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1. Introduction

Consider a solution u of the following Cauchy problem of the parabolic
variational inequality:

ou _ <
'a—’— Auéf; “_.__0,

u(%tl—Au—f)=o in R"x 10, T[,

u(x, 0) = uy(x) in R".

The support S(¢) of the function x—u(x, t) has been studied by Bensoussan
and Lions [2], Brezis and Friedman [4] and Evans and Knerr [6]. They proved
that

S() = S(0) + B(c(t|log t])/?)

for sufficiently small t>0, where + denotes the vector sum, B(p)={x]||x|<p},
and c is a positive constant.
Some results which conclude
u(x, ) =0 for t > (some constant), xe R",

or
u(x, t)=0 for |x| > (some constant), t > 0

are stated in the book by Bensoussan and Lions [3, Chapter 3, §2.16].
In this paper we shall consider a solution u of the parabolic variational
inequality with Dirichlet boundary condition

%’;——Au_.é_f, U§0,

u(—%l:——du—f)=0 in Qx]0, T[,
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u(x, t) = ¢(x, t) on I'x]0, T[,
u(x, 0) = uy(x) : on ‘@,

where Q is a bounded domain in R* with smooth boundary I'.
We are interested to estimate the size of the set

S ={(x,)eQ x J0, T[|u(x, t) = 0}

by the data f, ¢ and u,. A comparison theorem which will be stated in section 2
is the main tool to prove our results.

Main results of this paper are stated in section 3. Some examples are also
given.

For elliptic variational inequalities, analogous estimates on the support of
the solution has been obtained by Bensoussan, Brezis and Friedman [1], Nagai
[8] and the author [9], [10] under various boundary conditions. It is shown
that, by a formal argument, our results for parabolic variational inequalities
imply the corresponding ones for elliptic variational inequalities.

In section 4 we treat the one phase Stefan problem of one space dimension.
It is known that the Stefan problem can be transformed into a parabolic varia-
tional inequality. However, we cannot apply our result in section 3, directly,
to this variational inequality to estimate the free boundary of the Stefan problem,
because, by the physical meaning, the data have definite signs.

Nevertheless, by using the same idea as in section 3, we can construct a
comparison function to the solution of the variational inequality and give an
estimate on the free boundary.

2. The problem and a comparison theorem

Let Q be a bounded domain in R* with smooth boundary I', and let T be
a positive number.
We consider a solution u of the following parabolic variational inequality:

%tu— — du £ f, ux<0,

@.1) u%ﬁi—Au-f)=o in @x 70, T[,
u(x, t) = (x, 1) on I x]0, T[,
u(x, 0) = uy(x) on Q.

Let @ be a solution of the initial-boundary value problem

%‘tl_’_M:O in Qx]J0, T[,
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(2.2) P(x, 0) = — uy(x) on £,

D(x, 1) = — P(x, 1) on I'x]0, T[.

Then @i =u + @ satisfies the following variational inequality:

o - i
~L - < <
_ - .
(2.3) (@ — ) 7—Au—f>=0 in @ x 70, T[,
i(x, ) =0 on I'x1]0, T[,
i#(x,0 =0 on Q.

Assuming that
feL?(Q x 10, T)
and
deW?2P(Q x ]0, T[)

for some p>2, Charrier and Troianiello [5, Remark 4, p. 120] proved that there
exists a unique. solution i -of (2.3) and, moreover, the solution is continuous on
Q x [0, T] if p is large enough.

In the following of this paper, we shall always assume these conditions.
Therefore, there always exists a unique continuous solution u of (2.1) as well as
a solution # of (2.3).

We are interested to estimate how the size of the set

S ={(x, )e® x 10, T[ | u(x, ) = 0}

depends on the data f, ¢ and u,.

The next theorem is a main tool to estimate the solution u of (2.1). However,
since we already proved an analogous comparison theorem for elliptic variational
inequalities in [9, Theorem 2.1, p. 8], the proof is omitted.

THEOREM 2.1. Let u be a solution of (2.1). Suppose that we L*O, T;
H*(Q)) satisfies the differential inequalities

%?-Awgf, w<0 in Q@x10,T],
w(x, ) < ¢(x, 1) on I x]0, T[,

w(x, 0) < uy(x) on Q.
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Then we have u=w a.e. in Qx 10, T[.

COROLLARY. Let u be a solution of (2.1). Suppose that w e L2(0, T; H¥(Q))
satisfies the differential inequalities

fgg_?-aw, w<0 in @x10,T[,

o(x, 1) S W(x, 1) on T x]0, T[,
ug(x) < W(x, 0) on Q.

