(©2008 The Mathematical Society of Japan
J. Math. Soc. Japan

Vol. 60, No. 4 (2008) pp. 1045-1064

doi: 10.2969/jmsj/06041045

On vanishing of certain Ext modules

By Shiro GoTo, Futoshi HAYASAKA and Ryo TAKAHASHI

(Received Dec. 22, 2006)
(Revised Oct. 31, 2007)

Abstract. Let R be a Noetherian local ring with the maximal ideal m and
dim R = 1. In this paper, we shall prove that the module ExtL(R/Q, R) does not
vanish for every parameter ideal @ in R, if the embedding dimension v(R) of R is
at most 4 and the ideal m? kills the 02 local cohomology module HO (R). The
assertion is no longer true unless v(R) < 4. Counterexamples are given. We shall
also discuss the relation between our counterexamples and a problem on modules of
finite G-dimension.

1. Introduction.

Throughout this paper let R be a Noetherian local ring with the maximal ideal
m and d = dim R. The purpose of this research is to study the following problem
concerning the vanishing of Ext modules. The motivation for the research comes
from a conjecture posed by [5] on the modules of finite G-dimension.

QUESTION 1.1.  Let M be an R-module of finite length. Then does it always
hold true that Ext% (M, R) # (0)?

In [5] Takahashi studied a characterization of Gorenstein local rings in terms
of G-dimension and posed the following conjecture: if a given Noetherian local
ring R admits a non-zero R-module of finite length and of finite G-dimension,
then the ring R would be Cohen-Macaulay. We can readily see that the conjecture
holds true, if Question 1.1 has an affirmative answer. This is the reason why we
are interested in Question 1.1. Later we shall closely discuss the relation between
Question 1.1 and the conjecture.

In the present paper we shall restrict our attention on the following very
special case of Question 1.1.
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QUESTION 1.2.  Assume that d = 1 and let ) be a parameter ideal in R.
Then does it always hold true that Exth(R/Q, R) # (0)?

To the surprise of the authors, even in this case the answer is negative in
general, while the answer is affirmative in certain special cases even if the base
ring R is not Cohen-Macaulay, as we shall show in Section 5. Here let us summarize
our conclusion into the following two theorems.

THEOREM 1.3. Letd > 0 be an integer. Then there exists a Noetherian local
ring R such that diim R = d and Ext%(R/Q, R) = (0) for some parameter ideal Q
n R.

THEOREM 1.4. Let R be a Noetherian local ring with the mazimal ideal m
and dim R = 1. Assume that m>H? (R) = (0), where HO(R) denotes the 01 local
cohomology module of R. Then

Exty(R/Q, R) # (0)

for every parameter ideal Q in R, if v(R) < 4. Here v(R) = {r(m/m?) stands for
the embedding dimension of R.

Theorem 1.4 is no longer true unless v(R) < 4. In Section 5 we shall construct
examples, which show that for a given integer v > 5, there exists a parameter ideal
Q@ in a certain one-dimensional Noetherian local ring (R, m) with the embedding
dimension v(R) = v and m®*H2 (R) = (0), such that Exth(R/Q, R) = (0). Hence
Question 1.2 does not hold true in general, and by adding indeterminates to the
rings which are one-dimensional counterexamples, we have the negative answer
Theorem 1.3 to Question 1.1 for arbitrary dimension d > 0.

Let us now briefly explain how this paper is organized. We shall prove Theo-
rem 1.4 in Section 3. For the purpose we need some preliminary results and some
notation as well, which we will summarize in Section 2. In Section 4 we will explore
some examples affirmative to Question 1.2, which do not satisfy conditions stated
in Theorem 1.4. In Section 5 we shall prove Theorem 1.3, constructing counterex-
amples to Question 1.2. In the final Section 6 we will discuss the relation between
our counterexamples constructed in Section 5 and the problem on the modules
of finite G-dimension. We shall guarantee that the conjecture posed by the third
author [5] remains open, showing that our counterexamples given in Section 5 are
not counterexamples for the conjecture of the third author.



On vanishing of certain Ext modules 1047

2. Preliminaries.

In this section, we shall summarize some preliminary results which we need
to prove Theorem 1.4.

Let us fix our notation. Unless otherwise specified, let R be a Noetherian
local ring with the maximal ideal m and dimR = 1. We set W = H2(R) the
0t local cohomology module and a = (0) : W the annihilator of the ideal W.
Note that W is the unmixed component of R, that is, W = (), c\pi, g 4(p), where
(0) = MNpeass r 9(p) the primary decomposition of (0) in R. Also, unless otherwise
specified, we denote by Q@ = (a) the parameter ideal in R, and set I = (0) : Q. The
parameter ideal @ is said to be standard if QW = (0), that is, @ is contained in
a. We denote by ur(M) the minimal number of generators of a finitely generated
R-module M, i.e., ur(M) = dimp (M /mM). We denote by v(R) the embedding
dimension of R, i.e., the minimal number of generators of the maximal ideal m.

Let us begin with the following.

LEMMA 2.1.  For every parameter ideal Q@ in R, one has an isomorphism
Extp(R/Q,R) = ((0):1)/Q

of R-modules, where I = (0) : Q.

