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§ 1. Introduction.

Let E” be the n-dimensional Euclidean space whose points x is represented
by its coordinates (x,,..., x,). The distance of a point x of E" to the origin is

defined by |x|=(z"xiz)%. Every point in D=E"x (0, T] is denoted by (x, 1),
i=1

xeE" te(0, T] (T< + ).
We say that a function w(x,t) belongs to class E,;,(D, M, k) or shortly
E;, (4, u>0 are constants) in D if there exist positive numbers M, k such that

Iw(x, )] < Mexp {k[log(|x|?+1)+11*(|x|> +1)*} .

We say that a function w(x, t) belongs to class E;(D, M, k) or shortly E,
(A>1is a constant) in D if there exist positive numbers M, k such that

[w(x, ) | < Mexp{k[log(|x|*>+1)+1]%}.
Consider a weakly coupled parabolic system of the form

(*) Frlur]= Z a,,(x ’)a +Zb’(x t) + Zcpq(x Hul— aa,;p

r=1,..,N

with variable coefficients a?;(=a%;), b?, c?? defined in D.
In this paper, we deal w1th the decay of solutions of

O] Frlur]=0, p=I1,.,N,
and the growth of solutions of
()] FPlur] <0, p=1,.,N,

for large |x|.

*) This research was supported by the National Science Council.
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§2. The maximum Principle.

The following maximum principle due to Kusano-Kuroda-Chen [4] will
be important in the later treatment.
Let R be an unbounded domain in E" with closure R and the boundary éR.

LEMMA 1. Suppose that the coefficients of (*) in Rx[0, T] satisfy the
inequalities

0< > af(x, D&, < Kyllog(Ix|2 +1)+11-H(x|2 + 1)1 ¢| 2
2 J=

i 1

for any real vector &€ = (€4,..., &), p=1,.,N,

(3) .
[67(x, )| <K, (|x|2+1)2, i=1,..,n;p=1,.,N,
c?(x,t)>0  for p#g4q, p,q=1,.,N,
N

4) 2 cPi(x, 1) < Kj[log(Ix|* + 1)+ 1]4(Ix[2+1)*,  p=1,..,N,
q=1

where K;>0, K,>0, K;>0, u>0 and A are constnats. Let {u?(x, t)}, p=
1,..., N, be a system of functions satisfying FP[u?P]>0, p=1,..., N, in Rx (0, T]
with the properties

(i) uP(x,)<0 for (x,0)e{0Rx[0,f]}U{Rx(t=0)}, p=1,.,N
(i) wuP(x,t) < Mexp {k[log(|x|>+1)+1]4(|x|2+1)*} in Rx(0,T],
for some positive constants M and k, p = 1,..., N.

Then uP(x,t)<0in Rx[0,T], p=1,...,N.
By the same method, we can prove the following

LEMMA 2. Assume that the coefficients of (¥) in Rx[0, T] satisfy the
inequalities

0< 3 aix,0&E; < Ki[log([xI2 + 1)+ 112-4(x|2 + D)[¢2

i,j=1

for any real vector & = (&4,..., &), p=1,...,N,
B ) 15k, O] < Ky[log(Ix12 + 1)+ 11(x12 +1)2,

cPi(x,t) >0  for p#4q, p,q=1,.,N,

© 2 enenn < Kog(xP+D+11%,  p=L., N,

q=
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where K;>0, K,>0, K;>0 and A>1 are constants. Let {u?(x, t)}, p=1,...,
N, be a system of functions satisfying FP[ur]>0, p=1,..., N, in Rx(0, T]
with the properties
(G wP(x,1)<0 for (x,0)e{ORx[0, TI}U{Rx(t=0)}, p=1,.,N
(i) uP(x,t) < Mexp{k[log(|x|>?+1)+1]1*} in Rx(0,T]
for some positive constants M and k, p=1,..., N.
Then u?(x, 1) <0 in Rx[0,T], p=1,.,N.

Proor: We introduce the auxiliary functions v(x, t) and wr(x, 1), p=1,...,
N, defined by

v(x, t) = exp {2keP*[log (|x|> + 1)+ 174}
and
wP(x, t) = uP(x, t)— M exp {2ke*'[log(|x|2 +1)+1]*—k[log(B%+1) + 1]},
p=1.,N,

where B is a positive number. It is possible to choose the parameter b>0 so
large that FP[v]<0 in Rx(0,b~!]. Now the proof proceeds exactly as in
the proof of Lemma 1.

