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On the Cowling-Price theorem for SUð1; 1Þ
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Abstract. M. G. Cowling and J. F. Price showed a kind of uncertainty principle on

Fourier analysis. If v and w grow very rapidly then the finiteness of kvf kp and kwf̂f kq
implies that f ¼ 0, where f̂f denotes the Fourier transform of f . We give an analogue

of this theorem for SUð1; 1Þ.

1. Introduction

The Hardy theorem asserts that if a measurable function f on R satisfies

j f ðxÞjaCe�ax2
and j f̂f ðyÞjaCe�by2

and ab > 1
4 then f ¼ 0 (a.e.). Here we

use the Fourier transform defined by f̂f ðyÞ ¼ ð1=
ffiffiffiffiffiffi
2p

p
Þ
Ðy
�y f ðxÞe

ffiffiffiffiffi
�1

p
xy dx. M.

G. Cowling and J. F. Price [4] generalized the Hardy theorem as follows:

Suppose that 1a p; qay and one of them is finite. If a measurable function

f on R satisfies kexpfax2g f ðxÞkLpðRÞ < y and kexpfby2g f̂f ðyÞkLqðRÞ < y and

abb 1=4 then f ¼ 0 (a.e.). The case where p ¼ q ¼ y and ab > 1=4 is

covered by the Hardy theorem. S. C. Bagchi and S. K. Ray [1] showed that if

ab > 1=4, then the Hardy theorem is equivalent to the Cowling-Price theorem.

A. Sitaram and M. Sundari [14] obtained the Hardy theorem in the case of

noncompact semisimple Lie groups with one conjugacy class of Cartan sub-

groups, SLð2;RÞ and Riemannian symmetric spaces of the noncompact type.

Recently J. Sengupta [12] and M. Ebata et al. [6] obtained the Hardy theorem

for all Lie groups of Harish-Chandra class and all connected semisimple Lie

groups with finite center respectively. Also, M. Cowling, A. Sitaram and M.

Sundari [5] gave another simple proof of the Hardy theorem for connected real

semisimple Lie groups with finite center. On the other hand, S. C. Bagchi and

S. K. Ray [1] obtained the Cowling-Price theorem for some Lie groups and

M. Eguchi, S. Koizumi and K. Kumahara [7] also obtained the Cowling-Price

theorem for motion groups. Further, J. Sengupta [13] obtained the Cowling-

Price theorem on Riemannian symmetric spaces of the noncompact type.

In this paper, we prove the Cowling-Price theorem for SUð1; 1Þ under the

assumption that 1a p; qay and ab > 1=4.
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2. Notation and preliminaries

The standard symbols Z, R and C shall be used for the sets of the integers,

the real numbers and the complex numbers respectively. For z A C, Rz and Iz

denote its real and imaginary part, respectively. Let Zbk ¼ fn A Z; nb kg for

k A Z. If V is a vector space over R, VC, V 
 and V 

C denote its complexifi-

cation, its real dual and its complex dual, respectively. For a Lie group L, L̂L

denotes the set of equivalence classes of irreducible unitary representations of

L. As usual, we use lower case German letters to denote the corresponding

Lie algebras.

If H is a complex separable Hilbert space, BðHÞ denotes the Banach

space comprised of all bounded operators on H with operator norm k � ky.

For T A BðHÞ and 1a p < y, we indicate its Schatten norm by kTkp, that

is, kTkp ¼ ðtrðT 
TÞp=2Þ1=p, T 
 being the adjoint operator of T . For a com-

plex separable Hilbert space H and a s-finite measure space ðX ; mÞ, we denote

by LpðX ;BðHÞÞ the Banach space comprised of all BðHÞ-valued Lp functions

on X . Here the Lp-norm kFkLpðX ;BðHÞÞ of F A LpðX ;BðHÞÞ is given by the

following:

kFkLpðX ;BðHÞÞ ¼
ð
X

kFðxÞkp
p dmðxÞ

� �1=p

; 1a p < y;

kFkLyðX ;BðHÞÞ ¼ ess: sup
x AX

kF ðxÞky:

Throughout this paper, G denotes the matrix group SUð1; 1Þ, that is,

G ¼ g ¼ a b

b a

� �
; jaj2 � jbj2 ¼ 1; a; b A C

� �
:

Let

K ¼ ky ¼
e
ffiffiffiffiffi
�1

p
y=2 0

0 e�
ffiffiffiffiffi
�1

p
y=2

 !
; 0a y < 4p

( )
;

A ¼ at ¼
cosh t=2 sinh t=2

sinh t=2 cosh t=2

� �
; t A R

� �
;

N ¼ nh ¼
1 þ

ffiffiffiffiffiffiffi
�1

p
h=2 �

ffiffiffiffiffiffiffi
�1

p
h=2ffiffiffiffiffiffiffi

�1
p

h=2 1 �
ffiffiffiffiffiffiffi
�1

p
h=2

� �
; h A R

� �
;
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N ¼ nz ¼
1 þ

ffiffiffiffiffiffiffi
�1

p
z=2

ffiffiffiffiffiffiffi
�1

p
z=2

�
ffiffiffiffiffiffiffi
�1

p
z=2 1 �

ffiffiffiffiffiffiffi
�1

p
z=2

� �
; z A R

� �
;

M ¼ GI ; I ¼ 1 0

0 1

� �� �
:

Then G ¼ KAN is an Iwasawa decomposition of G (cf. [11]). Each g ¼
a b

b a

� �
A G can be uniquely decomposed as g ¼ kyðgÞatðgÞnhðgÞ, where

yðgÞ ¼ 2 arg
aþ b

jaþ bj ; tðgÞ ¼ 2 logjaþ bj

and hðgÞ ¼ ab � abffiffiffiffiffiffiffi
�1

p
jaþ bj2

:

Then we can choose a Haar measure dg so that

ð
G

f ðgÞdg ¼ 1

4p

ð4p

0

ðy
�y

ðy
�y

f ðkyasnhÞet dydtdh:

Take H ¼ 1

2

0 1

1 0

� �
in a and identify a


C with C via the correspondence

n 7! nðHÞ. We fix aþ ¼ ftH; t > 0g. Let Aþ ¼ exp aþ and ClðAþÞ denote the

closure of Aþ in G.

By the Cartan decomposition G ¼ K ClðAþÞK , each g A G can be written

as g ¼ k1atk2 for k1; k2 A K and tb 0 (cf. [15]). In relation to this decom-

position, we have

ð
G

f ðgÞdg ¼ 2p

ð
K

ðy
0

ð
K

f ðkatk
0Þ sinh t dkdtdk 0;ð2:1Þ

where dk is the normalized Haar measure ð4pÞ�1
dy on K .

As is well known,

K̂K ¼ fwnðkyÞ ¼ e
ffiffiffiffiffi
�1

p
ny=2; n A Zg:

A function f on G is said to be ðm; nÞ-spherical if

f ðk1gk2Þ ¼ wmðk1Þ f ðgÞwnðk2Þ

for all g A G and k1; k2 A K.

Let s and X be the spherical functions defined by Harish-Chandra. In

our case, for g ¼ a b

b a

� �
A G,
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sðgÞ ¼ 2
ffiffiffi
2

p
logðjaj þ jbjÞ; XðgÞ ¼ 1

jajF
1

2
;
1

2
; 1;

jbj2

jaj2

 !
;

where F denotes the hypergeometric function.

Let UðgcÞ be the universal enveloping algebras of gc. The elements of

UðgcÞ act on CyðGÞ on both sides as di¤erential operators. Following Harish-

Chandra, we write f ðD; g;EÞ for the action of D;E A UðgÞ on f A CyðGÞ at

g A G.

3. Irreducible unitary representations and the Fourier transform on G

We give here a quick review of the Fourier transform on G. For e ¼ 0; 1

and n A R, let

He; n ¼ fj A L2ðKÞ; jðkðGIÞÞ ¼ ðG1ÞejðkÞ; k A Kg:

Let h�; �i denote the usual inner product on He; n. We define the action pe; n
on He; n by

ðpe; nðgÞjÞðkÞ ¼ eð
ffiffiffiffiffi
�1

p
n�1=2Þtðg�1kÞjðkyðg�1kÞÞ:

Then pe; n is a unitary representation on He; n and is called a principal series

representation. It follows from the Frobenius reciprocity theorem that

pe; njK ¼
X

n AZðeÞ
wn;

where ZðeÞ ¼ fm A Z;m1 e ðmod 2Þg. We set elðkyÞ ¼ e
ffiffiffiffiffi
�1

p
ly=2. Then the

set fel; l A ZðeÞg is an orthonormal basis of He; n.

