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Abstract. In this paper, we prove existence results for solutions of multi-point bound-

ary value problems at resonance (Theorems 2.1–2.4) and for positive solutions at non-

resonance (Theorems 2.5 and 2.6) for a 2n-th order di¤erential equation. Our method

is based upon the coincidence degree theory of Mawhin. The interesting is that the

degree of some variables among x0; x1; . . . ; x2n�1 in the function f ðt; x0; x1; . . . ; x2n�1Þ
are allowable to be greater than 1. The results obtained are new.

1. Introduction

In this paper, we investigate the existence of solutions and positive

solutions of the multi-point boundary value problems for 2n-th order di¤er-

ential equations

ð�1Þn�1
xð2nÞ ¼ f ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ; t A ð0; 1Þ; ð1Þ

subject to one of following boundary value conditions

xð2i�1Þð0Þ ¼ 0; i ¼ 1; . . . ; n;

xð2i�1Þð1Þ ¼ 0; i ¼ 1; . . . ; n� 1;

xð1Þ ¼
Pm

i¼1 bixðxiÞ;

8><
>: ð2Þ

and

xð2i�1Þð0Þ ¼ 0; i ¼ 1; . . . ; n;

xð2iÞð1Þ ¼ 0; i ¼ 1; . . . ; n� 1;

xð0Þ ¼
Pm

i¼1 bixðxiÞ;

8><
>: ð3Þ

where f : ½0; 1� � R2n ! R is a continuous function, nb 1 an integer,
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0 < x1 < � � � < xm < 1 and bi A R for i ¼ 1; . . . ;m. Our purpose here is to

provide su‰cient conditions for the existence of solutions of boundary value

problem (1) and (2) and boundary value problem (1) and (3) at resonance and

at non-resonance. These will be done by applying the well known coincidence

degree theory and Schauder fixed point theorem.

The motivation for this paper is as follows: There were many papers

concerned with the solvability of the second-order di¤erential equations

x 00ðtÞ þ f ðt; xðtÞ; x 0ðtÞÞ ¼ 0; t A ð0; 1Þ; ð4Þ

subject to two-point boundary conditions

axð0Þ � bx 0ð0Þ ¼ dxð1Þ þ gx 0ð1Þ ¼ 0;

or the di¤erent multi-point boundary conditions at resonance or at non-

resonance, we refer the readers to [1–8] and the references therein. For

example, in [6], Liu and Yu studied the solvability of equation (4) subject to

boundary conditions

x 0ð0Þ ¼ 0; xð1Þ ¼
Xm
i¼1

aixðxiÞ;

where
Pm

i¼1 ai ¼ 1, which shows that such a problem is a resonance problem.

They proved that under some assumptions it has at least one solution, one of

the main assumptions is as follows:

j f ðt; x; yÞja aðtÞjxj þ bðtÞjyj þ pðtÞjxjd þ qðtÞjyjy þ rðtÞ; ð*Þ

where a, b, p, q are non-negative continuous functions and r is a continuous

function. To the best of our knowledge, the existence of solutions of multi-

point boundary value problems at resonance for higher order di¤erential equations

were not investigated till now. The question is that under what conditions

above problems have solutions if (*) is not valid and under what conditions

BVP(1) and (2), BVP(1) and (3) have positive solutions?

On the other hand, the solvability of fourth-order di¤erential equations

xð4ÞðtÞ ¼ f ðt; xðtÞ;�x 00ðtÞÞ; t A ð0; 1Þ; ð5Þ

or

xð4ÞðtÞ ¼ f ðt; xðtÞÞ; t A ð0; 1Þ; ð6Þ

subject to di¤erent boundary conditions have been studied by many authors,

please see [16–21]. However, the solvability problems of equations (5) or (6)

subject to one of following boundary value conditions

xð0Þ ¼ x 0ð0Þ ¼ x 00ð1Þ ¼ x 000ð0Þ ¼ 0;
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and

xð1Þ ¼ x 0ð0Þ ¼ x 0ð1Þ ¼ x 000ð0Þ ¼ 0

have not been studied.

Very recently, Chyan and Henderson, in [14], studied the following 2mth-

order di¤erential equation

xð2mÞðtÞ ¼ f ðt; xðtÞ; x 00ðtÞ; . . . ; x2ðm�1ÞðtÞÞ; 0 < t < 1; ð7Þ

with either the Lidstone boundary value condition

xð2iÞð0Þ ¼ xð2iÞð1Þ ¼ 0 for i ¼ 0; 1; . . . ;m� 1; ð8Þ

or the focal boundary value condition

xð2iþ1Þð0Þ ¼ xð2iÞð1Þ ¼ 0 for i ¼ 0; 1; . . . ;m� 1: ð9Þ

They proved the existence of at least one positive solution in the case either f is

super-linear or f is sub-linear.

The similar problems were also investigated in [15] by Palamides by using

an analysis of the corresponding field on the face-plane and the well known

Sperner’s Lemma. The method there is di¤erent from that in [10–14]. In the

papers mentioned above, the nonlinearity f depends on x; x 00; . . . ; xð2ðm�1ÞÞ.

For BVP(1) and (2) or BVP(1) and (3), the corresponding linear di¤erential

equation is

ð�1Þn�1
xð2nÞ ¼ 0; t A ð0; 1Þ: ð10Þ

It is easy to know that equation (10) subject to boundary conditions (2) or (3)

has nontrivial solutions xðtÞ ¼ c if
Pm

i¼1 bi ¼ 1, where c A R. As usual, we

say that BVP(1) and (2) and BVP(1) and (3) are resonance problems. The

problem appears naturally considering these boundary value problems:

ðPÞ. Under what conditions problem (1) and (2) and problem (1) and (3)

has at least one positive solution?

