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Abstract. The purpose of this paper is to study the stable extendibility of the tangent

bundle tnðpÞ of the ð2nþ 1Þ-dimensional standard lens space LnðpÞ for odd prime p.

We investigate the value of integer m for which tnðpÞ is stably extendible to LmðpÞ but

not stably extendible to Lmþ1ðpÞ, and in particular we completely determine m for p ¼ 5

or 7. A stable splitting of tnðpÞ and the stable extendibility of a Whitney sum of tnðpÞ
are also discussed.

1. Introduction

Let F be the real number field R, the complex number field C or the

quaternion number field H. For a subspace A of a space X , a t-dimensional

F -vector bundle z over A is said to be extendible to X , if there is a t-

dimensional F -vector bundle over X whose restriction to A is equivalent to z,

that is, if z is equivalent to the induced bundle i�h of a t-dimensional F -vector

bundle h over X under the inclusion map i : A ! X . Instead, if i�h is stably

equivalent to z, namely i�hþm is equivalent to zþm for a trivial F -vector

bundle m of dimension mb 0, z is called stably extendible to X (cf. [10], p. 20

and [4], p. 273).

Let LnðpÞ ¼ S2nþ1=Zp denote the ð2nþ 1Þ-dimensional standard lens space

mod p. For an R-vector bundle z over LnðpÞ, we define an integer sðzÞ by

sðzÞ ¼ maxfm jmb n and z is stably extendible to LmðpÞg;

where sðzÞ ¼ y if z is stably extendible to LmðpÞ for every mb n.

Let tnðpÞ ¼ tðLnðpÞÞ be the tangent bundle of LnðpÞ. Then, concerning

sðtnðpÞÞ, the following theorems have been obtained.

Theorem ([7], Theorem 5.3). Let p be an integer > 1. Then, sðtnðpÞÞ ¼
y if n ¼ 0; 1 or 3.
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Theorem ([8], Theorem 4.3). Let p be an odd prime. Then, sðtnðpÞÞ <
2nþ 2, if nb 2p� 2.

Theorem ([6], Theorem 1). sðtnð3ÞÞ ¼ y if and only if 0a na 3.

The purpose of this paper is to develop these results on the stable

extendibility of the tangent bundle tnðpÞ. Our main results are stated as

follows.

Theorem 1. Let p be an odd prime. Then, sðtnðpÞÞ ¼ 2nþ 1 if nb

2p� 2.

Theorem 2. (1) If 0a na 5, then sðtnð5ÞÞ ¼ y.

(2) If nb 6, then sðtnð5ÞÞ ¼ 2nþ 1.

Theorem 3. (1) If 0a na 7, then sðtnð7ÞÞ ¼ y.

(2) If nb 8, then sðtnð7ÞÞ ¼ 2nþ 1.

These theorems give support to our following conjecture.

Conjecture. For an odd prime p,

sðtnðpÞÞ ¼ y for 0a na p; and sðtnðpÞÞ ¼ 2nþ 1 for nb pþ 1:

We organize the paper as follows. In § 2, we state some known results

necessary to establish our results. In § 3 we prove Theorem 1. In § 4, we

study tnð5Þ and tnð7Þ and prove Theorems 2 and 3. In § 5, as a consequence

of the preceding results, we give Theorem 4 concerning Schwarzenberger’s

property. In § 6, we study the extendibility of the m-times Whitney sum

mtnðpÞ of tnðpÞ for mb 1, and show in Proposition 6.1 the inequality

sðmtnðpÞÞbmð2nþ 1Þ or sðmtnðpÞÞbmð2nþ 1Þ � 1

if m is an odd or even integer respectively. Then, in Theorem 5 we give some

condition for

sðmtnðpÞÞ ¼ mð2nþ 1Þ or mð2nþ 1Þ � 1a sðmtnðpÞÞamð2nþ 1Þ þ 1

to hold according as m is odd or even.

The authors would express their thanks to Professor T. Matumoto for his

valuable suggestions.

2. Preliminary

For an odd prime p, the structures of the reduced K-ring ~KKðLnðpÞÞ and

the reduced KO-ring fKOKOðLnðpÞÞ are determined by Kambe [5].

