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ABSTRACT. An operator T on a complex Hilbert space H is called skew sym-
metric if T' can be represented as a skew symmetric matrix relative to some
orthonormal basis for H. We first give a canonical decomposition for general
skew symmetric operators. Based on this decomposition, we provide a classi-
fication of skew symmetric weighted shifts.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we let C, Z and N denote the set of complex numbers,
the set of integers and the set of positive integers respectively. H will always
denote a complex separable Hilbert space. We let B(H) denote the algebra of all
bounded linear operators on H.

Definition 1.1. A map C on H is called an antiunitary operatorif C'is conjugate-
linear, invertible and (Cx, Cy) = (y,x) for all x,y € H. If, in addition, C~! = C,
then C'is called a conjugation. An operator T in B(H) is called a skew symmetric
operator (SSO, for short) if CTC = —T* for some conjugation C' on H.

We remark that the terminology stems from the fact that 7" is skew symmetric
if and only if 7' can be represented as a skew symmetric matrix (that is, A = —A")
with respect to some orthonormal basis [10, Lem. 1].

The motivation for the study of SSOs stems from the emerging theory of com-
plex symmetric operators on Hilbert space (see [9, 10, 11, 12, 13] for references).
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Definition 1.2. An operator 7" in B(H) is called a complex symmetric operator
(CSO, for short) if there is a conjugation C' on H so that CTC = T*.

Also one can check that 7" is complex symmetric if and only if 7" has a symmetric
matrix representation with respect to some orthonormal basis. The earliest study
of CSOs dates back to the middle of the 20th century [15, 16]. Later, many
papers were devoted to the study of CSOs (see [27] and references therein). At
the present time, Garcia and Putinar [10, 11] has proved many interesting results.
The study of CSOs has many motivations in function theory, matrix analysis and
other areas; in particular, CSOs are closely related to the study of truncated
Toeplitz operators, which was initiated in Sarason’s seminal paper [22] and has
led to rapid progress in related areas [3, 13, 14, 23, 24].

The following lemma contains some elementary facts about SSOs.

Lemma 1.3 ([20], Lem. 1.4). Let C be a conjugation on H. Denote Sc(H) =
{XeB(H):CXC =—-X*}. Then

(i) if A,B € B(H), CAC = A* and CBC = B*, then [A,B] := AB — BA €
SC(H);
(ii) if T € Sc(H), then CT*C = (T*")* for alln € N;
(iii) the class Sc(H) is norm-closed and forms a Lie algebra under the com-
mutator bracket [-,-];

(iv) if T € Sc(H), then o(T) = —o(T).

By Lemma 1.3 (i), one can use CSOs to construct SSOs. In particular, if
T € B(H) is complex symmetric, then T*T — TT* is always skew symmetric.
By [10, Prop. 3], all truncated Toeplitz operators are complex symmetric with
respect to the same conjugation. Then it follows from Lemma 1.3 (i) that any
commutator of two truncated Toeplitz operators is skew symmetric. These are
important examples of skew symmetric operators.

As already mentioned in the foregoing part, the primary motivation for the
study of SSOs lies in its connections to CSOs. From Lemma 1.3 (i) and (ii), one
may see this point. It is often difficult to determine whether a given operator is
complex symmetric. By Lemma 1.3 (i), if 7" is complex symmetric, then T*T —
TT* is skew symmetric. In view of the description of skew symmetric normal
operators [20, Thm. 1.10], this provides another approach to CSOs. In a recent
paper [18], one can see such an application to Toeplitz operators. On the other
hand, each operator T on H can be written as the sum of a CSO and an SSO.
In fact, arbitrarily choose a conjugation C' on ‘H and set A = %(T + CT*C),
B = (T — CT*C). Then CAC = A*, CBC = —B* and T = A+ B. This
reflects some universality of CSOs and SSOs.