Let Ie; n be the standard intertwining operator defined by Knapp and Stein

(cf. [9]). For each e ¼ 0; 1, it is satisfied that

Ie; npe; nðgÞ ¼ pe;�nðgÞIe; n

for all n A R and g A G. We take from [16] that

Ie; nel ¼ ð�1ÞlclðnÞel;

where clðnÞ is the Harish-Chandra C-function given by

clðnÞ ¼
ð
N

eð
ffiffiffiffiffi
�1

p
n�1=2ÞtðnÞelðkyðnÞÞdn

¼ 2�2
ffiffiffiffiffi
�1

p
nþ1Gð2

ffiffiffiffiffiffiffi
�1

p
nÞ

Gð
ffiffiffiffiffiffiffi
�1

p
nþ 1=2 � l=2ÞGð

ffiffiffiffiffiffiffi
�1

p
nþ 1=2 þ l=2Þ

:
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Let Fe; n
l1l2

ðgÞ denote the matrix coe‰cient for pe; n with respect to fel; l A ZðeÞg,

that is,

Fe; n
l1l2

ðgÞ ¼ hpe; nðgÞel2
; el1

i

¼
ð
K

eð
ffiffiffiffiffi
�1

p
n�1=2Þtðg�1kÞel2

ðkyðg�1kÞÞel1
ðkÞdk:

We also need another representation. Let D ¼ fz A C; jzj < 1g. For

l A Zb2, denote by Hþ
l (resp. H�

l ) the Hilbert space of all holomorphic (resp.

anti-holomorphic) functions j on D such that

kjk2
l ¼

ð
jzj<1

jjðzÞj2ð1 � jzj2Þl�2
dz < y:

We define the action pþl (resp. p�l ) of G on Hþ
l (resp. H�

l ) by

pþl
a b

b a

� �� �
j

� �
ðzÞ ¼ ð�bzþ aÞ�lj

 
az� b

�bzþ a

!
;

p�l
a b

b a

� �� �
j

� �
ðzÞ ¼ ð�bzþ aÞ�l

j

 
az� b

�bzþ a

!
:

These representations pþl and p�l are unitary and called the discrete series rep-

resentations. Hereafter we write ðpl;HlÞ instead of ðpsgn l
jljþ1;H

sgn l
jljþ1Þ. We denote

by ð�; �Þl the inner product on Hl. Then fzl; l A Zb0g and fzl; l A Zb0g are

orthogonal bases of Hl for l > 0 and l < 0 respectively. Put

Zl ¼
f�l� 2l� 1; l A Zb0g if l > 0

f�lþ 2lþ 1; l A Zb0g if l < 0

�

Then

pljK ¼
X
n AZl

wn:

Let

c�l�2l�1ðzÞ ¼
2

Bðl; lþ 1Þ

� �1=2

zl if l > 0;

c�lþ2lþ1ðzÞ ¼
2

Bð�l; lþ 1Þ

� �1=2

zl if l < 0;

where B is the Beta function. We denote by Cl
l1l2

ðgÞ the matrix coe‰cient for

pl with respect to fcl; l A Zlg, that is,

Cowling-Price theorem for SUð1; 1Þ 413



Cl
l1l2

ðgÞ ¼ ðplðgÞcl2
;cl1

Þl:

For l1; l2 A Z, it is known that the set of l for which Cl
l1l2

does not vanish

coincides with

Lðl1; l2Þ ¼
fl A Z;maxfl1; l2ga la�1g if l1 < 0 and l2 < 0

fl A Z; 1a laminfl1; l2gg if l1 > 0 and l2 > 0

q otherwise

8<
:

For f A L1ðGÞ, its Fourier transform on G is defined by

Fcf ðe; nÞ ¼
ð
G

f ðgÞpe; nðgÞdg;ð3:1Þ

Fd f ðlÞ ¼
ð
G

f ðgÞplðgÞdg:ð3:2Þ

We write F ¼ ðFc;FdÞ. If f A Cy
0 ðGÞ, then the following inversion formula

holds

f ðgÞ ¼
X1

e¼0

ðy
0

trðFcf ðe; nÞpe;nðg�1ÞÞmðe; nÞdnð3:3Þ

þ
X

l AZnf0g
dðlÞftrðFd f ðlÞplðg�1ÞÞg;

where mð0; nÞ ¼ pn tanh pn, mð1; nÞ ¼ pn coth pn and dðlÞ ¼ jlj=ð4pÞ.
For convenience we write Lp

e ða
Þ ¼Lpða
;BðHe; nÞ; mðe; nÞdnÞ and Lp
e ða
Þ ¼

Lpða
; mðe; nÞdnÞ.

