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§ 1. Introduction.

Let E" be the n-dimensional Euclidean space whose points x is represented

by its coordinates (xlv.., xn). The distance of a point x of En to the origin is

defined by \x\ =( Σ, x}}* . Every point in D = E"x(0, T] is denoted by (x, t\
\i=l /

x e E", t e (0, T] (T< + oo).
We say that a function w(x, ί) belongs to class Eλμ(D, M, k) or shortly

Eλμ (A, μ > 0 are constants) in D if there exist positive numbers M, k such that

We say that a function w(x, ί) belongs to class Eλ(D, M, k) or shortly Eλ

(/l> 1 is a constant) in D if there exist positive numbers M, k such that

Consider a weakly coupled parabolic system of the form

with variable coefficients tff/( = 05ί)> *f> cPί defined in D.
In this paper, we deal with the decay of solutions of

(1)

and the growth of solutions of

(2)

for large |x|.

*) This research was supported by the National Science Council.
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§ 2. The maximum Principle.

The following maximum principle due to Kusano-Kuroda-Chen [4] will
be important in the later treatment.

Let R be an unbounded domain in En with closure R and the boundary dR.

LEMMA 1. Suppose that the coefficients of (*) in Rx[Q9 Γ] satisfy the
inequalities

(3)

Σ αf/x,0^J <
*.J=1

for any real vector ξ = (ξί9...9 ξn), p = 1,..., N9

/or

(4) Σ
9=1

where Kί>Q9 K2>Q, K3>Q9 μ>0 and A are constnats. Let {wp(x, ί)}, P =
1,..., JV, be a system of functions satisfying Fp[wp]>0, p = l,..., JV, in -Rx(0, T]
wiί/i ί/ie properties

(i) ιι*(x, 0 < 0 /or (x, 0 e {dR x [0, ί]} U {R x (ί = 0)}, p = 1,..., JV

(ii) MP(x,ί)<Mexp{k[log(|x|2 + l) + l]λ(|x|2 + iy} m Rx(0,T],

/or some positive constants M and fc, p = 1,..., JV.

Then u?(x, t) < 0 in R x [0, T], p = l,..., N.
By the same method, we can prove the following

LEMMA 2. Assume that the coefficients of (*) in JRx[0, T] satisfy the
inequalities

(5)

o
/or i ecίor ξ = = 1,..., N9

i = l,...,n; p = 1,..., ΛΓ,

/or

(6)
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where Kl>0, K2>0, K3>Q and λ>l are constants. Let {up(x9 t)}9 j? = l,...,
N, be a system of functions satisfying Fp[wp]>0, p = l,...,N, in Rx(Q9 T]
with the properties

(i) f iP(x,0<0 for (x,O

(ii) M*(JC, 0 < Mexp {/c[log(|x|2 + 1) + l]λ} ί?ι 1? x (0, T]

for some positive constants M and fc, p = !9...9 N.

Then up(x9 ί) < 0 in £x[0, T], p = !,..., Λ Γ .

PROOF: We introduce the auxiliary functions φc, f) and wp(x9t)9 p = l,...,
JV, defined by

KJC, 0 = exp {2feβ»fDog(|x|2 + 1) + 1]A}

and

where B is a positive number. It is possible to choose the parameter fc>0 so
large that F*[υ]<0 in Λx(0, fr"1]. Now the proof proceeds exactly as in
the proof of Lemma 1.

REMARK 1. (i) From the proofs of Lemma 1 and Lemma 2, we see easily
that R in those statements can be taken as the whole space E". In this case
the condition (i) of Lemma 1 and Lemma 2 must be replaced by the following :

w^(x,0)<0 for xeE", p = l,...,N.

(ii) Analogues of Lemma 1 and Lemma 2 for a single parabolic inequality
have been given by one of the present authors Chen [2] (Theorem 1.1 and Theorem
1.2 respectively).

From Lemma 1, we have the following.

LEMMA 3. Suppose that the coefficients of (*) in D satisfy the condition

(3) and Σ cpq(x9 0<0> P = l,—, N. Let {UP(X, f)}> P = l,-., N9 be a usual

solution ofFP[uP] =0, /? = !,..., N, in D such that u*(x, ί) eEλμ and |u*(x, 0)| <M0

in En for a positive constant M0, p = i,...,N. Then \up(x, i)\ < M0 inD,p = \,...9N.

PROOF : Applying Lemma 1 to v(x9 1) = — M0 ± up(x9 1)9 we have out lemma
directly.

Similarly, we can prove the following.
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LEMMA 4. Suppose that the coefficients of (*) in D satisfy the condition

(5) and Σ cpq(x, ί)<0, /> = !,..., N. Let {uP(x,t)}9 p = l,...,N, be a usual
q=l _

solution of FP[UP']=Q in D such that uP(x9t)eEλ and |wP(x,0)|<M0 in E" for
a positive constant M0, p = l,..., N. Then \up(x, ί)|<M0 in D, p = l,. . .,7V.