Let h be the canonical C-line bundle over LnðpÞ, the induced bundle from

the canonical C-line bundle over the complex projective space CPn under
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the projection p : LnðpÞ ! CPn, and s ¼ h� 1 its stable class in ~KKðLnðpÞÞ.
Sometimes, we denote h (resp. s) by hn (resp. sn) to make it clear that h (resp.

s) is over LnðpÞ.
Let r : ~KKðX Þ ! fKOKOðX Þ and c : fKOKOðXÞ ! ~KKðX Þ be the homomorphisms

induced by the real restriction and the complexification of the vector bundles,

respectively. We set s ¼ rðsÞ in fKOKOðLnðpÞÞ. Also, let Ln
0 ðpÞ denote the 2n-

skeleton of LnðpÞ as in [5].

Then, we shall use the following result, where ½x� denotes the largest

integer m with ma x for a real number x.

Theorem 2.1 ([5], Theorem 2, Lemma 3.4).

(1) We have the following isomorphism of abelian groups:

fKOKOðLnðpÞÞG
fKOKOðLn

0 ðpÞÞ if nD 0 mod 4;

Z2 þ fKOKOðLn
0 ðpÞÞ if n1 0 mod 4:

(

(2) Let q ¼ ðp� 1Þ=2 and n ¼ sðp� 1Þ þ r ð0a r < p� 1Þ. Then,fKOKOðLn
0 ðpÞÞ ¼ ðZpsþ1Þ½r=2� þ ðZpsÞq�½r=2�;

and the direct summand ðZpsþ1Þ½r=2� and ðZpsÞq�½r=2�
are generated additively by

s1; . . . ; s½r=2� and s½r=2�þ1; . . . ; sq respectively. Moreover, the ring structure is

given by

sqþ1 ¼
Xq
i¼1

�ð2qþ 1Þ
2i � 1

qþ i � 1

2i � 2

� �
s i; s½n=2�þ1 ¼ 0;

where a
b

� �
denotes a binomial coe‰cient.

We also apply the following property.

Lemma 2.2 ([5], Lemma 3.5(2)). The homomorphism c : fKOKOðLn
0 ðpÞÞ !

~KKðLn
0 ðpÞÞ is a monomorphism.

The following theorem due to Sjerve [11] is crucial in our proof, where

pm : S2mþ1 ! LmðpÞ is the natural projection.

Theorem 2.3 ([11], Theorem A). If z A fKOKOðLmðpÞÞV ker p�
m, then the

geometrical dimension of z satisfies g:dim za 2 m
2

� �
þ 1.

3. Proof of Theorem 1

By Theorem 2.3, we have the following.

Proposition 3.1. For any nb 1, sðtnðpÞÞb 2nþ 1.
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Proof. Let mb n be an integer. Since rðhmÞ � 2 A ker p�
m H fKOKOðLmðpÞÞ

for the projection pm : S2mþ1 ! LmðpÞ, where r : ~KKðLmðpÞÞ ! fKOKOðLmðpÞÞ is

the homomorphism mentioned in § 2, we have

g:dimððnþ 1ÞðrðhmÞ � 2ÞÞa 2
m

2

� �
þ 1

by Theorem 2.3. Thus, there is a 2 m
2

� �
þ 1

� �
-dimensional vector bundle b over

LmðpÞ satisfying that ðnþ 1ÞrðhmÞ is stably equivalent to b. When m ¼
2nþ 1, we have 2 m

2

� �
þ 1 ¼ 2nþ 1 and thus b is of dimension 2nþ 1. Hence,

ðnþ 1Þrðh2nþ1Þ is stably equivalent to b þ 1, and tnðpÞ is stably equivalent to

i�b since tnðpÞ þ 1 ¼ ðnþ 1ÞrðhnÞ is stably equivalent to i�b þ 1. Therefore,

tnðpÞ is stably extendible to L2nþ1ðpÞ, and we have the required inequality

sðtnðpÞÞb 2nþ 1. r

Proof of Theorem 1. By Theorem 4.3 in [8], we have sðtnðpÞÞ < 2nþ 2

as we described in § 1. Thus, by Proposition 3.1, we obtain the required result.

r

Remark 3.2. Proposition 3.1 is a special case of Theorem 4.2 in [7].

Therefore, Theorem 1 is originally due to Kobayashi-Maki-Yoshida ([7], [8]).

