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1. Introduction

Consider the initial value problem

(1.1) /=/(*,Λ X*o) = )>o,

where /(x, y) is assumed to be sufficiently smooth. Let y(x) be the solution of

(1.1) and

(1.2) xn = x0 + nh (n = l, 2,...; h>0),

where h is a stepsize. Let yl be an approximation of y(*ι) obtained by some
appropriate method. We are concerned with the case where the approximations
yj (j = 2, 3,...) of y(xj) are obtained by two-step methods. Conventional two-step
methods such as linear two-step methods [1], pseudo-Runge-Kutta methods
[1, 3] and so on [4] require starting values yQ and y1 to generate y} (j = 2, 3,...).

In our previous paper [4] we introduced a set of subsidiary nodes

(1.3) xn+v = x0 + (n + v)h (n = 0, l,...;0<v<l)

and at the cost of providing an additional starting value yv we proposed two-step
methods for computing yn+l (n = 1, 2,...) together with subsidiary approximations

yn + v of y(xn+v), which are of the form

(1.4) yn + v = yn + &r-ι(^-Λ-ι) + ̂ -^-^

(1.5) yn+ί =yn + ftrCy»-Λ-ι) + ^Σy=o crjkjn,

where

(1.6) fc0n = fc2Λ_1, /c lM =/(x r t_1+v, .y^i+v),

(1.7) kίn =/(xβ + έi,Λ,

(1.8) £!, = &, + (l-v)

and α,, bi9 di9 and clV (7 = 0, 1,..., i — 1; i = 3, 4,..., r) are real constants. It

has been shown that for r = 4, 5 there exist a method (1.5) of order r+1 and a
method (1.4) of order r with r —2 function evaluations per step.
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In this paper, at the expense of supplying one more starting value yί+v, we
propose two-step methods of the form

(1.9) yn+l = yn

(1.10) Λ + i + v = yn + br+1(yn-yn-ι) + hΣϊ=oCr+ij

where

(1.11) k0n = k2n-1, kίn = k3n_ί9 k2n=f(xn,yn\ k3n =

(1.12) kίn =/(xΛ + fl<Λ,

(1.13) a,-=bl + (l-v)

ai9 bh dt and cίy- 0/ = 0, 1,..., / — 1; / = 4, 5,.-.., r + 1) are real constants, df = 0
(/ = 5, 6) and ί/4 = 0 unless r = 5. Convergence of these methods is studied in [5].
A stepsize control is implemented by comparing the method (1.9) with the method

(1.14) zn+1 = yn + z(yn-yn_ί) + /ιΣ}=o Wjkjn,

where z and w7- O' = 0, 1,..., r) are real constants. It is shown that for r = 4, 5
there exist methods (1.9) and (1.10) of order r + 2 and a method (1.14) of order
r + 1 with r — 2 function evaluations per step. Finally methods (1.9) and (1.5)
are illustrated by numerical examples.

2. Preliminaries

Let

(2.1) 0 0 =-1, al = v - 1, 02 = 0, «3 = v>

(2.2) ίΛ + 1 = tt(^-Λ-ι) + fcΣjίέ t;yfeyn,

(2.3) zn+1 = yn+ί + tn+l9

(2.4) y(x) + bi(y(x)-y(x-h)) + d,(Xx)-Xx +

- χx + flffc) = Σ!=ι eik(hklk\)y(k\x) 4-

(2.5) U(y(x)-y(x-h)) + h Σ'j=o vjy'(x + ajh)

Then we have

(2.6) (-l)*-1^ - (v-l)^f + kΣ&akj-*ciJ -a\ = eik (i=4, 5,...,

(2.7) (-l)*-1tt + feΣ5»o«Γ1^βϋ* (fc = l,2,...,8).

Let
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(2.8) kf. =/(x.+α.Λ) (i=0,l,2,3),

(2.9) kf, = f(xn + ath, y(xn) + bί(y(xn)-y(xn_1)) + dl(y(xn)-y(x^1+v))

+ ΛΣJ-&Cy*7i,) (ί = 4, 5,...,r+1),

(2.10) T(xn) = Xxπ) + WXxΛ-Xx.-!)) + ΛΣj-i c,,*?, - X*n+1),

(2.11) Tv(xM) - XxJ + iWiίXxJ-Xx,-!)) + h ΣS-oCr+Λ - X*n + ι+v),

(2.12) R(xπ) = uίXxJ-Xx.-!)) + ΛΣ5-o vjk%,

(2.13) F8 = Σ£iCrA7, ^8 = Σ5=4<V+lA7. 000 = //*; X*)).

(2.14) Λ; = α/βy+l), Bj = Aj(aJ-al),: Cj = Bj(aj-a3), £>, = C/βy-α4)

(7 = 1, 2,...,6),

(2.15) 0 1 = v 2 - v - l , 02 = v 2 - 3 v + l , 0 3 = 2 v - l , 04 = v2 + 3v + 1,

^5 = 56v2 + 14v - 11, 06 = 5v2 + v - 1, 07 = 15v2 + v - 3,

g8 = 5v2 - 1, gg = 21v2 + 7v - 4, 010 = 4v2 + 13v + 4,

(2.16) r j = 03 + α4, r2 = a4g3 + Al - 1, r3 = a4At - r t,

ί-4 = 0403 + Λ> ''S = «4^1.