In this paper, we will solve above problems, please see theorem 2.1–

2.6. The results obtained are new.

By the way, in a recent paper [22], the authors studied the following BVPs

which consist of the equation

ð�1Þn�1
xð2nÞ ¼ f ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ; t A ð0; 1Þ;

and one of the following boundary value conditions

xð2iÞð0Þ ¼ 0; i ¼ 0; 1; . . . ; n� 1;

xð2iÞð1Þ ¼ 0; i ¼ 0; 1; . . . ; n� 1;

�
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and

xð2iÞð0Þ ¼ 0; i ¼ 0; 1; . . . ; n� 1;

xð2iþ1Þð1Þ ¼ 0; i ¼ 0; 1; . . . ; n� 1:

�

They established some new existence results for the solutions of above BVPs.

2. Main results

In this section, we establish su‰cient conditions for the existence of at least

one solution of BVP(1)–(2) and BVP(1) and (3). For convenience, we first

introduce some notations and an abstract existence theorem by Gaines and

Mawhin [9], which can be see in [5–8].

Let X and Y be Banach spaces, L : dom LHX ! Y be a Fredholm

operator of index zero, P : X ! X , Q : Y ! Y be projectors such that

Im P ¼ Ker L; Ker Q ¼ Im L; X ¼ Ker LlKer P; Y ¼ Im Ll Im Q:

It follows that

LjdomLVKerP : dom LVKer P ! Im L

is invertible, we denote the inverse of that map by Kp.

If W is an open bounded subset of X , dom LVW0q, the map

N : X ! Y will be called L-compact on W if QNðWÞ is bounded and

KpðI �QÞN : W ! X is compact.

Theorem GM[9]. Let L be a Fredholm operator of index zero and let N be

L-compact on W. Assume that the following conditions are satisfied:

(i) Lx0 lNx for every ðx; lÞ A ½ðdom L=Ker LÞV qW� � ð0; 1Þ;
(ii) Nx B Im L for every x A Ker LV qW;

(iii) degðLQNjKerL;WVKer L; 0Þ0 0, where L : Y=Im L ! Ker L is an

isomorphism.

Then the equation Lx ¼ Nx has at least one solution in dom LVW.

We use the classical Banach space Ck½0; 1�, let X ¼ C2n�1½0; 1� and

Y ¼ C0½0; 1�. Y is endowed with the norm kyky ¼ maxt A ½0;1�jyðtÞj, X is

endowed with the norm kxk ¼ maxfkxky; kx 0ky; . . . ; kxð2n�1Þkyg. Define the

linear operator L and the nonlinear operator N by

L : X V dom L ! Y ; LxðtÞ ¼ ð�1Þn�1
xð2nÞðtÞ for x 2 X V dom L;

N : X ! Y NxðtÞ ¼ f ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ; for x A X ;

respectively, where
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dom L ¼
�
x A Cn�1½0; 1�; xð2i�1Þð0Þ ¼ 0 ¼ xð2i�1Þð1Þ for i ¼ 1; . . . ; n� 1

xð2n�1Þð0Þ ¼ 0; xð1Þ ¼
Xm

i¼1
bixðxiÞ

�
:

Let G0ðt; sÞ be the Green’s function of problem

�u 00ðtÞ ¼ aðtÞ; uð0Þ ¼ uð1Þ ¼ 0

for some a, let

Gkðt; sÞ ¼
ð1
0

G0ðt; tÞGk�1ðt; sÞdt; k ¼ 1; . . . ; n� 1:

Lemma 2.1. For problem (1) and (2), let
Pm

i¼1 bi ¼ 1. Suppose there is

nonnegative integer k such that

D ¼
ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

uk dudtds�
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

uk dudtds0 0:

Then the following results hold.

(i) Ker L ¼ fxðtÞ1 c; t A ½0; 1�; c A Rg;

(ii) Im L ¼ y A Y ;

Ð 1
0

Ð 1
0 Gn�2ðs; tÞ

Ð t
0 yðuÞdudtds

¼
Pm

i¼1 bi
Ð xi
0

Ð 1
0 Gn�2ðs; tÞ

Ð t
0 yðuÞdudtds

( )
;

(iii) L is a Fredholm operator of index zero;

(iv) There are projectors P : X ! X and Q : Y ! Y such that

Ker L ¼ Im P and Ker Q ¼ Im L. Furthermore, let WHX be an open bounded

subset with WV dom L0F, then N is L-compact on W;

(v) xðtÞ is a solution of BVPð1Þ and ð2Þ if and only if x is a solution of the

operator equation Lx ¼ Nx in dom L.

Proof. (i) The proof is easy and is omitted.

(ii) If y A Im L, then

ð�1Þn�1
xð2nÞ ¼ yðtÞ; t A ð0; 1Þ;

xð2i�1Þð0Þ ¼ xð2i�1Þð1Þ ¼ 0; i ¼ 1; . . . ; n� 1; ð11Þ

xð2n�1Þð0Þ ¼ 0; xð1Þ ¼
Xm

i¼1
bixðxiÞ:

This implies xð2n�1ÞðtÞ ¼ ð�1Þn�1 Ð t
0 yðuÞdu since xð2n�1Þð0Þ ¼ 0. We get

xð2n�3ÞðtÞ ¼ ð�1Þn�2

ð1
0

G0ðt; tÞ
ð t
0

yðuÞdudt;
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Similarly, we get

x 0ðtÞ ¼
ð1
0

Gn�2ðt; tÞ
ð t
0

yðuÞdudt:

So

xðtÞ ¼ cþ
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds: ð12Þ

It follows from xð1Þ ¼
Pm

i¼1 bixðxiÞ that

ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds ¼
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds: ð13Þ

On the other hand, assume (13) holds. Let

xðtÞ ¼ cþ
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds:

Then xðtÞ satisfies (11). Hence (ii) is complete.

