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1. Introduction

A. Cerezo and F. Rouviere prove that the Casimir operator on a complex
semisimple Lie group G is surjective on C®(G) ([1]). Further J. Rauch and
D. Wigner prove the global solvability of the Casimir operator when G is a
non-compact semisimple Lie group with finite center ([6]). S. Helgason proves
that each invariant differential operator on a symmetric space X of the non-
compact type is surjective on C®(X) ([3]).

In this paper, we will show that the Laplace operator on an affine symmetric
space induced by the Casimir operator is globally solvable by means of the
method given by J. Rauch and D. Wigner ([6]).

2. Notation and preliminaries

Let M be an infinitely differentiable manifold. We denote by C®(M),
C2(M), ¥(M), and Q!(M) the space of infinitely differentiable functions on M,
the space of infinitely differentiable functions on M with compact support, the
space of all smo>th vector fields on M and the space of all smooth 1-forms on M,
respectively.

Let G be a non-compact connected real semisimple Lie group with finite
center, g the Lie algebra of G, and B the Killing form of g. Let ¢ be an involu-
tion of G, G, the closed subgroup of G consisting of all the elements left fixed by
o, and H a closed subgroup of G lying between G, and the identity component of
G,. Then the homogeneous space G/H is said to be an affine symmetric space
and there always exists a G-invariant measure dgH on G/H which is unique
except for a strictly positive factor of proportionality. The eigenvalues of the
involution of g induced by ¢ are 1 and —1. Let ) be the eigenspace for 1 and q
the eigenspace for —1. The direct decomposition of gis: g=h+gq. Since there
exists a Cartan involution of g commuting with o, g decomposes into a vector
space direct sum:

=qni+hnf+qnp+hnyp

where g=I+p is the Cartan decomposition. Thus we can choose a basis X,
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vees X, Yq,..., Y, of g such that X;eqnf (i=1,...,p), X;ebni (i=p+1,...,7),
Yieqnp (i=1,...,9), Y;ehnp (i=qg+1,...,5), B(X;, X))=—0;; (1<i, j<r), and
B(Y;, Y;))=6;; (1<i, j<s). Then the Casimir operator of G is of the form

— X X4+ X5 Y

in the universal enveloping algebra U(g,) of the complexification g, of g. Every
element X in g defines an infinitesimal transformation X* as follows;

(X*)(gH) = -4 f(exp (= 1X)gH)l,=o (9H €G/H, f& C(G/H)).

Then if we associate to each X in g the linear map f—X*f of C*(G/H) into
itself, we get a representation of g on C*(G/H) which can be extended to a
representation of U(g,). For the Casimir operator in U(g.), we denote by C
the corresponding Laplace operator on C*(G/H) and write that

C=—2I XP+35, Y
Now we say that elements (x, X) and (y, Y) in G x q are equivalent if there

exists an h in H such that y=xh and Y=Ad (h™!)X. We denote by G x q the
H

quotient space of Gx q. Then G x q is naturally isomorphic to the tangent vec-
H

tor bundle T(G/H) of G/H. Set Dyf= %f(exp (tX)H) |,y X €q, fe C*(G/H))
and L (gH)=xgH (xe€G,gHeG/H). Then the map X—Dy defines an
isomorphism of q onto T,,(G/H) and the map D~ L..D defines an isomorphism
of T,4(G/H) onto T,4(G/H) where L., denotes the differential of L,. Let q* be
the dual space of q. Similarly the quotient space G x g* of G x q* is isomorphic
H

to the cotangent vector bundle T*(G/H) of G/H. Let p be the natural projection
of G x g* onto G;; q* and [x, 4] the image of (x, 4) by p ((x, ) e Gx g*). For
any D in T,,(G/H), we can choose only one X, in q such that Df=
4 f(exp (1Xp)H) |, (f& C*(G/H)). For any A in q¥ we define &, in T*4(G/H)
by £,(D)=A(Xp). Then the map A—¢&, defines an isomorphism of q* onto
T*4(G/H) and the map &—L* !¢ defines an isomorphism of T¥y(G/H) onto
T*4(G/H) where L} denotes the codifferential of L,.