4. Stable extendibility of tn(5) and tn(7)

Let p be an odd prime. Hereafter, we use the same notation a to denote

the stable class of a in fKOKOðLnðpÞÞ (resp. ~KKðLnðpÞÞ) for a real (resp. complex)

vector bundle a over LnðpÞ. Also, we simply denote by a ¼ b that vector

bundle a and b are stably equivalent.

Using ring structures of KOðLnðpÞÞ and KðLnðpÞÞ for an odd prime p,

we have the following lemma, where and hereafter we denote rðhÞ or cðrðhÞÞ
simply by rh or crh for the homomorphisms r : KðLnðpÞÞ ! KOðLnðpÞÞ and

c : KOðLnðpÞÞ ! KðLnðpÞÞ.

Lemma 4.1. In KOðLnðpÞÞ,

ðrhÞ2 ¼ rðh2Þ þ 2; ðrhÞ3 ¼ rðh3Þ þ 3rh:

Proof. Recall that crh ¼ hþ h�1 (cf. [3], Proposition 11.3, p. 191).

Since c : KOðLnðpÞÞ ! KðLnðpÞÞ is a ring homomorphism, we have cðrðh2ÞÞ ¼
h2 þ h�2 and cððrhÞ2Þ ¼ ðcrhÞ2 ¼ ðhþ h�1Þ2 ¼ h2 þ h�2 þ 2. Then, by Lemma

2.2, ðrhÞ2 ¼ rðh2Þ þ 2 in KOðLnðpÞÞ. In the same way, cðrðh3ÞÞ ¼ h3 þ h�3 and

cððrhÞ3Þ ¼ ðcrhÞ3 ¼ ðhþ h�1Þ3 ¼ h3 þ h�3 þ 3ðhþ h�1Þ. Thus, we have ðrhÞ3 ¼
rðh3Þ þ 3rh, and complete the proofs. r

Since tnðpÞ is stably trivial for n ¼ 0 or 1 (cf. [7]), we have
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Lemma 4.2.

sðtnðpÞÞ ¼ y for n ¼ 0 or 1:

Concerning tnð5Þ for 2a na 5, we have the following.

Proposition 4.3. The following stable equivalences hold:

t2ð5Þ ¼ 2rðh2Þ þ 1; t3ð5Þ ¼ rðh2Þ þ 5; t4ð5Þ ¼ 9 and t5ð5Þ ¼ rhþ 9:

Hence, sðtnð5ÞÞ ¼ y for 2a na 5.

Proof. Let n ¼ 2 or 3. Then, by Theorem 2.1, fKOKOðLnð5ÞÞ ¼ Z5fsg and

s2 ¼ 0. Thus, we have 5rh� 10 ¼ 0 and ðrhÞ2 � 4rhþ 4 ¼ 0. Then, using

Lemma 4.1, we obtain rðh2Þ þ rh� 4 ¼ 0. Since tnð5Þ ¼ ðnþ 1Þrh� 1, we

have

t2ð5Þ ¼ 3rh� 1 ¼ �2rhþ 9 ¼ 2rðh2Þ þ 1;

t3ð5Þ ¼ 4rh� 1 ¼ �rhþ 9 ¼ rðh2Þ þ 5:

Similarly, for n ¼ 4 or 5, fKOKOðLn
0 ð5ÞÞ ¼ Z5fs; s2g and thus 5rh� 10 ¼ 0.

Then, we have t4ð5Þ ¼ 5rh� 1 ¼ 9, t5ð5Þ ¼ 6rh� 1 ¼ rhþ 9. Thus, we have

sðtnð5ÞÞ ¼ y for n ¼ 2; 3; 4 or 5 as is required, since rðh2Þ and rh over Lnð5Þ
are extendible to Lmð5Þ for every mb n. r

Remark 4.4. According to Yoshida [12], L3ðpÞ has a tangent 5-field.

Hence, t3ðpÞ ¼ bl 5 for a 2-plane bundle b in general.

Proposition 4.5.

sðtnð5ÞÞ ¼ 2nþ 1 for n ¼ 6 or 7:

Proof. Let n ¼ 6 or 7. By Proposition 3.1, we have sðtnð5ÞÞb 2nþ 1.

