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On the rate of convergence for some linear operators
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ABSTRACT. We consider certain linear operators L, in polynomial weighted spaces
of functions of one variable and study approximation properties of these operators,
including theorems on the degree of approximation.

1. Introduction
Approximation properties of Szasz-Mirakyan operators
(1)

e ()" (K
Sul(fx):=e f(—>7 xeRy=[0,+0), neN:={1,2..},
k=0

in polynomial weighted spaces C, were examined in [1]. The space C,, pe
No:={0,1,2,...}, is associated with the weighted function

(2) wo(x) :=1, wy(x) :== (1 +xP)7! if p>1,

and consists of all real-valued continuous functions f on Ry for which w,f is
uniformly continuous and bounded on Ry. The norm on C, is defined by

(3) 1A, = 1FOM, = sup wy(x)] £ (x)]-

XER()

In [1] there were theorems on the degree of approximation of f e C, by
operators S, defined by (1). From these theorems it was deduced that
lim S, (f;x) = f(x)
n— oo
for every feC,, pe Ny, and xe Ry. Moreover, the above convergence is
uniform on every interval [xj,x2], x > x; > 0.

In this paper by M;(«,f), we shall denote suitable positive constants
depending only on indicated parameters o and f.
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The Szasz-Mirakyan operators are important in approximation theory.
They have been studied intensively, in connection with different branches
of analysis, such as numerical analysis. Recently in many papers various
modifications of operators S, were introduced. Approximation properties of
modified Szasz-Mirakyan operators

=~ (nx 1 7 k+r
B,(f;r;x) == g((nx+ kz:; k:r ((nx++l)>’ X€Ry, n,reN,
where
0 fk
g(t;7) :;(kﬂ)!, t€ Ry,

in polynomial weighted spaces were examined in [10].
In [10] it was proved that if f e C,, p e Ny, then

IB.fir) = O, < Moo (£: Gy ). mre,

where My = const. >0 and w;(f;Cp;-) is the modulus of continuity of f
defined by

1 (f; Cpst) == sup || 4nf ()]l t € Ry,
0<h<t
where 4,f(x)= f(x+h)— f(x) for h,xeRyg. In particular, if feCpl,
p € Ny, then

1B.(fir) — SO, < M mren,

n
where M| = const. > 0. The above inequalities estimate the rate of uniform
convergence of {B,(f;r;-)}. Similar results in exponential weighted spaces can
be found in [9, I11].

The Szasz-Mirakyan operators S, are defined in terms of a sample of the
given function f on the points k/n, called knots, for k € Ny, ne€ N. For the
operators introduced in [9-11] the knots are the numbers (k + r)/(n(nx + 1))
for ke Np, ne N and x e Ry (r being fixed).

Thus the question arises, whether the knots (k +r)/(n(nx + 1)) cannot be
replaced by a given subset of points, which are independent of x, provided this
will not change essentially the degree of convergence. In connection with this
question we introduce the operators (4).
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Let B,, p€ N, be the set of all real-valued continuous functions f(x) on
Ry for which w,(x)x*f®(x), k =0,1,2..., p, are continuous and bounded on
Ro and f(P)(x) is uniformly continuous on Ry. The norm on B, is given by
(3).

We introduce the following class of operators in B,, pe N.

DerFINITION. Let re N, pe N, s> 0 be fixed numbers. For functions
f € B, we define the operators

4) La(f3p,r,8X)

xeRyp,neN,

I’lxrk:0

where

(5) g(t;r) =

Observe that

1 1 . 7 It/ )
g(O;r)Zﬁ, g(t;r)=F<e —Zj—,) if 7> 0.

In this paper we shall state some estimates of the rate of uniform con-
vergence of the operators L,, ne N.

Theorems given in [1, 4-7] are concerned with pointwise approximation.
We give theorems on the degree of approximation of functions in B, by L,
with respect to norm estimates.

Let us introduce the notation

“. (n°x k+r
(6) An(f37,8,%) 1= nxr;::kJrr ( -‘)

0

for feB, peNy xeRy, n,re N and s > 0.
We shall apply the method used in [1, 3-11].