§ 3. Exponential Decay of Solutions for large | x \ .

THEOREM 1. Suppose that the coefficients o/(l) in D satisfy the conditions
(3) and (4). Assume that the constants Kί9 K2, K3, λ and μ appeared in (3),
(4) satisfy

2 > 0,

if A > 0,^6(0,1];

51 = 4KlK3(λ + μ)2-\:K2n(λ + μ) + 2Kίλ]2 > 0, if λ ^ 0, μ > 1

52 =4KlK3(λ2+μ2)-(μ-λ)2[K2n + 2(μ + λ-ΐ)KΛ2 > 0,

if λ<09μe(0,ϊ];

S'2 =4KίK3(λ2+μ2)-(μ-λ)2lK2n + 2(l-λ)KιY>0, if λ<Q,μ>l.

Let {up(x, i)}, p = 1,..., N, be a usual solution of(Γ) in D such that up(x, t) e
Eλμ and

in En for some positive constants M0 and kθ9 p = 1,..., N. Put

m ' iΓ)
if A > 0 , μe(0, 1];

_\ if λ>0,μ>l,

or

mini Γ,-y—tan *.—

if λ < 0, , 1];

mini Γ,

if λ<0, μ > 1.
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Then lim u*>(x, f) = 0 for any t e [0, Γ'] c [0, Γ0), p = 1,..., N .-
\x\-xx>

PROOF : We only consider the case λ > 0, μ e (0, 1]. Put

uP(x9 1) = w'(x, t)Hko(x, 0, p = 1,..., N,

where #fco(x, f) = /f = exp{-^0[log(|x|2 + l) + l]λ(|x|2 + l)V^o)ί}? 6(fc()) =

-{4fc0*ι(λ + μ)2+2nX2(λ + jH) + 4[(l-^^
and p is a number greater than 1. Then it is obvious that Fp[H~] < 0 in En x

[0, Tfto], p = l,..., AT, where Γ fco=min(T, Ifoί/Co)!-1). We see that

, -
ί }y^ι I J V y oXidXj ί=ιl dxt H ct

in Enx[0, Γfco], p = l,..., N. Further in £" x [0, Γfco] we have |Z?fp(x, /) | <

^2(I*I 2 + 1)2 f°r a positive constant Kr

2 which is independent of t and clearly
|wp(x, 0)| < MO for JCG£", p = l,..., AT. Hence we conclude from Lemma 3 that

\WP(X, ί)l<Λf0, p = l,..., JV. Therefore it holds that in £nx[0, TΛo]

|ιι'(jc,f)l < M0exp{-/c0[log(|x|2 + l)+l]A(|x|2 + l)V(fco)i}, P = 1,-.,N.

If Γfto < T, then we consider MP(X, Tfco) to be the initial data of up(x9 1)
in £"x(T f c o, Γ), p = 1,..., N9 and repeat the above procedure. Since

we get

|ιι"(x,OI < Moexpί-fcoP'^logdx^

in£«x[Γ,0, Tho + TkJ, where

Tkί =mίn(Γ-T4o,|6(fc0p-1)|-1), p = l,...,N.

In general, if Tfco H ----- h Tkrn < Γ, then by the argument used above, we can

conclude that in E»x ίTko + ... + Γ,m, τko +

\u'(x,i)\ <

where

Tkm+1=nίn(T-(Tko + ... + TkJ9 \b(kQp-^^)\~^> 0,

/7=1, . . . ,7V.

Now we suppose
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00 00

G(p) =
m=0 m=0

For brevity we put f=4k0

h=K3kol. Then

The function (fp~m~1+g + hps)~1 of se( — oo, oo) has its maximum at s=s0 =

-i-loa -£-
2 g" hp *

First suppose that f>h. Then we can find p0 (>1) such that p 0>p>l

implies -j—>\ and 4fhp — g2>0, that is s0>0,. Let r be the nonnegative integer

such that r < s0 < r + 1 . Then

άf

In the case when/sζ h, we see that/< hp, s0<0 and that

T*(p), T**(p) are all continuous in [1, oo). Putting

(T*(P), (/>

lr**(p),

we see easily from the continuity of f ( p ) in [1, oo) that there exist a positive
integer L and a positive number p (> 1) such that

Γ^Σ
m=0

Therefore, for k' = max (&0p~w+ί)(fco' ϊ~m)ί)> we have
0<m<L

at every point (x, ί) e E" x [0, T"], which proves the theorem.
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Similarly, we can prove the following.

THEOREM 2. Suppose that the coefficients of (I) in D satisfy the conditions

(5) and (6). Assume that the constants Kl9 K2, K3 and λ appeared in (5),

(6) satisfy

S = λ2[4KlK3-(nK2 + 2Ki)
2] > 0.

