A note on Serre’s condition for orientability of
fibre bundles

Sonia Armas Mamoru Mimura

Let F —— E — B be a fibre bundle with fibre F, and let R be a field. The
fibre of the fibre bundle F' — F — B is said to be totally non-homologous to
zero in E with respect to R (see e.g. Leray [8] or Mimura, Toda [9]) if the fibre
inclusion induces an epimorphism, i* : H*(E; R) — H*(F; R), in cohomology with
coefficients in R. Note (see e.g. [9]) that if B is path connected and F' is totally
non-homologous to zero with respect to R, then the system of local coefficient rings
H*(F; R) is trivial or, in other words, the fibre bundle is R-orientable. In this note,
we restrict ourselves to smooth fibre bundles F' — F — B with E and F' closed
connected manifolds.

If F' is totally non-homologous to zero with respect to R, then (see e.g. [9,
Chap. 3]) the Serre spectral sequence of the fibration F' — E —2, B collapses and
the Leray-Hirsch theorem applies: H*(E; R) is free as an Im(p*)-module with a basis
{es} such that {i*(e,)} is a homogeneous basis of H*(F'; R) as an R-vector space.

This is one of the reasons why fibre bundles with fibre totally non-homologous to
zero are very useful in many situations in topology. For instance, they can be traced
behind the answer (given by Korbas in [3]; see also Sankaran [10]) to the question of
when a real flag manifold RF(ny+---+n,) := O(n1+---+n,)/O(ny) x--- xO(ny)
with ¢ > 3 possesses an almost complex structure. Or a very recent example:
Korbas and Lorine in [7] succeeded in finding the Zs-cohomology cup-length and
Lyusternik-Shnirel'man category of several infinite families of the real flag manifolds
basically using the fact that the manifold RF(n; + - -- + n,) can be expressed as
the total space of a fibre bundle with fibre totally non-homologous to zero with
respect to Zs. Indeed, an important role in their approach is played by a theorem
(cf. Horanskd, Korbas [1, Lemma, p. 25]) which can be stated as follows: If for a
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fibre bundle (recall that we restrict ourselves to smooth fibre bundles with the total
space and fibre closed connected manifolds) F' — E — B the fibre F is totally
non-homologous to zero with respect to R, then cupg(E) > cupg(F) + cupg(B);
here cupp(X) denotes the R-cup-length of the space X.

Now, given a fibre bundle FF — E —— B, a necessary condition for F' being
totally non-homologous to zero with respect to R is R-orientability of the fibre
bundle. As was proved by J.-P. Serre (see [11], [9]), this necessary condition is
satisfied (over all fields R) by any fibre bundle admitting a connected Lie group as
its structure group.

We shall say that a fibre bundle /' — E — B satisfies the Serre condition, if it
admits a connected Lie group as its structure group. There are works (e.g. Kono,
Shiga, and Tezuka’s [2]), where the authors prove results on fibre bundles with fibre
totally non-homologous to zero assuming that the Serre condition is satisfied. If
one wishes to apply such results or one wants to compare them with other similar
theorems, then one needs to know the strength of the requirement that a fibre bundle
should satisfy the Serre condition. Our aim here is to show that the requirement is
by no means weak.

It turns out (cf. [1], [2], [4], [5], [6]) that there are some spaces which, as
fibres in fibre bundles, are R-TNHZ-nice (where TNHZ stands for totally non-
homologous to zero) in the sense, that whenever a fibre bundle has one of these
spaces as its fibre, then the fibre is totally non-homologous to zero with respect
to R (and, as a consequence, the fibre bundle is R-orientable). To give a recent
example: as was shown in [6], if n is odd, then the real Grassmann manifolds
RG,.x = O(n)/O(k) x O(n—k) with k = 2 as well as the complex Grassmann mani-
folds CG,, = U(n)/U(k)x U(n—k) with k = 2 are Zy-TNHZ-nice (even as fibres in
Serre fibrations; but we do not consider these generalizations of fibre bundles here).

Inspired by this, we say that a space X is SC-nice (where SC stands for Serre
condition) if any fibre bundle having X as fibre admits a connected Lie group as its
structure group (as a consequence, the fibre bundle with fibre X is R-orientable for
any field R).

We prove the following result in order to show that the Serre condition is not
easy to satisfy, even if the fibre is as nice as U(n)/U(k) x U(n —k) or Sp(n)/Sp(n —

1) x Sp(1).

Proposition.  Neither the complex Grassmann manifold CG,,; = U(n)/U(k) x
U(n — k) nor the quaternionic projective space HG,, ; = Sp(n)/Sp(n — 1) x Sp(1
is SC-nice.

Proof. Similarly as Korbas [4, Remark (f)], we take the involution T on CG,,
induced by complex conjugation. Then in cohomology (with integers Z as coeffi-
cients), T*(c1(y)) = —c1(y), where ¢i(7) is the first Chern class of the canonical
k-plane bundle v over CG,, ;. In addition to this, one has the antipodal involution
a on the m-sphere S™ (m > 1), and so one can construct the fibre bundle

CGpi — (CGpi x S™/(T x a) — RP™, (*)

with structure group Z,.
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In cohomology with coefficients in Z, or in Z,, where ¢ is an odd prime, we have
T*(c1(7y)) = —c1(7y), and as a consequence, the fibre in (*) cannot be totally non-ho-
mologous to zero with respect to the field Z,. In particular, it is so for coefficients
in Z, for any odd prime p not dividing n! (recall that n! is the order of the Weyl
group W(U(n))). Let us fix one p of this type.