Then we have us<w a.e. in 2x10, T[.

3. Main results

First, we shall give an estimate of the set S from above.
THEOREM 3.1. If there exist positive constants 9 and & such that
fx, D=9 in Qx]0, T[,
u(x) £ -6 on Q,
P(x, ) S 9t —B9) forall xel, 0<t<5/[y,
then we have, for a solution u of (2.1),
u(x, ) <0  for (x,9)eQ x 10,8/9[.
In other words, the lower part of the cylinder does not intersect the set S.
Proor. If we choose a comparison function w as
w(x, 1) = 9t — (5/9),
we have

W _av=92f H=0 in Qx 10,34l

Wx, 0) = — & = ug(x) on Q.
For x eI’ and 0<t<4/9, we have, from the assumption,
w(x, 1) Z P(x, 1).
Applying the corollary to Theorem 2.1 in © x ]0, §/9[, we have
ux, ) Ewx, ) <0 in Q x J0,85[.
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Now we are in a position to state the main theorem of this paper.

THEOREM 3.2. Suppose that there exist positive constants y and & such that
fx,H)=zy in Qx]0, T[,
Ug(x) = — 6 on Q.

Assume also that there exists ty € 16y, T[ such that:

(3.1) There exists a continuously differentiable, nondecreasing function c
defined on [0, t,] and satisfying

0 e(r) €L (y——5~> forall te[0,4,].
(3.2) There exists a nonnegative constant ¢ depending on t, such that
Bx, 1) 2 — eclt) + o (t W orall te[o, 1), xer.
If xq € Q satisfies
(3.3) dist (xo, I') = €'/2,
then we have, for a solution u of (2.1),
u(xg, 1) =0

Proor. Let (x,, )€ 2x]0, T[ satisfy the assumptions of the theorem.
Choose a comparison function w as

Wix, 1) = = Bl = %ol + 2= (5 = 10)

for xe Q, 0<t<t,. Then we have, from (3.1),

g:v Aw = — c'(D)|x — xo|2 + —6— + 2nc(2)

=7 +(7_~—)—y

By the definition of w, it is obvious that w(x, £)<0.
Again from (3.1), we have

w(x, 0) = — c(0)|x — xo|2 — 6 £ — 4.
Let xel', 0<t<t,. We have, from (3.2) and (3.3),
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W(x, ) = — o(f) |x — xol? + Ti— (t = 1)
< — o(t) (dist (xo, T))* + —t‘-Z—(t — 1)
S = selt) + - (= 10) < 9(x, 0.

Hence, applying Theorem 2.1 in Qx ]0, ,[, we obtain
w(x, 1) < u(x, 1) in Q x ]0, t,[.
By the continuity of u and w, we have .
u(xq, to) = 0.

Before stating some versions of this theorem, we give two examples of the
function c(%).

ExampLE 3.1. If there exists t,> d/y such that
#(x, 1) 2 (6/to) (t — to)

for xeI', 0<t<t,, then u(x, ty)=0 for any x e Q.
Indeed, we may in this case choose ¢(f)=0 and ¢=0 in Theorem 3.1.

ExaMPLE 3.2. In the case that there exist t,>d/y and ¢,>0 such that for

some p=1,
(3.4) O(x, 1) = — got? + ti(t —1t) for xel, 0<1<t,
0

we have u(xq, t,)=0 if x4 € Q satisfies the inequality

(3.5) dist (xo, ) 2 (ZLWEO_ 2
- 'yto - 6

Indeed, it is sufficient to choose

J— pP+1
c@®) = Yo—0 t? and ¢= 218578y

2ntg+1 Vlp—0
ReMARK 3.1. If ¢(x, t) does not depend on ¢, then the compatibility
condition yields that ¢(x)= — for xeI'. This is the case in (3.4) that g, =0/t,
and p=1. Formally speaking, by letting t,— oo in (3.5) with p=1, we have
2nd \1/2

(3.6) dist (xo, 1) 2 (=5
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(3.6) is the same estimate which Bensoussan, Brezis and Friedman [1, Theorem
3.1, p. 307] imposed on the point x, in order to conclude u(x,)=0 for the solu-
tion u of the elliptic variational inequality

—Adu+ou = f, u <0,

u(—du+au—f)=0 in Q

u=4¢ on T,
where o is a positive constant.

