Inclusion relations and convolution properties of
certain subclasses of analytic functions defined
by generalized Salagean operator
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Abstract

In the present paper, we obtain some inclusion relations and convolution
properties for certain subclasses of analytic functions in the unit disk which
are defined by the generalized Saldgean operator. Relevant connections of the
results presented here with those obtained in earlier works are pointed out.

1 Introduction, definitions and preliminaries

Let A denote the class of functions of the form
f2) =24 ap2" (1.1)
k=2

which are analytic in the open unit disc U = {z € C : |z] < 1}. Let S*(a) and
K(a) (0 £ o < 1) denote the subclasses of functions in .4 which are respectively
starlike of order av and convex of order o in U. We denote §*(0) = §* and K£(0) = K.

If f and g are analytic in U, we say that f is subordinate to g, written sym-
bolically as f < g or f(z) < g(z) (z € U), if there exists a Schwarz function w(z),
which (by definition) is analytic in U with w(0) = 0 and |w(z)| < 1 such that
7(2) = g(w(2) (: € D).
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The Hadamard product (or convolution) of two power series f(z) = S22, apz”
and g(z) = 232, bp2" is defined as the power series (f x g)(z) = f(z ) ( ) =
ZI?;O Qg bk Zk.

Forn € Z = {0,£1,42,---}, A 2 0 and f given by (1.1), we consider the
generalized Salagean operator defined as follows:

I f(z —z—l—z D))" apz® (2 €U). (1.2)

It follows from (1.2) that
Lf(2) = f(2),
Lif(2) = Lf(2) = (L= N f(2) + Az f'(2),
]/T\Lf(z) = ])\ (‘[;\L_lf(z)) y = 2737 e
For n € Ng ={0,1,2,---} and A 2 0, the operator I} was introduced and studied

by Al-Oboudi [1] which reduces to the Salagean differential operator [14] for A = 1.
Furthermore, for negative integral values of n and A > 0, we have

S1=(1/X)

L) = [P 2pwar (zev),
SA=(1/)
L2f(z) = S [N @y de (2 e D)
0
and, in general
) AN e
L f() = S [T e () at
_ z _ z _ z
:I’\l <1—z>*]’\1 <1—z>*“.*l’\1 <1—z>*f(z)
m—times

(meN={1,2,---}; z€ U).

We now introduce the subclasses St (A, B) and R%(5; A, B) of A as follows:

Definition 1. Let n € Z, A, B and \ be arbitrary fixed real numbers such that
—1SB<A<1and A 20. A function f € A is said to be in the class S} (A, B)
if it satisfies

z(IRf) (2) - 1+ Az
INf(z) 1+ Bz

(z € U). (1.3)

It is seen that
Sy(1—2a,—1) = SY(1 — 20, 1) = S*(a) and S} (1 — 2o, -1) = K(a) (0L a<1).
We denote SY (1, —1) = SY. Similarly, let

AIE)(:) 14 A
T 148 U}

iCQ(A,B):{feA;H
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and we write L} (1, —1) = K%. Using the fact that

(I3 2f)(2) = (I3 f)(2) (2€U)
for any f € A, it is readily seen that

feKIA B) < zf € ST (A,B).

Definition 2. Let n € Z, A, B, § and X be arbitrary fixed real numbers such that
-1<B<A<1,§=20and A =2 0. A function f € A is said to be in the class
RY(5; A, B) if it satisfies the following subordination:

14+ Az

(B ()46 (B () < e

(z € V). (1.4)

The class R%(0; A, B) generalizes a number of function classes studied earlier by
several authors (see, e.g., MacGregor [4], Ponnusamy [12] and Al-Oboudi [1]). We
write RY(0;1 — 2a,, —1) = R™(\, ), the class of functions f € A which satisfy the
condition

RUI) (2)>a (0Za<1; zel).

The class R™(\, «) for n € Ny is recently studied by Al-Oboudi [1]. We, further
denote

RN a)=RNa)={fc A R(f'(2) + ) zf"(2)) >a, 0Sa<1; 2 € U}.