PROOF. Let @ = (a). We first consider the following free resolution of R/Q

R! R R R/Q 0,
where | = pgr(I) and I = (x1,...,2;). Taking the R-dual of this resolution, we
have a complex

a Haea]

0 R R R!

By this complex, we have an isomorphism Exts(R/Q, R) = ((0) : I)/Q. O

Consequently, Question 1.2 is the same as the following.

Does it always hold that (0) : I # Q7

We notice here that once a is a non-zero divisor on R, then Exth(R/Q, R) #
(0), because (0) : I = R # Q. Hence Extkr(R/Q,R) # (0) for every parameter
ideal @ = (a) in R, if R is a Cohen-Macaulay local ring.
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The following assertions are easy but we shall use them frequently in this
paper.

LEMMA 2.2. Let Q be a parameter ideal in R and I = (0) : Q. Then we
have the following.

(1) QNW = QW.
(2) ICW.
(3) aC(0):1
(4) Q:mCQW: I
Furthermore, if the ideal Q is standard, then we have
5) I=W.
(6) a=(0):1.

(7) Q:m C(0):1.

PrOOF. Let @ = (a). Since R/W is a 1-dimensional Cohen-Macaulay local
ring, the parameter a is not a zero-divisor on R/W. Hence we have Q N W =
aW = QW. (2) follows from the fact QI = (0). (2) implies (3). (4) follows from
the fact I C m and assertions (1), (2). Assume QW = (0), that is, W C I. Then
(5) follows from (2). (5) implies (6). Assertion (7) follows from (4). O

PROPOSITION 2.3.  Let Q be a parameter ideal in R. Then we have
Exty(R/Q, R) # (0),

if either of the following conditions holds.

(1) The ideal @ is standard.
(2) The ideal Q? is standard and I = (0) : Q is contained in Q.

PrROOF. (1) Suppose Exty(R/Q,R) = (0). Then we have the equality Q :
m = @ by Lemma 2.2 (7), which is impossible.
(2) Let @ = (a). We consider the following exact sequence.

0——R/(Q+ 1) ——= R/Q? R/Q 0.
Since I C @, the above short exact sequence yields an exact sequence
Extp(R/Q, R) — Extp(R/Q? R) — Extp(R/Q, R).

Since the parameter ideal Q2 is standard, we have Extp(R/Q? R) # (0) by (1).
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Hence we get that Exty(R/Q, R) # (0). O

It is well known that every parameter ideal @ in a Buchsbaum local ring R is
standard. So, by Proposition 2.3 (1), we have the following.

COROLLARY 2.4.  Assume that the ring R is Buchsbaum. Then we have
Exti(R/Q. R) # (0)

for every parameter ideal @Q in R.

THEOREM 2.5.  Suppose that a parameter ideal Q = (a) is standard. Then,
for any z € W, the element a+z is a parameter of R, and Ext}%(R/(a—i-z), R) #(0).

PROOF. Let z € W. For every p € Min R, since z € p, we have a + z ¢ p.
Hence a + z is a parameter for R. We put b = a + z. Then we have equalities

Therefore z € (0) : ((0) : b). Suppose that Extk(R/(b), R) = (0). Then, since
Exth(R/(b), R) = [(0) : ((0) : b)]/(b) by Lemma 2.1, we have z € (0) : ((0) : b)
= (b). Hence we can write z = by = (a+ 2)y for some y € R. Then y € m because
b¢ W. Since z(1 —y) =ay and 1 —y is a unit in R, we have z € QNW = QW =
(0). Hence b = a, which is a contradiction by Proposition 2.3 (1). Therefore
Extp(R/(b), R) # (0). O

PROPOSITION 2.6.  One has Extp(R/Q, R) # (0) for every parameter ideal
Q in R, if either of the following conditions holds.

(1) The ideal a is not contained in m?.
(2) W2 =(0).

PROOF. Suppose Exty(R/Q, R) = (0) for some parameter ideal Q in R.

(1) Take z € a\m?. Since a C (0) : [ = @, we can write z = ay for some
y € R. Then y is a unit in R. Hence a = Q). This implies that @ is standard. By
Proposition 2.3 (1), this is impossible.

(2) By assumption W2 = (0), W Ca C (0): [ = Q. Hence W C QNW = QW
and we have W = (0) by Nakayama’s lemma. Therefore R is Cohen-Macaulay,
which is a contradiction. O
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Before closing this section, let us give the following result.

THEOREM 2.7.  If v(R) < 2, then Extir(R/Q, R) # (0) for every parameter
ideal QQ in R.