4. Schwartz space and tempered distribution

In this section we review the definitions of the Schwartz spaces CðGÞ and

CðĜGÞ and prove the pointwise inversion formula of the ðm; nÞ-spherical trans-

form for the very rapidly decreasing functions. To prove the main theorem

in the next section, we need this inversion formula, or Proposition 4.7. For

proving Proposition 4.7, we use the isomorphism between C 0ðGÞ and C 0ðĜGÞ.
The contents of this section are almost same as the arguments of Baker [2],

but he didn’t give the statement as Proposition 4.7. The Schwartz space on

G is defined by

CðGÞ ¼ ff A CyðGÞ; kfkr;D;E < y for all r A Zb0;D;E A UðgcÞg;

where kfkr;D;E ¼ sup
g AG

jð1 þ sðgÞÞrXðgÞ�1fðD; g;EÞj:
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As is well known, the system of seminorms k �kr;D;E makes CðGÞ into a Fréchet

space.

Let CcðĜGÞ be the set of operator valued functions F : f0; 1g � R!
01

e¼0
BðHe; nÞ such that

( i ) Fðe; nÞ A BðHe; nÞ for each e ¼ 0; 1, n A R
( ii ) n 7! F ðe; nÞ is smooth on R

(iii) Ie; nFðe; nÞ ¼ F ðe;�nÞIe; n for each e ¼ 0; 1, n A R

(iv) sup
e¼0;1; n AR
l1;l2 AZðeÞ

d

dn

� �r

hFðe; nÞel2
; el1

i

����
����ð1 þ jnjÞ r1ð1 þ jl1jÞr2ð1 þ jl2jÞ r3 < y for all

r1; r2; r3; r A Zb0
.

The system of seminorms given by (iv) makes CcðĜGÞ into a Fréchet space.

Let CdðĜGÞ be the set of all F : Znf0g !0
l AZnf0g BðHlÞ such that

( i ) F ðlÞ A BðHlÞ for each l A Znf0g
(ii) sup

l A Znf0g
l1;l2 AZl

jðFðlÞcl2
;cl1

Þljð1 þ jljÞ r1ð1 þ jl1jÞ r2ð1 þ jl2jÞ r3 < y for all r1; r2;

r3 A Zb0.

The system of seminorms given by (ii) makes CdðĜGÞ into a Fréchet space. Put

CðĜGÞ ¼ CcðĜGÞlCdðĜGÞ. Then CðĜGÞ is a Fréchet space in an obvious manner.

We put Sc ¼ ðFcÞ�1 and Sd ¼ ðFdÞ�1. Then they are given by

ScF ðgÞ ¼
ðy

0

trðFðe; nÞpe; nðg�1ÞÞmðe; nÞdn for F A CcðĜGÞ;

SdF ðgÞ ¼
X

l AZnf0g
dðlÞtrðF ðlÞplðg�1ÞÞ for F A CdðĜGÞ:

Proposition 4.1 (cf. [8]). The Fourier transform F is a topological iso-

morphism from CðGÞ onto CðĜGÞ. And its inverse transform is given by (3.3).

Let

CcðGÞ ¼ ff A CðGÞ;FdfðlÞ ¼ 0; l A Znf0gg;

CdðGÞ ¼ ff A CðGÞ;Fcfðe; nÞ ¼ 0; e ¼ 0; 1; n A Rg;

and Cc;mnðGÞ (resp. Cd;mnðGÞ) denote the subset of CcðGÞ (resp. CdðGÞ) con-

sisting of the ðm; nÞ-spherical functions.