Another motivation for the study of SSOs lies in the connections between SSOs
and anti-automorphisms of singly generated C*-algebras. Recall that an anti-
automorphism of a C*-algebra A is a vector space isomorphism ¢ : A — A
with ¢(a*) = ¢(a)* and @(ab) = ¢(b)p(a) for a,b € A. An anti-automorphism
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or an automorphism p is said to be involutory if p~! = p. Involutory anti-
automorphisms play an important role in the study of the real structure of C*-
algebras [2, 25, 26]. It is not necessary that each C*-algebra possesses an involu-
tory anti-automorphism on it [4, 5, 21]. In a recent paper [30], certain connections
between SSOs and anti-automorphisms of singly generated C*-algebras are estab-
lished. In particular, it is proved that if 7" is skew symmetric, then C*(T") (the
C*-algebra generated by T and the identity operator I) admits an involutory
anti-automorphism on it (see [30, Cor. 3.2]). Moreover, this is used to classify
certain SSOs up to approximate unitary equivalence.

Recently, there has been growing interest in SSOs (see [27, 28, 20, 19, 30]). In
[27], Zagorodnyuk studied the polar decomposition of SSOs and obtained some
basic properties of SSOs. In [28], Zagorodnyuk studied the skew symmetry of
cyclic operators. In [20], Li and the author classified skew symmetric normal
operators. In [19], Li and Zhou described skew symmetric partial isometries. In
a recent paper [30], the author obtained a classification of certain SSOs up to
approximate unitary equivalence.

The main aim of this paper is to classify skew symmetric weighted shifts.
Recall that a (forward) weighted shift 7 on ‘H (dimH = 8;) with weighted
sequence {w,} is the operator defined by Te,, = wye, 1 for all n, where {e,} is
an orthonormal basis (ONB , for short) of H. If the index n runs over the positive
integers, then T is called a unilateral weighted shift, while if n runs over integers,
then T is called a bilateral weighted shift.

This work is mainly inspired by a recent paper [29], where complex symmet-
ric weighted shifts are classified. In particular, it is proved that each complex
symmetric unilateral weighted shift can be written as the direct sum of some
finite-dimensional truncated weighted shifts with symmetric weights.

Definition 1.4. If {¢;}? ; is an ONB for some finite-dimensional Hilbert space, an
operator of the form T' = Z;:ll Aileir1®e;] is called a finite-dimensional truncated
weighted shift. In particular, if |\;| = |A,_;| for each 1 < i < n — 1, then the
weights {\;}7= of T are called symmetric.

Here the operator e, ® e; is given by e;11 ® e;(z) = (x,€;)e;41 for x.

Noting that SSOs are intimately related to CSOs, one may wish to apply
those methods developed in [29] to describe skew symmetric weighted shifts.
Unfortunately, these methods are not applicable. One may see this in the proofs
of Lemma 2.11 and Theorem 1.9. To obtain a complete characterization, we shall
develop in this paper a completely different approach.

To state our main results, we need an extra notation.

Definition 1.5 ([1], page 95). Let T" € B(H). An operator A € B(H) is called a
transpose of T if A = CT*C for some conjugation C' on H.

If T'e B(H) is skew symmetric, then there exists a conjugation C' on H such
that —T'= CT*C. It follows that —7 is a transpose of T'. In general, an operator
has more than one transpose [30, Ex. 2.2]. However, one can check that any two
transposes of an operator are unitarily equivalent. We often write 7% to denote
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a transpose of T'. In general, there is no ambiguity especially when we write
T = T*. Here and in what follows, = denotes unitary equivalence.

Definition 1.6 ([3]). Let T' € B(H) and M be a nonzero subspace of H. If M
reduces T and T'|p is irreducible, then M is called a minimal reducing subspace
of T'. An operator is said to be completely reducible if it does not admit any
minimal reducing subspace.

Note that a normal operator is completely reducible if and only if it has no
eigenvalues.

Now we can list our results. The first result of this paper is the following result,
which describes the block structure of SSOs.