(2.17) P! = 15v4 - 36v3 + 14v2 + 9v - 4, p2 = 21v4 - 70v3 + 55v2 + 2v - 8,

p3 = 42v4 - 98v3 + 25v2 + 37v - 12, p4 = 4v3 - 5v2 - v + 1,

PS = 5v4 - 20v3 + 8v2 + 5v - 2, p6 = 15v4 - 24v3 - v2 + 6v - 1,

p7 = 28v2 + 12v - 5, ps = 189v2 - 497v + 284,

p9 = 308v2 - 828v + 485,

(2.18) mί = 2αt + α4, m2 = 2α4g8 + g6, m3 = α4g2 - Aίt m4 = 2α1α4 + g2,

m5 = 7α407 + gs, m6 = 2α4g9 + p7, m7 = 2α405 + 70v2 + 26v - 13.

Choosing ejy=0 (j = l, 2,..., 6; i=4, 5, 6), we have

(2.19) T(x) = Σ5-ι erJ(hJ/jW»(x) + F,(h*l7ϊ)g(xW\x) + 0(h9),

(2.20) Γv(x) = Σ?-t er

(2.21) Λ(x)-ΣΪ-ι

(2.22) Σfci «u = «ι - &ι + «ι4 2ΣJ-J βjCy = bt + αιdt + α?,

6Σj=M/y = 6,
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3αf - 4(fll-l)α? - 6αlβf,

30Σ j=i C/:y = - 0 A + g4aldt + 6αf - ISα,^ + 1002α? + IS^α?,

(2.23) 60Σj=i ajCjCtj = -06ί>; + g+aidt + lOβ? - 24^? + 1502αf + 204^,

(2.24) 420Σ j=i βJCjCy - ^9ft( - fluoβfdj - 60β/.+ 140fl1βf - 8402α?

- lOSXjίif = 60cπ,

(2.25) 840Σ j=l ajDjCtj + m6b, - 105αf + UOm^a] - 140m4α? + 168m3αf

+ 21(X41α4α? = 105eί8 - nOm^π (r=5, i^5).

Setting U, = 0 (i = 1 , 2, . . . , 5), we have

(2.26) Σ5=o υj = -«, 2Σ5-o «Λ = «• 6ΣΓy=t Vy = M'

12Σ5-3 «Λ = -ίs«. 30Σ5-4 Cfj - 08u,

(2.27) 60Σ^=5 Dj»/ + m2u = 10(76)

(2.28) -ms« = 60t/7-70(o4β6+fl3)^6 (^S).

From (1.9) and (1.10) we have

(2.29) yn + 2 + σ-(l + br)un+1+ff + bPyΛ+<τ

= /tΦff(xn) yB_2,.--» Λ+2» Λ - 2 + V - - . Λ + 1 + V , A) (σ=0, v).

Thus the method (1.9HL10) is stable if and only if - 1 g br< 1 [5].

3. Construction of the methods

We shall show the following

THEOREM. For r=4, 5 there exist methods (1.9) and (1.10) of order r+2
and a method (1.14) of order r+ί.

3.1. Caser=4

Choosing eί4 = e ί5=0(i = l, 2,..., 6) and L/_,=0(j = l, 2,..., 5), we have (2.22),
(2.26) and

(3.1) pι-0,

(3.2) gηbs = Wai - 12flf3«i + ISffiβί + 20^3α| - 30X^1,

(3.3) -flf9ί>4 - p8 = 60e47,

(3.4) -gsb4 - 60α? + 7003αi - 84fflαi - 105 3̂αf + 14OMI = 60eS7,
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(3.5) <77ι/ = 10ί/6.

The choice α3 = 0.7809341 293 and w = 0.5 yields

(3.6) b4 = 0.2974663081, c40 = -0.05882026395, c4ί = -0.7654544608,

c42 = 0.9861380498, c43 = 0.5406703668, e41. = -0.256,

(3.7) b5 = 14.62235196, c50 = -3.101021799, c5I = -27.71076926,

c52 *= 20.43975629, c53 = - 10.01943672, c54 = 7.550053666,

*57 = -27.0

(3.8) v0 = -0.1141782932, v^ = -0.7877301552, ι?2 = 0.4668968977,

t?3 = -0.1289354826, ι;4 = 0.0639470333, l/6 = 0.346.

3.2. Case r = 5

Setting β4/=l7 f = 0 (i = l, 2,..., 6) and e5j = e6j = Q (./ = !, 2,..., 7), we have

(2.22), (2.26), (2.27), (2.28) and

(3.9)

(3.10)

(3.11) m2b5 = 35v2 - 89v + 49 - 2(25v2-

(3.12) m5f>6 = -60^ + 70rxβg - 84r2α| + 105r3αί + 140r4α| -

(3.13) 60D5c65 + m2b6 = 10α| - Um^al + I5m4a% - 20m3α| -

(3.14) -g9b4 - gloa
s

ld4 - 60α] + MOα^.- 84^2α| - 150̂  αj = 60β47,

(3.15) w6i?5 + 2/?8α4 - p9 = 105^58,

(3.16) m7b6 - 105α| + ΠOr^g - 140r2a| -f 168r3α| 4- 210rX

- 280r5αi = 105e68.