Now, let us suppose that the fibre bundle (*) admits a connected structure group.
Then the fibre bundle is orientable over the field Z,. As a consequence, by a theorem
of Shiga and Tezuka [12], the fibre in the fibre bundle (*) is totally non-homologous
to zero with respect to Z,. This contradiction shows that the fibre bundle (*) does
not admit a connected Lie group as its structure group. We have proved that CG,,
is not SC-nice.

To deal with the quaternionic case, we take the involution T on the quaternionic
projective space HG, ; = HP" ! induced by quaternionic conjugation. Then in
cohomology, T*(e(7)) = —e(y) € HYHP"'; Z), where e(v) is the Euler class of the
(realification of the) canonical line bundle v over HHP"1. The reason is that if v*
is the quaternionic conjugate bundle to ~, then the orientation of (the realification
of) v* is opposite to the orientation of (the realification of) 7. Indeed, if (¥) is a
basis of the quaternionic fibre of the line bundle v over some point, then we take the
real basis (¥, iZ, jZ, k%) to be positive in the realification of the fibre. At the same
time, in the fibre of v* over the same point, we take the same quaternionic basis
(Z). But then the corresponding real basis in the realification of the fibre (which,
when we forget about the orientation, is the same as the realification of the fibre
of v) is (&, —i&, —j&, —kZ), hence it is a negative basis there. As a consequence,
e(v) = —e(y).

Note that the Euler class of the canonical line bundle over HP™ ! does not vanish
(in fact it can be taken as a generator of the integral cohomology ring of HP"1).

Then, similarly as in the complex case, we take the antipodal involution a on
the m-sphere S™ (m > 1), and so we construct the fibre bundle

HP"™! — (HP"™ x $™)/(T x a) — RP™, (+%)

with structure group Zs,.

In cohomology with coefficients in Z, or in Z,, where ¢ is an odd prime, we
have T*(e(7y)) = —e(7), and as a consequence the fibre here cannot be totally non-
homologous to zero. In particular, this is so for coefficients in Z, for any odd prime
p not dividing 2"n! (where 2"n! is the order of the Weyl group W (Sp(n))). Again,
as in the complex case, let us fix some p of this type.

Suppose that the fibre bundle (**) admits a connected structure group. Then
the fibre bundle is orientable over Z,. Therefore, by the result of Shiga and Tezuka
quoted above (it applies, because the rank of Sp(n) is the same as the rank of
Sp(1) x Sp(n — 1)), the fibre in our fibre bundle is totally non-homologous to zero
with respect to Z,. This contradiction shows that neither HP"™! is SC-nice. The
proposition is proved. [ ]

Acknowledgement The authors wish to thank Julius Korbas for introducing
them to the subject and for many conversations.



566 S. Armas — M. Mimura
Bibliography
1. Horanska, L., Korbas, J., On cup products in some manifolds, Bull. Belgian

10.

11.

12.

Math. Soc. 7 (2000), 21-28;

Kono, A., Shiga, H., Tezuka, M., A note on the cohomology of a fiber space whose
fiber is a homogeneous space, Quart. J. Math. (Oxford) 40 (1989), 291-299;

. Korbas, J., Note on Stiefel-Whitney classes of flag manifolds, Rend. Circ. Mat.

Palermo (II) 36 (Suppl. 16) (1987), 109-111;

Korbas, J., On fibrations with Grassmannian fibers, Bull. Belgian Math. Soc. 8
(2001), 119-130;

. Korbas, J., On cohomology of fiber bundles with Grassmannian fibers, Univ.

lagellon. Acta Math. 38 (2000), 9-15;

. Korbas, J., On fibrations with the Grassmann manifold of two-planes as fiber,

Univ. lagellon. Acta Math. 42 (2004), 1-5;

Korbas, J., Lorinc, J., The Zs-cohomology cup-length of real flag manifolds,
Fundamenta Math. 178 (2003), 143-158;

. Leray, J., L’homologie d’un espace fibré dont la fibre est connexe, J. Math. Pures

Appl. 29 (1950), 169-213;

. Mimura, M., Toda, H., Topology of Lie Groups I, II,, Translations of Mathe-

matical Monographs 91, Amer. Math. Soc., 1991;

Sankaran, P., Nonexistence of almost complex structures on Grassmann mani-
folds, Proc. Amer. Math. Soc. 113 (1991), 297-302;

Serre, J.-P., Homologie singuliére des espaces fibrés. Applications, Ann. of Math.
54 (1951), 425-505;

Shiga, H., Tezuka, M., Rational fibrations, homogeneous spaces with positive
FEuler characteristics and Jacobians, Ann. Inst. Fourier 38 (1987), 81-106.

S. Armas,

Mathematical Institute,
Slovak Academy of Sciences,
Stefanikova 49,

SK-814 73 Bratislava 1,
Slovakia

email: armas@mat.savba.sk

M. Mimura, Department of Mathematics,
Faculty of Science,

Okayama University,

3-1 Tsushima-naka, Okayama 700-8530, Japan
email: mimura@math.okayama-u.ac.jp



