clifford anal-
ysis: Hermitian Clifford analysis, focussing on Hermitian monogenic functions tak-
ing values in a complex Clifford algebra or in a complex spinor space (see e.g.
[5, 6, 18, 19]). Hermitian monogenicity, h—monogenicity for short, is expressed by
means of two mutually A—conjugate complex vector valued Dirac operators, which
are invariant under the action of a realization of the unitary group. New Hermitian
Clifford-Hermite polynomials were constructed in [5], starting in a natural way from
a Rodrigues formula involving both Hermitian Dirac operators mentioned. Due to
the specific features of the setting, four different types of polynomials were obtained,
two types of even and two types of odd degree. In [3] these polynomials were used as
building blocks for Hermitian Clifford-Hermite wavelets. Following the construction
of four types of polynomials, also four types of wavelets and corresponding CW'T's
were introduced, two of even and two of odd order. However, the Hermitian setting
necessitated a major adaptation as compared to the Clifford—Hermite wavelets in
the orthogonal framework: the Parseval formula, expressing the norm preserving
character of the CWT, had to be reformulated in terms of suitably adapted scalar
valued inner products on the Ls—spaces of signals and of wavelet transforms.

In this paper we present an alternative Hermitian Clifford—Hermite wavelet the-
ory with Clifford algebra valued inner products on the Lo—spaces of signals and of
transforms. This new theory is based on the decomposition of the space of square in-
tegrable functions as a direct sum of two orthogonal subspaces H*, obtained through
the introduction of a new Hilbert transform in the Hermitian setting (see [1]). More-
over, the spaces H* turn out to be the respective kernels of, in each case, two out of
the four types of wavelet transforms obtained. Finally, the present approach clearly
shows that the Hermitian Clifford-Hermite CWTs offer a refinement of the Clifford—
Hermite CWTs in orthogonal Clifford analysis, since the Clifford-Hermite CWT of
a given order is seen to split into both Hermitian Clifford-Hermite CWTs of that
same order.
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2 Hermitian Clifford analysis

Let R%™ be endowed with a non—degenerate quadratic form of signature (0, m), let
(€1,...,€m) be an orthonormal basis for R%™ and let Ry, be the real Clifford algebra
constructed over R®™. The non—commutative multiplication in Ry, is governed by

ejek+ekej:_25jk s j,k’:l,...,m. (21)

A basis for Ry, is obtained by considering for a set A = {j1,...,jn} C {1,...,m}
the element e4 = ¢e;, ...¢j,, with 1 < j; < jo < ... < j, < m. For the empty set )
one puts ey = 1, the identity element. Any Clifford number @ in Ry ,, may thus be
written as a = X4 eqaa, ax € R, or still as a = 327" o[alr, where [a], = 32424 €aan
is the so—called k—vector part of a (k = 0,1,...,m). The Euclidean space R%™ is
embedded in Ry, by identifying (x1,...,x,,) with the Clifford vector x given by
x =7, ejzj. The product of two vectors is given by

(5]

y=zey+zhy,

where
l.g:—<£’_>:—zl’jyj , g/\g: E E eiej(xiyj_l'jyi)
= ‘ )

are a scalar and a bivector (or 2-vector) respectively. Note that the square of a
vector z is scalar valued and equals the norm squared up to a minus sign: 22 = —
< z,z > = —|z|?>. The dual of the vector z is the rotation invariant, vector valued
first order differential operator

m
Op =D _ €0, ,
J=1

called Dirac operator, which factorizes the Laplacian, viz A,, = —0?. It is precisely
this Dirac operator which underlies the notion of monogenicity of a function, a
notion which is the higher dimensional counterpart of holomorphy in the complex
plane. A function f defined and differentiable in an open region €2 of R™ and taking
values in Ry, is called left-monogenic in €2 if 9,[f] = 0.