Let m; n A Z. If m� n A 2Zþ 1, we set Cc;mnðĜGÞ ¼ q. If m� n A 2Z,

we choose e so that m; n A ZðeÞ and let Cc;mnðĜGÞ be the set of Cy functions

F : R! C such that

( i ) F ð�nÞ ¼ cnðnÞ�1
cmðnÞFðnÞ for each n A R,

(ii) sup
n AR

ð1 þ jnjÞ r d

dn

� �s
F ðnÞ

����
���� < y for all r; s A Zb0.

The system of seminorms given by (ii) makes Cc;mnðĜGÞ into a Fréchet space.
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Let Cd;mnðĜGÞ be the set of all functions F : Znf0g ! C such that

FðlÞ ¼ 0 for all l B Lðm; nÞ:

We equip Cd;mnðĜGÞ with the topology induced by the system of seminorms

kFkl ¼ supl ALðm;nÞjFðlÞjð1 þ jljÞl for l A Zb0. Then Cd;mnðĜGÞ becomes a

Fréchet space. It is also known that CðGÞJL2ðGÞ and Cc;mnðĜGÞJLp
e ða
Þ

for all p A ½1;y�.
For f A L1ðGÞ, we define its ðm; nÞ-spherical transforms Fc

mn f and Fd
mn f

by

ðFc
mn f Þðe; nÞ ¼

ð
G

f ðgÞFe; n
mn ðgÞdg;

ðFd
mn f ÞðlÞ ¼

ð
G

f ðgÞCl
mnðgÞdg:

For f A L1
e ða
Þ and m; n A ZðeÞ, we set

ðSc
mnfÞðgÞ ¼

ðy
0

fðnÞFe; n
nmðg�1Þmðe; nÞdn:

For an arbitrary function f : Znf0g ! C, we put

ðSd
mnfÞðgÞ ¼

X
l ALðm;nÞ

dðlÞfðlÞCl
nmðg�1Þ:

Proposition 4.2 (cf. [8]). The ðm; nÞ-spherical transform Fc
mn (resp.

Fd
mn) is a topological isomorphism of Cc;mnðGÞ (resp. Cd;mnðGÞ) onto Cc;mnðĜGÞ

(resp. Cd;mnðĜGÞ). And the inverse transform of Fc
mn (resp. Fd

mn) is given by

Sc
mn (resp. Sd

mn).

For f A CðGÞ, we define the wave packets fc;mn A Cc;mnðGÞ and fd;mn A
Cd;mnðGÞ by

fc;mnðgÞ ¼ Sc
mnðFc

mnfÞðgÞ ¼
ðy

0

ðFc
mnfÞðe; nÞFe; n

nmðg�1Þmðe; nÞdn;

fd;mnðgÞ ¼ Sd
mnðFd

mnfÞðgÞ ¼
X

l ALðm;nÞ
dðlÞðFd

mnfÞðlÞCl
nmðg�1Þ;

and put fmnðgÞ ¼ fc;mnðgÞ þ fd;mnðgÞ. Then the following proposition is valid.

Proposition 4.3 (see [2]). For each f A CðGÞ, there is a unique expansion

f ¼
X

m;n AZ

fmn ¼
X

m;n AZ

fc;mn þ
X

m;n AZ

fd;mn:
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The series converges absolutely to f in CðGÞ, and the mappings f ! fc;mn and

f ! fd;mn are continuous.

Let C 0ðGÞ be the set of tempered distributions on G. For a tempered

distribution T A C 0ðGÞ, we define Tc;mn;Td;mn A C 0ðGÞ by

Tc;mn½f� ¼ T ½fc;mn�; Td;mn½f� ¼ T ½fd;mn� ðf A CðGÞÞ:

Similarly, we also define Tmn A C 0ðGÞ by

Tmn½f� ¼ T ½fmn�:

Proposition 4.4 (see [2]). Retain the notation above.

T ¼
X

m;n AZ

Tmn ¼
X

m;n AZ

Tc;mn þ
X

m;n AZ

Td;mn;

where the series converges absolutely to T in the weak topology of C 0ðGÞ.

Let F A CðĜGÞ and write F ¼ Fc þFd for Fc A CcðĜGÞ and Fd A CdðĜGÞ. We set

Fc;mnðnÞ ¼ hFcðe; nÞen; emi;

Fd;mnðlÞ ¼ ðFdðlÞcn;cmÞl;

where e is chosen so that m; n A ZðeÞ. Then Fc;mn A Cc;mnðĜGÞ, Fd;mn A Cd;mnðĜGÞ
and F ¼

P
m;n AZFc;mn þ

P
m;n AZFd;mn.