The choice a3 = 0.40672 and u = 10 yields

(3.17) α4 = 0.8657843991, b4 = 30.98333961, d4 = 1.016093933,

c40 = -3.838607752, c41 = -18.57698904, c42 = -9.134128108,

c43 = 2.034997901, e41 = -1.88,

(3.18) b5= -0.1204316125, c50 = 0.01514095607, c51 = 0.07018877773,

c52 = 0.1881115637, c53 = 0.5157103308, c54 = 0.3312799843,
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e58 = -0.0412,

(3.19) b6 = -21.90884112, c60 = 2.667191773, c61 = 13.47599688,

c62 = 6.458007992, c63 = 0.5064857425, c64 = -2.111264358,

c65 = 2.319143086, e6S = -5.15,

(3.20) υ0 = -1.233009566, ^ = -6.079604056, v2 = -3.163209656,

ι>3 = 0.5612643282, v4 = -0.1284989354, v5 = 0.04305788532,

ί/7 = -0.547.

4. Methods with two starting values

We shall show examples of methods (1.4), (1.5) and (2.1) for r=4, 5.

4.1. Caser = 4

Choosingβ3ί=l/ί

and u = — 4, we have

(4.1) i?3 = 7.777670546, c30 = -1.884916221, c31 = -9.252172127,

c32 = 4.112204206, β35 = -2.06

(4.2) b4 = 0, c40 = 0.008771516898, c41 = - 0.2363723741,

c42 = 0.6293739900, c43 = 0.5982268672, e46 = -0.184,

(4.3) v0 = 0.9866804749, υ± = 4.487884326, ι;2 = -1.602285618,

ι;3 = 0.1277208178, U5 = 1.22.

4.2. Caser =

3ί = = , , , , , 4 y = y = = , , . . . , , 5 f c =

C53 = d3 = d4 = 0, α3 = l and w=0.5, we have

(4.4) ί?3 = 16.35731965, c30 = -4.120588739, c31 = -20.80685171,

c32 = 9.570120798, e35 = -5.49,

(4.5) α4 = 0.7809341293, b4 = 1.872205855, c40 = -0.4177985443,

c41 = -3.260557343, c42 = 2.478127554, c43 = 0.1089566073,

e46 = 1.07
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(4.6) bs = 0.2974663081, c40 = -0.05882026395, c41 = -0.7654544608,

c42 = 0.9861380498, c43 = 0.5406703668, e41 = -0.256,

(4.7) t?0 = -0.1141782932, υ± = -0.7877301552, υ2 = 0.4668968977,
!?3 = 0.06394703330, t;4 = -0.1289354826, 176 = 0.346.

5. Numerical examples

The following six problems are tested:

Problem 1. / = y, XO) = 1. y(x) = exp (x).

Problem 2. /=2xy, X0) = l. Xx)=exp(x2).

Problem 3. / = - 5;;, XO) = 1. X*) = exp ( - 5x).

Problem*. /= -y2, X0) = l. Xx) = l/(l+x).

Problem 5. y' = y-2x/y9 X0) = l. Xx) = (l + 2x)1/2.

Problem 6. y' = l- y2, y(0) = 0. X*)=tanh (x).

Computation by methods (3.6) and (3.17) is carried out by the following
program.

( i) Compute yi9 yi+V9 ft anf fi+v (i=0, 1).
(ii) Compute y2^ίι and ί2-
(iii) If \t2\ >ε max (1, \y2\), then halve the stepsize and go to (i).
(iv) If |f2l<

ει max(l, |ί2|), then replace y0,f0 and h by y29 Λ and 2h re-
spectively and go to (i).

(v) Compute y2+v and/2+v, replace yt, yi+v9fi and/ί+v (ϊ=0, 1) by yi+ί9

yi+ί+vji+1 and/ ί+1+v respectively and go to (ii).
Here e=10~r-3/2 and ε1=2~|-4e (r=4, 5). Nystrδm formula, Butcher (6, 8)
formula [1] and Shanks (7, 9) formula [2] are used for computing starting values
for methods of order 5, 6 and 7 respectively.

Computation by methods (4.1) and (4.4) is carried out in an analogous
manner. The errors at x = 3 are listed in Table 1.

Table 1.

\ Prob
\^ 1 2

Meth\
3 4 5 6

(3.6) -4.31£-8 -1.5&E-5 1.01E-9 -S.04E-9 2Λ3E-1 1.16.E-8

(3.17) 2.14£-9 4.07£-5 3.62E-10 -8.03E-11 3.46£-8 -1.47£--11

(4.1) -8.05.E-6 -6.5SE-3 -1.57E-8 -1.61E-S -S.27E-1 4.55£-8

(4.4) 5.68 -̂8 -2.59E-5 -8.38^-lG -3.42£-10 -2.75.E-8 1.27^-8
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