When allowing for complex constants and moreover taking the dimension to be
even, say m = 2n, the same set of generators as above, (ey, ..., es,), still satisfying
the defining relations (2.1), may in fact also produce the complex Clifford algebra
Cy,. As Cy, is the complexification of the real Clifford algebra Ry, i.e. Cq, =
Ro 2, ® iRg 25, any complex Clifford number A € Cy,, may be written as A = a + b,
a,b € Ry 2,, leading to the definition of the Hermitian conjugation

M= (a+ib) =a—ib,

where the bar denotes the usual conjugation in Ry, i.e. the main anti-involution
for which €; = —e;, j = 1,...,2n. This Hermitian conjugation leads to a Hermitian
inner product and its associated norm on C,, given by

o) = Wido and = /NN = (Sl
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The above framework will be referred to as the Hermitian Clifford setting, as op-
posed to the traditional Euclidean Clifford setting. Hermitian Clifford analysis then
focusses on the null solutions of two Hermitian Dirac operators 9, and 97, introduced
by means of the so—called Witt basis for the complex Clifford algebra Ca,,:

1 _ 1 _ .
fj:§(6j_len+j) s f;:_ﬁ(ej_‘_len—i-j) , ] :1,...,n
satisfying the Grassmann identities

fifi +fuf; = 1L+ iff =0, jk=1,...,n

and the duality identities
Bifk+ 9kfs = fife + fuff = 0 o Gk =1,....m

The Grassmann algebras generated by (f;)j-, and (fj) J_, are denoted by CA,, and
CA] respectively. Using this Witt basis, the vector (X1, ..., Xo,) = (21, ..., Tn, Y1,
. ,yn) in R%?" is identified with the Clifford vector

=Y (ej; + enagyy) = O f52 — 15
=1 =1 =1

where the complex variables z; = x;+iy; and their complex conjugates zj = x; —iy;,
j=1,...,n have been introduced. Defining the Hermitian vector variables

= Zlszj and z' = (2)" =Y fle5,
]:

1

n
j:

the Clifford vector X clearly takes the form

To this vector X the traditional Dirac operator is associated, rewritten as

= (e;0s, + €nss0,,) =2 ( Z =" flo.,) =2(1 - 0.).
et ot

i=1

Here we have introduced the Hermitian Dirac operators

0. = 10, and 0l =(0.)" =3 {0,
j=1

J=1

involving the classical Cauchy—Riemann operators and their complex conjugates in
the complex z; planes, i.e. 9., = 3(8,, — i0,,) and Ozc = 20y, +1i0,,), j=1,...,n.
In what follows also a second Clifford vector is considered, viz

n 1 n

X| :Z €Y — EntjT;) ;Z %+ = Zf : T>
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with corresponding Dirac operator

n

n n 2
Ox| = D> _(€;0y;, — €n+;0s;) == (D fi0z + Zﬂa%) = ;(0£+ 9z) -
j=1 =1

i=1

<. N

Note that the vectors X and X| are orthogonal, which implies that the Clifford
vectors X and X| anti-commute: X X| = - < X, X| >+ XA X|=XANX|=
—X|AX = —X]| X. On account of the isotropy of the Witt basis elements, the
Hermitian vector variables and Dirac operators are isotropic as well, i.e.

(2)?=(")?=0 and (9.)*=(9)* =0, (2.2)

from which it directly follows that the Laplacian Ay, = —02_ = —02& allows for the
decomposition

Ay, = 4(858; + 0;03) . (2.3)

Moreover, one also has that
22l 2l =2 = 21 = | X = | X

A continuously differentiable function g on R?*" with values in C,, is called a
Hermitian monogenic (or h-monogenic) function if and only if it satisfies the system

Oxg = 0= 0x)g or equivalently 0,9 =0= 829-

The Hermitian Dirac operators 0, and 8; are invariant under the action of a reali-
sation of the unitary group in terms of the Clifford algebra, see [5, 6]. This group

U(n) C Spin(2n) is given by
U(n) = {s € Spin(2n) | 30 > 0: 51 = exp (—if)I}, (2.4)

its definition involving the primitive selfadjoint idempotent I, which is introduced
as follows. Put, for each j = 1,...,n, I; = §;f; = %(1 — lejentj), then the I;
are mutually commuting idempotents for which moreover I]T = I;. Now, let I =
L... I, = flﬂhf; .o fafl, then obviouslyj2 = [ and I" = I. The invariance of the
operators d, and 8] under the action of U(n) is then expressed as