RemARK 1. (i) From the proofs of Lemma 1 and Lemma 2, we see easily
that R in those statements can be taken as the whole space E". In this case
the condition (i) of Lemma 1 and Lemma 2 must be replaced by the following:

uP(x,0) < 0 for xeE", p=1,.,N

(i) Analogues of Lemma 1 and Lemma 2 for a single parabolic inequality
have been given by one of the present authors Chen [2] (Theorem 1.1 and Theorem
1.2 respectively).

From Lemma 1, we have the following.

LEMMA 3. Suppose that the coefficients of (*) in D satisfy the condition
(3) and Zc”(x, <0, p=1,..., N. Let {ur(x,t)}, p=1,..., N, be a usual

solution ofFP[uP] 0, p=1,..., N, in D such that u?(x, t) € E;, and |u?(x, 0)| <M,
in E" for a positive constant MO, p=1,...,N. Then|u?(x,t)|<MgyinD,p=1,...,N.

Proor: Applying Lemma 1 to v(x, t)=— My+u?(x, t), we have out lemma
directly.
Similarly, we can prove the following.
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LEMMA 4. Suppose that the coefficients of (¥) in D satisfy the condition
(5) and Z cPY(x,1)<0, p=1,..., N. Let {u?(x,t)}, p=1,..., N, be a usual

solution of FP[uP] =0 in D such that u?(x,t)eE, and |uP(x,0)|<M, in E" for
a positive constant My, p=1,..., N. Then |uP(x,t)|<M, in D, p=1,..., N.

§3. Exponential Decay of Solutions for large |x|.

THEOREM 1. Suppose that the coefficients of (1) in D satisfy the conditions
(3) and (4). Assume that the constants K, K,, K5, A and p appeared in (3),

(4) satisfy
S1 = 4K, K(hk 107 = (K4 1)+ 201 = )0+ )+ 11K} > 0,
if 2>0,ue(0,1];
" = 4K, K3(A+p)? —[Kn(A+p)+2K4]% > 0, if A=0,u>1;
S, = 4K, K3(A2 +p?)—(u—A)*[Kn+2(p+A—1K]? > 0,
if A<0,ue(0,1];
b =4KK3(A2+u?)—(u—A)*[Kn+2(1-M)K 12 >0, if A<0,u>1.

Let {ur(x, 1)}, p = 1,..., N, be a usual solution of (1) in D such that u?(x, )€
E,, and

luP(x, 0) < Mo exp {—ko[log(Ix|? +1)+11*(|x|? +1)*}

in E" for some positive constants My and ko, p = 1,..., N. Put

. S
_t 1 )
mm< Vi G T AT A= G ) T K TRk
Ty= if 20, pe(0,11;
. | NAA ) .
T, -l _tan-1 1 , 120, u>1,
mm( N e rEa Sy ey oy -2y u=
or
. 'S,
m1n< _tan 1 Vo2 )
Sz Kyn(u—2)+2K,(u—2)(p+2—1)+ K, k5!
if 4<0, pe(0,1];
Ty= -
SI
T, L _tan \/S% )
mm( SV K= TR = D =D TR
if A<0, pu>1.
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Then 11m uP(x,t) =0 forany te[0,T']<[0,Ty),p=1,...,N.-

Proor: We only consider the case 4 > 0, ue(0,1]. Put
u?(x, t) = wh(x, t)H, (x, 1), p=1.,N

where H, (x,t) = H = exp {—ko [log(|x|2 + 1)+ 1]*(|x|2 + 1)# pbko)t}  b(ky) =
—{4ko Ky(A+p1)? + 2nKy(A+p) + 4[(1—p) A+ p) + 21K, + K3 kg' p} x (log p)™1,
and p is a number greater than 1. Then it is obvious that FP[H] < 0 in E"x
[0, T;,1, p=1,..., N, where T;,=min (T, |b(ko)|"!). We see that

P FP[H] _ OwP _
7 Gy

i a?;(x, t) ?}) + Zb*"(x t) éw
ij=1

in E"x[0, T, 1, p=1,..., N. Further in E"x[0, T;,] we have |6} (x,?)|<
K '2(1x|2+l)% for a positive constant K, which is independent of ¢ and clearly
|wP(x,0)|< M, for xe E", p=1,..., N. Hence we conclude from Lemma 3 that
|wP(x, )| <My, p=1,..., N. Therefore it holds that in E"x[0, T, ]

|ur(x, )] < Moexp {—ko[log(|x|?+ 1)+ 11%(|x|* + D)rp*to)}, p =1,..., N.