PrROOF. We may assume that v(R) = 2. Furthermore, passing to the com-
pletion, we may assume that R is complete. Then there exists a two-dimensional
regular local ring S with the maximal ideal n such that R = S/J, where J is an
ideal in S whose height is one. Since we may assume that R is not Cohen-Macaulay,
we can write J = fL for some non-zero element f € n and some n-primary ideal L
in S. Since W = (f)/J is the unmixed component of R, we have W = S/L. There-
fore LR C (0) : W = a. Here, suppose that Exty(R/Q, R) = (0) for some param-
eter ideal @ in R. Let Q = gR, where g € n. Then, since LR Ca C (0): [ = Q,
we have L C (g) + J and hence L = [L N (g)] + J. Since J CnL, L = LN (g) by
Nakayama’s lemma. Hence we have L C (g). But this is impossible because L is
n-primary and dim S = 2. 0

3. Proof of Theorem 1.4.

The purpose of this section is to give a proof of Theorem 1.4. Recall that R
is a Noetherian local ring with the maximal ideal m and dim R = 1. Let k = R/m
be the residue field of R. We set W = H2(R) and a = (0) : W. We denote by
v(R) the embedding dimension of R. With these notation and assumption, we
shall prove the following.

THEOREM 3.1.  Let @ be a parameter ideal in R and I = (0) : Q. Suppose
that m®>W = (0). Then

Exti(R/Q, R) # (0),
if one of the following holds.

(1) v(R) <
(2) pr(W )<
(3) ur(I) <
(4)V(R/I)<

1.

2

PROOF. Suppose Exth(R/Q, R) = (0). Then, since Exth(R/Q, R) = ((0) :
I)/Q by Lemma 2.1, we have (0) : I = Q. Let Q = (a). We first note that m? C a
and Q? is standard by the assumption m*W = (0). By Proposition 2.6 (1), we
have a C m? and hence a = m?. Also, a ¢ m? because @ is not standard by
Proposition 2.3 (1). Since m? = a C (0) : I = Q, we have m?> = am. Note that

mI/W C m?W = (0). Hence mW C ((0) : [)NW = QNW = QW. Therefore
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mW = QW. Furthermore one can check that I is not contained in m?2. Indeed, if
I Cm?, then I C m? = a C @, which is impossible by Proposition 2.3 (2).

Now let | = (r((I + m?)/m?) > 0 and take xy,...,7; € I such that
{z;modm? | 1 <i <1} is a k-basis of (I + m?)/m?. Then we have the following.

CrLAaM 1.

(i) a,x1,...,x; is a part of a minimal system of generators for m.
(ii) The equality (0) : (x1,...,2;) = (0) : I holds.

ProOF OF CLAIM.

(i) Let o, B; € R and suppose that aa + 22:1 Bix; € m2. Since m? = am, we
can write aa—l—Zi:l Bix; = ary for some v € m. Hence (a—7)a € (x1,...,2;) CI =
(0) : a. If @ is a unit in R, then oo —~ is also a unit in R and hence a € I = (0) : a
and a? = 0, which is impossible because a is a parameter. Therefore a € m and
hence each 3; € m.

(i) I C (z1,...,7) + m?, so that the equality I = [(x1,...,2;) + m?]NI =
(1,...,2;) + [m?2N 1] holds. Since m*NI C QNW =aW =mW C (0) : m, we

then have the equality (0) : (z1,...,2) = (0) : I. O

Let m = (a,21,...,21, 141, -.,Tp), where n + 1 = v(R). Since m? = am,
we can write each x;x; = ad;; for some §;; € m. Then we may assume that
dij € (@, Ti41,...,xy,) because ax; = 0 for all 1 < ¢ <[. Let V be the k-subspace

of m/m? spanned by {d;; modm? |1 <i <[, 1< j<n}andlet ¢ =dimg V. Then
CLamM 2. g<n-—I.

PrOOF OF CLAIM. It is clear that g+ < n+1. Suppose ¢+ = n+1. Then

(141, 20) C (651 1< <1, 1 <j<n)+m? so that (a,41,...,2n) =
(6 11<i<l, 1<j<n)+[m?*N(a,zi41,...,2,)]. Since m? = am, we have
(@, i1, ,zn) = (65 | 1 <i <, 1 <5 <n)+ma,2141,...,2,). Hence
(@, zi41,...,2n) = (6;5 | 1 <3 <1, 1 <j<n) by Nakayama’s lemma and hence
the equahty

holds. Let p € MinR. Then a ¢ p. Since ax; = 0 for all 1 < ¢ < I, we have

(1,...,21) € p. Hence ad;j = z;x; € p forall 1 <4 <l and 1 <j < n. Therefore
(0i]1<i<l, 1<j<mn)Cp. HencemC p, which is impossible. Thus we have
the inequality ¢ +1 < n. O

For any n-elements aq,...,a, € R, we consider the following condition:
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n
C = Zaj(;ij em? forall 1<i<l. (3.1.1)
j=1
The elements aq,...,a, € R satisfying condition 3.1.1 have the following
property.
CLAM 3. If the elements ay, .. .,a, € R satisfy condition 3.1.1, then a; € m

foralll <i<n.

Proor or CLAIM. Forany 1 <17 </,

ac; = Zaj(a(sij) = Zaj(xixj) =T Zajxj'
=1 / '

Hence we have
n
2. _ _
a‘c; = azx; ajx; =0,
Jj=1

because ax; = 0 for all 1 < ¢ < mn. Therefore each ¢; belongs to W. Since
ai,...,a, satisfy condition 3.1.1, ¢; € m>NW C QN W = aW. Hence ac; =
xi(ZL a;x;) =0 for all 1 < i < I. Therefore we have

Zajxj €(0): (x1,...,21) = (0): T =Q.