Theorem 1.7. Let T € B(H). Then T is skew symmetric if and only if it is
unitarily equivalent to a direct sum of (some of the summands may be absent)

(1) completely reducible SSOs,

(i) drreducible SSOs, and

(iii) operators of the form A & (—A"), where A is irreducible and not skew
symmetric.

Remark 1.8. (i) The above result decomposes a general SSO into the direct
sum of three kinds of elementary ones. In Section 4, we shall construct
several examples.

(ii) In a recent paper [18], Guo and the author provided a canonical decom-
position of general CSOs. Theorem 1.7 is an analogue of this result for

SSOs.

Based on Theorem 1.7, we give a concrete description of skew symmetric (uni-
lateral or bilateral) weighted shifts. The following two results are main theorems
of this paper.

Theorem 1.9. Let T be a unilateral weighted shift on H. Then T is skew sym-
metric if and only if T can be written as T = &2, T;, where each T; is a finite-
dimensional truncated weighted shift with symmetric weights and even rank.

Theorem 1.10. A bilateral weighted shift T with weighted sequence {w;}icz 18
skew symmetric if and only if exactly one of the following holds:

(i) w; # 0 for all i € Z and there exists k € Z such that |w;_1| = |wag—;| for
all v € Z;

(ii) T is an infinite direct sum of finite-dimensional truncated weighted shifts
with symmetric weights and even rank;

(iii) T is unitarily equivalent to an operator with the form A& A* @& B, where
A is an injective unilateral weighted shift and B is absent or B is a finite
direct sum of finite-dimensional truncated weighted shifts with symmetric
weights and even rank.

Remark 1.11. By the preceding two results and Theorems 3.1/4.1 of [29], each
skew symmetric weighted shift is complex symmetric, while the converse does not
hold in general.
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The rest of this paper is organized as follows. In Section 2, we shall give the
proofs of Theorems 1.7 and 1.9. The proof of Theorem 1.10 is provided in Section
3. In Section 4, we shall give several illustrating examples of those three kinds of
SSOs mentioned in Theorem 1.7.

2. PROOFS OF THEOREMS 1.7 AND 1.9

This section is devoted to the proofs of Theorems 1.7 and 1.9. We first make
some preparation. We remark that the proof of Theorem 1.7 follows a similar
line as that of Theorem 1.6 in [18].

Lemma 2.1 ([30], Lem. 3.7). If T € B(H), then T & (=T") is skew symmetric.

Corollary 2.2. Let T' € B(H) be a (unilateral or bilateral) weighted shift. Then
T @ T* 1s skew symmetric.

Proof. We only give the proof in the case that 7' is a unilateral weighted shift.
The proof for the bilateral case is similar.

Assume that 7' € B(H) is a unilateral weighted shift defined by Te; = \;e;11
for i+ > 1, where {e;};>1 is an ONB of H. Since 7' is unitarily equivalent to
the weighted shift with nonnegative weights {|\;|}, we may directly assume that
A; > 0 for all 4.

For € H with z = Y, aje;, define Cz = Y, @;(—1)"¢;. Then one can check
that C' is a conjugation on ‘H and, for each ¢ > 1,

CTCGZ = (—1)ZCT€Z = (—1)2)\20614_1 = (—1)2i+1)\i6i+1 = —TGZ'.
So =T = CTC and —T* = CT*C, which means that —T™ is a transpose of T'.
By Lemma 2.1, T'® T™ is skew symmetric. 0J

The following result proved in [18, Lem. 2.2] is very useful. For the reader’s
convenience we still present it here.

Lemma 2.3. Let T € B(H) and A = CT*C~', where C is an antiunitary opera-
tor on H. If M is a reducing subspace of T, then C'(M) is a reducing subspace of
A and Alcmy = (T|m)' . In particular, T|p is wrreducible if and only if Al
15 1rreducible.