If T,, < T, then we consider uP(x, T;,) to be the initial data of u?(x,t)
in E"x(T,,, T), p=1,..., N, and repeat the above procedure. Since

[uP(x, Tyo)l < Moexp{—kop™'[log(|x|? + 1)+ 114(x|? + )"},
we get
lur(x, )] < Moexp {—kop™*[log(Ix|2 + 1)+ 114(|x|? + 1) pbkor™ D)1}
in E"x[T,,, T;,+ T, ], where

T,, = min(T—T,,, |b(kop~")|"), p=1,.,N.

1

In general, if T, +---+ T, <T, then by the argument used above, we can
conclude that in E"x [Ty + -+ Ty, , Tyo+ -+ Ti, +Ti,.,]

lur(x, )] < Moexp {—kop™ ™ D[log (|x| + 1)+ 174(|x|> + 1) pPlkoe™ ™1}
where
Ty, =min(T—(Ty,+--+Ty,), |b(kop™m*D)|"1) >0,
p=1,.,N.

Now we suppose
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G(p) = 3. lb(kop™)I™* = logp 3 (4koKy(A-+u)*p™"+ 2K n(i+ 1)

+4[(1— (A +pw)+2]K, + Kskgtpm* 1}t
For brevity we put f=4k K (A+p)?, g=2K,n(A+p)+4[(1—w)(A+u)+AlK,,
h=K3kg'. Then

- 3 1
Glp) =logp 2 — ==y -

The function (fp™™ '+g+hp*)~! of se(— o0, 00) has its maximum at s=sy=

1 S
5 log, T
First suppose that f>h. Then we can find p, (>1) such that p,>p>1
implies {; > 1 and 4fhp —g? >0, that is s,>0,. Let r be the nonnegative integer

such that r<so<r+1. Then

G(p) = lo S’—L+lo Sw ds = 2 X
PI=T08P ) g +htt OB ) T g+ R Jahfp—g?

-1\/4hfp— g [4hfp— g2 + (2hp™' +g)(2hp +g) +2hp(p" — 1) (2hp"™*2 +g)]
(Qhp 2+ g)[4hfp— g%+ (2hp 1 +g)(2hp + g)]1— (4hfp— g*)2hp(p"— 1)

tan

af
=T*(p).
In the case when f < h, we see that f < hp, s,<0 and that

© ds 2 _ \/4hfp_g2 df
= tan-t N SPZ I 2 ey,
lfp—s+g+hs+1 \/4hfp—g2 an 2hp+g (P)

G(p) > log pg

T*(p), T**(p) are all continuous in [1, c0). Putting
T*(p), (f>h
T(p) =
T**(p), (f<h),

we see easily from the continuity of T'(p) in [1, o) that there exist a positive
integer L and a positive number p (>1) such that

L
T’<m§0Ib(kop"")l“-
Therefore, for k' = max (kyp~™+b(kor™™1?) we have
o<m<L

[ur(x, )l < Moexp{—k'[log(|x|?+1)+114(x|>+ 1)*},  p=1,.., N,

at every point (x, t) € E" x [0, T"], which proves the theorem.
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Similarly, we can prove the following.

THEOREM 2. Suppose that the coefficients of (1) in D satisfy the conditions
(5) and (6). Assume that the constants K,, K,, K5 and A appeared in (5),

(6) satisfy
S = A?[4K,K;—(nK,+2K)*] > 0.
Let {u?(x, )}, p=1,..., N, be a usual solution of (1) in D such tthat u?(x,t)eE,

and |u?(x, 0)| < Myexp { —ko[log(|x|2+1)+1]*} in E" for some positive constants
Mg and ky, p=1,..., N. Put

= mi 1 an-t JS >
To= mm<T’ IS RK 12K A Kkt )

Then for any te[0, T")< [0, T,) there exists a positive constant k' such that

lur(x, t)] < Mgexp {—k'[log(|x|>2+1)+1]*} for any xeE", p=1,...,N.

§4. Unbounded growth of solutions for large |x|.

From Lemma 1, we have the following.