Finally, we give general notions. Let M be a C* manifold. We define
a 1-form 0 on the cotangent vector bundle T*M of M as follows:

0,(v) = <r, my0) (reT*M, ve T(T*M))

where n is the natural projection of T*M onto M. 6 is called the canonical
1-form on T*M. Set Q=df. Then Q is a non-degenerate 2-form on T*M.
Thus the map X+ ¢(X)Q is an isomorphism of ¥(T*M) onto Q!(T*M) where
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«(X)Q is the interior product of X and Q. For each f in C°(T*M) we define
a C® vector field H; on T*M by df=«(H/)Q. H, is called the Hamiltonian
vector field on T*M corresponding to f.

3. Hamiltonian vector field

We denote by c the principal symbol of C. Let = be the natural projection
of T*(G/H) onto G/H. 1t is clear that

c(§) = — Zi=1 Xk O + Zi=1 Y O? (e TXG/H), n(¢) = xH).
Since the Casimir operator is contained in the center of U(g,), we have
=X Xt + Xi- Y= = Zio (Ad(0)X)? + Xi-; (Ad(0)T)?
for any x in G. Hence it follows from the above remarks that
@) = — Xi=1 ((Ad(X)X)¥m, O + Li=; ((Ad (X V)zg, &?
= — 2121 {LexDx, &2 + X§=1 (LxxDy,, £?
= — Ty LDy, 2 + Xy (LaaDy,, £
because Dy=0if X isin ). Therefore we obtain that
e([x, A]) = — ZPoy (LaaDyx,, LE71E0% + Xy (LeaDy,, LF1E,)2
= — Xy {Dx, E* + Xy Dy, €2
= — T MX)? + 2o, (YD)

Next for each X in g, we define a C* vector field X on Gx q* by the
formula:

&N, 4) = "‘?—tf(x exp (tX), D=0 (feC?(G x %), (x, )EG x ¢*%).

For each v in q*, we define a C* vector field 0, on G x q* by the formula:
@)t D) = % f(x, A+ t)|imo (FEC(G X *), (x, )EG X o¥).

Then T, ,(G x q*) is spanned by X 2 (X €g) and 0,z (veq*). We define
a C* vector field E on G x q* by the formula:

Bty =220 MXDX ity — 2 281 AXD Ty (%, DG x q¥).

Taking account of the G-invariance of the Casimir operator, we obtain the fol-
lowing lemma by elementary computations.
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LeMMmA 1.
— T X)X + 2 ADY = — T AAd (X)) Ad (W)X,
+ XL, AMAd(WY)Ad (h)Y; (heH, Aeq*).
It follows from the above lemma that
P*(x,z)E = p*(xh,‘Ad(h)}.)E'
Therefore we can define a C* vector field E on G X q* by the formula;

Epy 1 = p*(x,l)E'

Next we shall show that the vector field E is equal to the Hamiltonian vector
field H.. To do so, we require next two lemmas.

LeEMMA 2. Let 0 be the canonical 1-form on G; q*, and p* the codifQ
ferential of p. Then we have the following properties:
(1) - AX) (Xeq),
(P*0)x, (X)) =
0 (Xeb).
(il) (P*O)ui(E) = 2 Zhay AX)? = 2 Ty (Y™
(i) (p*6)x,1(0)) = 0.
(iv) (P*O)([E, XD =0 (Xeg).
(V) (P*O)([E, 0,]) = = 2 They XX + 2 Ty (YOW(Y) .
(V) (O (P*0)(E)) = 4 T2 AX WX — 4 Ty AWUY).
Proor. In view of the definition of 6, we have
(P*0)x,1)(1) = Op(x,2(PxV)
= <p(x, 4), TxPs0)
= (L3710, mepsv)  (0€ Tir1(G x 0%)).
Since TxpxX (x1)f= %—f(x exp (tX)H)|,—o (fe C°°(G/H)), we obtain that m,p,X
=0if Xeb and n,p, X =L, Dyif Xeq. Hence
X (Xea),

(P*e)(x,;.)(f) = {
0 (Xebh).
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Thus (i) follows. Since

TabaBoenf = 2 £y MX) -5 f(x exp (IX)H) |

— 2T AN Lfxexp((DH) oo (feC(GIH)),
we have
”*P*E(x,;.) =230 MX)LsDx, — 2 Z?#l AMY)L,4Dy,.