In the following part of this section, we state some generalizations of Theo-
rem 3.2.

THEOREM 3.3. Suppose that there exist positive constants y and & such that
fGx, =y in Qx1]0,T[,
ug(x) = — 96 on Q.
Assume also that there exists t, € 16y, T[ satisfying the following conditions:
(3.7)  There exists a constant a such that é/ty<a=<7y.

(3.8) There exists a continuously differentiable, nondecreasing function c,
defined on [0, ty] and satisfying

0% c,(§) S 5,0 = ).

(3.9) There exists a twice continuously differentiable function c, defined on
[0, diam Q] such that

2(p) £0, c3(p) =0
and
o[ty = c3(p) S .
(3.10) There exists a nonnegative constant ¢ such that
O(x, 1) = — ecy(t) + c,(diam Q) (t — t,) for xel, 0 <t <t,.
Then we have u(x,, to)=0 if x, € Q satisfies
(3.11) : dist (xq, I') = &'/2.

Proor. Let (x,, )€ Q2x]0, T[ satisfy the assumptions. We choose a
comparison function w as ‘



344 Naoki YAMADA

w(x, 1) = —c;(B)|x — Xo|? + c2lx — xo) (2 — o)

in Qx]0, to[, and compare w with the solution u in 2 x ]O, t,[.
It is obvious that w<0. From (3.7), (3.8) and (3.9), we have

W dw = = GO = xol? + exllx = Xo) + 2n,(1)
— el = xo) (¢ = to) = TEreilx — Xo) (t = o)
Sat+(@—a)=7
By (3.8) and (3.9), we have
wx, 0) = = ¢y(0)|x — Xol? = ealx — Xol)to

< -4

Let xeI'. Applying (3.9), (3.11) and (3.10), we have

w(x, £) = — ¢1(D|x — xo|* + c2(]x — xo) (2 — 2o)
< — ¢;(De + cy(diam Q) (¢ — t,)
S é(x, 1).

Therefore, we can apply Theorem 2.1 to conclude
u(x’ t) g W(x’ t) in Qx ]0’ t0[9
and by the continuity of u and w, we obtain the assertion.

RBEMARK 3.2. Theorem 3.2 is the special case of Theorem 3.3 where c,(p)
=a=0/t,.

In [9] and [10], we proved some estimates of the set S when x, might be on
the boundary. In this direction, we have the following theorem.

THEOREM 3.4. Suppose that there exist positive constants y and 6 such that
Jx, )2y in Qx10, T[,
up(x) = — 6 on Q.

Assume also that there exists (xg, to)€ 2x 10, T[ such that ty>6/y and
satisfying the following conditions:

(3.12) There exist a constant « and functions c¢,(t), c,(p) which satisfies (3.7),
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(3.8) and (3.9) in Theorem 3.2, respectively.
(3.13) There exist nonnegative constants ¢ and r such that
o(x, 1) = — ecy(f) + cy(diam Q)(t — t,)
on {xel||x — xo| = dist(xq, I') + r} x 1O, o[,
¢(x,)=0
on {xel||x — xo| < dist(xe, I') + r} x J0, to[.

If
s =r + dist(xq, I') — &!/2

is nonnegative, then we have
u(x, t5) =0
for all x € Q such that |x — x| <s.
Proor. Define the comparison function w by
= ci(D(Ix = xo| — 8)% + ¢c2(Ix — xo])(t — o)
w(x, 1) = if [x—x0l=s, 0<t<t,,
ca(s)(t — tp) if |x—x0l<s 0<t<t,,

and compare it with u in Qx]0, t,[.
First, it is obvious by the definition that w<0 in Q x ]0, ¢,[.
In the set {x € Q||x—x,|=s} x]0, t,[, we have from (3.12)

Q0 — 4w = = ci)(1x = Xol = 9 + exllx = xol) + 2¢4(1)

+2n — l)cl(‘)%

= (0 = 1) {30 = xa) + I ch(x — xoD)

Se+(@—0)=17.
On the other hand, in the region {x € Q||x —x,| <s} x ]O, t,[, we have

0
G- Aw=c@)sasy

Hence we obtain

345
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g_;v_dwgf in Qx 10, tof .
It is easy to see that
wx,0) < -6 on Q

by the definition of w and (3.12).
Finally, let xeI' and O0<t<t,. If |[x—x,|<s, then we have from (3.13)

w(x, 1) = () (t — 1) S 0= ¢(x, 1).
If s<|x—x0| <r+dist(xq, I'), then we have
w(x, 1) = — ¢y () (Ix — xo| — $)* + cx(Ix — Xo|) (t — 1)
0= ¢(x’ t)'