(iii) From (i), dimKer L ¼ 1. On the other hand, for y A Y , let

y0 ¼ y� tk

D

�ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds

�
Xm

i¼1
bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds
�
:

It is easy to check that y0 A Im L. Let

R ¼ fctk : t A ½0; 1�; c A Rg:

We get Y ¼ Rþ Im L. Again, RV Im L ¼ f0g, so Y ¼ Rl Im L. Hence

dim Y=Im L ¼ 1. On the other hand, f is continuous and Im L is closed. So

L is a Fredholm operator of index zero.

(iv) Define the projectors P : X ! X and Q : Y ! Y by

PxðtÞ ¼ xð0Þ for x A X ;

QyðtÞ ¼ tk

D

�ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds

�
Xm

i¼1
bi

ð xi
0

ð 1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds
�

for y A Y :
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It is easy to check that Ker L ¼ Im P and Im L ¼ Ker Q. The generalized

inverse KP : Im L ! dom LVKer P of L can be written by

KPyðtÞ ¼
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds:

(v) The proof is easy and is omitted.

Theorem 2.1. Suppose
Pm

i¼1 bi ¼ 1 and the following conditions hold.

ðA1Þ There are a continuous function eðtÞ and nonnegative functions giðt; xÞ
ði ¼ 0; 1; . . . ; 2n� 1Þ such that f satisfies

j f ðt; x0; x1; . . . ; x2n�1Þja eðtÞ þ
X2n�1

i¼0

giðt; xiÞ

for all t A ½0; 1� and ðx0; x1; . . . ; x2n�1Þ A R2n and

lim
jxj!y

sup
t A ½0;1�

jgiðt; xÞj
jxj ¼ ri; for i ¼ 0; 1; . . . ; 2n� 1

with ri b 0 for i ¼ 0; 1; . . . ; 2n� 1;

ðA2Þ There exist constants Lb 0, a > 0 and ai b 0 ði ¼ 1; . . . ; 2n� 2Þ
such that

j f ðt; x0; x� 1; . . . ; x2n�1Þjb ajx0j �
X2n�2

i¼1

aijxij � L

for all t A ½0; 1� and ðx0; x1; . . . ; x2n�1Þ A R2n.

ðA3Þ There is a constant M > 0 such that

f ðt; c; 0; . . . ; 0Þ > 0

for t A ½0; 1� and c > M or

f ðt; c; 0; . . . ; 0Þ < 0

for t A ½0; 1� and c < �M;

Then BVPð1Þ and ð2Þ has at least one solution provided

1þ
P2n�2

i¼1 ai

a

 !
r0 þ

X2n�1

i¼1

ri <
1

2
: ð14Þ

Proof. To apply Theorem GM, we should define an open bounded

subset W of X so that (i), (ii) and (iii) of Theorem GM hold. It is based upon

three steps to obtain W. The proof of this theorem is divide into four steps.
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Step 1. Let

W1 ¼ fx A dom L=Ker L;Lx ¼ lNx for some l A ð0; 1Þg:

We prove W1 is bounded. For x A W1, it is easy to show that there is xi A ½0; 1�
such that xð2iÞðxiÞ ¼ 0 for i ¼ 1; 2; . . . ; n� 1 and

jxð2n�2ÞðtÞj ¼ xð2n�2Þðxn�1Þ þ
ð xn�1

t

xð2n�1ÞðsÞds
����

����a
ð1
0

jxð2n�1ÞðsÞjds;

jxð2n�3ÞðtÞj ¼ xð2n�3Þð0Þ þ
ð t
0

xð2n�2ÞðsÞds
����

����
a

ð1
0

jxð2n�2ÞðsÞjdsa
ð1
0

jxð2n�1ÞðsÞjds;

� � � � � � � � � � � � ;

jx 0ðtÞja
ð1
0

jxð2n�1ÞðsÞjds: ð15Þ

Since x A dom L, it follows that Nx A Im L, so

ð 1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

¼
Xm

i¼1
bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds:

i.e.

Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds ¼ 0:

Since bi b 0 for i ¼ 1; . . . ;m, this inequality implies that that there is x A ð0; 1Þ
such that f ðx; xðxÞ; x 0ðxÞ; . . . ; xð2n�1ÞðxÞÞ ¼ 0. By ðA2Þ and (15), we see that

jxðxÞja L

a
þ 1

a

X2n�2

i¼1

aijxðiÞðxÞj

a
L

a
þ 1

a

X2n�2

i¼1

ai

ð1
0

jxð2n�1ÞðsÞjds:

Hence
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jxðtÞja jxðxÞj þ
ð t
x

x 0ðsÞds
����

����
a

L

a
þ 1

a

X2n�2

i¼1
ai

ð1
0

jxð2n�1ÞðsÞjdsþ
ð 1
0

jxð2n�1ÞðsÞjds

¼ A M þ
ð1
0

jxð2n�1ÞðsÞj
� �

ds; ð16Þ

where A ¼ 1þ
P2n�2

i¼1
ai

a
and M ¼ L

aA
. It su‰ces to prove there is a constant

B > 0 such that

kxk ¼ maxfkxky; kx 0ky; . . . ; kxð2n�1ÞkygaB:

We divide this step into two sub-steps.