To establish the opposite inequality, we suppose that tnð5Þ is stably extendible

to L2nþ2ð5Þ, and derive a contradiction from the hypothesis. Thus, there is a

ð2nþ 1Þ-dimensional vector bundle a over L2nþ2ð5Þ satisfying that tnð5Þ is stably
equivalent to i�a for the inclusion map i : Lnð5Þ ! L2nþ2ð5Þ. By Theorem 2.1,fKOKOðL2nþ2ð5ÞÞ is generated additively by s and s2 modulo a 2-torsion. Thus,

we can put a� ð2nþ 1Þ ¼ asþ bs2 þ d in fKOKOðL2nþ2ð5ÞÞ, where d is zero or a

2-torsion element. Then, since i�d ¼ 0 in fKOKOðLnð5ÞÞ ¼ Z52fsg þ Z5fs2g, we

have i�a� ð2nþ 1Þ ¼ asþ bs2 in fKOKOðLnð5ÞÞ.
Since i�a ¼ tnð5Þ and tnð5Þ � ð2nþ 1Þ ¼ ðnþ 1Þs, we have

a1 nþ 1 mod 52;

b1 0 mod 5:
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Hence, we can put

a ¼ 5k þ a1 with k1 1 mod 5;

b ¼ 5l

	
for some integers k and l, where a1 ¼ 2 and 3 when n ¼ 6 and 7 respectively.

Since KðL2nþ2ð5ÞÞ has no 2-torsion (cf. [5]), cd ¼ 0. Then, we have

ca� ð2nþ 1Þ ¼ acsþ bcs2 ¼ aððhþ h�1Þ � 2Þ þ bððhþ h�1Þ2 � 4ðhþ h�1Þ þ 4Þ

¼ ða� 4bÞðhþ h�1Þ þ bðh2 þ h�2Þ � ð2a� 6bÞ:

Let CiðgÞ denote the i-th Chern class of a complex vector bundle g, and

CðgÞ ¼ 1þ C1ðgÞ þ � � � the total Chern class. We denote CiðgÞ and CðgÞ in the

Z5-coe‰cient cohomology group by the same letters. Then, for x ¼ C1ðhÞ,

0
ib0

H 2iðL2nþ2ð5Þ;Z5ÞGZ5½x�=ðx2nþ3Þ

as graded algebras (cf. [11]), and we have

CðcaÞ ¼ Cðhþ h�1Þa�4b
Cðh2 þ h�2Þb ¼ ð1� x2Þa�4bð1� 4x2Þb:

Since a� 4b ¼ 5ðk � 4lÞ þ a1 with k1 1 mod 5 and b ¼ 5l, and since n ¼ 6

or 7,

CðcaÞ ¼ ð1� x2Þa1ðð1� x2Þ5Þk�4lðð1� 4x2Þ5Þ l

¼ ð1� x2Þa1ð1� x10Þk�4lð1� 45x10Þ l

¼ ð1� x2Þa1ð1� ðk � 4lÞx10Þð1� 45lx10Þ

¼ ð1� x2Þa1ð1� kx10Þ

¼ ð1� x2Þa1ð1� x10Þ

¼ 1� a1x
2 þ � � � þ ð�1Þa1þ1

x10þ2a1 :

Since 10þ 2a1 ¼ 2nþ 2, we have C2nþ2ðcaÞ0 0 which contradicts that a is

ð2nþ 1Þ-dimensional. Thus, we have completed the proof. r

Proof of Theorem 2. We obtain (1) by Lemma 4.2 and Proposition 4.3,

and (2) by Theorem 1 and Proposition 4.5. r

Next, we consider the proof of Theorem 3, but we can proceed similarly to

Theorem 2.

Proposition 4.6. We have the following stable equivalences:
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t2ð7Þ ¼ rðh3Þ þ rhþ 1; t3ð7Þ ¼ rðh3Þ þ 2rhþ 1;

t4ð7Þ ¼ 2rðh3Þ þ 2rðh2Þ þ 1; t5ð7Þ ¼ 2rðh3Þ þ 2rðh2Þ þ rhþ 1;

t6ð7Þ ¼ 13 and t7ð7Þ ¼ rhþ 13:

Hence, sðtnð7ÞÞ ¼ y for 2a na 7.