We write Z?Zl ajr; = az for some z € R. Then a; € m for all 1 < j < n, because
the set {a,z1,...,2,} is a minimal system of generators for m. g

CLAIM 4. ql > n. Hence we havel > 2 andn —1 > 2.

PrOOF OF CLAIM. We take &1,...,& € (0;; | 1 <i¢ <[, 1 <j <n)such
that {£ modm? | 1 < k < g} is a k-basis of V and write

q
0ij = E c}kfkmode,
k=1

where cz»k € R. We now consider the following system of linear equations in

variables y1,...,y, over k = R/m:
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dcky; =0 (1<i<l 1<k<q), (3.1.2)
j=1
where % denotes the reduction of * mod m. Suppose ag,...,a, € k is a solution of

3.1.2. Then Z?=1 ajcék emforalll <i<lI, 1<k<gq. Therefore we have

n q

n q n
=Sty =Y (S ) =30 (L o =omodnt.
J=1 k=1 j=1

j=1 k=1

Hence the elements a1, . .., a, satisfy condition 3.1.1. Thusa; =0foralll1 <j <n
by Claim 3. Therefore 3.1.2 has the only trivial solution, which shows that gl > n.
This implies | > 2 and n — [ > 2. Indeed, if [ = 1, then n < ¢ < n — 1 by Claim
2. This is impossible. Also, if n —1 < 1, then n < ¢l < (n —1)I <1 < n. Hence
n =gl = (n—1)l = 1. Therefore ¢ =1 and n = I. Again, by Claim 2, this is
impossible. 0

Now suppose v(R) < 4. Then v(R) —1 =n = (n—1)+1 > 4, which is a
contradiction. Suppose pur(W) < 1. Since (I+m?)/m? C (W+m?)/m? = W/mW,
it follows I < 1, which is a contradiction. If ug(I) < 1, then I < 1. If v(R/I) =
lr(m/(I +m?)) <2 thenl=/lp((I+m?)/m?)>v(R)—2=(n+1)—2=n—1.
Hence n — [ < 1, which is a contradiction.

Consequently, we have Exth(R/Q, R) # (0). This is a proof of Theorem 3.1.

O

As a direct consequence, we have the following, which is Theorem 1.4.

COROLLARY 3.2. If m?*W = (0) and v(R) < 4, we then have
Extk(R/Q, R) # (0) for every parameter ideal Q in R.

REMARK 3.3. The assumption in Corollary 3.2 is the best possible. Indeed,
in Section 5, we shall construct examples, showing that for a given integer v > 5,
there exists a one-dimensional Noetherian local ring (R, m) with the embedding
dimension v(R) = v and m*W = (0), which contains a parameter ideal @ such
that Exth(R/Q, R) = (0).

4. Affirmative examples.

In this section, we shall give some affirmative examples. First, we give the
following example, which follows from Theorem 1.4.
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EXAMPLE 4.1. Let k be a field and let S = k[[X,Y, Z]] be a formal power
series ring. Set U = (X,Y), L = (X%, XY - YZ Y2~ XZ Z?)and J =UnN L.
We put R = S/J. Then dim R = 1 and we have ExthL(R/Q, R) # (0) for every
parameter ideal @ in R.

PROOF. One can check that J = (X2, XY -YZ, Y2 - XZ XZ% Y Z?). Let
x,y denote respectively the reductions of X,Y mod J. Then, since the unmixed
component of R is p := (z,y), we have W = p. It is easy to see that v(R) = 3
and m?>W = (0). Hence Ext}%(R/Q, R) # (0) for every parameter ideal @) in R by
Theorem 1.4. 0

To construct another class of affirmative examples, we need the following.

PROPOSITION 4.2.  Let (S,n) be a regular local ring with dim S > 0. Let U,
L be ideals in S satisfying the following three conditions.

(i) The ring S/U is a one-dimensional Cohen-Macaulay ring.
(ii) The ideal L is an n-primary ideal.
(ili) The ideal J := U N L is contained in n?.

We put R =5/J. Then dim R =1 and we have
Extk(R/Q, R) # (0) for every parameter ideal Q in R,

if either of the following conditions holds.

(1) The ideal L is not contained in n?.
(2) The ideal J =U N L is contained in nL.

PrROOF. We may assume that the ideal U is not contained in L. Since
W 22 U/J, we have LR C (0) : W = a. Suppose L is not contained in n?>. Then a
is not contained in m?, since J = UNL C n?. By Proposition 2.6 (1), we have that
Exth(R/Q, R) # (0) for every parameter ideal Q in R. Suppose J C nL. Assume
the contrary and choose a parameter ideal @ = fR in R such that (0) : [ = @,
where f €n. Sincea C (0): I =@, we get L C (f)+J. Hence L = [(f)NL]+nL.
By Nakayama’s lemma, we have L = (f) N L. Therefore dim S = 1 and hence
U = (0). This is a contradiction. O

Using this, we have the following simple affirmative example, which does not
follow from Theorem 1.4.