Sub-step 1.1. We prove that there is a constant M > 0 such that

ðT
0

jxð2n�1ÞðsÞj2dsaM:

For x A W1, we have

ð�1Þn�1
xð2nÞðtÞ ¼ l f ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ: ð17Þ

It is easy to know that there is h A ½0; 1� such that

ð1
0

jxð2n�1ÞðsÞj2ds ¼ jxð2n�1ÞðhÞj2:

Multiplying two side of (17) by xð2n�1ÞðtÞ and integrating from 0 to h, using

ðA1Þ, we get

1

2

ð1
0

jxð2n�1ÞðsÞj2ds

¼ 1

2
jxð2n�1ÞðhÞj2

¼ 1

2
jxð2n�1ÞðhÞj2 � 1

2
jxð2n�1Þð0Þj2

¼ l

ð h
0

ð�1Þn�1
f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

Solvability of multi-point BVPs 9



a

ð h
0

j f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð 1
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð 1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ keky
ð1
0

jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð 1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:

Let e > 0 satisfy

1

2
> 1þ

P2n�2
i¼1 ai

a

 !
ðr0 þ eÞ þ

X2n�1

i¼1

ðri þ eÞ:

For such a e > 0, we find from ðA1Þ that there is a constant d > M such that

for every i ¼ 0; 1; . . . ; 2n� 1,

jgiðt; xÞj < ðri þ eÞjxj uniformly for t A ½0; 1� and jxj > d:

Let, for i ¼ 0; 1; . . . ; 2n� 1,

D1; i ¼ ft : t A ½0; 1�; jxðiÞðtÞja dg;

D2; i ¼ ft : t A ½0; 1�; jxðiÞðtÞj > dg;

gd; i ¼ maxt A ½0;1�; jxjadjgiðt; xÞj:

Then

1

2

ð1
0

jxð2n�1ÞðsÞj2dsa
X2n�1

i¼0

ð
D1; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
X2n�1

i¼0

ð
D2; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

a
X2n�1

i¼0

gd; i

ð1
0

jxðiÞðsÞjdsþ
X2n�1

i¼0

ðri þ eÞ
ð1
0

jxðiÞðsÞj jxð2n�1ÞðsÞjds

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:
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Again using (15) and (16), we getð1
0

jxðsÞjdsaA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �

;

ð1
0

jxðiÞðsÞjdsa
ð1
0

jxð2n�1ÞðsÞjds;

ð1
0

jxðsÞj jxð2n�1ÞðsÞjdsaA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �ð1

0

jxð2n�1ÞðsÞjds;

ð1
0

jxðiÞðsÞj jxð2n�1ÞðsÞjdsa
ð1
0

jxð2n�1ÞðsÞjds
� �2

; i ¼ 1; . . . ; 2n� 2:

ð18Þ

So from ð1
0

jxð2n�1ÞðsÞjdsa
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

;

we get

1

2

ð1
0

jxð2n�1ÞðsÞj2dsa gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjds
� �

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjds

þ ðr0 þ eÞA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �ð 1

0

jxð2n�1ÞðsÞjds

þ
X2n�2

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �2

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞj2ds

a gd;0A M þ
ð 1
0

jxð2n�1ÞðsÞj2ds
� �1=2" #

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ ðr0 þ eÞA M

ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ
ð1
0

jxð2n�1ÞðsÞj2ds
" #

þ
X2n�1

i¼1

ðri þ eÞ
ð 1
0

jxð2n�1ÞðsÞj2dsþ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:

i.e.
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1

2
� Aðr0 þ eÞ �

X2n�1

i¼1

ðri þ eÞ
 !ð1

0

jxð2n�1ÞðsÞj2ds

a gd;0A M þ
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2" #

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ ðr0 þ eÞAM
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:

From the definition of e, we find that 1
2 � Aðr0 þ eÞ �

P2n�1
i¼1 ðri þ eÞ > 0 and

that there is a constant M > 0 such thatð1
0

jxð2n�1ÞðsÞj2dsaM:

Sub-step 1.2. Prove there is B > 0 such that kxkaB.

From sub-step 1.1, we have

kxky aA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �

aA M þ
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2 !

aAðM þM 1=2Þ:

kxðiÞky a

ð1
0

jxð2n�1ÞðsÞjds

a

ð 1
0

jxð2n�1ÞðsÞj2ds
� �1=2

aM 1=2; i ¼ 1; . . . ; n� 2:

Multiplying two side of (17) by xð2n�1ÞðtÞ, integrating them from 0 to t, using

ðA1Þ, we get

1

2
jxð2n�1ÞðtÞj2 ¼ l

ð t
0

ð�1Þn�1
f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

¼
ð1
0

j f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð1
0

giðs; xðiÞðsÞÞjxð2n�1ÞðsÞjdsþ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds
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a
X2n�1

i¼0

ð1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ keky
ð1
0

jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:

Similarly to step 1.1, we can get

1

2
jxð2n�1ÞðtÞj2 a

X2n�1

i¼0

ð
D1; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
X2n�1

i¼0

ð
D2; i

jgiðs; xðiÞðsÞj jxð2n�1ÞðsÞjdsþ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

a
X2n�1

i¼0

gd; i

ð1
0

jxðiÞðsÞjdsþ
X2n�1

i¼0

ðri þ eÞ
ð1
0

jxðiÞðsÞj jxð2n�1ÞðsÞjds

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

:

Using (18), we get

1

2
jxð2n�1ÞðtÞj2 a gd;0A M þ

ð1
0

jxð2n�1ÞðsÞjds
� �

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjds

þ ðr0 þ eÞA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �ð1

0

jxð2n�1ÞðsÞjds

þ
X2n�2

i¼1

ðri þ eÞ
ð 1
0

jxð2n�1ÞðsÞjds
� �2

þ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞj2ds

a gd;0A M þ
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2" #

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ ðr0 þ eÞA M

ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2

þ
ð1
0

jxð2n�1ÞðsÞj2ds
" #

þ
X2n�1

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞj2dsþ keky
ð1
0

jxð2n�1ÞðsÞj2ds
� �1=2
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a gd;0AðM þM 1=2Þ þ
X2n�1

i¼1

gd; iM
1=2

þ ðr0 þ eÞA½MM 1=2 þM � þ
X2n�1

i¼1

ðri þ eÞM þ kekyM 1=2:

So there is M 0
3 > 0 such that jxð2n�1ÞðtÞjaM 0

3. It follows from above dis-

cussion that there is B > 0 such that

kxkaB:

Hence W1 is bounded. This completes the step 1.