LEMMA 5. Assume that the coefficients of (2) in D satisfy the condition
(3) and

7 ka[log (1x]2 + 1)+ 1J4(1x]2 + 1 < 3 era(x, 1)

q=1
< K;[log (1x)2 + 1)+ 134()x)2 + 1)~, p=1,..., N,

where k3>0, K;>0,u>0 and A are constants. Let {u?(x,t)}, p=1,..., N,
be a usual solution of (2) in D with the properties:

(1) wuP(x,t) > —Mexp {k[log(|x|?+1)+11*(|x|2+ 1*}, p=1,...,N, in D
for some positive constants M and k,

(i) uP(x,0) > M, in E" for a positive constant My, p=1,..., N.

Then it holds that

uP(x, t) > Mgexp {ko[log(|x|? + 1)+ 174(|x|? + 1)#1},
p=1,..., N, in D for a positive constant k.

Proor: We employ the method as described in [2]. We only prove the
case A>0, ue(0,1], because the other cases: A1>0,ue[1,0);1<0,ue(0,1];
A<0,ue[l, ) can be discussed similarly. Take k, as such as
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k

Put
v(x, t) = Myexp {ko[log(|x]2 + 1)+ 1]4(|x|2 + 1)~1} .

Then, from (3) and (7) we see easily that
FIL0] 5 Hog (1x12+ 1)+ 172 %12 + 1)

X {ko[—4[(1 — WA+ @)+ A]TK, —2K,n(A+ W) T—1]+k3} > 0

in D. Putting wr(x, t)=v(x, t)—u?(x,t), p=1,..., N, and applying Lemma 1
to wr(x, t), we have wP(x, £)<O0 in D, that is, u?(x, )>v(x,t) in D, p=1,..., N,
which proves the Lemma.

By the same method, we can prove

LEMMA 6. Assume that the coefficients of (2) in D satisfy the condition
(5) and

® ks[log(Ix|*+1)+1]* <q§10""(x, 1) < Ks[log(Ix|2+1)+1]%,
p=1,..., N, where k;>0, K3;>0 and A>1 are constants. Let {u?(x,t)}, p=--
1,..., N, be a usual solution of (2) in D with the properties:

(i) uP(x,t) > —Mexp {k[log(|x|>+1)+1]%}, p=1,.., N,
in D for some positive constants M and k,

(i) wuP(x,0) > M, in E" for a positive constant M, p=1L,,..., N.

Then uP(x,t)>Mgexp {ko[log(|x|2+1)+1]*} in D for a positive constant
ko, p=1,..., N.
THEOREM 3. Suppose that the coefficients of (2) in D satisfy the condition
(7) and the inequalities
ki[log(Ix|?+ 1)+ 1174(Ix]2 + D! 7#|E]2 < 3 afi(x, )EL;

i,j=1

< Ki[og(Ix[2+1)+1]74(Ix|> + 1) 7#|¢|2,  for all {€E" p=1,..., N,

|BP(x, O] < Ko(Ix|12+ 1)z, i

I

,..,n; p=1,.,N,

cPi(x,t)>0  for pxgq,p,q=1,.,N,
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where k>0, K;>0, K,>0, u>0 and . are constants. Let {uP(x,t)}, p=
1,..., N, be a usual solution of (2) in D with the property (i) mentioned in Lemma
5 and such that

uP(x,0) > Myexp {—ko[log(|x|?> + 1)+ 171*(|x|2+ 1)*} in E",
p=1,..., N, for some positive constants M, and k,. Assume that if 1>0, then
)] —2K n(A+pw)+kskst> 0,

(10) H, =4k kiu?—-K3n2(A+p)? >0,
or if A<O0, then
—2(u— K, n+kikg!
= —4kksAu—K3n?(u—1)? > 0.
Put
VA,

1 tan~1

T - <T, if >0

\/Hl —Kzn(}.+#)+k3k-o-
N:A .
\/E tan™ —Kzn(u—l)+k3k51 <T, if A<O.

Then there exists a positive constant M* such that uP(x, T*)>M*. Further if
te(T§, T), then there exists a positive constant k* such that

uP(x, t) > M*exp {k*(t— T¥)[log(|x|2 + 1)+ 1]4(|x|% + 1)*}
for any xe E*, p=1,..., N

ProoF: We only prove the case 1>0, ue(0, 1], because other cases A>0,
nell,©0); A<0, ue(0,1] and A<0, ue[1, 0) can be discussed analogously.
Now we use the idea of [3] and put

o(x, f) = My exp { — ko[log (|x]2 + 1)+ 1J3(|x|2 + 1)rp=rot

_ 204 WA 2K Ko (1 porry  2PskE ()
s (1= pmro) = 2E0150 (1 po2rony

where ro=[4p%k kop™* —2(A+ wnK, + k;kg'](logp)~* and p>1 is a number.
From (9) we see ro>0. Since 1>0, ue(0, 1], it is easy to see that

L20] 5 kegprotTlog (112 + 1)+ 134 (| x] 2+ 1)»
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x [4k kou?p=rot = 2(A+ K n+ky(kop™ ")~ —rologp].
If0<t<rg!, then
4k kou? pmrot =2(A+mnK, + ka(kop™) "t —rologp > 0.