EXAMPLE 4.3. Let n > 0 and m > [ > 0 be integers. Let k be a field and let
S = k[[X1,X2,...,X,,Z]] be a formal power series ring. Set U = (X! ... X!),
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L=(X{,...,X™ Z)and J=UNL. Then J C n? and L is not contained in n?,
where n = (X1, Xo,..., X, Z). Hence, for every parameter ideal @ in R := S/J,
we have Extp(R/Q, R) # (0).

The following example satisfies neither of the assumptions of Theorem 1.4
and Proposition 4.2. But Extk(R/Q, R) # (0) holds for every parameter ideal Q
in R.

EXAMPLE 4.4. Let k be a field and let S = k[[X, Y, Z]] be a formal power
series ring. Set U = (X,Y), L = (X%, Y%, Z?) and J =U N L. We put R = 5/J.
Then dim R = 1 and we have Exth(R/Q, R) # (0) for every parameter ideal @ in
R.

PROOF. One can check that J = (X2,Y2 X272 YZ?). Let x,y,z denote
respectively the reduction of X,Y,Z mod J. Since the unmixed component of
R is p := (z,y), we have W = p. Then it is easy to see that m>W # (0) and
m3W = (0). Suppose that there exists a parameter ideal Q = (a) in R such that
Exth(R/Q,R) = (0). We may assume that a = 2" + b where n > 0 and b € p.
Furthermore, since z? is standard, we may assume that a = z + b. Indeed, if
a = 2" + b for some n > 2, then Extk(R/(a), R) # (0) by Theorem 2.5, because
z" is standard and b € W.

Since zyW = (0), zy € (0) : W =a C (0) : [ = Q. We write zy = ac for
some ¢ € R. Then ¢ € W because ac € W = p and a ¢ p. Here we write

b=0biz + bay + bsxy + bayz + bszx + bexyz,

C = C1T + CoY + C3TY + C4YZ + C52T + CeTYZ,
where b;,c; € k for all 1 < ¢ < 6. Then we have

Ty = ac
=(z+b)c
= (byca + bacr)zy + coyz + 1z + (3 + bicy + bacs + bycr + bsea)zyz.
Since {zy,yz, 2w, 2%} is a minimal system of generators for m?, we then have
c1 = ¢y = 0 and bijcg + bycg = 1. This is a contradiction. O
5. Counterexamples.

In this section, we will consider constructing examples which give a negative
answer to Question 1.2.
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Let n,l be integers with 2 <1 <n—2. Let k be a field, S = k[X1, ..., Xp, A]
a polynomial ring. The ring S is a Z-graded ring with Sy = k and deg X; =
degA=1for1<i<n. SetV = Z;;H_l kX;. Note that dimy Sy =n+1 > 5.

LEMMA 5.1.  There exists an | x n matrizc A = (A; ;) over S which satisfies
the following.

(1) The submatriz (A; j)1<ij<i is symmetric.
(2) V= Zlgigz, 1<j<n kA,
C1
3) Ifer,...,cn €K satisﬁesA( > =0, thency; =---=¢, =0.

Cn

Proor. Ifl<n—I, then set

X1 Xig2 oo Xop 0 oo 0
X2 0 -0 0 - 0
A= : : : : :
Xoy-1 0O -+ 0 0 - 0
Xo o - 0 X4 o0 Xy

It is easy to see that this matrix satisfies all the conditions in the lemma.
Let us consider the case where [ > n —[. Put « = n — 1. We can write
l=aq+r for some 0 <r < a.

CLAIM. One has0<qg<1l-—2.

ProOOF OF CrAaIM. Ifg=0,then! = r < «, which is a contradiction. Hence

g > 0. Assume g > [—2. Then ¢ > [—1, and we have [—r = ag > a(I—1) > 2(I-1)

since a > 2. Hence 2 <[ <2 —r < 2. Therefore we obtain [ = 2 and r = 0. It
follows that 2 = ag. Since a > 2, we get @ = 2 =1 > «. This is a contradiction.

O

We construct a matrix A as follows:

Aijj=0i =X ai-1y fl<i<ganda(i-1)<j <o,
Agt1j = Bjgr1 = Xjgr ifag < j <1,
Aij =X if 1 < j,

A;j=0 otherwise.

Then we can check that this matrix A satisfies the three conditions in the lemma.
O
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Let A be a matrix satisfying the conditions in Lemma 5.1. We define an ideal
J of S as follows:

J = (AXl, - 7fLXl) + (Xl+17 . 7Xn)2 + (Xin — AAi,j)1§i§Z,1§j§n~
Since the submatrix (A; j)1<i j<i is symmetric, we have

J=(AX1,...,AX)) + (X141, ..., Xn)?
+ (XiX; — ADi jh<i<i< + (XaXy — AAG j)i<i<i,i41<<n-

Set N = Sy = @,,505m € S. Lemma 5.1 says that A;; is in V. Since V
is contained in Si, the ideal J is graded and contained in N?. Put R = S/J
and M = Ry = N/J. Let a,z;,0;; be the residue classes of A, X;,A,;; in R,

respectively.

PROPOSITION 5.2.  One has the following.

(1) dimR =1 and Min R = {p}, where p = (z1,...,2x).
(2) M? =aM, M3 = (a®) and M?*W = (0).
(3) W=p and W; = (0) for all i > 3.