[0, L(s)] = 0=1[3L, L(s)] , s€U(n),

where [., .] denotes the commutator and L(s) is the so—called {-representation of an
arbitrary spin element s (see e.g. [2]).
In the sequel we will use the following definition of the standard Fourier transform

in R?": )
FUAW) = o

where dV(X) denotes the differential form dV(X) = dxy A dyy A dzy A dys A
... Ndx, A dy,, and where we have put U = (uy,...,Upn,v1,...,0,) and X =
(1, Tp,Y1,---,Yn). Let us now rewrite this Fourier transform in terms of the
Hermitian vector variables. From the foregoing we know that X = 2z — 2z and
U=w-—uwl with z =37, §2, 2 = 2; +iy; and w = 35, fjwy, wy = u; + ivy,

/R% exp(—i < X, U >) f(X) dV(X),
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j =1,...,n. When passing to these Hermitian vector variables, the Fourier trans-
form takes the form

Flf)(w,w') =

1

o e (<2Re(u ) fz,21) dz Ad

where we have introduced the differential form
dzNdz' =dzy NdZS A Ndz, N dze = (—20)"dV (X)) .
This Fourier transform satisfies the differentiation rules
Flof] = gul FIf] and FlLf] = Lu FIf) (25)
and the multiplication rules
Flzf] =2i0}, F[f] and F['f] = 2i0, F[f].

Moreover, the Fourier transform is an isometry on Lo(R?"), in other words, for all
f,g € Ly(R*") the Parseval formula holds:

<f.g>=<Flf],Flgl > (2.6)
with the Clifford algebra valued inner product given by

<fg>= [, 11X g(x) V().
We now introduce two Hilbert transforms, one in the Clifford vector X, viz
2 X

and a second one in the associated Clifford vector X|, viz

2 X
Hx|[f] = T%J‘rl x f

A2n+1

aon+1 denoting the area of the unit sphere S in R?"*!1. Their Fourier spectra are
U
S = i FUIW) and FlH () = i FW).
From the observation that

U]

]:lHX{HXI[f]H(Q) == U2 FIIU)

_Uju
U

FLI) = - | ] | o),
we derive that both Hilbert transforms are anti-commuting, i.e.
Hy o Hy| = —Hy o Hx .
The new transform H, obtained by this composition, up to a factor 7, viz
H = —iHy| o Hy = iHx o Hy|

shows the usual properties of a Hilbert transform and plays an important role in
what follows.
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Lemma 2.1. One has:
o H is a bounded linear operator in Ly(R*");
e H is norm preserving, i.e. for all f,g € Lo(R*") one has

< fig>=<H[f],Hlg)>;
o@)2:ﬁoﬁ:]l; - -
e H is selfadjoint, i.e. (H)*Y = H;
o H is unitary, i.e. (H)*YH = H(H)*% =T
e the Fourier spectrum of H is given by

= Ul U
FIHIA @ = 57 AW,
Next, we introduce the projection operators
1 —
PE = 5(1[ + H)
for which, apart from (P¥)? = P, it also holds that P}” + P, = I and P} o P, =
P, o P; = 0. This leads to the direct sum decomposition
Ly(R*") = Py[L2(R™)] & P, [La(R™)]
9 = Pylg]+Pylg]. (2.7)
In frequency space, the decomposition (2.7) of the Ly(R?*") function g reads
1 U|U 1 U|U
= |1 .
Flgl(U) 2 ( + ‘QP)}—[Q](Q) + 9 ( b ‘QP)}—[Q](Q)
= U FlglU) + v, Flgl@) ,

1 Ulu
Ut =2 (1+£i—=]) .
" 2( Zw)

The above introduced functions Wi are selfadjoint mutually orthogonal idempotents
and can be regarded as a Hermitian analogue of the so—called Clifford—Heaviside
functions of orthogonal Clifford analysis (see [17] and [21]).

where we have put

Lemma 2.2. The functions Ui show the following properties
o U+ U, =1;

o (UF)! = U

o Ui, =0, U =0;

o (U5) = V5.