The object of the present paper is to obtain several inclusion relationships and
other interesting convolution properties of functions belonging to the subclasses
S! (A, B) and R%(0; A, B) of A by using the method of differential subordination.
Relevant connections of the results presented here with those obtained in earlier
works are also pointed out.

In order to derive our main results, we need the following lemmas.

Lemma 1. Let the function h be analytic and convex (univalent) in U with h(0) = 1.
Suppose also that the function ¢ given by

p(z) =1+ cr1z+co2® + - - (1.5)

1s analytic in U. If

¢(z) + <h(z) (R(y)20,7#0; z€U),

2¢'(2)
8
then
oz) < w(z) = % /0 TRt dt < h(z) (2 €U)

and v is the best dominant.
Lemma 1 is due to Miller and Mocanu [6, 8] (see also Hallenbeck and Ruscheweyh [2]).
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With a view to stating a well-known result, we denote by P(«a), the class of
functions ¢ of the form (1.5) which are also analytic in U and satisfy the following
inequality:

R(p(2) >a (0=a<l; zeU).
It is known [16] that if ¢; € P(a;) (0 = o < 1; j =1,2), then
(p1%x¢p2) € Plag) (a3 =1—-2(1—oq)(l —a9)) (1.6)
and the bound a3 is the best possible.

Lemma 2 (cf., e.g., Pashkouleva [10]). Let the function ¢, given by (1.5) be in the
class P(«). Then

2(1 — «)

R{o(2)} 2 20— 1+ 1517

0=sa<l; z€l).

For real or complex numbers a, b, c(c ¢ Z; = {0,—1,—2,---}), the Gauss
hypergeometric function 9 F} is defined by
abz ala+1)b(b+1)2?
F b;c;z) =1+ —— Z 4.
2Fifa, b e 2) HPETR c(c+1) ST
We note that the above series converges absolutely for z € U and hence represents
an analytic function in the unit disk U (see, for details, [17, Chapter 14]).
The following identities are well known (cf., e.g., [17, Chapter 14]).

Lemma 3. For real or complex numbers a, b, ¢ (¢ ¢ Zy ), we have

/01 L = )TN (1 — )% dt = F(b)FF((;—b) oFi(a, b; ¢; z)  (R(c) > R(b) > 0);

(1.7)
oFi(a, b; ¢; 2) = o F1(b, a; ¢; 2); (1.8)
oFi(a, b ¢; 2) = (1 —2)"" 2 (a, c—b; ¢ 1_22) ; (1.9)
(a+1)2F1(1, a;a+1; 2) = (a+ 1) +azoFi (1, a+ 1; a+2; 2). (1.10)

We now state a result obtained by Singh and Singh [15].

Lemma 4. Let ¢ be analytic in U with $(0) = 1 and R (¢(z)) > 1/2 in U. Then for
any function F' analytic in U, the function ¢ x F' takes values in the convex hull of
the image of U under F'.

Lemma 5 (Miller and Mocanu [8, p. 35]). Suppose that the function ¥ : C* x C —
C satisfies the condition

R(U(ir, y; 2)) S e

fore >0, realz,y < —(1+2%)/2 and for all z € U. If ¢, given by (1.5) is analytic
in U and

R (V(o(2), 2¢'(2); 2)) > e,
then R (¢(2)) > 0 in U.
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2 Inclusion relationships

Unless otherwise mentioned, we shall assume throughout this paper that —1 < B <
AZS1,A>0,0 >0andn e Z.

Theorem 1. Let f € SP™ (A, B) and

1—-B—XA-B)20. (2.1)

(i) Then
SIT(A, B) C SY(A, B).
Further for f € SY™ (A, B), we also have

z(IRf) (2) 1 1 1+ Az
B Som T AT 2,

where

P (A-B)/
o AgmH<H4M)ABBﬁ (B £0)
Z) =

; 1+ Bz (2.3)
/ 1N Texp (1 — 1)Az) dt (B =0)
0
and q 1is the best dominant of (2.2).
B
(ii) If in addition to (2.1) one has A < Y (-1 = B <0), then
S;\H_l(A?B) C‘S.j\hb(1 _2pa_1)7 (24)

B—A 1 B\ ,
where p = l{gFl (1, 5 1+ 1 B—1>} + (A — 1)1 /. The result is the best

possible.