2. Auxiliary results

In this section we shall give some properties of the above operators, which
we shall apply to the proofs of the main theorems.
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From (5) and (6) we easily derive the following formulas
(7) An(l;}’,S;x):l,

1
(= Diglnr)’

Au(t;r,s5x) = x+n

(r— Dg(nsx;r) n2(r — Dlg(nsx; r)

for every fixed re N and for all ne N and x € Ry.
Using (5), (6) and mathematical induction on ge N we can prove the
following lemma (see [10]).

1
An(lz;hs;x):xz—&-%(l—k >+ ’

LemMmA 1. Fix ge Ny, re N and s > 0. Then there exist positive numbers
%,,; depending only on j, q, and f, ;(r) depending only on r, j and q, 0 <j <gq
such that

4 B, 1)
Ty gy) =S , 4.J
(8) Ay (1951, 53x) ;MH) (ocq.j +g(n5x; r))
forallne N and x € Rol. Moreover a0 =1, By o(r) =0 and o0 = B, ,(r) =0,
rd-
g =1, Byo(r) = [CEm] Jor geN.

Next we shall prove

LeMMA 2. Let pe Ny, re N and s> 0 be fixed numbers. Then there
exists a positive constant My = M, (p, r) such that

(9) ||A,,(1/Wp(l);r,s;-)\|p SM27 neN.

ProOF. The inequality (9) is obvious for p =0 by (2), (3) and (7).
Let pe N. From (5) we get

(10) <rl for t € Ry.

From (10) and by (2) and (6)—(8) we have

Wy (X) A, (1/wy(2); 7, 85x) = wyp(x){1 + A,(¢#57,8;x) }

1 2 Y (r
= + — s %, t+ ﬂpd( )
1+xr & nsr=)(1 4 xp) g(nsx;r)

~.

<1+ 2; T 146, (1) < Ma(py)
j:
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for xe Ry, ne N, s>0 and re N, where M,(p,r) is a positive constant
depending only p and r. This completes the proof of Lemma 2. H

Similarly we can prove the following lemma.

LemMMmA 3. Let pe Ny, re N and s> 0 be fixed numbers. Then there
exists a positive constant Mz = M3(p,r) such that

sup w,(xX)x* 4, (1/w,_i(2); 7, 5;x) < Ms, neN,k=0,1,2,...,p

xXeRy

LemMA 4. Fix pe N, re N and s > 0. Then for all xe Ry and ne N we
have

() An((x = 01,5 %) Z ( +b>

= g(n°x;r)

where a, ;, b, ; are numbers depending only on the paremeters r, j and p.

Proor. Let p>1. Applying Lemma 1, we get

< ((l:lj)r;' (x_k,: ,)P
o) (57

k:0

_ 2(?)(—1)fx"‘iAn(l";r,S; x)
=S () S (s )

j=

1
g(n>x;r)

NE

Ay((x = )57, 8,x) =

~
Il

Using the elementary identity
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i<f>(_1)i:(1—1)p=0, peN,

i=0

we receive the representation

P i k4p—i—] )
An((x = 0)51,5x) = Z(l?)(_l)[ ZstkH) (%‘,k-] —|—ﬂ"k1(r))
i ke

P — g(n*x;r)
x/ ! . 4 i Biivj—p(r)
=S 20 (1) (s + 2T
inl bp,j
= 2o (4 gt

LeEMMA 5. Fix p,re N and s > 0.
My = My(f; p,r) such that

(12)

Then there exists a positive constant

HLn(f.;p7raS; )Hp < M4
for all f e B,.

The formulas (4), (5) and (12) show that L,(f; p,r,s) is well-defined on the
space B,, pe N.