This completes the proof of (ii). By 7xpx0,(x,1=0, (iii) is easily proved.
We turn to the proof of (iv). We note that

[E, X] =230, AX)[X, X1 - 234, AWT, X]
=258, AX) X, X1 - 2 £, A¥)LF, X1.
Since [X;, X]e}hif Xeqand [X;, X]eqif X e}, it follows from (i) that
2 201 MXDALX, XT)
(P*O) e ((E, X]) = =22 AWMLY, XT)  (Xeb),
-0 (Xeq).
When X €}, according to Lemma 1 we have
f-1 MAd (exp tX)X))* — 2{-1 M(Ad (exp tX)Y))?
= i MX)? — 2 (Y%
Differentiating the above equation at t=0, we obtain that
| 230 MXDMX, X)) — 2 X8, ADALX, ¥]) =0,
which completes the proof of (iv). It is clear that
[E, 0,1 = =2 X5 0,(MX)X, + 2 T L, 0, T
— 23R (X)X + 2L (DY

I

Thanks to (i), (v) follows. According to (ii), we have
(@) p(P*0(E)) = 2 £8-; 0,(AXD?) = 2 Ty O
= 4 T8, AXIVXD) — 4 Sy AXIED;
which completes the proof of (vi).

LeEMMA 3. Let Q define the non-degenerate 2-form on T*(G/H) by
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Q=df. Then we have
) P*UBEDenX) =0 (xeg),
(i) (P*(E)Qx,0)(0)) = — 2 Ty AX X + 2 Xy ATUT)).
Proor. For any v in T, ;(G x q*), we have
(P*A(E)Q)x,1(1) = (((E)Q2) px,2(PxV)
= Qp(x,1)(Ep(z, 2> PxV)
= (P*D)x,1(Ee,2 0)
= (d(P*0))x,1(E, v)
= E1(0*0) () — o(p*0) (E)) — (P*0) s, ([E, v]).
Therefore the present lemma is an immediate consequence of Lemma 2.

Now since p*dc=d(cop) and (cop)(x, )=—22, (X)*+2X L, AY)?, we
have p*de=-23 0 MX)AMX)+2 2% M(Y)dAY;), and so (p*dc) ()?)-—-0
(X eg)and

(p*dc)(0,) = — 2 28 MXIVX) + 2 2L (YY) (veq™).
Hence according to Lemma 3, we have
p*«(E)Q = p*dc.

Therefore regarding that the map p* of Q‘(Gﬁ q*) into Q(G x q*) is injective,

we obtain the following proposition.

PrROPOSITION 4. The vector field E on T*(G/H) is equal to the Hamil-
tonian vector field H, corresponding to the principal symbol c of the Laplace
operator C.

4. Global solvability of the Laplace operator

In this section we assume that G/H is non-compact. To show that the
Laplace operator C is surjective on C®(G/H), owing to [6], it suffices to demon-
strate the following conditions:

(1) The principal symbol c of C is real and *C=C where * is transpose

with respect to the G-invariant measure dgH.

(II) No null bicharacteristic curve of C lies over a compact subset of G/H.

(II1) If u is a distribution on G/H with compact support and Cu=0, then

u=0.
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(IV) For any compact set I' of G/H, there exists a compact set I" satisfying
the following properties;
(@) T is included in the set Int (I') of all interior points of I.
(b) Ifuis a distribution on G/H with compact support and the support
Supp Cu of Cu is included in I', then Supp u is included in I.

Proor oF (I). It is evident that the principal symbol ¢ of C is real. For
any ¢ and ¥ in C®(G/H), set

(0.¥) = oHgHgH.