Proof. Let f € Sy™'(A, B) and

o(z) = 2RS) (z) (z € U). (2.5)

I3 f(z)
Then ¢ is of the form (1.5) and is analytic in U. Using the identity

SR ) =5 B+ (1-5) BIG) (ev) (2.6

in (2.5) and carrying out logarithmic differentiation in the resulting equation, we
deduce that

2¢/(2) % (I,T\Lﬂf)/(z) - 1+ Az
o(z)+(1/N) -1 IV f(2) 1+ Bz

e(z) + (z € U).
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Hence by applying a result [7, Corollary 3.2] (with § =1 and v = (1/\) — 1), we
find that

1 1 1+Az

—— 1l < —— U
S0(2)—<62(,z)jL N 14 B (ze 1),
where ¢ is the best dominant of (2.2) and @ is defined by (2.3). This proves part
(i) of the theorem.
To establish (2.4), we need to show that
inf {R (¢(2))} = a(=1). (2.7)

zeU

The proof of the assertion (2.7) can be deduced on the same lines as in [11, Theorem
1].

The result is the best possible as ¢ is the best dominant of (2.2). This completes
the proof of Theorem 1.

Taking A = 1—2a, B = -1, n =0 and A\ = 1 in Theorem 1, we get the
following result due to MacGregor [5].

Corollary 1. For 0 £ a < 1, we have

K(a) € S*(p1),

where
1 — 2« 1
1\171 2(1—a) (1 — 92a—1 (a 7 )
P {21«1 (1,2(1 —a);z;z)] _ {21 - 20 ( %)
a=-].
21n2 2

The result is the best possible.
ForA=1-2a(0<a<l1), B=-1,n=-1and A=1/(u+ 1), Theorem 1
yields

Corollary 2. If f € S*(«), max{—p,—u/2} Sa <1 and p+1> 0, then

#f(2)

R
/O L (t) dt

> P2 (ZGU)a

1 -1
where py = (pu+ 1) [QFl (1, 2(1 — a); n+ 2 2)] . The result is the best possible.

Using the well known result
fekK(a) = z2f € S*(a),

in Corollary 2, we have

Corollary 3. If f € K(«), max{—pu, —p/2} S a <1 and p+ 1> 0, then

. 2(2)

z > P2 (ZGU)v
o)=L [t ar
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where ps is given as in Corollary 2. The result is the best possible.

Remark 1. We note that Corollaries 2 and 3 improve the results obtained by
Obradovi¢ [9, Theorems 2 and 3].

Theorem 2. We have
RK—H(A? B) - RS\L(l - 2p37 _1)7

where ps 15 given by

A A ., B-A_ 1 B
Dy — B+(/11_B>(1_B) 2F1<1’ B ’1+>\’B—1> (B#0)

The result is the best possible.
Proof. Setting

p(z) = (INf) (2) (2€), (2.8)

we note that ¢ is of the form (1.5) and is analytic in U. By making use of the
identity (2.6) in (2.8) and differentiating both sides of the resulting equation, we
obtain

1+ Az

Z(,O/(Z) _ n+1 !
p(:)+ 5 = (B7) () =< 1 el
Thus by Lemma 1, we deduce that
A e 1+ At
ey _Z (1/0)-1 ( )
() () < (z) = S [0 (T
A A . . 1 Bz
) B+(1—B>(1+Bz) 2F1<1,1,1+)\,BZ+1) (B #0)
1+1+)\Az (B =0),

where we have also made a change of variables followed by the use of the identities
(1.7), (1.9) and (1.10).
Next we show that

inf {R(q1(2))} = ar(=1). (2.9)

Following the same lines as in our demonstration of Theorem 4 [11], we can prove
the assertion (2.9).

The result is the best possible as ¢; is the best dominant. The proof of Theorem
2 is thus completed.