Proor. First we suppose that f € B,, pe N. From this, using the ele-

mentary inequality (a + b)* <25 1(ak + bK), a,b >0, k e Ny, we get
e — 1O @) <257 O ()% + 143

k

1 X
< ; —_— = .
_MS(f’p7k){l/Vp(Z)+1Vp_k(t)}, k 071727 7p7 x7tER0

This implies that

WP(X)|L"(f;pa ra S; X)|

» P
< My(
< Ms(/ sxr;k—l—r {wp((k—i—r/n +;wp1 k—i—r/n)}

= Ms(f; p)w,,(x){A,,(l/wp(t);r, $;x) + foAn(l/wp,j(t);r, s; x)}

j=0
From this and in view of Lemmas 2 and 3 we get

wp ()| L (f5 P, 1, 85)| < Ma(f5 7).
This ends the proof of (12). MW
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3. Rate of convergence

In this section we shall study properties of L,(f;p,r,s). We shall give
theorems on the degree of approximation of f € B,, p e N, by these operators.
We can state now the main results of this paper.

THEOREM 1. Fix pe Ny, re N and s> 0. Then there exists a positive
constant My = M7(p,r,s) such that for every f € B,y we have

7nS

1
(13) IILn(f;2p+l,r,S;-)—f(~)||2p+1SMW](J‘(Z”“);CO'—), neN.

Proor. First we suppose that f € Bs,;1. This implies that [V e C,.
Let pe Ny. Using the modified Taylor formula

J 2p+1
2p+1f(j)<k;r><x_k;r) (x_k;;r>
=3

. -
= J! (2p)!

[T (e (e

and the definition of modulus of continuity and (4), (5), we obtain

W2p+l(x)|Ln(f; 21’ + 1777 83 x) _f(x)|

I/\

k+r k+r\’
sz+1 2 (nx)" 21/ ( n’ )(x_ n )
kZ pareri DD — ()

ns il
nx; r +r = J!

I/\

x —_——
W2p+1
nsx;r) Z k—|— r) (2p)!

X Jl(l - t)2p

0

I/\

W2p+1 Z
g(n*x;r) £ ( k+r (2p)!

1
xJu_o@mU@“%@nu_@+nmmm
0
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Observe that
o1 (f%D; Cost|x — (k +r)/n*]) < (1 4 t|x — (k +r)/n*|n*)o1 (fZTD; Co; 1/n?).

From this, using the elementary inequality (a + b)* < 25~'(a* + b*), a,b > 0,
k € Ny, and (6) and (7), we get
2p+1‘|

< W () A (0 = 07721 53) + Au((0 4 %) 7155}

W2p+l(x)|Ln(f; 2p + l,l", S, X) - f(X)|
= g(nsx;r) k:(] k+r ns

le(f(2p+l); C(); l/nS)

k+r
nS

X —

x w1 (f@HY: Co; 1/n*)
< wyp1(x){n*A4,((1 — x)2p+2; r, s x) + 22”An(t2’”’1;r, $;x) + 22”x21’+1}
x w (f Y Co; 1/n).

Applying Lemmas 1 and 4, (10) and (2), we immediately obtain

W2p+1 (x)an(fa 217 + lvra 83 X) _f(x)‘

2p+2 i—
SEVNY () ey R Y
= Waprilx o)) \ 2T sy
j=1 ;

2p+1

i ( |
22]7 Z 2p+1 5 <a2p+1-,j +ﬁ2p+]/()) + 2217x2]7+1 }601 (f(2p+l); CO, l/ng)

g(n*x;r)

2p+2 2p+1
< Ms(Pys){Z((lzwz,ﬂ + Hbopia ) + 27> (spsr + 1Py () + 22p}

J=1 J=1
(2p+1). Co:1/n%) < M (2p+1). Co:1/n'
le(f y ©0, /n)— 7(p,l’,S)601(f ) ©0 /”)

for xe Ry, n,re N, s > 0. This completes the proof of Theorem 1. H

THEOREM 2. Fix pe Ny, re N and s > 0. Then there exists a positive
constant My = Mo(p,r,s) such that for every f € By, > we have
M9(p7 r, S)
A