3 The Hermitian Clifford—Hermite polynomials

The so—called radial Clifford-Hermite polynomials were introduced by Sommen in
[20] as a multidimensional generalization to orthogonal Clifford analysis of the classi-
cal Hermite polynomials on the real line. They are defined by means of the Rodrigues
formula:
P |z
Hi(z) = (=1)exp () Glexp (==-)] , £=0,1,2,...
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and are orthogonal on R?" with respect to the exponential weight function

exp (—|z|?/2). For their generalization to the Hermitian setting we restrict ourselves
to the basic results; for a detailed account, we refer the reader to [4, 5]. Instead
of the single operator d,, we now have two Hermitian Dirac operators 9, and 9I,
whence it is natural to consider the following Rodrigues formula for the Hermitian
Clifford-Hermite polynomials H,,:

2 122

) Dy(d, D)fexp (—5-)].

|2|

Hy(z,2") = exp (7

where D, (d,,7) is a differential operator of order p, consisting of p factors 9, and 9.
Taking into account the properties (2.2) and (2.3), it is easily seen that the proposed
form of D, results into four types of differential operators, viz two mutually adjoint
types of odd order, given by

D2p+1 a; Agn and D2p+1 ag Agn
and two selfadjoint types of even order, given by
DY, =0. OIAL,  and Dy, = lo.AL, .

Hence we are led to four types of Hermitian Clifford—Hermite polynomials, which
may be expressed in terms of the Laguerre polynomials on the real line as

2
ep— w2
H2p+1( T) = (_1)p 1or lpléLp(%

ep— w2
H2p+1( T) = (_1)p top lp! éT Lp(—

|2

Hypo(2,2) = (—1)”_127’_11?!(5 Ly(5) - zzLZH(_T')) (3.1)
Hypo(2,2) = (—1)p_12p_1p!<(n = B) Ly (%) - % 22! LZH(%)) :

where (3 denotes the Clifford number 5 = 377, f}fj. With respect to the Gaussian
weight exp (—|z|?/2) all Hermitian Clifford-Hermite polynomials are found to be
mutually orthogonal in Ly(R?"), i.e. for arbitrary degrees k, ¢ and indices i,j =
1,2, 3,4 they satisfy

2 ) .
I8 exp<—%> (B (2,2h)" HP (2,2h) dV(X) =0, with k# £ when i = j.
Rn
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4 The Hermitian Clifford—Hermite wavelet kernels of the firs t
type

Following the construction of the four types of Hermitian Clifford-Hermite poly-
nomials in the previous section, also four different families of wavelet kernels with
their respective mother wavelets may be introduced. For the first type, this mother
wavelet function is

R |2

¢§;)+1(§, 2N = 8;Afn [exp(—?)] — Hz(;l;)ﬂ(&, ) eXp(_T)'

In this section and the next one, we will study the family of wavelets and the
CWT stemming from @Dé&l. The other three types will be discussed briefly in the

last section. In [3] it is verified that the LN Ly—functions @Déll,)ﬂ have zero momentum,
le.

(2 av(x) = [ e D) B a0 @

R2n R2n 2

So they are good candidates for mother wavelets in R?", if at least they satisfy an
appropriate admissibility condition, an issue which will be treated below. To that
end, we already calculate the mother wavelet ¢§))+1 in frequency space. Taking into
account the decomposition (2.3) of the Laplace operator, it is easily seen that

2

(i) = 20,00 oo (-1

Hence, by means of the differentiation rule (2.5) we obtain (see also [3])

Flila (220w ) = (415 wluf exp(~25). (4.2)

The mother wavelet should also show a number of vanishing moments, in order
to filter out polynomial behaviour. By means of the orthogonality relations of the
previous section and the zero momentum condition (4.1), one can prove that (see
3]):

Pz —2") ¥iph(z,2) dV(X) =0 if q<2p+1.

R2n

Here P, is a polynomial of degree ¢ in the variable X or equivalently in z — 2!
which may in particular be replaced by either of the functions (z72)?, (227)!, 2(22)*
or 27(22")%, 0 <t < pand 0 < s < p, revealing the exact meaning of the term
vanishing moments in the Hermitian context.

In [3] a family of wavelet kernels stemming from a mother wavelet 1 (z,z) €
Ly N Ly is defined, taking into account not only scaling and translation, but also
rotation in space. Starting from the Clifford vector X and considering a scaling
factor @ > 0 and a translation vector B € R?", the corresponding operations are
transferred to the Hermitian setting by