Putting A =1 —2a (0 £ a < 1) and B = —1 in Theorem 2, we obtain the
following result which improves the corresponding work of Al-Oboudi [1, Theorem
2.4] for n € Ny.



40 J. Patel

Corollary 4. We have
R\, a) € R™(\, pa),

11
where py = a+ (1 — «) [2F1 (1, ;14 X; 2) — 1]. The result is the best possible.

Using Theorem 2 ((n —m) times) we get, after some calculations, the following
interesting result.

Corollary 5. Let n,m € Ny be such that n > m = 0. Then

feER (AN, a) = feR™\, ,Nm),

where
+ (1 )[F(lll—i—ll) 1]n§_1[2 F(lll—i—ll)]j
m = -« N Y — L1+ oo)]
Ui 241 29 = 241 Y2

(2.10)

The result is the best possible.

Remark 2. (i) If we put m = 0 in Corollary 5, we obtain the following best possible
result.

FERYN a) = R(f(z)) >m (z€D),

where 7 is given by (2.10) with m = 0. Thus the function f is close-to-convex and
hence univalent in U.

(i) We note that Corollary 5 improves a result due to Al-Oboudi [1, Theorem
2.6].

3 Convolution properties

Theorem 3. Let —1 < B; < A; =1 (j = 1,2). If the functions f; € R¥(d; 4;, B;)
( = 1,2), then the function h € A defined by

h(z) = (fix f2)(z) (2€U) (3.1)
belongs to the class R%(0; 1 — 2s¢, —1), where
w=203—1)+(1—03)[0+2(1=06)In2|, o3=1—-2(1—07)(1—09)

and

A A 1 4.1 B
B+<1 Bj) (1—B))' oF <1,1,1+5,Bj_1 (B, % 0)
A
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Proof. Letting

pi(z) = (I3f;) () (2 €D), (3.2)

we note that ¢; is of the form (1.5) and is analytic in U for each j = 1,2. Since
fj € R¥(0; Aj, B)), we deduce from (3.2) that

1+A]Z
1+B]Z

0i(2) +0 2¢5(z) = (I3 ;) (2) + 6 (I3 ;)" (2) < (j=1,2; z€ U).

Hence by using Lemma 1 (with v = 1/§) and following the lines of proof of Theorem
2, we get

(I;\ij)/ c P(O’j), (33)
where
A A, 3 1 B
- BJ+<1_BJ>(1_BJ> F<1’1’1+5Bj—1> (B; #0)
A;
R (B;=0)

for j =1,2. So, for h = I{(f1 * f2), we have by (3.3) and (1.6)

(= (f;h)’)’ = (I2f) *« (12 f,) € P(os) (o5=1-2(1—01)(1—0y)).

Now

(2(I3h) (2)) = (I3h) (2) + 2 (I{h)" (2) € P(os)
implies that

(IYh) € P(oy) (04 = (205 —1)+2(1 —03)In2),

again by using Lemma 1 (with y =1, A=1— 203 and B = —1). Thus

R{IEHY () + 82 (1) ()} = (L= ) R{(IAY (2)} + 6 { (= (1m) (2))'}
>(1—0)oys+ 003
= (205 — 1) + (1 — 03)(6 + 2(1 — 0) In 2)
=»x (ze€l).

This completes the proof of Theorem 3.
By putting Ay = Ay, =1—-2a(0Sa<1), B=By=—-1,n=0and § = A in
Theorem 3, we obtain

Corollary 6. If f; € R(\, «) (j = 1,2), then the function (fi+ f2) € R(\, &), where

1 1\7?

a=1-2(1—0a)?[1+(1-A)(1—2n2) N2
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Theorem 4. Let —1 =< B; < A; £ 1 (j = 1,2). Ifthe functions f; € RY(A;, Bj) (j =
1,2), then the function h defined by (3.1) elongs to the class Ry (1 — 2k, —1), where

(4, )(1—1n2).