Proof. First, let n ¼ 2 or 3. Then, fKOKOðLnð7ÞÞ ¼ Z7fsg, s2 ¼ 0 and

s3 ¼ 0 by Theorem 2.1. Thus, we have 7rh� 14 ¼ 0, ðrhÞ2 � 4rhþ 4 ¼ 0

and ðrhÞ3 � 6ðrhÞ2 þ 12rh� 8 ¼ 0. Then, using Lemma 4.1 and these three

equations, we obtain rðh3Þ þ 5rh� 12 ¼ 0. Since tnð7Þ ¼ ðnþ 1Þrh� 1 in

KOðLnð7ÞÞ, we have

t2ð7Þ ¼ 3rh� 1 ¼ �4rhþ 13 ¼ rðh3Þ þ rhþ 1;

t3ð7Þ ¼ 4rh� 1 ¼ �3rhþ 13 ¼ rðh3Þ þ 2rhþ 1:

Next, let n ¼ 4 or 5. Then, fKOKOðLn
0 ð7ÞÞ ¼ Z7fs; s2g and s3 ¼ 0 by Theorem

2.1. Thus, we have 7rh� 14 ¼ 0, 7ðrhÞ2 � 28rhþ 28 ¼ 0 and ðrhÞ3 � 6ðrhÞ2 þ
12rh� 8 ¼ 0. Then, using Lemma 4.1 and these three equations, we obtain

rðh3Þ þ rðh2Þ þ rh� 6 ¼ 0. Since tnð7Þ ¼ ðnþ 1Þrh� 1 in KOðLnð7ÞÞ, we have

t4ð7Þ ¼ 5rh� 1 ¼ �2rhþ 13 ¼ 2rðh3Þ þ 2rðh2Þ þ 1;

t5ð7Þ ¼ 6rh� 1 ¼ �rhþ 13 ¼ 2rðh3Þ þ 2rðh2Þ þ rhþ 1:

Similarly, for n ¼ 6 or 7, we also have 7rh� 14 ¼ 0 by Theorem 2.1. Thus, we

have t6ð7Þ ¼ 7rh� 1 ¼ 13 and t7ð7Þ ¼ 8rh� 1 ¼ rhþ 13. Hence, sðtnð7ÞÞ ¼ y
for 2a na 7 as is required, since rðh3Þ, rðh2Þ and rh over Lnð7Þ are extendible

to Lmð7Þ for every mb n. r

Proposition 4.7.

sðtnð7ÞÞ ¼ 2nþ 1 for 8a na 11:

Proof. Let n ¼ 8; 9; 10 or 11. By Proposition 3.1, we have sðtnð7ÞÞb
2nþ 1. We suppose that tnð7Þ is stably extendible to L2nþ2ð7Þ, and derive

a contradiction from the hypothesis. Thus, there is a ð2nþ 1Þ-dimensional

vector bundle a over L2nþ2ð7Þ satisfying that tnð7Þ is stably equivalent to i�a.

By Theorem 2.1, fKOKOðLnð7ÞÞ and fKOKOðL2nþ2ð7ÞÞ are both generated additively

by s, s2 and s3 modulo a 2-torsion. Thus, we can put a� ð2nþ 1Þ ¼ asþ
bs2 þ ds3 þ d, where d is zero or a 2-torsion element. Then, since i�d ¼ 0 infKOKOðLnð7ÞÞ, we have i�a� ð2nþ 1Þ ¼ asþ bs2 þ ds3 in

fKOKOðLn
0 ð7ÞÞ ¼

Z72fsg þ Z7fs2; s3g n ¼ 8 or 9;

Z72fs; s2g þ Z7fs3g n ¼ 10 or 11:
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Since i�a ¼ tnð7Þ and tnð7Þ � ð2nþ 1Þ ¼ ðnþ 1Þs, we have

a1 nþ 1 mod 72;

b1 0 mod 7 ðn ¼ 8; 9Þ; mod 72 ðn ¼ 10; 11Þ;
d1 0 mod 7:

8<:
Hence, we can put

a ¼ 7k þ a1 with k1 1 mod 7;

b ¼ 7l;

d ¼ 7h

8<:
for some integers k, l and h, where a1 ¼ 2; 3; 4 or 5 according as n ¼ 8; 9; 10

or 11. Consider the complexification of a. Then,

ca� ð2nþ 1Þ ¼ acsþ bcs2 þ dcs3

¼ aððhþ h�1Þ � 2Þ þ bððhþ h�1Þ2 � 4ðhþ h�1Þ þ 4Þ

þ dððhþ h�1Þ3 � 6ðhþ h�1Þ2 þ 12ðhþ h�1Þ � 8Þ

¼ ða� 4bþ 15dÞðhþ h�1Þ þ ðb� 6dÞðh2 þ h�2Þ þ dðh3 þ h�3Þ

� ð2a� 6bþ 20dÞ:

Recall that 0
ib0

H 2iðL2nþ2ð7Þ;Z7ÞFZ7½x�=ðx2nþ3Þ as graded algebras, where

x ¼ C1ðhÞ. Then, we have

CðcaÞ ¼ Cðhþ h�1Þa�4bþ15d
Cðh2 þ h�2Þb�6d

Cðh3 þ h�3Þd

¼ ð1� x2Þa�4bþ15dð1� 4x2Þb�6dð1� 9x2Þd :

Since a� 4bþ 15d ¼ 7ðk � 4l þ 15hÞ þ a1 with k1 1 mod 7, b� 6d ¼ 7ðl � 6hÞ
and d ¼ 7h, we have

CðcaÞ ¼ ð1� x2Þa1ðð1� x2Þ7Þk�4lþ15hðð1� 4x2Þ7Þ l�6hðð1� 9x2Þ7Þh

¼ ð1� x2Þa1ð1� x14Þk�4lþ15hð1� 47x14Þ l�6hð1� 97x14Þh

¼ ð1� x2Þa1ð1� ðk � 4l þ 15hÞx14Þð1� 4ðl � 6hÞx14Þð1� 2hx14Þ

¼ ð1� x2Þa1ð1� ðk � 9hÞx14Þð1� 2hx14Þ

¼ ð1� x2Þa1ð1� ðk � 7hÞx14Þ

¼ ð1� x2Þa1ð1� x14Þ

¼ 1� a1x
2 þ � � � þ ð�1Þa1þ1

x14þ2a1 :
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Since 14þ 2a1 ¼ 2nþ 2, we have C2nþ2ðcaÞ0 0, which contradicts that a is

ð2nþ 1Þ-dimensional. Thus, we obtain the required result. r

Proof of Theorem 3. We have (1) by Lemma 4.2 and Proposition 4.6,

and (2) by Theorem 1 and Proposition 4.7. r

5. Application to stably splitting problem

A splitting (resp. stably splitting) problem of vector bundles can be stated:

When is a given k-plane bundle equivalent (resp. stably equivalent) to a sum of

k line bundles? Concerning this, the following result is called Schwarzen-

berger’s property.

Theorem ([1], [2], [9], [10]). Let F ¼ C or R. If a k-dimensional F-vector

bundle z over FPn is extendible to FPm for every m > n, then z is stably

equivalent to the Whitney sum of k numbers of F-line bundles.

We remark that the theorem is also valid if the condition for extendibility

is changed to that for stably extendibility (cf. [8], [4]). Then, some related

results are shown as follows:

Theorem ([4], Theorem B). If a k-dimensional H-vector bundle z over HPn

is stably extendible to HPm for every m > n and its top non-zero Pontrjagin class

is not zero mod 2, then z is stably equivalent to the Whitney sum of k numbers of

H-line bundles provided ka n.

Theorem ([8], Theorem B). If a k-dimensional vector bundle z over Lnð3Þ
is stably extendible to Lmð3Þ for every m > n, then z is stably equivalent to the

Whitney sum of k
2

� �
numbers of 2-plane bundles.

We have another answer from Lemma 5.2 in [7], Theorems 2 and 3 and

Propositions 4.3 and 4.6.

Theorem 4. Let p ¼ 5 or 7 and nb 1. Then, tnðpÞ is stably equivalent to

the Whitney sum of 2nþ1
2

� �
numbers of 2-plane bundles if and only if sðtnðpÞÞ ¼ y

holds.

6. Study on mtnðpÞ

Let mtnðpÞ be the m-times Whitney sum of the tangent bundle tnðpÞ. We

have the following in the similar way to the proof of Proposition 3.1.

Proposition 6.1. Let mb 1. Then, for any nb 1, we have

sðmtnðpÞÞbmð2nþ 1Þ or sðmtnðpÞÞbmð2nþ 1Þ � 1

if m is an odd or even integer respectively.

