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§0. Introduction

Let BP be the Brown-Peterson ring spectrum at p, where p is a prime number.
Then

BP* = Z(p)[vl, 192,...:], dlm v, = 2(pn - 1),

where the v,’s are Hazewinkel’s generators. A sequence of elements ay, aj,..., a,
of BP, is said to be invariant if

nra; = na;mod (ag, ay,..., 4;—1)-BPyBP  for i=0,1,...,s,

where #g, .. BP,—BP,BP are the right and the left units of the Hopf algebroid
BP,BP over BP,.

The purpose of this note is to prove the following

THEOREBM 1.5. Let so, Sy,..., S, be positive integers, and let p°t be the
largest power of p dividing s;. Then the sequence ps°, v{,..., v3* is invariant
if and only if so—1=e, and s;<pet+1~5o*! for i=1,...,n—1.

The case s,=1 of this theorem has been given by Baird [4; Lemma 7.6].

As an application, we obtain some y-elements in H3BP, of order p*® in Co-
rollary 2.5 (p: odd prime). Furthermore, we consider the non-realizability of
some cyclic BP,-modules in Corollary 2.7.

The author would like to thank Professor M. Sugawara, Professor S. Oka
and Professor Z. Yoshimura for their helpful suggestions.

§1. Invariant sequences in BP,

Let p be a prime number, and let BP denote the Brown-Peterson ring spec-
trum at p. Then, it is known that

BPy = Z(,[v4, U35y Upsen], dimuo, = 2(p" — 1),
where the v,’s are Hazewinkel’s generators, and the Hopf algebroid

BPyBP = BP,[t,, ty,..., t,,...], dimt, = 2(p" — 1),



386 Etsuo TSUKADA

over BP, admits the left unit and the right unit
n.: BPy — BPBP, ng: BP, — BP,BP

satisfying the following equalities:

(1]) Ny = Up;
(12) r’Rvn = Un + Z'l’;l1 Un—ifn,i + pfn,n
where

(1.3) f,i€BP4BP is a polynomial in t,,..., t, with coefficients in Z[v,,...,
V1] and f,;=t7"""'+monomials having lower degree with respect to t;, for
i=1,..., n.

(Cf. [1], [5]; especially, we see immediately (1.2-3) by the results of Hazewinkel
[2; Lemma 6.2].)

DEFINITION 1.4. An ideal I of BP, is said to be invariant if I-BP4BP
=BP,BP-I; and an element a € BP, is said to be invariant mod I if nga=n.a
mod I-BP,BP. A sequence a,, a,..., a, of elements in BP, is said to be in-
variant if a; is invariant modulo the ideal (ay,..., a;_ ) generated by aq,..., a;_,
for i=0, 1,..., s.

The purpose of this section is to prove the following

THEORBM 1.5. Let p be a prime number and sq, Sy,..., S, (n=1) be positive
integers, and let p¢ be the largest power of p dividing s;. Then, the sequence

pte, viL,..., U3
of elements in BP, is invariant if and only if
(1.6) So— 1= e and s;Speivtsott  for i=1,.,n—1.
Proor. (Sufficiency) In (1.2), we put
Fo=v,+ X1t v ifui for k=1,...,n,

and we shall prove the following (1.7) by the induction on k:
(1.7) If so—1=Ze, and s5;< pen—sot! for i=1,..., k— 1, then

ng(vs®) = Fj» mod J, - BP,BP (Jx = (p*, v-{',..., v3q)).

Since ngv,=F, + pf (f=f,.,) by definition,

n(vr) = T (j")pfFi"'fff.
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If so—1=<e, then <“;"> =0mod p**~/ for 1<j<s, because s,=0mod p°~.
Thus, the above equality implies (1.7) for k=1.
By the same way, for k=1, Fy,=F,,,+v.f (f=f,,-+) and hence

Fir = Tino(3)Firi'olf? = Fitmod (p, o) BP,BP

if s <persot!) because (j")EOmod p*° for 1< j<s,. Thus, we see (1.7) by
induction.

Now, the conclusion of (1.7) for k=n means that v$» is invariant mod J,.
Therefore, (1.6) is a sufficient condition.