(A1 — By)
n=1-4 (1—31)(1—32)

The bound k 1is the best possible for By = By = —1.
Proof. Consider the function ¢; defined by (3.2) for each j = 1,2. Then each ¢; is
of the form (1.5), is analytic in U and

i € P(v;) (%‘ = 1_Bj; j=1,2)

Hence by (1.6), we have

(1% p2) € P(73) <73 =1- 2“(11 — ggiﬁ;ﬁ”) . (3.4)

For the function h given by (3.1), a simple calculation shows that
1
(R () = [ (prxe2) (uz) du (2 € D) (3.5)

Now by using Lemma 2 in (3.5), we deduce that

R{IAY ()} 2 [ R (o1 x02) (u2) d

(A1 — B1)(Az — By)
=1-4 1—In2
i-Byi-8) M7
=k (z€0)
To see that the bound k is the best possible for By = By = —1, we consider the
functions f; € A defined by
=1 — At

(L) ()= [ Tdt (=12 z€)

so that from (3.5)

(Ih) (2) = 01 (1 — (1+ A)(1+ Ag) + (1+ fflz(i;r A2)> T
=1 (1+A)(1+ Ag) + (1+ A (1 + Ag) In(1 — 2)

—-1-(1+A)1+A4A)+(1+A)(1+A)In2 asz— —1,

which evidently completes the proof of Theorem 4.
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Theorem 5. Let —1 =< B; < A; £ 1 (j = 1,2). If the functions f; € RY(5; A;, Bj)
(0 20; j=1,2), then the function g € A defined by

(I79) (2) = /0 Z ((Ii‘fl)’ (I f>)) () dt (2 €U) (3.6)
belongs to the class RY(0;1 — 21, —1), where
(A )( Bs) 1 g 1]
Jre (1_31)21_32) 1= 5eR (WLt 55)] 6>0
o= By(A: = By) (0=0).

(1=B1)(1— B»)
The bound T is the best possible when B = By = —1.
Proof. Let us consider the case when 6 > 0. Upon setting

hj(2) = () (2) +02(If;)" (=) (=12 z € T), (3.7)
for f; € R3(0; A;, B;), we find that

mepty) (=iogii=12). (5.5)

Also, by (3.8) and (1.6), we see that

(h1* h2) € P(73) (73 1— Q(Al ~ Bu)de - B>2)> :

(1—=By)(1— By
From (3.7), we have
1 z .
(B ()= 5700 [0y (=1, (59)

so that by (3.6) and (3.9) followed by a simple calculation, we obtain
(I39)" (2) = (I3 f1)) * (I3 f2)' (2)

_ (1 L—(1/5) /Ztu/a)—lhl(t) dt) N <1 L—(1/5) / £/, (1) dt)
) 0 ) 0
1 1
— - / w1 (uz) du,
0

where

ho(2) = (I2g) (2) + 6.2 (I9) (=) = = / UL (o) (1) (3.10)

Now it follows from (3.10) and Lemma 2 that

g1/ (g g 4 HL=%)
/ (73 +1+u|z|
>—/ (101 (g, — 1 4 212 L= %)
0 Jo 1+u
:1_4( Ay — By) ( 1 )
( 1)(1 = By)

B
By)(
ol a (M’1+1 5

=7 (z€l),

:1—4<
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which proves that g € RY(d;1 — 27, —1) for the function g defined by (3.6).
In order to show that the bound 7 is sharp for By = By = —1, we take the
functions f; € A defined by

. z At
a0 - [ () w v
0 _

Then for g given by (3.6), we have
(IR9) (2) + 82 (139)" (2)

/t(1/5 (1— (14 A1+ Ap) + &

1+ A)(1 +A2)> 0

1 —wuz

Sl (14 AL+ A) + (1 + AL+ A)(1—2) ' F (1, 1,1+ (15; 22—1)

11
—>1—(1+A1)(1+A2)+;(1+A1)(1+A2)F(1,1,1+5 2) as z — —1.

Finally, for the case 6 = 0, the proof is simple and so we choose to omit the details
involved.

Theorem 6. If f € R}(0; A, B) and ¢ € K, then fx1¢ € RY(0; A, B).
Proof. It is well known that
1
welC:M?(MZZ)) >3 (z € ).