347Stable extendibility of tangent bundles



Proof. For any integer kb 1, we have

g:dimðmðnþ 1Þðrhk � 2ÞÞa 2
k

2

� �
þ 1

by Theorem 2.3. Thus, there is a 2 k
2

� �
þ 1

� �
-dimensional vector bundle b

satisfying that mðnþ 1Þrhk is stably equivalent to b. Let m be an odd

(resp. even) integer. When k ¼ mð2nþ 1Þ (resp. k ¼ mð2nþ 1Þ � 1), we have

2 k
2

� �
þ 1 ¼ mð2nþ 1Þ (resp. ¼ mð2nþ 1Þ � 1). Thus, mðnþ 1Þrhmð2nþ1Þ (resp.

mðnþ 1Þrhmð2nþ1Þ�1) is stably equivalent to gþm for the mð2nþ 1Þ-dimensional

vector bundle g ¼ b (resp. ¼ b þ 1). Then, mtnðpÞ is stably equivalent to i�ðgÞ
since mtnðpÞ þm ¼ mðnþ 1Þrhn, and thus we have the required inequality

sðmtnðpÞÞbmð2nþ 1Þ (resp. sðmtnðpÞÞbmð2nþ 1Þ � 1). r

Now, in order to consider the case when sðmtnðpÞÞ ¼ mð2nþ 1Þ or

sðmtnðpÞÞamð2nþ 1Þ þ 1 holds in Proposition 6.1, we first define an integer

epðt; lÞ.

Definition. For a non-negative integer t and a positive integer l, define

an integer epðt; lÞ as follows.

epðt; lÞ ¼ min 2j






 2 t

2

� �
þ 1 < 2j and

t
2

� �
þ l

j

 !
D 0 mod p

( )
:

Then, we have t < epðt; lÞa 2 t
2

� �
þ 2l and epðt; 1Þ ¼ 2 t

2

� �
þ 2, and the fol-

lowing lemma.

Lemma 6.2. Let p be an odd prime and z a t-dimensional vector bundle

over LnðpÞ. If there is a positive integer l with epðt; lÞa n, then z is not stably

equivalent to t
2

� �
þ l

� �
rh.

Proof. We write simply eðt; lÞ instead of epðt; lÞ. For the Pontrjagin

class of t
2

� �
þ l

� �
rh, we have

Peðt; lÞ=2
t

2

� �
þ l

� �
rh

� �
¼

t
2

� �
þ l

eðt; lÞ
2

 !
xeðt; lÞ A H 2eðt; lÞðLnðpÞ;ZÞ;

which is not zero by the definition of eðt; lÞ and the assumption eðt; lÞa n.

However, since z is of dimension t and t
2

� �
<

eðt; lÞ
2 , we have Peðt; lÞ=2ðzÞ ¼ 0.

Thus, z is not stably equivalent to t
2

� �
þ l

� �
rh, as is required. r

The following is also obtained using the calculation in the proof of

Theorem 1.1 in [7].

Proposition 6.3. Let p be an odd prime, and z a t-dimensional vector

bundle over LnðpÞ. Assume that there is a positive integer l satisfying
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(1) z is stably equivalent to t
2

� �
þ l

� �
rh, and

(2) p½n=ðp�1Þ� > t
2

� �
þ l.

Then, sðzÞ < epðt; lÞ.

Proof. Here, we put h ¼ t
2

� �
þ l, and write eðt; lÞ instead of epðt; lÞ.

Then, by Lemma 6.2, n < eðt; lÞ. Now, we suppose that z is stably extendible

to L eðt; lÞðpÞ, and derive a contradiction from the hypothesis. Thus, there exists

a t-dimensional vector bundle a over Leðt; lÞðpÞ satisfying that i�a is stably

equivalent to hrh.

Now, we apply the same methods used in the proof of Theorem 1.1 in

[7]. The integers ci used there are c1 ¼ h and ci ¼ 0 for 2a ia p� 1 in our

case. Then, the total Pontrjagin class of j �a, where j is the inclusion map

j : L
eðt; lÞ
0 ðpÞ ! L eðt; lÞðpÞ, is given as

Pð j �aÞ ¼ ð1þ x2Þh in H �ðLeðt; lÞ
0 ðpÞ;ZÞ:

Here, the following equality is used to calculate the above Pontrjagin class as

in [7]:

ð1þ i2x2Þp
½n=ð p�1Þ�

¼ 1þ i2p
½n=ð p�1Þ�

x2p½n=ð p�1Þ� ¼ 1 in H �ðL eðt; lÞ
0 ðpÞ;ZÞ

for 1a ia
p�1
2 , and it holds because p½n=ðp�1Þ� > h from the assumption (2) and