Step 2. Let

W2 ¼ fx A Ker L;Nx A Im Lg:

We prove W2 is bounded. Suppose x A W2, then xðtÞ ¼ c A R, we prove

jcjaM. In fact, if c > M, then ðA3Þ implies f ðt; c; 0; . . . ; 0Þ > 0, then

ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

¼
Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; c; 0; . . . ; 0Þdudtds > 0:

Similarly, if c < �M, then ðA3Þ implies f ðt; c; 0; . . . ; 0Þ < 0, we have

ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

¼
Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; c; 0; . . . ; 0Þdudtds < 0:

On the other hand, if x A Ker L and Nx A Im L, we have QNx ¼ 0, i.e.
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ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

¼
Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; c; 0; . . . ; 0Þdudtds ¼ 0:

This is a contradiction. So jcjaM. This shows that W2 is bounded.

Step 3. Let

W3 ¼ fx A Ker L; sgnðDÞl5xþ ð1� lÞQNx ¼ 0; l A ½0; 1�g;

where 5 : Ker L ! Im Q is the linear isomorphism given by 5ðcÞ ¼ ctk for

all c A R. Now we show that W3 is bounded. Suppose xnðtÞ ¼ cn A W3 and

jcnj ! þy as n tends to infinity. Then there exist ln A ½0; 1� such that

sgnðDÞlncn þ
1� ln

D

�ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm

i¼1
bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds
�

¼ sgnðDÞlncn þ
1� ln

D

Xm

i¼1
bi

ð 1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; c; 0; . . . ; 0Þdudtds ¼ 0:

So

sgnðDÞDlncn ¼ �ð1� lnÞ
Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; c; 0; . . . ; 0Þdudtds:

It is easy to see that ln has a convergent subsequence, without loss of

generality, suppose ln ! l0. Again, since jcnj ! þy, there two cases to be

considered, i.e. there is subsequence of cn that tends to þy (without loss of

generality suppose cn ! þy) or there is subsequence of cn that tends to �y
(without loss of generality suppose cn ! �y). If cn ! þy as n tends to

infinity. Then for su‰ciently large n, we have cn > M. Hence, using ðA3Þ,
we see

sgnðDÞDlnc2n ¼ �ð1� lnÞcn
Xm
i¼1

bi

ð1
xi

ð 1
0

Gn�2ðs; tÞ
ð t
0

fcðuÞdudtds

< 0;
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a contradiction, where fcðuÞ ¼ f ðu; c; 0; . . . ; 0Þ. If cn ! �y, then for su‰-

ciently large n, cn < �M. Hence using ðA3Þ, we see

sgnðDÞDlnc2n ¼ �ð1� lnÞcn
Xm
i¼1

bi

ð1
xi

ð 1
0

Gn�2ðs; tÞ
ð t
0

fcðuÞdudtds

< 0;

a contradiction. So W3 is bounded.

In the following, we shall show that all conditions of Theorem GM are

satisfied. Set W be a open bounded subset of X such that WI63

i¼1
Wi. By

Lemma 2.1, L is a Fredholm operator of index zero and N is L-compact on

W. By the definition of W, we have

(a) Lx0 lNx for x A ðdom L=Ker LÞV qW and l A ð0; 1Þ;
(b) Nx B Im L for x A Ker LV qW.

Step 4. We prove

(c) degðQNjKer L;WVKer L; 0Þ0 0.

In fact, let Hðx; lÞ ¼ l5xþ ð1� lÞQNx. According the definition of W,

we know Hðx; lÞ0 0 for x A qWVKer L, thus by homotopy property of degree,

degðQN jKer L;WVKer L; 0Þ ¼ degðHð� ; 0Þ;WVKer L; 0Þ

¼ degðHð� ; 1Þ;WVKer L; 0Þ

¼ degðI ;WVKer L; 0Þ0 0:

Thus by Theorem GM, Lx ¼ Nx has at least one solution in dom LVW, which

is a solution of BVP(1)–(2). The proof is complete.

Theorem 2.2. Suppose
Pm

i¼1 bi ¼ 1 and all conditions of Theorem 2.1, i.e.

ðA1Þ–ðA3Þ, hold. Then BVPð1Þ and (3) has at least one solution provided ð14Þ
holds.

Proof. The proof is similar to that of Theorem 2.1 and is omitted.

Theorem 2.3. Suppose
Pm

i¼1 bi ¼ 1 and the following conditions hold.

ðA 0
1Þ There are continuous functions hðt; x0; x1; . . . ; x2n�1Þ, eðtÞ and non-

negative functions giðt; xÞ ði ¼ 0; 1; . . . ; 2n� 1Þ and positive numbers b and m

such that f satisfies

ð�1Þn�1
f ðt; x0; x1; . . . ; x2n�1Þ ¼ eðtÞ þ hðt; x0; x1; . . . ; x2n�1Þ þ

X2n�1

i¼0

giðt; xiÞ;

and also that h satisfies

x2n�1hðt; x0; x1; . . . ; x2n�1Þa�bjx2n�1jmþ1
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for all t A ½0; 1� and ðx0; x1; . . . ; x2n�1Þ A R2n and

lim
jxj!y

sup
t A ½0;1�

jgiðt; xÞj
jxjm ¼ ri; for i ¼ 0; 1; . . . ; 2n� 1

with ri b 0 for i ¼ 0; 1; . . . ; 2n� 1;

Furthermore, ðA2Þ and ðA3Þ of Theorem 2.1 hold. Then BVPð1Þ and ð2Þ
has at least one solution provided

1þ
P2n�2

i¼1 ai

a

 !m
r0 þ

X2n�1

i¼1

ri < b: ð19Þ

Proof. To apply Theorem GM, we should define an open bounded

subset W of X so that (i), (ii) and (iii) of Theorem GM hold. It is based upon

three steps to obtain W. The proof of this theorem is divide into four steps.