X-B z-b -1

)

a a a
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when B = b — b, For the rotations, we consider spin elements from the unitary
subgroup U(n) of Spin(2n), see (2.4), and the h-transformation associated to them,
viz
h(s) : a € Cy, — h(s)[a] = sas’ = sas5 = sas™",
leaving the k-blades of the Grassmann algebras CA,, and CA!l invariant. The corre-
sponding operator action on functions, given by H(s)[g(X)] = sg(5Xs)s thus takes
the form
H(s)[g(z,2")] = s g(32s,32's) 3,

whence the family of wavelet kernels originating from v(z, 2') is eventually defined

as
(2, 2) = = 5 4 <§(§ —bs sl bT)S) s,

am” a a

a being a positive real number, b a vector from the Grassmann algebra CA,, and s a
spin element belonging to the group ﬂ'(n) Next, invoking the basic calculation rules
of the Fourier transform for scaling, translation and rotation, the Fourier transforms
of these wavelet kernels are easily found to be

Flo ] (w, w') = a” exp (~2iRe(w, b)) s FlY](asws, asw's) 5. (4.3)

Returning to the Hermitian Clifford—Hermite mother wavelets of the first type, we
observe that s wgll,lrl(ggs,gjs) 5= ¢§;)+1(§,5T) for any s € Spin(2n), showing that,
in particular, these mother wavelets are invariant under the action of the unitary
group ﬁ(n) Hence, in this case, we may omit this group action while defining the
continuous family of wavelets:

ab 1 z—b zf —b
W) = £ uid (2221 (0.4

a a

where a € R, and b € CA,, N CL

5 The Hermitian Clifford—Hermite CWT of the first type

In this section, we will use the family of functions (4.4) as kernel functions for a
new multidimensional CWT. To this end, take g € Lo(R?") and define its Hermitian
Clifford-Hermite CW'T of the first type by:

Tiwlgla, b) = /R <w§§,’+1a’9(g,£))T g9(z.2") dV(X). (5.1)

In the sequel we will show that all types of Hermitian Clifford—Hermite wavelet
transforms take their values in the weighted Lo—space

Ly(Ry x CA, N Ty, a~ @ Vda(—2i)~"(db A db')),

equipped with the Clifford algebra valued inner product

+oo da
N—n 1
[F,G] = /RZWC”/ F(a,1))' Gla,b) 2+l( 2i)~"(db A db')
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and corresponding norm

1= (1 21) = ([ [ 1P 2 @nd))

By means of (2.6) and (4.3), (5.1) can be rewritten in frequency space as

Tilg)(a.t) = a” [ exp (2iRe(w, b)) (Fo§))(aw, ) Flg)(w,wl) dvV ().

(5.2)

2n

Moreover, (4.2) yields

FlpD) T _ 1 p+li 2p+1|,,,12p _@2|M|2 1
(Pl ) = (~1p Lo e exp (L)

Hence, (5.2) becomes

Toylg)(a,b) = (~1)p" L+ [

R2n 2

w' Flgl(w, w') dV (U).

2 2
exp (20Re(w, 1)) [1w* exp (—“ ] )

Next, let us decompose g € Ly(R**) as g = P} [g] + P}, [g] by means of the projection
operators introduced in Section 2. In what follows, we shortly denote g= = P7[g].
We then know that F[gF](U) = Ui Flg](U) or

As (w')? = 0, we thus obtain that
Tilg*](a,b) =0,

showing that the Hermitian Clifford-Hermite CWT T{;) has a non-trivial kernel,
since any function belonging to the Ly—subspace

Ti={g € Ly(R*™) | g =P} [g]}

is mapped to zero. In view of the above, it thus is sufficient to study the Her-
mitian Clifford-Hermite CWT of the first type acting on g~, since T(y)[g](a,b) =
Tiylg~](a,b). We put

G ( ) ¢2p+17ag_> .
In frequency space, this takes the form (see (5.2))

6w = 2 F|(Flulf o a@)T Flo )| (-1 1) 53
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Now our aim is to prove that the Hermitian Clifford-Hermite CWT 1) is a
bounded linear operator from the Ls—subspace

H™ :={g € Ly(R™) | g =P} [g]}

to Ly (R+ x CA, NCS a=Cr D) dg (—2i)™ (db A de)). To that end we calculate

+oo da
N—n 1
(enker /R b / " G5 (a,b) gy (2207 (A ),

where G7 and G, denote the images of two signals g1, g, € H~. In view of (5.3)
and the Parseval formula (2.6), we obtain

G, Ga] = (em)™(—20) "

( / I, o, ) (FTs (o, a@)*%) Flga)w,w') (dw A dw'). (5.4)

By means of the substitution w = &, |{| = 1, or in other words: |w| = % and
s bec