For T A C 0ðGÞ, we define its Fourier transform by

FT ½F� ¼ T ½F�1F�; F A CðĜGÞ:

And also, for S A C 0ðĜGÞ, we define its inverse transform of F by

F�1S½f� ¼ S½Ff�; f A CðGÞ:

Let T A C 0ðGÞ and we define its Fourier transforms FcT and FdT by

FcT ½F� ¼ T ½ScF�; FdT ½F� ¼ T ½SdF�

for F A CðĜGÞ. Following Barker [2], we define the ðm; nÞ-spherical transforms

Fc
mnT and Fd

mnT of T by

Fc
mnT ½F� ¼ T ½Sc

mnFc;mn�;

Fd
mnT ½F� ¼ T ½Sd

mnFd;mn�

for F A CðĜGÞ. Here we give some lemmas.

Lemma 4.5 (cf. [2]). Let T A C 0ðGÞ. Then

FcTc;mn ¼ Fc
mnT ; FdTc;mn ¼ 0; FcTd;mn ¼ 0; FdTd;mn ¼ Fd

mnT :

If a function f satisfies keasðgÞ2

f ðgÞkLpðGÞ aC for a > 0 and 1a pay,
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we call that f is very rapidly decreasing. Such functions belong to L1ðGÞ.
When f is very rapidly decreasing, we define Tf A C 0ðGÞ by

Tf ½f� ¼
ð
G

f ðgÞfðgÞdg; f A CðGÞ:ð4:1Þ

If f is very rapidly decreasing and ðm; nÞ-spherical, then

ðTf Þc; rs ¼ dr;�mds;�nðTf Þc; ð�mÞð�nÞ;

ðTf Þd; rs ¼ dr;�mds;�nðTf Þd; ð�mÞð�nÞ;

for r; s A Z. From this fact and Proposition 4.4, we see that

Tf ¼ ðTf Þc; ð�mÞð�nÞ þ ðTf Þd; ð�mÞð�nÞ;

where f is very rapidly decreasing and ðm; nÞ-spherical. Let F A Lp
e ða
Þ and

fix m; n A ZðeÞ. If we set

TF ½F� ¼
ðy

0

FðnÞFðnÞmðe; nÞdn for F A Cc;mnðĜGÞ;

then TF A C 0
c;mnðĜGÞ.

For an arbitrary function F : Znf0g ! C, we put

TF ½F� ¼
X

l ALðm;nÞ
dðlÞF ðlÞFðlÞ for F A Cd;mnðĜGÞ:

Then TF A C 0
d;mnðĜGÞ.

Lemma 4.6. Let f be very rapidly decreasing and ðm; nÞ-spherical, and

Fc
mn f A L1

e ða
Þ. Then

F�1Fc
ð�mÞð�nÞTf ¼ TðS c

ð�nÞð�mÞF
c

ð�nÞð�mÞ
�ff Þ�;

F�1Fd
ð�mÞð�nÞTf ¼ TðFd

ð�nÞð�mÞF
d

ð�nÞð�mÞ
�ff Þ�;

where �ff ðgÞ ¼ f ðg�1Þ.

Proof. For F A CðĜGÞ, we have

Fc
ð�mÞð�nÞTf ½F� ¼ Tf ½ðSc

ð�mÞð�nÞÞFc; ð�mÞð�nÞ�

¼
ð
G

f ðgÞ
ðy

0

Fc; ð�mÞð�nÞðnÞFe; n
ð�nÞð�mÞðg

�1Þmðe; nÞdndg

¼
ðy

0

Fc; ð�mÞð�nÞðnÞ
ð
G

�ff ðgÞFe; n
ð�nÞð�mÞðgÞdgmðe; nÞdn

¼
ðy

0

Fc; ð�mÞð�nÞðnÞFc
ð�nÞð�mÞ

�ff ðnÞmðe; nÞdn

¼ TF c
ð�nÞð�mÞ

�ff ½Fc; ð�mÞð�nÞ�:
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Thus we have, for f A CðGÞ,