Proof. Denote N' = C(M). Tt is easy to check that A is a reducing subspace
of A. For x € M, define Dz = Cx. Thus D : M — N is an antiunitary
operator. Since AC' = CT*, we obtain (A|x)(Clm) = (Clam)(T*|m), that is,
(A|n)D = D(T*|pm). Arbitrarily choose a conjugation £ on M. Then we have

Aly = D(T*|x) D™ = (DE) | E(T* | ) E| (ED ™)
= (DE)|E(T|w)"E| (ED™).

Noting that DE : M — N is unitary and (DE)~' = ED™!, it follows that A|y =
(T|m)". The assertion about minimal reducing subspace follows readily. O

Given T € B(H) and a cardinal number n, 1 < n < Ry, we let H™ denote the
direct sum of n copies of H and let T denote the direct sum of n copies of T,
acting on H(™ (see [6, Def. 6.3]).
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Proposition 2.4 ([18], Prop. 2.3). Let T € B(H) and T = Ty & (EBiGATi("i)),
where Ty is completely reducible, T; is irreducible and 1 < n; < oo fori € A;
moreover, T; 22 T; whenever i,5 € A and ¢ # j. Then each reducing subspace M
of T has the form of Mo ® (BieaM;), where My is a reducing subspace of Ty
and M; is a reducing subspace of Ti(ni) fori e A.

Corollary 2.5. Let T € B(H) and T = Ty & <6§ieATi(ni)>, where Ty € B(Hy)

is completely reducible, T; € B(H;) is irreducible and 1 < n; < oo fori € A;
moreover, T; 22 T; whenever 1,5 € A and i # j. Let M be a nonzero subspace of
H. Then M is a minimal reducing subspace of T if and only if there exists i € A

such that M C HE"” and M 1is a minimal reducing subspace of Ti(ni).

Corollary 2.6. Let T € B(H) and T = Ty & (@ieATi(ni)>, where Ty € B(Ho)
is completely reducible, T; € B(H;) is irreducible and 1 < n; < oo for i € A;
moreover, T; 2 T; whenever i,j € A and i # j. If T' is skew symmetric, then Tj

and @ieATi(ni) are both skew symmetric.

Proof. Since T is skew symmetric, there is a conjugation C' on H such that
CTC = —T*. By Lemma 2.3, C' maps one minimal reducing subspace of T
to another. It follows from Corollary 2.5 that C(Biea™\™) C @ieaH™. Since
C is a conjugation and C? = I, one can see that C(@iemz(”i)) = EBieAH§ni) and
hence C'(Ho) = Ho.

Set C = Cly, and Cy = O|H0L. Then C', Cy are conjugations and C' = C; & Cs.
It follows from —71™ = CT'C that =15 = C11,C, and

- (@ieAT;(ni)> =Cy (@ieATi(ni)> Cy.
This completes the proof. |

If A € B(H) is irreducible, then the commutant algebra {A, A*}’ of {4, A*}
equals CI; whence the following result is clear. The reader is also referred to [17,
Prop. 7.4] for a proof.

Lemma 2.7. Let T = A™, where A € B(H) is irreducible and 1 < n < oo. If
M is a nonzero reducing subspace of T', then the following are equivalent:
() Ty = A;
(i1) T|m is irreducible;
(iil) There exist complex numbers {a;}1; with 0 <> 7 | |o;* < 0o such that

M={& 0§ : £ €H}.

Corollary 2.8. Let T € B(H) and T = Ty & <69ieATi(ni)>, where Ty € B(Ho)

is completely reducible, T; € B(H;) is irreducible and 1 < n; < oo for i € A;
moreover, T; 2 T; whenever i,5 € A and i # j. If M is a minimal reducing
subspace of T, then T|pm = T; for some i € A.

Proposition 2.9. Let T = A™  where A € B(H) is irreducible and 1 < n < oc.
Then T is skew symmetric if and only if exactly one of the following holds:
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(i) A is skew symmetric;
(i) n€{2i:i e NfU{oo}, A (—A") and A is not skew symmetric.