PROOF. (1) We make a claim.
CLAIM.  One has V.J = (X1,...,X,).

PrOOF OF CrLAIM. Note that (Xi,...,X,,) is a radical ideal of S. Hence
it is enough to show that V(J) = V(Xi,...,X,). Let P € V(J). Since
(X141, ..., X,)? is contained in J, the elements X;1,..., X, belong to P. Hence
V' is contained in P, and we have all A;; are in P by Lemma 5.1(2). As
X;X; — AA; ; is in J, all X;X; are in P. In particular, X? isin P for 1 <4 <.
Thus X; € Pfor 1 <i<I.

Conversely, let P € V(Xy,...,X,). Then V is contained in P, and Lemma
5.1(2) says that all A; ; are in P. Hence all X;X; — AA; ; are in P, and therefore
J is contained in P. O

It follows from the above claim that dimR = dimS/J = dimS/V.J =
dimk[A] = 1 and that minV(J) = minV(vJ) = minV(Xy,...,X,) =
{(X1,...,X5,)}, hence Min R = {p}.

(3) We begin with making the following claim.

CraiM 1. One has a?z; =0 for 1 <i < n.
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PROOF OF CLAIM. The claim is obvious for 1 <i <[, soletl+1<i<n.
Then X; isin V = 37,0\« 1<p<n kAa g, and we have X; = >° 5ca,30q,5 for
some cq,g € k. Hence x; = 3_, 5¢a,0a,5, and we get az; = 3 , 5ca g(ada,p) =
> .8 Ca,p(Taws). Therefore we obtain a*z; = )°, 5 ¢ p(aza)rs = 0 since az, =
0. U

Note that R/(a) is artinian. Hence a is a homogeneous parameter of R. The
above claim shows that a?p = (0). Since (a) is M-primary, we have M*p = (0)
for some s > 0. It follows that p is contained in W. On the other hand, as the
ideal W has finite length, it is nilpotent. Therefore W is contained in p, and thus
W =p.

Here we make the following two claims:

CLAIM 2. One has ax;z; =0 for 1 <4, j < n.

ProOF oF CrLAIM. It holds that az,, = 0 if 1 < m < [. Hence we may
assume [ + 1 < 4,5 < n. Since (2i41,...,2,)? = (0), we have z;z; = 0. O

CrLAM 3. One has x;z 2, =0 for 1 <i,j,h < n.

ProoF OF CrAIM. The claim holds if [ + 1 < 4,5,h < n since
(X141, ,2,)% = (0). Let 1 < i <. Then x;x; = ad; j, and x; Ty = adi jTh.
Note that 0;; is in kajy1 + -+ + kzy,. If I+ 1 < h < n, then §; 2, = 0 as
(Ti41, .-, 1) = (0), and we get z;z;x, = 0. If 1 < h <, then azp = 0, and
zixjxy = 0. O

It follows from Claims 1, 2 and 3 that W; = (0) for all ¢ > 3.

(2) Since M = (z1,...,2,,a) = p+ (a), we have M? = aM + p2. For integers
a, B with 1 < a < < n, we have

adap (a <),
Talg =
0 (I1+1< o),

which is in aM. Thus M? = aM, and M3 = aM? = a®>M = a®p + (a®) = (a®) by
Claim 1. Added to it, we have M2?W = M?p = aMp = a(p + (a))p = ap? = (0)
by Claim 2. O

LEMMA 5.3. The elements axjy1,...,axy,a’ form a k-basis of Rs.
ProOOF. First of all, we claim the following.

CLAIM.  One has J + (AX;41,...,AX,, A%) = N2,



On vanishing of certain Ext modules 1059

PROOF OF CLAIM. Put L =J + (AX;41,...,AX,, A%). It is obvious that
L is contained in N2. Fix integers o, 3 with 1 < a < g <n. If | +1 < q, then
XoXpgisin J, hence in L. If a <1, then X, Xg — AA, g is in J. Since A, g is
in V, the element AA, g is in the ideal A(X;41,...,X,,), which is contained in L.
Hence X, X3 € L. Thus the element X, Xg isin L for 1 < a < 3 < n. Added to
it, we have NA = (AX1,...,AX)) + (AXy41,...,AX,, A%) C L. Consequently,
the ideal N? = (X1,...,X,,)? + NA is contained in L. O

The above claim implies that M? = (az;;1,...,ar,,a?). Hence we have Ry =
(M?)y = k-ax; 1+ -+k-azx,+k-a®. Therefore dimy, Ry < a+1, where a = n—I.
Assume dimy Ry < a+ 1. Then dimy Sy = dimg Re +dimy, Jo < (a4 1) + dimyg Js.
We have

J=(AX1,...,AX)+ (Xi41,..., X,)?

l alatl)
2

+ (XiX; — AN jhi<icj< + (XX — AD ji<i<i i+1<j<n -

1(14+1) la
2

Hence dimy, Jo <+ a(a+1)/2+1(1+1)/2+la = (n? +n + 21)/2, and therefore
dimy S2 < (a+ 1)+ (n? +n+20)/2 = (n+1)(n+2)/2 = dimy Sz. This is a con-
tradiction, and it must hold that dimg Re = a+1. It follows that az;y1, ..., azx,, a?
form a k-basis of Rs. [l

Now we are in the position to state and prove the main result of this section.