(Necessity) Let p®°, v§,..., v$* (n=1) be invariant. Then
(1.8) So— 1 Ze, and s; < pen for i=1,.,n—-1.
In fact, consider the ideal

Jn,i = (UO’---9 vi—l, U}?i’ vi+1a‘--’ Un—l) (UO = p)

containing J, for i=0, 1,...,n—1. Then, v$" is invariant mod J,;, and

(®) o = na(of) = (0, + 0/ = Tgo( 5 )oir~ivlfi mod - BPLBP

by (1.1-2), where f=f, ,_; satisfies (1.3). Therefore, we see that

<;”>v{ff =0modJ,;-BP,BP  for 1<j<s,
and hence

ps, = 0mod p%°, if i=0;
5; <s, and <§.">EOmodp for 1<j<s, if 121,

Since pe» is the largest power of p dividing s,, pe»~* is that dividing (;;;) for
k=<e, Thus, these imply (1.8).

Now, the first inequality in (1.6) is seen by that in (1.8) since the sequence
p*°, v} is invariant. Assume inductively that the inequality in (1.6) holds for
i=1,...,n—2 (n=22). Then, the assumptions of (1.7) for k=n—2 hold, since
e;<e, by (1.8). Therefore, ng(v§*)=Fs~, mod J,_,-BP,BP by (1.7), and (x)
for i=n—1 is also valid mod J,- BP,BP. Thus, by the same way as the above
proof, we see that

Sp-1 =5, and (‘;”) = 0 mod p*° for 15j<s,-4,
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and hence s,_; S perso*!l. These show the necessity by induction. q.e.d.

§2. Some applications

In the first place, we consider some y-elements in H>BP,.
Let p be an odd prime number. For positive integers sy, s,, 53 With

2.1) 5y S p°2, s, £ p*?

(pet is the largest power of p dividing s;), by using the invariant sequence p,
v}, v$2, v$ in Theorem 1.5 for s,=1, Miller-Ravenel-Wilson [4; Corollary 7.8]
defined the element

(2.2) Vsaisas = N5/ pv§vs?) € H3BP,

and proved that it is nontrivial unless s, <s,=p®3=s,.
Now, let s, sy, 5, and s; be positive integers with

(2.3) 1<sp—1=<e, and s < pet+1—sot! for i=1,2.

Then, the sequence p®°, v§, v§2?, v§3 is invariant by Theorem 1.5, and by the same
way as the definition of the element in (2.2), this sequence determines the element

(2'4) 'Ys;/sz.sl,so = n(vgs/Psovil vi!) E H3BP* .

Since (2.3) implies (2.1) and s, < pe?, the element 7, ., in (2.2) is also defined
and is nontrivial; and there holds clearly the relation

Pso_lynlszm,so = Vssfszs AN H3BP;.
Thus, we have the following

COROLLARY 2.5. Let p be an odd prime number. Then, for positive
integers sy, sy, S, and s3 with (2.3), the element Yy, € H*BPy of (2.4) is
defined and is of order p°.

In the second place, we consider some cyclic BP,-modules for any prime p.
For the invariantness in Definition 1.4, we notice the following lemma which may
be known:

LemMmA 2.6. For positive integers sg, Sq,..., S, (n=1), the sequence p*,
vi,..., U3 is invariant if and only if the ideal (p*°, v$,..., v$*) is invariant.

ProoF. The necessity is seen immediately by definition.
Suppose that J=(p*°, vi,..., v$") is invariant, and set

MRV = Uk + fio Ju€ Zip)[0gseens Vg5 Eisenes B
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by (1.2-3). Then, for i=1,..., n,
(Ui + _fi)si = ﬂR(Uf‘)GBP*BP-J = J' BP*BP,

and we see that ng(v§)—v§=(v;+f)5 —v§i e(po, vi,..., v§i;!)- BP,BP. Thus
the sequence p*°, vy,..., v§" is invariant, as desired. q.e.d.

COROLLARY 2.7. Let p be a prime number and s, s,,..., S, (n=1) be posi-
tive integers such that (1.6) does not hold. Then, there exists no finite CW-
complex X whose BP-homology BP,(X) is isomorphic to BP/(p*, v{,..., v5")
as BP,-modules.

Proor. If there exists such a finite CW-complex X, then we see that the
ideal (p®, vi,..., v¥") is invariant by the same way as the proof of [7; Corollary
47, using the result of Landweber [3] that annihilator ideals of primitive elements
are invariant. Thus, the corollary follows immediately from Theorem 1.5 and
the above lemma. q.e.d.

ExAamPLE 2.8. For n, m=0 and ¢, s=1 with tp*>p™ " and t, s=0mod p,
BP,/(p™*1, v{?", v3F™) is not realizable; while the realizability of BP,/(p"*!, viP")
was shown by S. Oka, (for any odd prime p, L. Smith [6] also showed that of
MU./(p"**, [CP(p—1)]*")).
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