§= |w|, the integral between bracket comes

o0 d
[ Fa o ) (L) a@)T =
tdr

= [T A0 e (Fluie )

r

Next, using expression (4.2) we find

4p+2
FIspal(ré réh) (Flalirereh) = e (=) £ ¢
yielding first
| Al ) (Fhl(aw awh) 2= 20w

and next

6. ¢5) = em (-2 B [ (g, ) i Pl ) (de )

for the integral (5.4). Moreover, having ¥, Flg; |(w, w') = Flg5 | (w, w'), we finally
obtain that

[G1.Ga]=Ch) <9g1,92 >, (5.5)
with Cq) = (27r)2" Cp)t , implying the CWT T{; ) not only to be bounded but even to
be an isometry from H to Ly (]R+ x CA, NCY. Caya™®rtda(—=2i)~"(db A de)).
From (5.5) we also obtain the reconstruction formula

+oo ab da
P =) [ L e e ) Tl e b) o (<2007 (dbAd).

(5.6)
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6 The Hermitian Clifford—Hermite CWTs of types two, three an d
four

6.1 The Hermitian Clifford—Hermite CWT of type two

The Hermitian Clifford—Hermite mother wavelets of type two are derived from the
second type of Hermitian Clifford-Hermite polynomials and take the form

Ui (2,27) = exp (= ‘ZQP) HP,\ (2,21 = 2 0,(310.) [exp( ‘2‘2)1 .

Let us first verify that the L; N Ly—functions ?/)éfz)ﬂ have zero momentum. From the
form of the generating differential operator d,A%, one infers that

Hy(z,27) = (1) (—55) Hyy(r)

where ﬁgp(r) is a scalar polynomial of degree p in r* = |z|?. Passing to spherical
co-ordinates z = r =, with Z € S?"~!, we obtain

2

%) Ha,(r) dr / =t ds(Q)

S2n—1

(—1)p+

L 8t avx) = S [T e (-
= 0,

the integral over the unit Sphere 52” ! vanishing since =' is a spherical harmonic.
Along with that, the functions @sz 't also show a number of vanishing moments:

{'2), (221, 2(2'2)*, 21 (22"} (2 21 dV(X) = 0

for0<s<p, 0<t<np.
Furthermore, the Fourier transforms of our second type mother wavelets read

R2n

w]?

f[wéiil](w,w*) = (=1) 3 L wf Jw[* exp (— T)'

Again we do not have to take the unitary group INJ(n) into consideration, since for
each s € Spin(2n) we have S@Dgll(?gsjjs) 5= @Dé?ﬂ(g, 2h).

The corresponding Hermitian Clifford-Hermite CW'T of the second type applies
to functions g € Ly(R*") through

ab i
Tollab) = [, (6. @) glzz) avix) .
Similarly as in Section 5, this Hermitian Clifford-Hermite CW'T can be rewritten as

a?|

: 2
Tiolallat) = (177 a0 [ oxp it ) > exp (-5 )
R2n

2
w Flg)(w,w') dV(U).
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Decomposing g € Ly(R?") as g = g + g~ with g* = P[], we now have that
Ti2)lg™I(a,b) = 0,
since (w)? = 0. Hence, we obtain that T(2)[g](a, b) = T2)[g*](a,b) and we denote

G (a,b) = < P gt > .
In order to prove the boundedness of the Hermitian Clifford-Hermite CWT T{y) as a
linear operator from the Ly—subspace H to Loy (R+ x CA, NCY, q=Cn+1) da(—2i)™"
(db A de)), we calculate

da -
GF, G = /]R s / (Gf (@) G5(a,b) o (=207 ()

with G7 and GJ the images of two signals ¢;", g5 € H*. Similarly as in Section 5,
we obtain

61,651 = mp (20 B2 [ (Figt i) i Floiw,u) (duwndut).
(6.1)
As U Flgs |(w, w') = Flgs](w, w'), the integral (6.1) becomes

GV, G31=Cny <g/,95 >

showing also the second type Hermitian Chfford Hermite CWT to constitute an
isometry, now from H* to Ly (R+ x CA, N (Czn,C La=Cn ) da (—2i) 7" (db A de)).
Moreover, the reconstruction formula takes the form

1 oo gy ab da -
i) = g [ [ ") Talafl(e) (2 a).