Proof. “<=". When A is skew symmetric, the sufficiency is trivial. Now we
assume that statement (ii) holds. By the hypothesis, we have A = (—A"). Thus

T =AM = (A@ A =~ (4@ (—4))'?.

It follows from Lemma 2.1 that T is skew symmetric.

“—". Now we assume that T is skew symmetric and A is not skew symmetric.
Then we need only prove that A 2 (—A") and n is not odd. We need only give
the proof in the case that n < oo, the proof for n = oo is easier.

For convenience, we write
A H,y

A Ho

Al H,

7)) —

where Hi = Hy =---H, = H.

We shall proceed by induction on n.

If n < 2, then we claim that n = 2. Otherwise, n = 1 and A = T is skew
symmetric, contradicting the hypothesis.

Now suppose we have proved that n < k£ implies n is even. Now assume that
n = k4 1. Since T is skew symmetric, there is a conjugation C' on H™ such
that =T = CT*C. Denote N' = C(H;). Since A = Ty, is irreducible and
—T = CT*C, it follows from Lemma 2.3 that N is a minimal reducing subspace
of T and (=T|n) = (T|x, )" = A%; whence Ty is irreducible. By Lemma 2.7, this
implies T'|xr = A. Therefore we obtain A = (—A"). Now it remains to prove that
n is even.

Since N' = C(H;) and H; = C(N), we obtain C(V{Hi,N}) C V{Hi, N}
Here V denotes closed linear span. Furthermore, C(V{H;,N}) = V{H;, N} and
CH{H, N} = {Hi, N} So V{Hi, N} and {H;, N'}* both reduce C.

On the other hand, Since N is irreducible, it follows from Lemma 2.7 that

N ={& qx:xeH}
for some nonzero (a, -+ ,q,) € C". We claim that (as,as, -+ ,a,) # 0. In
fact, if not, then H; = N and C(H1) = H;y. It follows that A = Ty, is skew

symmetric, a contradiction. Denote M = {@®! ,oyz : * € H}. Then M # {0},
and it follows from Lemma 2.7 that M reduces T" and T'|, = A. Noting that

V{H1,N} =Hi & M,

V{Hy,N'} reduces T and T|ygmyny = (Tp) @ (T|x,) = A®. Tt follows that
{H1, N'}*+ reduces T'. Since {H1, N'}* also reduces C, we deduce that T, nye
is skew symmetric. By [17, Cor. 7.5, there exists m < n such that T, yyr =
A,

Note that if A € B(H) is irreducible, then the commutant algebra {A, A*}" of
{A, A*} equals CI; hence the commutant algebra of { A, (A*)(™} is x-isomorphic
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to the matrix algebra M, (C). It follows that m =n — 2 and T'| g, xye = A2,
Noting that n — 2 < k and T'[(y, sy is skew symmetric, by the induction hy-
pothesis, we deduce that n — 2 is even, and so is n. This completes the proof. [l

Lemma 2.10 ([8], Prop. 2.4). If T' € B(H), then T admits the decomposition
T =To® (B;cp Ti), where Ty € B(Ho) is completely reducible and T; € B(H,) is
irreducible for all i € A.

Proof of Theorem 1.7. By Lemma 2.1, the sufficiency is obvious. It suffices to
prove the necessity.

“=—=". By Lemma 2.10 and Corollary 2.6, we may directly assume that T" =
@;‘ilTi(M), where T; € B(H;) is irreducible and 1 < n; < oo for i > 1; moreover,
T; 2 T; whenever i # j. Thus H = @ileZ(ni). To be convenient, for each ¢ > 1,
we write

Tz’ Hi,l
Ti(m) — TZ ‘ H'i’2 ,
T% Hz,m
where HZ'J == Hi72 == H@ni == Hl

Since T is an SSO, there exists a conjugation C' on H such that =T = CT*C.
For each i > 1, denote M; = C(H,1). Since T; = Ty, is irreducible, it follows
from Lemma 2.3 that M; reduces T, T| 4, is irreducible and (—=T'|y,) = TF. By
Corollary 2.5, there exists unique 7; € N such that M; C Hgl”). This defines a
map 7 on N. It follows from Lemma 2.7 that 7|, = T(Zn i)
obtain

m; =15, Then we

(-T,) =T, Vi>1. (2.1)