Step 1. Let

W1 ¼ fx A dom L=Ker L;Lx ¼ lNx for some l A ð0; 1Þg:

We prove W1 is bounded. Similar to Step 1 of Theorem 2.1, we have (15) and

(16). It su‰ces to prove there is a constant B > 0 such that

kxk ¼ maxfkxky; kx 0ky; . . . ; kxð2n�1ÞkygaB:

We divide this step into two sub-steps.

Sub-step 1.1. We prove that there is a constant M > 0 such thatðT
0

jxð2n�1ÞðsÞjmþ1
dsaM:

For x A W1, we have

ð�1Þn�1
xðnÞðtÞ ¼ lf ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ: ð20Þ

Multiplying two side of (20) by xð2n�1ÞðtÞ and integrating from 0 to 1, using

ðA 0
1Þ, we get

0a
1

2
jxð2n�1Þð1Þj2

¼ l

ð1
0

ð�1Þn�1
f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

¼ l

�ð1
0

hðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

þ
X2n�1

i¼0

ð1
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ
ð1
0

eðsÞxð2n�1ÞðsÞds
�
:

Solvability of multi-point BVPs 17



Thus, from the second part of ðA 0
1Þ,

lb

ð1
0

jxð2n�1ÞðsÞjmþ1
dsa�l

ð1
0

hðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

¼ l
X2n�1

i¼0

ð 1
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ l

ð 1
0

eðsÞxð2n�1ÞðsÞds

a l
X2n�1

i¼0

ð1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ l

ð1
0

jeðsÞj jxð2n�1ÞðsÞjds:
Hence

b

ð1
0

jxð2n�1ÞðsÞjmþ1
dsa

X2n�1

i¼0

ð1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds:
Let e > 0 satisfy

b > 1þ
P2n�2

i¼1 ai

a

 !m
ðr0 þ eÞ þ

X2n�1

i¼1

ðri þ eÞ:

By the conditions of theorem, we see e > 0. For such a e > 0, we find from

ðA 0
1Þ that there is a constant d > M such that for every i ¼ 0; 1; . . . ; 2n� 1,

jgiðt; xÞj < ðri þ eÞjxjm uniformly for t A ½0; 1� and jxj > d:

Let, for i ¼ 0; 1; . . . ; 2n� 1,

D1; i ¼ ft : t A ½0; 1�; jxðiÞðtÞja dg;

D2; i ¼ ft : t A ½0; 1�; jxðiÞðtÞj > dg;

gd; i ¼ max t A ½0;1�;jxjad jgiðt; xÞj:

Then

b

ð1
0

jxð2n�1ÞðsÞjmþ1
dsa

X2n�1

i¼0

ð
D1; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
X2n�1

i¼0

ð
D2; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds
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a
X2n�1

i¼0

gd; i

ð 1
0

jxðiÞðsÞjds

þ
X2n�1

i¼0

ðri þ eÞ
ð
D2; i

jxðiÞðsÞjmjxð2n�1ÞðsÞjds

þ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

gd; i

ð 1
0

jxðiÞðsÞjdsþ
X2n�1

i¼0

ðri þ eÞ
ð 1
0

jxðiÞðsÞjmjxð2n�1ÞðsÞjds

þ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds:

Againð1
0

jxðsÞjmjxð2n�1ÞðsÞjdsaAm M þ
ð1
0

jxð2n�1ÞðsÞjds
� �mð1

0

jxð2n�1ÞðsÞjds;

and ð1
0

jxðiÞðsÞjmjxð2n�1ÞðsÞjds

a

ð1
0

jxð2n�1ÞðsÞjds
� �mð1

0

jxð2n�1ÞðsÞjds; i ¼ 1; . . . ; 2n� 2:

So

b

ð1
0

jxð2n�1ÞðsÞjmþ1
dsaAm M þ

ð1
0

jxð2n�1ÞðsÞjds
� �m

ðr0 þ eÞ
ð1
0

jxð2n�1ÞðsÞjds

þ
X2n�1

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mðT

0

jxð2n�1ÞðsÞjds

þ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjdsþ
X2n�1

i¼0

gd; i

ð1
0

jxðiÞðsÞjds

aAm M þ
ð1
0

jxð2n�1ÞðsÞjds
� �m

ðr0 þ eÞ
ð1
0

jxð2n�1ÞðsÞjds

þ
X2n�2

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mð1

0

jxð2n�1ÞðsÞjds

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
dsþ keky

ð1
0

jxð2n�1ÞðsÞjds
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þ
X2n�1

i¼1

gd; i

ð1
0

jxðiÞðsÞjdsþ gd;0

ð1
0

jxðsÞjds

¼ Am M þ
ð1
0

jxð2n�1ÞðsÞjds
� �m

ðr0 þ eÞ
ð1
0

jxð2n�1ÞðsÞjds

þ
X2n�2

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mþ1

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
dsþ keky

ð1
0

jxð2n�1ÞðsÞjds

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjdsþ gd;0A Mþ
ð1
0

jxð2n�1ÞðsÞjds
� �

:

We claim that there is a constant s A ð0; 1Þ, independent of l, such that

ð1þ xÞn a 1þ ðnþ 1Þx for all x A ð0; sÞ. In fact, let qðxÞ ¼ ð1þ xÞn �
ð1þ ðnþ 1ÞxÞ, we see qð0Þ ¼ 0, and q 0ð0Þ ¼ �1 < 0, so the claim is valid. To

obtain
Ð 1
0 jxð2n�1ÞðsÞjmþ1

dsaM, we consider two cases.

Case 1.
Ð 1
0 jxð2n�1ÞðsÞjdsa M

s
.