THEOREM 5.4. The element a is a homogeneous parameter of R satisfying
(0): ((0) : @) = (a), namely, Extg(R/(a), R) = (0).

ProoF. Set I = (0): a. Let us prove the theorem step by step.

STEP 1. The ideal I is contained in W.
Indeed, since (a) is an M-primary ideal, there is an integer r > 0 such that
M™ is contained in (a). Since al = (0), we have M"T = (0).

STEP 2. We have I = I + I>.

Indeed, according to Proposition 5.2(3), it holds that W = Wy + Wy + Wa.
Note that Wy = WNRy = WNk = (0). Hence W = Wj+W5. Since [ is contained
in W, we have I = Iy + I.

STEP 3. We have Iy = Ws.
In fact, since I is contained in W, I is contained in Ws. Proposition 5.2(3)
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shows that MWy = (0), hence aWs = (0). Thus W3 is contained in I = (0) : a.
Hence Wy is contained in Is.

STEP 4. We have Iy C (x1,...,2;).

In fact, since I = W, it suffices to check that W5 is contained in (z1, ..., z;).
Let ¢ € Wy, Note that Wo = ps = pN Ry = (21,...,2,) N Re. Hence we can
write ¢ = Y i, ;& for some & € R;. Let us show that z;§; is in (z1,...,2)
for 1 <4 < n. This is trivial if 1 < ¢ <, solet [ +1 <7 <mn. Then z;2; =0
for 1+ 1 < j < n, and hence the element z;z; is in (x1,...,2;) for 1 < j < n.
As we saw in the proof of Claim 1 in the proof of Proposition 5.2, we can write
ax; = Za,ﬁ Ca,8(zqxg) for some ¢, g € k. Hence az; € (x1,...,2;). Since §;

belongs to Ry = kxy + - -+ + kxp, + ka, we obtain ;& € (x1,...,1).

STEP 5.  We have I = (x1,...,1).

Indeed, as ax; = 0 for 1 < ¢ <, the ideal (z1, ..., ;) is contained in I = (0) :
a. Suppose that (z1,...,2;) is strictly contained in I, and choose a homogeneous
element ¢ € I — (x1,...,2;). Since I = I + I, the element ¢ is in either I; or
I,. However I is contained in (z1,...,;), ¢ must be in I1, hence in W; = p; =
kxy 4+ -+ kx,. Therefore ¢ = + Z?:Hl c;x; for some ¢ € kxy 4+ -+ + kx; and
ci € k. We have 0 = a¢ = 31", ¢;(ax;) since az; = 0 for 1 < j < [. Lemma
5.3 shows that ¢; = 0for l+1 < i <mn,and ¢ = ¢ € (x1,...,2;). This is a
contradiction.

Now, we shall prove that (0) : ((0) : a) = (a). It is trivial that (0) : ((0) : a)
contains (a). Suppose that (0) : ((0) : @) = (0) : I strictly contains the ideal
(a), and choose a homogeneous element ¢ € ((0) : I) — (a). Then, since the ideal
M? = aM is contained in (a) and ¢ is not in (a), ¢ is not in M?. Hence deg ¢ < 1.
Assume that deg¢ = 0. Then ¢ is in k and is nonzero. Since ¢I = (0), we have
(0) = I = (x1,...,2;), which is a contradiction. Thus deg¢ = 1, equivalently,
the element ¢ is in R;. We can write ¢ = 2?21 cjz; + ca for some cj,c € k. It
holds that (0) = ¢I = ¢(x1,...,2;), and 0 = ¢x; = ZJ 1 ¢(xixy) + clax;) =
Yo ciladi) = ad iy cjd;  for 1 < <1 Hence >0 ¢;di; € ((0):a) =1 =
(z1,...,2). Noting that §, ; is in V = kxyyq1 +- - -+ kx,,, we see that EJ ¢j6; ;=0
for 1 <i <, and thus

C’IL

By Lemma 5.1(3) we have ¢; = 0 for 1 < i < n, and ¢ = ca € (a), which is a
contradiction. This contradiction completes the proof of the theorem. O
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6. Modules of finite G-dimension.

In this section, we will consider a problem on modules of finite G-dimension.
We start by recalling the definition of G-dimension.

DEFINITION 6.1. Let R be a Noetherian ring.

(1) Let (—)* denote the R-dual functor Hompg(—, R). A finitely generated R-
module M is said to be totally reflexive if M is isomorphic to M** and
Ext’% (M @ M*, R) = (0) for all i > 0.

(2) The Gorenstein dimension (G-dimension for short) of a nonzero R-module
M, which is denoted by Gdimpg M, is defined as the infimum of integers r
such that there exists an exact sequence

0—-X,—- X1 — —=Xo—=M—=0

of R-modules, where each X; is totally reflexive. The G-dimension of the
zero module is defined as —oo.

It is known that G-dimension has the following properties. For the details,
see [1] and [3].

PROPOSITION 6.2.  Let R be a Noetherian ring and M a finitely generated
R-module. Then the following statements hold.