Claim 1. For each i > 1, if N C HE"” is a minimal reducing subspace of T,

then C(N) C HS?”').
Since T'|y is irreducible, it follows from Lemmas 2.3 and 2.7 that T'|c(yy is
irreducible and

(=Tlewn) = (T|v)" = (T3)". (2.2)
Moreover there exists j € A such that C(N) C H§nj). Thus T|cwy = T;. In
view of (2.1) and (2.2) , we obtain (—1}) = (T;)" = (—T5,). By the hypothesis, it
follows that j = 7;. This proves the claim.
Claim 2. C(H,Sm)) = (T?”') for any ¢ > 1.
Fix an ¢ > 1 and denote j = 7;. In view of (2.1), we have (—T},) = T} and

(=T3,) = T;. It follows that 77 = (=T;) and T;; = T;. By the hypothesis on the

decomposition T = @, T,™, one can deduce that i = 7;. Hence 72(i) = i. It
follows immediately from Claim 1 that

C(H™) c H™ and C(HI™) € 1M,
Since C~! = C, we have

CH™) c 1S c oHM™),
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that is, C(H")) = ) This proves Claim 2.
By the above argument, the map 7 : i — 7; is invertible and 7=! = 7. Thus 7
induces the following partition of N

{{i,n}:iz 1},

denoted by {A, : r € I'}. Then U,erA, = Nand 1 < card A, <2 for all » € T.

Thus T can be written as
T =D (@ier ™)

rel’

with respect to the decomposition

H =P (@iEA7,H§"“) .

rel’
Noting that C(@iGATHZ(n")) = @iGATH,W for all » € T, it follows that @ieArTi(n")
is skew symmetric for all » € I'. So, in order to complete the proof, it suffices to
prove that each @;¢ ATTi(ni) admits the desired decomposition for r € T'.
Claim 3. n; = n,, for all ¢ > 1.

Now fix an ¢ > 1. For each 1 < j < n;, denote N; = C(H,;). Then, by Claim
2, yLN; =C (HZ(")) = HS?T"). Hence it follows from Lemma 2.7 that

T(”n‘) _ Tl — @ (Tl ) = (i)

i - H-(,—?Ti) — Yj=1 N;) = .

Since 77, is irreducible, by comparing commutant algebras, one can see that
n; = n,,. This proves Claim 3.

Now we are going to conclude our proof. Fix an r € I.

If card A, = 1 and k € A,, then @,-GATTZ-(T”) = T,ﬁn’“). Since T,ﬁn’“) is an SSO, by
Proposition 2.9, it admits the desired decomposition.

If card A, = 2 and k € A,, then k # 7, and @ieArTi(n") = T,in’“) D TT(:T’“). In
view of Claim 3 and (2.1), we have

T]g”k) ® T—ﬁ,:h’“) _ Tkgnk) @ T‘Snk) ~ (Tk>(nk) ® (_T]z)(nk) _ (Tk ® (_le))(nk) .

k

We claim that T} is not skew symmetric. In fact, if not, then 7 = (=T}). In
view of (2.1), we have T}, = T, . This contradicts the fact that T} 2 T, since
k # 7i. Therefore @ieArTi(ni) admits the desired decomposition. This completes
the proof. O

Lemma 2.11. Let n € N and {e;}!_, be an ONB of C". Assume that

n—1

T = Z Ai€iv1 ® €;,

=1

where \; # 0 for all 1 <1< n—1. Then T is skew symmetric if and only if n is
odd and |N;| = |N—i| forall1 <i<n-—1.
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Proof. Since T = Z?;ll [Aileir1 ® e;, we may directly assume that \; > 0 for
1 <i<n—1. Then it is obvious that T* = Z?;ll Ai€; @ €irq.
“<=". For x € C" with = Y | a;e;, define

n+1

Cx = Z E(—l)FT@n,Hl.
i=1

It is easy to see that C is invertible, conjugate-linear and isometric. Moreover,
one can check that