2hb eðt; lÞ as mentioned above. Then, from the total Pontrjagin class of j �a

and by the definition of eðt; lÞ, we have

Peðt; lÞ=2ð j �aÞ ¼
h

eðt; lÞ
2

 !
xeðt; lÞ 0 0 in H 2eðt; lÞðLeðt; lÞ

0 ðpÞ;ZÞ;

which contradicts that j �a is of dimension t and t < eðt; lÞ. Thus, we have

completed the proof. r

Then, we have the following.

Theorem 5. Let mb 1 and nb 1 be integers.

(1) If m is odd,

p½n=ðp�1Þ� > mðnþ 1Þ and
mðnþ 1Þ

mðnþ 1Þ � m�1
2

 !
D 0 mod p;

then sðmtnðpÞÞ ¼ mð2nþ 1Þ.
(2) If m is even,

p½n=ðp�1Þ� > mðnþ 1Þ and
mðnþ 1Þ
mnþ 1þ m

2

 !
D 0 mod p;

then sðmtnðpÞÞ ¼ mð2nþ 1Þ � 1, mð2nþ 1Þ or mð2nþ 1Þ þ 1.
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Proof. First, we assume that m is odd, and prove (1). By Proposition

6.1, we have sðmtnðpÞÞbmð2nþ 1Þ. Thus, we assume further that

p½n=ðp�1Þ� > mðnþ 1Þ and
mðnþ 1Þ
mð2nþ1Þþ1

2

 !
¼

mðnþ 1Þ
mðnþ 1Þ � m�1

2

 !
D 0 mod p;

and prove the inequality sðmtnðpÞÞamð2nþ 1Þ. Consider ep mð2nþ 1Þ; mþ1
2

� �
.

Since 2
mð2nþ1Þ

2

h i
þ 1 < mð2nþ 1Þ þ 1, and by the latter assumption above, we

have ep mð2nþ 1Þ; mþ1
2

� �
amð2nþ 1Þ þ 1. Hence, by Proposition 6.3, we have

sðmtnðpÞÞ < ep mð2nþ 1Þ; mþ1
2

� �
amð2nþ 1Þ þ 1, and thus we have proved (1).

Next, we assume that m is even, and prove (2). By Proposition 6.1, we

have sðmtnðpÞÞbmð2nþ 1Þ � 1. Thus, we further assume that

p½n=ðp�1Þ� > mðnþ 1Þ and
mðnþ 1Þ
mð2nþ1Þþ2

2

 !
¼

mðnþ 1Þ
mnþ 1þ m

2

 !
D 0 mod p;

and prove sðmtnðpÞÞamð2nþ 1Þ þ 1. Then, since 2
mð2nþ1Þ

2

h i
þ 1 < mð2nþ 1Þ

þ 2, and by the last assumption above, we have ep mð2nþ 1Þ; m2
� �

a

mð2nþ 1Þ þ 2. Hence, by Proposition 6.3, sðmtnðpÞÞ < mð2nþ 1Þ þ 2, and

thus we have proved (2) and completed the proof of Theorem 5. r

We illustrate the results of Theorems 5 for p ¼ 5 or 7 and for 2ama 5.

Example. Let nb 1, and p ¼ 5 or 7.

(1) If nb 2p� 2, then sð2tnðpÞÞ ¼ 4nþ 1; 4nþ 2 or 4nþ 3.

(2) Assume that

nb 3p� 3 and nþ 1D 0 mod p for p ¼ 5;

n ¼ 12; 14; 15 or nb 3p� 3 and nþ 1D 0 mod p for p ¼ 7:

	
Then, sð3tnðpÞÞ ¼ 6nþ 3.

(3) Assume that nb 3p� 3 and nþ 1D 0 mod p. Then, sð4tnðpÞÞ ¼
8nþ 3; 8nþ 4 or 8nþ 5.

(4) Assume that nb 3p� 3. For p ¼ 5, we have no information on

sð5tnð5ÞÞ from Theorem 5. For p ¼ 7, if 1
2 ð5nþ 4Þð5nþ 5ÞD 0

mod 7, then sð5tnð7ÞÞ ¼ 10nþ 5.
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