Let {up(x, ί)}» P = !,•••? N, be a usual solution of (1) in D such tthat up(x, t)eEλ

and |wp(x, 0)|<M0exp{ — /c0[log(|x|2-hl)+l]Λ} in En for some positive constants

M0 and /c0, jp = l,..., N. Put

T0 =

Then for any t e [0, T') c [0, T0) there exists a positive constant k' such that

A} for any xeE\ p = l,..., N.

§ 4. Unbounded growth of solutions for large \ x \ .

From Lemma 1, we have the following.

LEMMA 5. Assume that the coefficients of (2) in D satisfy the condition

(3) and

(7)

where /c3>0, K3>0, μ>0 and λ are constants. Let {uP(x,t)}, p = l,..., N,

be a usual solution of (2) in D with the properties:

(i) u*(x,0> -Mexp{fc[Iog(|x|2 + l) + lp(|x|2 + l)"}, P-1.....N, in D
for some positive constants M and /c,

(ii) up(x, 0) ̂  MO in En for a positive constant M0, p = l,..., N.

Then it holds that

p = l,...9 N, in D for a positive constant fc0.

PROOF: We employ the method as described in [2]. We only prove the

case λ>0, μe(0, 1], because the other cases: /L>0, μe[l, oo);λ<0, μe(0, 1];

λ<Q, μe[l, oo) can be discussed similarly. Take k0 as such as
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k~

Put

v(x9 ί) = MO exp {fc0[log(M2 + 1) + 1?(M2 +

Then, from (3) and (7) we see easily that

0

in D. Putting w*(x9t)=v(x9ί) — u*(x9t)9p = l9...9N9 and applying Lemma 1

to \v?(x, t\ we have w*(x, 0<0 in 5, that is, w*(x,0>«>CM) ίn ^» p = l,...,N,
which proves the Lemma.

By the same method, we can prove

LEMMA 6. Assume that the coefficients of (2) in D satisfy the condition
(5) and

(8) fc3[log(|x|2 + l) + lP < Σ *"(*,*) < K3[k>g(M2 + l) + l]λ,
€=1

/? = !,. ..,JV, w/iere /c3>0, X3>0 and A>1 are constants. Let [up(x, t)}, p =
1,..., N9 be a usual solution of (2) m 5 with the properties:

(i) ιι*(x,0>

m D/or some positive constants M and fc,

(ii) wp(x, 0) > M0 in En for a positive constant M0, p = l99...9 N.

Then uP(x,t)^MQe\p{kQ[log(\x\2 + l)+l]λt} in D for a positive constant
k0, /? = !,... ,ΛΓ.

THEOREM 3. Suppose that the coefficients of (2) in D satisfy the condition
(7) and the inequalities

Σ afj(x9
i,7=l

|ξ|2, /ore/I

x|2 + l)i i = 1,..., n; p = 1,..., N,

for p^ q9p9q = l9...9N9
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where A:1>0, Kί>0, K2>Q, μ>0 and λ are constants. Let {up(x,i)}9p =
1,..., N, be a usual solution of (2) in D with the property (i) mentioned in Lemma
5 and such that

+ iy} in En

9

p = l9...9 N, for some positive constants M0 and k0. Assume that if λ^Q, then

(9) -2X2n(A+μ) + /c 3 /Co 1 >0,

(10) H, = 4kίk3μ
2-K2

2n
2(λ + μ)2 > 0,

or ifλ<09 then

H2 = -4kίk3λμ-K2,n2(μ-λ)2 > 0.

Put

< Γ

Γ/zen ί/ierβ exists a positive constant M* such that up(x9 T*)>M*. Further if
, T), //i^n ί/iβrβ exists a positive constant fc* such that

for any xeE", p = l,..., Λ^.

PROOF: We only prove the case A>0, μe(0, 1], because other cases
μe [1, oo); 1<0, μe(0, 1] and Λ,<0, μe[l, oo) can be discussed analogously.
Now we use the idea of [3] and put

where r0 = [4μ2/c1/c0/>~1 — 2(A + μ)nX2 + ̂ 3^o1]0°gP)~1 and p>l is a number.
From (9) we see r0>0. Since A>0, μe(0, 1], it is easy to see that
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If 0<ί<ro1, then

0.