6.2 The Hermitian Clifford—Hermite CWT of type three

In this subsection we study the CWT stemming from the Hermitian Clifford—Hermite
mother wavelets of type three given by

2P\ e Yy — 4P typ+1 _@
U)o (2,27) = exp (- ) Hapralz,27) = 47(0.00)" exp (=) -

First we must verify that this mother wavelet of type three has zero momentum.
As for the mother wavelets of types one and two, this condition has to be carefully
checked, its proof however now being less straightforward than for the previous
types. From (3.1) we obtain the following expression for HQ(?,)JFQ:

1 -
Ho(2.21) = 22 Kop(r) + (=)' 58 Hay(r)

with Kop(r) = (=1)P20=2pl LP*Y(2) and Ha,(r) = 2°p! L(%). Hence we find

2

[ ot Vi) = [ (<G iy ar ([ 2 2as@))

400 2 —
+ (=1 ﬁagn/ exp(—%)rzn_l Hoy(r) dr,
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where we have again used spherical co-ordinates z = rZ, Z € S?"~!. From the or-
thogonality of the radial Clifford—Hermite polynomials of orthogonal Clifford anal-
ysis, we know:

2
T
L P (= 5) HapenX) dV(X) =0, p=0,1.2....

As one can verify that

HapoaX) = (1774 (2 Koy () + (1P Fy ().

this implies that for p =0,1,2,...

2 —
L, e (=5) <7‘2 Fop(r) + (~1)771 5 ng(r)> AV (X) =0.
The whole integrand being a purely radial function, we finally obtain for p =
0,1,2,...
+o0o 2 +o0o
/ exp(—r—)r%“ Ko, (r)dr = (— / exp ( o 2L Hoy () dr.
0 2 2
The above result eventually leads to
2

Ualz 2 V() = (215 [ exp (=) 2 Hy ()

R2n

since a subtle calculation yields (see [4])

\/‘;‘2nl

The zero momentum condition combined with the orthogonality of the Hermitian
Clifford-Hermite polynomials again gives rise to a number of vanishing moments,
le.

t2ds(@) = 2 o,

(1]

A (22D 2(22) (a2 e, 2N dV(X) = 0

for0<t<p 0<s<p.
The Fourier transforms of the mother wavelets take the form

Flifd ol ) = (-1 ()l exp (~ 225

Moreover, also the mother wavelets of type three are INJ(n) invariant, yet another
result which is not as straightforward as for the mother wavelets of types one and
two.

Lemma 6.1. The Clifford number § = 377_, f; f; commutes with any s € U(n).
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PROOF. Any s € U(n) may be written as s = exp (¢0) with ¢ € R small and o an
element of the associated Lie algebra u(n). In [6] it is proved that this Lie algebra
@(n) is generated by the following (real) bivectors

;A j=1,...n
ik —ffl , ak=1,...n, j#k

By a lengthy but straightforward computation each of these generators may be
shown to commute with 3, which directly implies the same property for any element
o of the Lie algebra. In particular we then also have that o*3 = 3 ¢*, which finally
yields

oo k oo _k
sﬁ:exp(ea)ﬁ:Z%akﬁ:Z%ﬁak:ﬂexp(ea)zﬁs. O
k=0 " k=0 *

The above result is crucial, since, invoking also (3.1), we now easily find

S ¢§?+2(§§S>§§T ) 5= @Dg@(&,f) , Vs € ﬁ(n) )

The corresponding CW'T applies to square integrable functions g through

Tolol(at) = [, (6™ 2) o2 dv(x).

The equivalent expression

Tis)lg)(a,b) = %W?ﬁ? L, exp (2iRe(w, ) [wf* exp <—%>
(w'w) Flgl(w w') dV(U)
yields

Tizlg~(a,b) = 0.
Hence T{3[g](a, b) = T(3)[g"](a,b), also denoted by G*(a,b). We now find that

+oo 1 da Nen
ehas) = [, | (GHay) 63 s (<207 (db A db)

= e [ () ([ AI0s o)
(Flu)og, reh)| dr) Flodl(w,w') (dw A du),

again with { = =. As

|§||s

FI o) (6, reh) (Fdalre, réh))' = = r271 exp (=) (€1¢)?,

the integral between brackets becomes

o d 1
| Ao e (Foaltgre)) = p+ 1)1 By
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Hence we obtain that

G, G5 =Cs <g1,95 >

with C3) = 2”)% (2p+1)!, which implies that the Hermitian Clifford Hermite CWT
Tis) isa bounded linear operator from H* to Ly (]R+ x CA,NCS), a=@n+D) dg (—2i) "
+ + 1 _— 2n+1 \—n
% A% 2 n
(dbNdb )) and an isometry from H* to L (R+ x CA,NCLY Cp a (2nt1) da (—24)

(db A dl_)T)). Again, a reconstruction formula is obtained as well:
too ab da
N —n i
) = o /]R oo [T e ) Tiglof ) ) s (<20)7 (db A db).