F�1Fc
ð�mÞð�nÞTf ½f�

¼ TF c
ð�nÞð�mÞ

�ff ½ðFfÞc; ð�mÞð�nÞ�

¼ TF c
ð�nÞð�mÞ

�ff ½Fc; ð�nÞð�mÞfc; ð�nÞð�mÞ�

¼
ðy

0

Fc
ð�nÞð�mÞ

�ff ðnÞ
ð
G

fc; ð�mÞð�nÞðgÞF
e; n
ð�mÞð�nÞðgÞdgmðe; nÞdn

¼
ð
G

fc; ð�mÞð�nÞðg�1Þ
ðy

0

Fc
ð�nÞð�mÞ

�ff ðnÞFe; n
ð�mÞð�nÞðg

�1Þmðe; nÞdndg

¼
ð
G

fc; ð�mÞð�nÞðg�1ÞðSc
ð�nÞð�mÞF

c
ð�nÞð�mÞ

�ff ÞðgÞdg

¼ TðS c
ð�nÞð�mÞF

c
ð�nÞð�mÞ

�ff Þ�½fc; ð�mÞð�nÞ�:

Similarly, using the definition of TF A C 0
d;mnðĜGÞ, we also have

F�1Fd
ð�mÞð�nÞTf ¼ TðF d

ð�nÞð�mÞF
d

ð�nÞð�mÞ
�ff Þ�: r

Finally, we conclude section with the following proposition.

Proposition 4.7. Let f be very rapidly decreasing and ðm; nÞ-spherical,
and Fc

mn f A L1
e ða
Þ. Then

f ðgÞ ¼ ðSc
mnF

c
mn f ÞðgÞ þ ðSd

mnF
d

mn f ÞðgÞ ða:e:Þ:

Proof. From the above lemmas, we have

Tf ¼ F�1FTf ¼ F�1FfðTf Þc; ð�mÞð�nÞ þ ðTf Þd; ð�mÞð�nÞg

¼ F�1Fc
ð�mÞð�nÞðTf Þ þF�1Fd

ð�mÞð�nÞðTf Þ

¼ TðS c
ð�nÞð�mÞF

c
ð�nÞð�mÞ

�ff Þ�þ TðSd
ð�nÞð�mÞF

d
ð�nÞð�mÞ

�ff Þ�:

Thus we have

f ¼ ðSc
ð�nÞð�mÞF

c
ð�nÞð�mÞ

�ff Þ�þ ðSd
ð�nÞð�mÞF

d
ð�nÞð�mÞ

�ff Þ� ða:e:Þ:

Interchanging f with �ff , we conclude

f ðgÞ ¼ ðSc
mnF

c
mn f ÞðgÞ þ ðSd

mnF
d

mn f ÞðgÞ ða:e:Þ: r
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5. The main theorem

We need the following lemma of Cowling-Price (cf. [4]).

Lemma 5.1. Let 1a pay and A > 0. Let g be an entire function

such that

jgðxþ
ffiffiffiffiffiffiffi
�1

p
yÞjaAepx

2

;

ð
R

jgðxÞjpx2 dx

� �1=p

aA:

Then g is a constant function on C. Moreover, if p < y then g ¼ 0.

Proof. The lemma can be proved as Cowling-Price [4] by a slight

modification. r

Proposition 5.2. Let 1a p; qay. Let f be a ðm; nÞ-spherical mea-

surable function on G such that

keasðgÞ2

f ðgÞkLpðGÞ aC;

kebn2ðFc
mn f Þðe; nÞkLq

e ða 
Þ aC

for C > 0, a > 0 and b > 0. If ab > 1=4 then f ¼ 0 (a.e.).

Proof. We recall Fe; n
mn ðgÞ is a holomorphic function of n A C, and satisfies

jFe; n
mn ðatÞja eðjInjþ1=2Þjtj:ð5:1Þ

So ðFc
mn f Þðe; nÞ is also holomorphic function. Let p 0 denote the conjugate

exponent of p, that is, 1=pþ 1=p 0 ¼ 1. Then the Hölder ineqality and the first

assumption of f implies that

jðFc
mn f Þðe; nÞj ¼

ð
G

f ðgÞFe; n
mn ðgÞdg

����
����

a

ð
G

jeasðgÞ2

f ðgÞjpdg
� �1=p ð

G

je�asðgÞ2

Fe; n
mn ðgÞj

p 0
dg

� �1=p 0

aC

ð
G

je�asðgÞ2

Fe; n
mn ðgÞj

p 0
dg

� �1=p 0

:

Using similar arguments of [14], we have from (2.1), (5.1) and jsinh tja et

ðt A ½0;yÞÞ that
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jðFc
mn f Þðe; nÞjaC

ðy
0

e�2ap 0t2þp 0ðjInjþ1=2Þtþt dt

� �1=p 0

aC

ðy
0

e�ap 0t2þp 0ðjInjþ1=2Þt=
ffiffi
2

p
þt=

ffiffi
2

p
dt

� �1=p 0

:

We choose 0 < a 0 < a so that a 0b > 1=4 and e�ap 0t2þðp 0=2þ1Þt=
ffiffi
2

p
aConst: e�a 0p 0t2

.

Then, for a constant C0, we obtain

jðFc
mn f Þðe; nÞjaC0e

ðInÞ2=ð8a 0Þ:

Therefore we have

jen2=4a 0 ðFc
mn f Þðe; nÞjaC1e

ðRnÞ2=ð4a 0Þð5:2Þ

for n A C and a constant C1 > 0. On the other hand, there exist positive

constants B1 and B2 such that, for e ¼ 0; 1 and n A R,

B1n
2ð1 þ jnjÞ�1

a mðe; nÞaB2n
2ð1 þ jnjÞ�1;

and then the Hölder inequality implies

ken2=ð4a 0ÞðFc
mn f Þðe; nÞkL1

e ða 
; n2dnÞð5:3Þ

a kð1 þ jnjÞe�ðb�1=4a 0Þn2k
L

q 0
e ða 
Þke

bn2ðFc
mn f Þðe; nÞkLq

e ða 
Þ;

where q 0 denotes the conjugate exponent of q. From the second assumption

of Fc
mn f , a 0b > 1=4 and (5.4), we can find a constant C2 > 0 such that

ken2=ð4a 0ÞðFc
mn f Þðe; nÞkL1

e ða
; n2dnÞ aC2;ð5:4Þ

for n A R. Therefore Lemma 5.1 implies

ðFc
mn f Þðe; nÞ ¼ 0:ð5:5Þ

Interchanging f with �ff , we have from Lemma 4.6 and (5.5) that

Fc
ð�mÞð�nÞðTf Þ½F� ¼ ðTF c

mn
�ff Þ½Fc; ð�nÞð�mÞ� ¼ 0

for all F A CðĜGÞ. From Proposition 4.7, we have

f ðgÞ ¼ Sd
mnF

d
mn f ðgÞð5:6Þ

¼
X

l ALðm;nÞ
ðFd

mn f ÞðlÞCl
mnðgÞ ða:e:Þ:

If f 0 0 (a.e.), there exists C4 0 0 such that

f ðatÞ ¼ C4e
�t þ higher order terms ða:e:Þ:ð5:7Þ
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On the other hand, the first assumption of f implies that, when 1a p < y,

the integralð
G

jeasðgÞ2

f ðgÞjpdg ¼
ð
K�K

ðy
0

jeasðk1atk2Þ2

f ðk1atk2Þjp sinh t dtdk1dk2

¼
ðy

0

jC4e
2at2�t þ e2at2ðhigher order termsÞjp sinh t dt

must be finite, and when p ¼ y,

sup
g AG

jeasðgÞ2

f ðgÞj ¼ sup
t>0

je2at2

f ðatÞj < y:

However, the function e2at2�t diverges as t ! y, so the integral does not

converge, and similarly, the supremum is infinite. This leads to a contra-

diction. Thus we conclude f ¼ 0 (a.e.). r

Remark. By using the proof of the discrete series part in Proposition

5.2, that is asymptotic behavior of Cl
mn, we can give another proof of the

Hardy theorem for G proved by A. Sitaram and M. Sundari [14].

The following theorem is an easy consequence of Proposition 5.2.

Theorem 5.3 (the Cowling-Price theorem for SUð1; 1Þ). Let 1a p,

qay. Let f be a measurable function on G such that

keasðgÞ2

f ðgÞkLpðGÞ aC;

kebn2

Fc f ðe; nÞkLq
e ða 
Þ aCe

for C > 0, a > 0 and b > 0. If ab > 1=4 then f ¼ 0 (a.e.).
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