Letting

F(z) = (0f) (2) 4+ 62 (=), o(z) =" (e

and using convolution properties, we get

(I *0)) (2) + 02 (I(f x9))" (2) = (Fx9)(2) (2 €).

Since F is subordinate to the convex univalent function (1+ Az)/(1+ Bz) in U, the
result follows by an application of Lemma 4.

Remark 4. It is known [13] that the following functions

(> 1), ale) =3

k=1

and ¥3(z) = . i - log (

= —log(l — z2)

=i
1+ 2z
1—=z2

el £ 1,2 £1)

are convex (univalent) in U. So, in view of Theorem 6 the class R} (d; A, B) is
invariant under the following integral operators:

<fw1><>:’”1/jt“-lf<> >0, (Fre)) = [ ana

ZH

(rr) = [TOZIED gy o< a )
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Theorem 7. Let —1 £ B; < A; £ 1 (j = 1,2). If the functions f; € RY(A;, Bj)
(7 =1,2), then the function h defined by (3.1) belongs to the class SY, provided
(A1 — B1)(Ay — Bs) 3

(3.11)

Proof. From (3.4) and (3.5), we deduce that

R{IR) () + 2 (I30)" ()} = R{IZA) (2) % (L) (2)]
2(A1 — Bl)(A2 — BQ)
 (1-B)(1-B)

-1 (zeU), (3.12)

which in view of Lemma 1 for
4(Ay — B1)(Ay — By)
(1= B1)(1 - By)

vy=1 A=-1+ and B = -1

yields

A(A; — By)(As — By)
(1= B1)(1 = By)

R{IR) (2)} > 1+ (In2—1) (z€D). (3.13)

Again, from (3.13) and Lemma 1 for
8(141 — B1)<A2 — BQ)

vy=1 A=-1- 1= B)(1—B) (In2—-1) and B=-—1,
we get
R{9(z)} > 1 — 8(1(411_—;1;((1143 _352) m2—1? (zeU),  (3.14)
where ¥(z) = (IYh) (2)/z (z € U). If we let
)
o(z) = (h) (=) (z € ), (3.15)

then ¢ is of the form (1.5) and is analytic in U. From (3.15), we obtain

(IRR) (2) + 2 ()" (2) = 9(2) {*(2) + 20/ (2) } = V((2), 2¢/(2):2) (= € ),
(3.16)
where U(u,v; z) = 9(2)(u? + v). Thus by using (3.12) in (3.16), we get

2(A) — By)(Ay — By)

R{W(ple) 20 G2k > 1= == 0 s

(z €U).
1 2
Now for all real x,y < —5(1 + x%), we have

Rz, y: 2} = (5~ 2R(:)) £ — (14302 R{0(:))

2(A; — By)(Ay — By)

<
- (1= B1)(1— By)

Rid(2)} <1

1
5 (ZEU)a
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by (3.11) and (3.14). Thus by an application of Lemma 5, we conclude that
R{p(2)} > 0in U, ie., h € S}. The proof of Theorem 7 is thus completed.

Corollary 7. If the functions f; € RY(A;, B;) (j = 1,2), then
= J7 t
£(2) :/ A(fl’;ﬁ)()dt € Ko,

0

provided (3.11) is satisfied.

The proof of the above corollary follows from Theorem 7 by using the fact that
fekky < zf € S}

Finally, we prove

Theorem 8. If f; € A(j =1,2) and
3

R &) > 1= iy GV
then the function
_ (i f2)() x
() = /0 t dt € S*.
Proof. From the definition of (, we see that
3

R{D(fix £) ()} = R{C(2) + 2¢"(2)} > 1 - (z € )

2[1+2(In2—1)2]
and the proof is completed similar to Theorem 7.

Remark 5. Taking n =0, A; =1—-2a; (0= a; <1)and B; = —1for j =1,2in
Theorem 7 and Corollary 7, we get the corresponding results obtained by Lashin [3].
Similarly, for n = 0 in Theorem 8, we obtain the result of Lashin [3, Theorem 3].
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