In the case that r+dist (x,, I') < |x — x|, we have using (3.13)

w(x, 1) = — c;((Ix — Xo| — 8)* + ex(Ix — Xo[) (z — o)

IIA

— ¢, () (r + dist (xo, I') — 5)* + c5(Ix — Xo[) (t = 1)

= ¢4(0)e + ea(Ix — xo[) (t — o)
= P(x, 0).
Combining these estimates, we obtain
w(x, t) < ¢(x, 1) on I x]0,t[.

Hence we can apply Theorem 2.1 to u and w, and the assertion is obtained.

4. Estimates on the free boundary arising in a Stefan problem

Let us consider the following one phase Stefan problem of one space dimen-
sion

‘Z_i’—g;‘; ~0 O<x<yit), 0<t<T,
(0, 1) = g(1) 0<t=T
4.1) v(y(1), ) =0 0<t=T
v(x, 0) = vo(x) O<x<é,
yO=—-v(), 1) 0<t<T,

y(0) = ¢,
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where T >0, ¢>0 are given constants, g(¢) and vy(x) are given functions, and
the unknowns are v(x, t) and y(¢).

Under suitable assumptions, it is known that the solution of the Stefan
-problem (4.1) exists and the free boundary x=y(¢) is monotone increasing in ¢
(see, for instance, [11, Chap. 4, § 3, pp. 66-74]).

It is also known that the Stefan problem (4.1) can be represented as a vari-

ational incquality. Let L> y(T) be a constant and define
@ =1[0, L] x [0, T],
D={(x,n0=x=y®),0=st=T}.
Extend the solution v to Q as
v(x, t) if (x,1eD,
{ if (x, )¢D,

B(x, 1) =

and define the new unknown 0(x, t) by
(4.2) 0(x, 1) = S’ #(x, s)ds.
0

It is shown in Lions [7, Chap. II, §7, pp. 70-74] that 0(x, t) satisfies the
following parabolic variational inequality:

% _ 32-90<x>>o 020,
(4.3) 9( a 20 Go(x)> 0 in O,

0(x,0)=0, 6L, ) =0,

0(0, 1) = S' g(s)ds.
0
Here we have set
. vo(x) if 0<x<d,
Oo(x) = ,
-1 if 4<x=Z0L.
We are interested to estimate the size of the set
S ={(x,)eQ|0(x, 1) = 0}
={(x,)eQ|d(x,) =0} =Q\ D

as has been studied in section 3.
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By the physical meaning of the Stefan problem, it is required that g(£)=0
and vy(x)=0.

The variational inequality (4.3) does not satisfy the assumptions f(x, 1)=7y
and uy(x)= — 8 for some positive constants y and § in Theorems 3.2-3.4. But
we can construct a comparison function to the solution of (4.3) and have the
following estimate of the set S.

THEOREM 4.1. Suppose that there exist positive constants u and v such that
g su 0<t<T,
vo(X) = v O<x<é.
If a point (x,, t,) € Q satisfies the inequalities
4.4 6% = 2ut,,
@.5) Xo 2 £+ 2e(v + D,
then we have
ix,t)=0  for (x,t)e[xq, L] x [0, to].

PrOOF. Let (xq, to) satisfy the assumptions. Define a comparison func-
tion w(x, t) by
l—lx—xolz 0<x<Xxp,t<t,

w(x, t) = 2t

0 Xo S X, 1< 1,

and compare it with 6 in JO, L[ x O, t,[.
By easy calculation and (4.5), we have

|€—xo|2__t_ .
T i if x4,
w_ow |
ot ox: = =< if £<x<xg,
)
0 if xo<x,
égo(x),

w(x, 0) =0 = 6(x, 0),
w(L,t)=0=0(L,?).

The assumption (4.4) leads us to
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tx3 t
w0, =53 2z [ g

Therefore we have
w(x, t) = 0(x, t) in JO, L[ x ]O, to[.
The continuity of the solution 6(x, f) and the definition of w(x, t) imply that

0(x,t)=0 in [xq, L] x [0, to].

Hence, by the definition (4.2) of 0(x, t), we obtain

[1]
[2]
3]
(4]
[51]
[6]

[71
(8]
(91
[10]

(11

#(x,)=0 in [xg, L] x [0, t,].
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