Hence it follows that FP[v]>0 provided that 0<¢<rg!. In the following
we assume rg! <T. Putting wP(x, t) =v(x, t)—uP(x,t), p=1,..., N, we see easily
wP(x, 0)<0, FP[wP]>0 and wP(x, £)< M’ exp {k[log(|x|2 +1)+ 17*(}x|> +1)*} in
E"x [0, rg!] for a suitable positive constant M’, p=1,..., N. Therefore Lemma 1
implies w2(x, t)<0, that is, u?(x, t)>v(x, t) in E"x[0,r5'], p=1,..., N. Hence

(1) ur(x,rgt) = v(x,rgt) = Moexp{—kop'l[log(l?dz+1)+1]‘(|x|2+1)“

_ 20+ p)(n+20)K ko (4 -1y _ 202k kS -2 }
ro 108 p (I-p71) 7o 108 p (I=p72)¢,

p=1,.,N.

If r5! <T, then we consider t=rg! to be the initial time and (11) to be the
initial data of u?(x,f). Repeating the above procedure, we obtain

uP(x, ) > My exp { —kop™ [1og (jx|2 + 1)+ 1J4(Jx| 2+ 1)rpra =7

_ 2(A+ pw)(n+20)K kop~ ! (l_p—n(t—rE'))
rylogp

— 2u2klk(2)p_2 — n—2r (t—r_l) } —
7y logp (1 P ! ° ) ’ p= 19“" N,

in E"x [rgt, rgt +r1'], where
ry = (4u*kikop™2 —2(A+ wKon+kskg')(logp)™*,

20+ p)(n+20)K ko o1 _ -1y 202k k3 o —2}
7o 108 p (I-p71) 74108 p (I-p7%)

M1=Moexp{—

provided that rg! +r71 <T. Hence

20+ p)(n+20)K ko (1 —1y(p=1 4 p-1p-1
logp (1 P )("0 +P ry )

ub(x, rgt+ril) > M, exp{

_2#2k1k3 A= 2) (=1 -2 —1}
“Togp (I=p=2)(rot +p7%r1t)p x

exp{—kop~?[log(|x|?+1)+11*(|x| >+ 1)*},



Weakly Coupled Parabolic Systems with Unbounded Coefficients 487
p=1,..., N.
In general, if r5' +--- 4+ 7! <T, then it holds that

20+ W (n+20)K ko oy -
log p (I-p™1)

(12) uP (x, r51+--~+r}1)>M0exp{—

x(rot +p7 it 4+ p7rsY)

_ 2u?k k3
log p

xexp{—kop™/~![log(Ix|*+ D+11*(Ix|>*+1)*}, p=1,.,N,

(A=p™2)(5 +p72r7 +- +P‘“’F1)}

where r; =(4u2k kop=i=1 =2(A+ WK, n+kiksp)(logp)~t .
Now suppose

Gp)=3ri' <T.
=0

First we estimate the sum G(p) from above and below. For brevity we
put f=4u2k ko, g =—2(2+mwK,n, h=kskz'. Then

G(p) =logp Zo(fp"'“‘ +g+hpi)~t.
=

The function (fp~™s"'+g+hp%)~! of se(—o0, o0) has its maximum at
§=5q =% log, Zfb— From (10) we see that
(13) 4hf—g? =4h, > 0.

There are two cases: (i) f > h and (ii) f < h.