(1) There is an inequality Gdimgp M < pdp M.
(2) If Gdimg M < oo, then Gdimg M = depth R — depthp M.
(3) If Gdimg M < oo, then Gdimg M = sup{i | ExtR (M, R) # (0)}.

The third author gave the following conjecture in [5].

CONJECTURE 6.3. Let R be a Noetherian local ring. Suppose that there
exists an R-module M of finite length and finite G-dimension. Then R is Cohen-
Macaulay.

It is well-known that the statement with “G-dimension” replaced by “projec-
tive dimension” holds; it follows from the Peskine-Szpiro intersection theorem (cf.
[4, Proposition 6.2.4]).

Let R be a d-dimensional Noetherian local ring, and M an R-module of finite
length and finite G-dimension. Then one has Gdimpr M = depth R—depthyp M =
depth R by Proposition 6.2(2), and hence Ext’ (M, R) = (0) for i > depth R by
Proposition 6.2(3). Therefore, if the R-module M satisfies



1062 S. GoTo, F. HAYASAKA and R. TAKAHASHI
d
EXtR(M7 R) 7é (0)7

then one must have d < depth R, that is to say, R is Cohen-Macaulay. So, if
Question 1.1 has an affirmative answer, then the above conjecture is true. However,
as we have already seen in the previous section, Question 1.1 does not have an
affirmative answer.

Now, we are interested in whether the example which we constructed in the
previous section is a counterexample to the above conjecture or not. The main
result of this section is the following proposition, which says that it is not a coun-
terexample.

PROPOSITION 6.4. Let R be the ring and a the homogeneous parameter of
R which are constructed in Section 5. Then R is a standard graded algebra over
a field with dim R = 1 and depth R = 0 (hence R is not Cohen-Macaulay) and
Extp(R/(a), R) = (0), but the R-module R/(a) is not of finite G-dimension.

For a graded ring R and a graded R-module M, we denote by Hp(t) the
Hilbert series of M. To prove the above proposition, we prepare the following
result, which is the main theorem in [2].

THEOREM 6.5 (Avramov-Buchweitz-Sally). Let k be a field and R a pos-
itiv@ly graded k-algebra. Let M, N be finitely generated graded R-modules with
Extyw(M,N) = (0) for i > 0. Then

Z(—l)iHExt%(M7N)(t) _ HM%R()t_ﬁN(t)

i

The lemma below follows from this theorem.

LEMMA 6.6. Let R be a positively graded algebra over a field k. Let M be a
graded totally reflexive R-module of finite length. Then

(r(M) = Lr(M"),
where (—)* = Hompg(—, R).
PROOF.  Since Ext (M, R) = (0) for i > 0, Theorem 6.5 yields an equality

Hyp+(t) = bl %;()t.g}%(t)
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Note by definition that the dual module M* is also totally reflexive. Replacing M
with M™ in the above equality, we get

Thus we obtain the following two equalities:

1 -
HM(t) : HR(t_l) = Hjp~ (t_l) . HR(t).

Therefore we obtain
Hy(t) - Hyp(87Y) = Hppe (t) - Hppe (271). (6.6.1)

Since M has finite length, we can write Hp(t) = ap + a1t + - - - + ast® for some
integers aq,...,as, and so Hy (1) = ag + a1 + -+ + as = ¢r(M). Similarly
we have Hp«(1) = €r(M*). Substituting ¢ = 1 in the equality (6.6.1) yields
(r(M)? = Lr(M*)2. Tt follows that £r(M) = Lr(M*), as desired. O

Now we can achieve the purpose of this section.

PROOF OF PROPOSITION 6.4. Suppose that the R-module R/(a) has finite
G-dimension. Then Gdimg R/(a) = depth R—depthy, R/(a) = 0 since depth R =
0. Hence R/(a) is a totally reflexive R-module.

It is easy to see that R/(a) is isomorphic to k[Xi,...,X,]/(X1,...,Xn)?%,
which has dimension n + 1 as a k-vector space. Hence {g(R/(a)) =n + 1.

On the other hand, the module (R/(a))* is isomorphic to the ideal (0) : a =
I=(z1,...,2;), and it holds that I =11 + Ir. Wehave I} = k-1 + - -+ k - xy,
hence dimy I; = I. The k-vector space I» is contained in Zlgigl,lgjgn k-xx; +
ZKKZ k-ax;. We have z;2; = ad; j € k-axj41+---+k-ax, and ax; =0, so I is
contained in k- azxpy1+---+k-ax,. Conversely, since @z, =0forl+1<m<n,
we get ax,, € I. It follows that Iy = k-axy41+---+k-ax,. Lemma 5.3 guarantees
that az;y1,...,ax, are linearly independent over k. Therefore dimg I = n — [.
Consequently, we obtain equalities

KR((R/((J,))*) = ER(I) = dlmk Il + dlmk I2 =1+ (ﬂ — l) =n.

In particular, we get £r(R/(a)) # ¢r((R/(a))*). Theorem 6.5 gives a contradic-
tion. Thus, the R-module R/(a) does not have finite G-dimension, and the proof
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is completed. O
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