6.3 The Hermitian Clifford—Hermite CWT of type four

Finally we consider the CWT stemming from the Hermitian Clifford-Hermite mother
wavelets of type four:

a2 = exp (=5

ER) ot ) = @10 forn (5]

The proof of the zero momentum condition for the mother wavelets of type four runs
along similar lines as the one for the mother wavelets of type three (see subsection
6.2). Again the mother wavelets also have a number of vanishing moments:

{'2), (221)', 2(212)*, 2 (22"} whalz, 21 AV (X) = 0

R2n

for0<t<p 0<s<p.
By means of the differentiation rule (2.5), we obtain the following expressions for
their Fourier transforms:

jw?

5 )

Floihal(w,wl) = (<177 (wnh) |l exp (-

Again, the considered mother wavelets are U(n) invariant, whence we do not take
the group U(n) into consideration when defining the Hermitian Clifford-Hermite
CWT T(4)Z

Tlgla,t) = [, (880 (e2h) ole2h) av().

This CWT can be rewritten as

_1)p+t -
Tiwlgl(a,b) = %an+2p+2/2 exp (2iRe(w, b)) |w|* exp <_a |2w| )

(ww') Flgl(w,w') dV(U),

which implies that
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We thus obtain Ti4)[g](a,b) = T(4[97](a,b), denoted as G~ (a,b). Similarly as in
subsection 6.2, we ﬁnd

o foo, T da -
Gr.Gy) = [, [ (Gr(an) Gy (a) i (<20) 7 (db A a)
= Cp) <91,92 > -

Hence the Hermitian Clifford-Hermite CWT T{4 is a bounded linear operator from
H™ to Ly (R+ x CA,NCY a=@r+D) dq (—24)—" (db/\de)) and moreover an isometry

from H~ to Ly ﬂm x CA, N CE), Cgla=C+V da (~2i) " (db A db')). The Parseval
formula also yields the following reconstruction formula:

+oo a,b da _n
522 = o T " e 2 T g, D) ey (<207 (b A ).

7 Final remarks

In [11] the so—called Clifford-Hermite wavelets in orthogonal Clifford analysis were
introduced. In even dimension, we may write them as

) = (1) 0 foxn (- 55| = 1) o (-

and we may similarly introduce

X

25| = s exw -

X

X
)

(X1 = (1) 9, [exp<

Between these Clifford-Hermite wavelets and their Hermitian analogues, the follow-
ing relations then hold:

Yo (X) = (=1)P7'2 (¢2p+1( EDRCRRIEED)
Yoprr(X]) = (=1)" (@bsz(zz)wsz(z, =)
Popia(X) = ww(zo = ()P (U2, 21) + v (2, 21)
Subsequently, also the corresponding Clifford-Hermite CW'T is defined, viz
T, : Ly(R*™) — Ly(Ry x R*™, C7ta= @V da dV(B))

g — GlaB)=<uvitg>= [ (sEX) g(X) aV(X)

R2n
the continuous family of wavelets being given by

X-—-B

wzvﬁ(z)z—w( ), acR,, BeR™.

2n (£=1)!

with admissibility constants C; = (27) 5
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First note that the Hermitian Clifford-Hermite CWT's of types one and two can
be considered as a refinement of the above Clifford—Hermite CWT of odd order,
since

Gapia(a, B) = (~1)""'2 (Twlg (a,b) — Tiz)[97](a. 1))

with B =b—b'. Furthermore, the Hermitian Clifford—Hermite CWT's of types three
and four can be considered as a refinement of the Clifford—Hermite CW'T of even
order, since

Gopra(a, B) = 4(—1)P~" (T(s) l97](a.b) + Tty [9_](%@))
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