In case (i), we can find a number p, (>1) such that p,>p>1 implies f> hp
and such that 4fhp=1—g2>0. For such a number p it is evident that s,>0.
Let d be the non-negative integer such that d<s,<d+1. Then

d ©
Gp) > togp| ['(somr +g+npyds+ (" (fort g +hpids)
2
- Vafhp~t—g?

tan-1 V4R~ T — g% [4fhp~' — g2 + (2hp® + g)(2h+g) +2h(p?— 1)(2hp**! + g)]
Qhp** ' +g)[4fhp~ ' — g+ 2hp?+g)(2h+g)]1— (4fhp~* — g*) 2h(p*—1)

L1

It is easy to see that
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G(p) < Ty(p) +rady +r3t
= T(p)+log p[fp™ " +g+hp*) ' +(fp™4 2 +g+hp**')7'],
(I <p<po)

In the case (ii), it is obvious that s, <0 for any p>1. As in the case (i), there
isa po (>1) such that 4fhp=1 — g2 >0 for any p satisfying p,>p>1. So for such
a p we get

G(p) > logp g‘:(fp““1 +g+hps)~tds
2 - \/4fhp T—g?
= _tan~1! =T
\/4fhp_l—gz n +g 2(p)
We see easily that

G(p) < TL(p)+(fp ' +g+h)tlogp, (1 <p<po).

Therefore, in both cases (i) and (ii), from the assumption (9), we have

2 -1 \/4fh g? *
Jath=g? tan 2htg =T§.

It is easy to see from (9) that

(14) lim G(p) =

3 —Jp=1 — p—j
(13) J-; "i Ingz 0 4ulk kop it =2(A+ ) K, n+kikylpl
00 . 1
< J
logp X P ST K on T kst
1 log p

—2(l+u)K2n+k kot 1—p~t°

By the same reasoning as above, it follows that

& -2 1 log p
(16) &P S ST pKontkoksT T-p 2

From (14), for any given positive number ¢, we can find p, (>1) such that
if po>p>1, then u?(x, TE)>ur(x, G(p))——e p=1,..., N. On the other hand,
there exists a positive integer N, such that L > N, implies u?(x, G(p))>
ub(x, j;LOr}l) —%s, p=1,..., N. Therefore it holds that u?(x, T,)> ul’(x,é‘_,oryl)
—¢&, p=1,..., N. From (12), (15) and (16), we get
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2 2
ur(x, T8) > My exp| — 20+t 20Kuko k20 kg

=200+ WK, n+kakg! J
x exp {—kop ~t7![log(Ix|? + 1)+ 114(Ix[* + 1)} —¢

p=1,...,N.
We fix x € E" arbitrarily. Letting L tend to infinity and & to zero, we have

\ ~20t IR kg = kKL 2y
wr(x, T§) > Moexp | =20+ WKyt koky! M

p=1,.,N.
For this M*, it suffices from Lemma 5, to show the existence of a positive
constant k* such that

uP(x, t) > M*exp {k*(t— T§) [log (Ix|> + 1)+ 114(|x|> + 1)*}
for (x,t)e E"x(T%, T), p=1,..., N.

By the same method, we can prove
THEOREM 4. Suppose that the coefficients of (2) in D satisfy the condition
(8) and the inequalities

ky[log (1x|2 + 1)+ 11274(x12 + DIE2 < 3 afy(x, D&,

< Ki[log(x|2 + D)+ 112 4(x|2 + D)|E12,  for Ee€E" p=1,...
162x, 1)] < K[log (Ix]2 + 1)+ 17(1x|2 + 1)2,

cPi(x,t) >0 for p#q,p,q=1,.,N,

where k,; >0, K,>0, K, >0 and A>1 are constants.

Let {u?(x, 1)}, p=1,..., N,
be a usual solution of (2) with the property (i) mentioned in Lemma 6 and such
that

uP(x,0) > Mqexp { —ko[log(|x|> +1)+1]1%}
for some positive constants M, and k.

in E"p=1,.,N,
Assume that the inequalities —2n(K, +
K,))A+k3kst >0 and 4k ky;—(K;+K,)?n?2>0 hold. Put

1 L WAk K= (K, ¥ K,)?n?
T* = t 1 173 1 2 < T.
Ak ks — (K, T K02 0 =n(K, T KA+ kaks!

Then there exists a positive constant M* such that uP(x, T¥)>M¥*.
if te(T¥, T), then there exists a positive constant k* such that

Further

ub(x, 1) > M*exp {k*(t—T¢) [log (Ix|> + 1)+ 114}
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for xe E", p=1,..., N.

REMARK 2. In the case A=0, N=1, Theorem 1 coincides with a result
stated in [1].

ReMARK 3. In the case =0, N=1, Theorem [3] is a special case of our
Theorem 3.

REMARK 4. If N=1, then Theorem 4.1, 4.2, 4.5, 4.6 of [2] are special cases
of our Theorem 1, 3, 2, 4 respectively.
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