So

M þ
ð1
0

jxð2n�1ÞðsÞjds
� �m0

aMm 1þ 1

s

� �m0

:

Since ð 1
0

jxð2n�1ÞðsÞjdsa
ð 1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

;

we get

b

ð1
0

jxð2n�1ÞðsÞjmþ1
dsaAmMm 1þ 1

s

� �m
ðr0 þ eÞ

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #

þ keky
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

:
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i.e.

b �
X2n�1

i¼1

ðri þ eÞ
 !ð1

0

jxð2n�1ÞðsÞjmþ1
ds

a AmMm 1þ 1

s

� �m
ðr0 þ eÞ þ keky

� � ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #
:

From the definition of e, we find that b �
P2n�1

i¼1 ðri þ eÞ > 0 and that there is a

constant M 0
1 > 0 such thatð 1

0

jxð2n�1ÞðsÞjmþ1
dsaM 0

1:

Case 2.
Ð 1
0 jxð2n�1ÞðsÞjds > M

s
.

In this case, 0 < MÐ 1

0
jxð2n�1ÞðsÞjds

< s. Using ð1þ xÞm a 1þ ðmþ 1Þx for

x A ð0; sÞ, we have

M þ
ð1
0

jxð2n�1ÞðsÞjds
� �m

¼
ð1
0

jxð2n�1ÞðsÞjds
� �m

1þ MÐ 1
0 jxð2n�1ÞðsÞjds

 !m

a

ð1
0

jxð2n�1ÞðsÞjds
� �m

1þ ðmþ 1ÞMÐ 1
0 jxð2n�1ÞðsÞjds

 !

¼
ð1
0

jxð2n�1ÞðsÞjds
� �m

þ ðmþ 1ÞM
ð 1
0

jxð2n�1ÞðsÞjds
� �m�1

:

Thus

b

ð1
0

jxð2n�1ÞðsÞjmþ1
dsaAmðr0 þ eÞ

ð1
0

jxð2n�1ÞðsÞjds
ð1
0

jxð2n�1ÞðsÞjds
� �m"

þ ðmþ 1ÞM
ð1
0

jxð2n�1ÞðsÞjds
� �m�1

#

þ
X2n�2

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mþ1

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
dsþ keky

ð1
0

jxð2n�1ÞðsÞjds
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þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #

¼ Amðr0 þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mþ1

þ
X2n�2

i¼1

ðri þ eÞ
ð 1
0

jxð2n�1ÞðsÞjds
� �mþ1

þ Amðr0 þ eÞðmþ 1ÞM
ð1
0

jxð2n�1ÞðsÞjds
� �m

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
dsþ keky

ð 1
0

jxð2n�1ÞðsÞjds

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #

a Amðr0 þ eÞ þ
X2n�2

i¼1

ðri þ eÞ
 !ð1

0

jxð2n�1ÞðsÞjmþ1
ds

þ ðr2n�1 þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

þ Amðr0 þ eÞðmþ 1ÞM
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �m=ðmþ1Þ

þ keky
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #
:

Hence
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b � Amðr0 þ eÞ �
X2n�1

i¼1

ðri þ eÞ
 !ð1

0

jxð2n�1ÞðsÞjmþ1
ds

aAmð1þmÞðr0 þ eÞM
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �m=ðmþ1Þ

þ keky
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

gd; i

ð1
0

jxðiÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #
:

From the definition of e, we find that there is M 0
2 > 0 such that

ð 1
0

jxð2n�1ÞðsÞjmþ1
dsaM 0

2:

Thus we obtain from Case 1 and 2 that

ð1
0

jxð2n�1ÞðsÞjmþ1
dsamaxfM 0

1;M
0
2g ¼: M:

Sub-step 1.2. Prove there is B > 0 such that kxkaB.

From sub-step 1.1, we have

kxky aA M þ
ð1
0

jxð2n�1ÞðsÞjds
� �

aA M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ !

aAðM þM 1=ðmþ1ÞÞ:

kxðiÞky a

ð1
0

jxð2n�1ÞðsÞjds

a

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

aM 1=ðmþ1Þ; i ¼ 1; . . . ; n� 2:

Multiplying two side of (20) by xð2n�1ÞðtÞ, integrating it from 0 to t, using ðA 0
1Þ,

we get

Solvability of multi-point BVPs 23



1

2
jxð2n�1ÞðtÞj2 ¼ l

ð t
0

ð�1Þn�1
f ðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

¼ l

ð t
0

hðs; xðsÞ; x 0ðsÞ; . . . ; xð2n�1ÞðsÞÞxð2n�1ÞðsÞds

þ l
X2n�1

i¼0

ð t
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ l

ð t
0

eðsÞxð2n�1ÞðsÞds

a�lb

ð t
0

jxð2n�1ÞðsÞjmþ1
ds

þ l
X2n�1

i¼0

ð t
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ l

ð t
0

eðsÞxð2n�1ÞðsÞds

a l
X2n�1

i¼0

ð t
0

giðs; xðiÞðsÞÞxð2n�1ÞðsÞdsþ l

ð t
0

eðsÞxð2n�1ÞðsÞds

a
X2n�1

i¼0

ð1
0

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼0

ð
D1; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjds

þ
X2n�1

i¼0

ð
D2; i

jgiðs; xðiÞðsÞÞj jxð2n�1ÞðsÞjdsþ
ð1
0

jeðsÞj jxð2n�1ÞðsÞjds

a
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjdsþ
X2n�1

i¼0

ðri þ eÞ
ð
D2; i

jxðiÞðsÞjmjxð2n�1ÞðsÞjds

þ
ð 1
0

jeðsÞj jxð2n�1ÞðsÞjdsþ gd;0

ð1
0

jxðsÞjds:

Similarly to step 1.1, we can get

1

2
jxð2n�1ÞðtÞj2 a

X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼0

ðri þ eÞ
ð1
0

jxðiÞðsÞjmjxð2n�1ÞðsÞjds

þ
ð 1
0

jeðsÞj jxð2n�1ÞðsÞjdsþ gd;0A M þ
ð 1
0

jxð2n�1ÞðsÞjds
� �
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a
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjds
� �mþ1

þ keky
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ gd;0A M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #

þ ðr0 þ eÞAm M þ
ð1
0

jxð2n�1ÞðsÞjds
� �mð1

0

jxð2n�1ÞðsÞjds

a
X2n�1

i¼1

gd; i

ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ
X2n�1

i¼1

ðri þ eÞ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

þ keky
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

þ ðr0 þ eÞAm M þ
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ" #m

�
ð1
0

jxð2n�1ÞðsÞjmþ1
ds

� �1=ðmþ1Þ

a
X2n�1

i¼1

gd; iM
1=ðmþ1Þ þ

X2n�1

i¼1

ðri þ eÞM þ kekyM 1=ðmþ1Þ

þ ðr0 þ eÞAm½M þM 1=ðmþ1Þ�mM 1=ðmþ1Þ þ gd;0AðM þM 1=ðmþ1ÞÞ:

So there is M 0
3 > 0 such that jxð2n�1ÞðtÞjaM 0

3. It follows from above dis-

cussion that there is B > 0 such that

kxkaB:

Hence W1 is bounded. This completes the step 1.
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Step 2. Let

W2 ¼ fx A Ker L; Nx A Im Lg:

It is similar to that of Step 2 of the proof of Theorem 2.1 to prove that W2 is

bounded.

Step 3. Let

W3 ¼ fx A Ker L; sgnðDÞl5xþ ð1� lÞQNx ¼ 0; l A ½0; 1�g;

where5 : Ker L ! Im Q is the linear isomorphism given by5ðcÞ ¼ ctk for all

c A R. It is similar to that of proof of Theorem 2.1 to show that W3 is

bounded.

In the following, we shall show that all conditions of Theorem GM are

satisfied. Set W be a open bounded subset of X such that WI63

i¼1
Wi. By

Lemma 2.1, L is a Fredholm operator of index zero and N is L-compact on

W. By the definition of W, we have

(a) Lx0 lNx for x A ðdom L=Ker LÞV qW and l A ð0; 1Þ;
(b) Nx B Im L for x A Ker LV qW.

Step 4. We prove

(c) degðQNjKer L;WVKer L; 0Þ0 0.

In fact, let Hðx; lÞ ¼ l5xþ ð1� lÞQNx. According the definition of W,

we know Hðx; lÞ0 0 for x A qWVKer L, thus by homotopy property of degree,

degðQN jKer L;WVKer L; 0Þ ¼ degðHð� ; 0Þ;WVKer L; 0Þ

¼ degðHð� ; 1Þ;WVKer L; 0Þ

¼ degðI ;WVKer L; 0Þ0 0:

Thus by Theorem GM, Lx ¼ Nx has at least one solution in dom LVW, which

is a solution of BVP(1)–(2). The proof is complete.

Similarly, we can prove the following theorem and its proof is omitted.

Theorem 2.4. Suppose
Pm

i¼1 bi ¼ 1 and the conditions of Theorem 2.2, i.e.

ðA 0
1Þ, ðA2Þ, ðA3Þ, hold. Then BVPð1Þ and ð3Þ has at least one solution provided

(19) holds.

Remark 1. In Theorems 2.1 and 2.2, the degree of the variables

x0; x1; . . . ; x2n�1 in function f may be di¤erent from each other.
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Now, we suppose

Xm
i¼1

bi 0 1:

In this case, problems (1) and (2), problem (1) and (3) are non-resonance

boundary value problems. We have the following results.

Theorem 2.5. Suppose bi b 0,
Pm

i¼1 bi 0 1 and ð�1Þn�1
f ðt; x0; . . . ; x2n�1Þ

b 0 for all t A ½0; 1� and ðx0; . . . ; x2n�1Þ A R2n and the conditions of Theorem 2.1,

ðA1Þ–ðA3Þ, hold. Then BVPð1Þ and (2) and BVPð1Þ and (3) have at least one

positive solution, respectively, provided (14) holds.

Proof. For problem (1) and (2), from (12) together with xð1Þ ¼Pm
i¼1 bixðxiÞ, we get

c ¼ 1Pm
i¼1 bi � 1

 ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds

�
Xm

i¼1
bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

yðuÞdudtds
!
:

Define an operator T by

TxðtÞ ¼ 1Pm
i¼1 bi � 1

 ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm

i¼1
bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds
!

þ
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

for every x A Cn�1½0; 1�.
Consider the set W ¼ fx A Cn�1½0; 1�; x ¼ Txg. For x A W, we have

ð�1Þn�1
xð2n�1ÞðtÞ ¼ f ðt; xðtÞ; x 0ðtÞ; . . . ; xð2n�1ÞðtÞÞ:

Similar to the step 1 of the proof of Theorem 2.1, we can prove that there is a

constant B > 0 such that kxkaB for every x A W. Then by Schauder fixed

point theorem, T has at least one fixed point, which is a solution of BVP(1)

and (2) since
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xðtÞ ¼ 1Pm
i¼1 bi � 1

 ð1
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

�
Xm
i¼1

bi

ð xi
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds
!

þ
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

¼
Xm
i¼1

bi

ð1
xi

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

þ
ð t
0

ð1
0

Gn�2ðs; tÞ
ð t
0

f ðu; xðuÞ; x 0ðuÞ; . . . ; xð2n�1ÞðuÞÞdudtds

b 0:

For BVP(1) and (3), the proof is similar and is omitted.

Theorem 2.6. Suppose bi b 0,
Pm

i¼1 bi 0 1 and ð�1Þn�1
f ðt; x0; . . . ; x2n�1Þ

b 0 for all t A ½0; 1� and ðx0; . . . ; x2n�1Þ A R2n and the conditions of Theorem 2.1,

ðA 0
1Þ, ðA2Þ, ðA3Þ, hold. Then BVPð1Þ and (2) and BVPð1Þ and (3) have at least

one positive solution, respectively, provided (19) holds.

Proof. The proof is similar to that of Theorem 2.5 and is omitted.
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