(14)  La(f520 +2,1,85) = S (Wlgpsa < 17+, neN.
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Proor. First we suppose that f € By,». This implies that f**2) e C,.
Arguing as in the first part of the proof of Theorem 1 we obtain

w42 ()| Ln(f52p + 2,7, 8x) — f ()]

k + r>2p+2

Wap+2 (%) & (”Sx)k (x—T
Sg(n“‘x;r);(kJrr)! 2+ 1)

1 2p+1
O e O R
0 n n n

From this and by our assumption we get

W2p+2(x)|Ln<f; 2p+ 21,5 x) _f(x)|

o0 k 2p+2
N k+ r P
< 2| £ +2) W2p+2(x)z (n'x) _
<2lf lo g(nsx;r) e (k+7r)! . ns

ba

= 2]/ [lgwapsa(¥)Au((x = )7 21,53 ).
From this, applying Lemma 4, (10) and (2), we immediately obtain

w2 (X)L (f52p + 27,85 x) — f(X)]

< 21 a0 3 o (i L2
= s oWV2p+2 5 ns(2p—j+2) p+2,j g(nfx; r)

My(p,r,s)
< |

for x e Ry, n,re N, s > 0. This ends the proof of Theorem 2. H
From above Theorems we obtain

COROLLARY. For every fixed re N, pe N, s >0 and f e B, we have
111’1} HLn<f7par7S7) _f()Hp =0.
n—oo

RemMARK. In [1] it was proved that if f'e C,, pe Ny, then

o (1S, (%) — /()] < M9wz<f; or ﬁ) e Ry neN,

where My = const. >0 and w,(f;-) is the modulus of smoothness defined by

w2 (f; Cpi 1) = sup || 4;f(),, 1€ Ry,
0<h<t
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with 47 f(x) := f(x) = 2f(x +h) + f(x +2h). In particular, if f € Cl}, p € Ny,
then

wp<x>|sn<f;x>—f<x>|smﬁ, xeRo neN

where My = const. > 0.

Theorem 1, Theorem 2 and Corollary in this paper show that operators
L,(f;p;r;1;+), ne N, give better the degree of approximation of functions
f€B, peN, than S, and the operators examined in [1, 4, 6, 7].

Acknowledgment

The author would like to thank the referee for his valuable comments and
proposals.

References

[1] M. Becker, Global approximation theorems for Szasz-Mirakjan and Baskakov operators in
polynomial weight spaces, Indiana Univ. Math. J., 27 (1978), no. 1, 127-142.

[2] R. A.De Vore, G. G. Lorentz, Constructive Approximation, Springer-Verlag, Berlin 1993.

[3] Z. Finta, On approximation by modified Kantorovich polynomials, Math. Balcanica
(N. S.), 13 (1999), no. 3-4, 205-211.

[4] M. Herzog, Approximation theorems for modified Szasz-Mirakjan operators in polynomial
weight spaces, Matematiche (Catania), 54 (1999), no. 1, 77-90 (2000).

[5] H. G. Lehnhoff, On a Modified Szasz-Mirakjan Operator, J. Approx. Th., 42 (1984),
278-282.

[6] M. Leéniewicz, L. Rempulska, Approximation by some operators of the Szasz-Mirakjan
type in exponential weight spaces, Glas. Math. 32 (1997), 57-69.

[7] L. Rempulska, Z. Walczak, Approximation properties of certain modified Szasz-Mirakyan
operators, Matematiche (Catania), 55 (2000), no. 1, 121-132 (2001).

[8] A. Sahai, G. Prasad, On Simultaneous Approximation by Modified Lupas Operators, J.
Approx. Th., 45 (1985), 122-128.

[9] Z. Walczak, On certain linear positive operators in exponential weighted spaces, Math. J.
Toyama Univ., 25 (2002), 109-118.

[10] Z. Walczak, On certain linear positive operators in polynomial weighted spaces, Acta
Math. Hungar., 101(3) (2003), 179-191.

[11] Z. Walczak, On some linear positive operators in exponential weighted spaces, Math.
Commun., 8 (2003), no. 1, 77-84.

Institute of Mathematics
Poznan University of Technology
Piotrowo 34
60-965 Poznan, Poland
E-mail: zwalczak@math.put.poznan.pl