Then since (X*¢, Y)=—(¢, X*y) (X € g) and
C=—-3i XP+ X, Y1,
we have (Co, ¥)=(¢, C¥) (¢, ¥ € CZ(G/H)).

Proor oF (II). Recall that the bicharacteristic strips of C are defined as
the integral curves of the Hamiltonian vector field H, in T*(G/H)\0. Fix [x, 1]
in GE q* such that ¢([x, A])=0. Set

(1) = [xexp 20X AX)X; — X A)Y)), 1] (teR).
Then by Proposition 4 it is obvious that §(¢) is an integral curve of H, which passes

through [x, A] in Gx g* and 7o§(t) (teR) is a bicharacteristic curve which
H

passes through xH in G/H. To show that no null bicharacteristic curve of C
lies over a compact set in G/H, it suffices to consider the bicharacteristic curve
passing through eH in G/H.

Suppose that 7 = T*(G/H)\0 is the bicharacteristic strip of C passing through
[e, A0] (47#0) and that {m-5(f); t € R} is relatively compact in G/H. Since the
map gH—go(g~!) of G/H into G is continuous, the image

{exp (41X Ao(XDX; — £ 2o(YDY)); teR} of {no§(r); te R}
is also relatively compact. Set
2(t) = exp (41X L(X)X; — X 2o(1)Y))  (teR).
Let K’ be a maximal compact subgroup of G which contains {y(f); te R}. Then
L))o = HE ey 2o(XDX; = Tioy Ao(DY)
belongs to the Lie algebra I’ of K. Consequently c([e, 10])= — 2 7=y Ao(X))?

+ 3L, Ao(Y;)?<0 because the Killing form B is negative definite on ' and 4,#0.
This contradicts the fact that c([e, 4o])=0.
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ProoF oF (III). Let u be a distribution on G/H. In view of Theorem 7.3
in [4], WF ,(u)\WF 4(Cu) is invariant under the Hamiltonian vector field H, of C
where WF ,(u) is the analytic wave front set of u defined by L. Hormander.

Now.let u be a distribution on G/H with compact support such that Cu=0.
Then WF  (u)=¢. In fact, if [x,, o] € WF ,(u), the null bicharacteristic strip
7(t) (te R) passing through [xo, 4] is included in WF ,(u). Hence, by (II)
no§(t) (t € R) is not bounded, which contradicts the fact that n(WF ,(u)) is compact.
Therefore u is analytic on G/H, and so u=0 because G/H is connected.

Proor or (IV). Taking a maximal abelian subspace a, of p n q, we extend
a maximal abelian subspace a of p such that a>a,. Then a=anq+anh
(direct sum) and a,=anq. Set A=expa. Then as is easily seen the map ¢ of
K x A/(An H) into G/H defined by

o(k,a A n H) = kaH ((k,aAn HeK x Al(A n H))
is surjective (see [2] and [5]). For any g in G, write (uniquely)
g=kexpX (keK, Xep)

and set |g||=B(X, X)'2, and so || is continuous. Given gH in G/H, set
d(gH)=|ga(g1)||. Then d is invariant under K, that is ‘

d(kgH) = d(gH) (keK, gHeG/H).

Now, for any compact subset I' of G/H, we can find a compact subset I'y such
that I'cInt(I'y). Set r=max {d(gH); gHeTI,} and B,={a AnHe A/(An H);
d(aH)<r}. Then I'yc ¢(K x B,), and moreover

G/H = (K x B,) LI ¢(K x (A/(A n H)\B,)) (disjoint union).

Evidently ¢(K x B,) is compact and ¢(K x (4/(A n H)\B,)) has at most two -con-
nected components which are unbounded open subsets. Set ['=q(K x B,).
Then by arguments similar to the proof of (III), one can easily show (IV). The
proofs of (I), (II), (II) and (IV) are now complete. Therefore we. have the
following theorem.

THEOREM 5. The Laplace operator C is surjective on C*(G/H).
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