Hence it follows that FP[P]>O provided that 0<ί<ro1. In the following
we assume ro1 <T. Putting wf(x, t)=v(x, i)-uf(κ, ί), p = ί,..., N, we see easily
wP(x,0)<0, F"[wP]>0 and W(x, ί)<M'exp{/c[log(|x|2 + l)+ l]A(|x|2 + l)"} in
E" x [0, ro1] for a suitable positive constant M', p = 1,..., JV. Therefore Lemma 1
implies w*(x, ί)<0, that is, u"(x, t)^v(x, t) in E" x [0, r^1], /> = !,..., N. Hence

(11)

_
P

_
r0logp r0logp

If rgl<T, then we consider ί=Γo1 to be the initial time and (11) to be the
initial data of up(x, t). Repeating the above procedure, we obtain

_ -

in E" x [ro1, ro1 +/Ί1], where

M1=M0exp{- 2(1 + ̂  + 2^^0 ( t )_ 2μ2^g ( _ 21 F l /-ologp v p /Όlogp ^

provided that ΓQ 1 + r\ ί < T. Hence
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p = ί,...,N.

In general, if ΓQ i H ----- \-rj1<T, then it holds that

(12)

where rJ.=(

Now suppose

First we estimate the sum G(p) from above and below. For brevity we
n, h=k3k^. Then

7 = 0

The function (fp'5'1 +g + hps)~1 of se(— oo, oo) has its maximum at

s =s0 =-y logp -̂ -. From (10) we see that

(13) 4/ι/-02 =4*! >0.

There are two cases : (ϊ)f>h and (ii) / < h.

In case (i), we can find a number p0 (>1) such that p0>p>l implies /> /ιp
and such that 4fhp~ί—g2>Q. For such a number p it is evident that s0>0.
Let d be the non-negative integer such that d<s0<d+l. Then

G(p)
Jd+ί

.2

tan-

It is easy to see that



488 Lu-San CHEN, Jer-San LIN and Cheh-Chih YEH

G(p)< Γ1

(1 < p < po).

In the case (ii), it is obvious that s0 < 0 for any p > 1 . As in the case (i), there

is a PO ( > 1) such that 4fhp~ 1 — g 2 > 0 for any p satisfying p0 > p > 1 . So for such

a p we get

G(p) > lθB
o

2

-jV*p-*-g*
We see easily that

< T2(p) + (fp-ι+g + KΓ 1 log p, (1< p < Po)

Therefore, in both cases (i) and (ii), from the assumption (9), we have

(14) limG(p) =
p-*1

It is easy to see from (9) that

°°= logP Σ

logp

By the same reasoning as above, it follows that

V n-2Jr-ί <r 1 lOgP

^o1 1-P~2 '

From (14), for any given positive number ε, we can find p0 (>1) such that

if po > p > 1, then up(x9 Tg) > M*(X, G(p)) - -i- ε, p = 1,..., N. On the other hand,

there exists a positive integer JV0 such that L^N0 implies up(x, G(p))>

up(x, Σ r~il) - ̂  ε, p = 1,..., N. Therefore it holds that u^x, T0) > UP(X, Σ^1)
j=o 2 j=o

-ε, p = l,..., N. From (12), (15) and (16), we get
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We fix x e E" arbitrarily. Letting L tend to infinity and ε to zero, we have

u'(x Γ*) > M ^Ό\-2(λ + μ)(n + 2λ)K1k0-2μ2klk
2

0\ '_£ M*
u"(x, Γ0) > Mo exp I - -2(λ + μ)K2n + k3kol - f ~ M '

For this M*, it suffices from Lemma 5, to show the existence of a positive

constant k* such that

u'(x,t) > M*exp{fc*(ί-ΓS)[log(|x|2 + l) + l]Λ(|x|2 + l)"}

for (x, t) e E»x(Tt,T),p = },..., N.

By the same method, we can prove

THEOREM 4. Suppose that the coefficients of (2) in D satisfy the condition
(8) and the inequalities

/or ξe£», p = l,...,N,

i = I,-., n; p = 1,..., J V ,

/or pϊ q,p,q = \,...,N,

where kί>0, Kί>Q, K2>Q and λ^l are constants. Let {up(x, t)}9 p = l,..., N,
fee α MSMfl/ solution of (2) vvίίft ί/iβ property (i) mentioned in Lemma 6 and swc/i
ί/zaί

W(x,0) > M0exp{-/c0[log(|x|2 + l) + rp} in E\ p = 1,..., N9

for some positive constants M0 and k0. Assume that the inequalities —2n(Kί +
. Put

T * t a n - ι 1 3 - 1 2 < τ

Then there exists a positive constant M* such that up(x, T*)^M*. Further
ι/ίe(T*, T), then there exists a positive constant fc* such that

u*(x,t) > M*exp{/c*(ί-Tg)[log(|x|2
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forxeE", p = l,...,ΛΓ.

REMARK 2. In the case /ί=0, JV = 1, Theorem 1 coincides with a result
stated in [1].

REMARK 3. In the case Λ.=0, JV = 1, Theorem [3] is a special case of our
Theorem 3.

REMARK 4. If N = l, then Theorem 4.1, 4.2, 4.5, 4.6 of [2] are special cases
of our Theorem 1, 3, 2, 4 respectively.
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