021’ =C (Z E(—l)i_wen_pﬂ)

i=1

Thus C~! = C, and hence C is a conjugation on C".
For 1 <7 <n —1, one can check that

CTGi = C’)\ieHl = )\Z(—l)H_ _nTHGn_i

and
n+1 n+1

—T*Ce; = —(=1)""2 T*e, 11 = (=) 2 N ieny;
that is, CTe; = —T*Ce;. On the other hand, CTe, = 0 = —(—1)”’”7+1T*el =
—T*Ce,. It follows that CT = —T*C and T is skew symmetric.

“=—". Assume that C is a conjugation on C" and CTC = —T*. Thus CT'C =
(—=1)Y(T*)* for i > 1. Tt follows that C(ker T%) = ker(T*)" for all : > 1. Note that
kerT" = V{e; :n—i+1<j <n}and ker(T*)" = V{e; : 1 < j < i} for each
1 <i < n. Since (Cz,Cy) = (y,x) for all z,y € C", there exist complex numbers
{pi}—, with |u;| = 1 such that Ce; = p;e, i1 for any 1 <i <n.

Fix an 7 with 1 <7 <n. We have

(—1)i#1)\n—z’+1 c A1 Apln—i = (—1)iM1(T*)i€n = (—1)i(T*)iC€1
= CTi€1 = C()\l)\g cee )\iei-‘,-l)
= M2 Aiflit1€n—i-

It follows that AAg---A\; = Aii1-- A1 Ay, Since 1 < ¢ < n is arbitrary, it
follows that \; = \,,_;1 1 for 1 <i<n—1.

Now it remains to prove that n is odd. If not, then n is even. Set k = 7. Then
Cey = prepr1 and hence Cep 1 = pgey. A direct calculation shows that

—ppAper = =T ppeppr = —1"Cep = CTey, = CApepy1 = ApfikCr,
which implies that A\pur = 0, a contradiction. This completes the proof. 0

By the proof for the sufficiency of Lemma 2.11, the following corollary is clear.
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Corollary 2.12. Let n € N and {e;}}_; be an ONB of C". Assume that

n—1

T = Z >\i€i+1 X e;.

i=1
If n is odd and |N;| = |An—i| for all 1 <i <mn—1, then T is skew symmetric.

Now we can give the proof of Theorem 1.9.

Proof of Theorem 1.9. “<=". It suffices to prove that each T; is skew symmetric.
Now fix an 7. Assume that

n—1
T = Z Ai€it1 @ €,
i=1
where {e;}"_; is an ONB of the underlying space of Tj, \)\ | = [An—j| for all 1 <
j < n—1 and rank T; is even. Noting that 7; = ijl |\jlej+1 ® ej, we may
directly assume that A\; > 0 for each j.
If n is odd, then the result follows immediately from Corollary 2.12.

Now we assume that n is even. Denote k = . First we claim that A\r, = 0. In
fact, if not, then

rank 7; = card {1 <j<n—1:)\; #0}
=14+2-card{1<j<k—1:);#0}

is odd, a contradiction.
n
For each z = ', aje;, define

k

Cx = Za( Y en_ji1+ Z aj(—1)7* e, ..

j=1 j=k+1

Then one can check that C is conjugate-linear and isometric. Moreover, one
can see that Ce; = (=1)7e,_;1q for 1 < j < k and Ce; = (—1)*te, 4y for
k+1<j<n. Then for z = Z?zl aje; we have

k
=C (Z&_j(— Ten_ji1 + Z (=1 e, ]+1>

j=k+1
= E a;j(— Cen jr1+ E Cen—j+1
j=k+1
= E a;j(— )P itRe; + E 1t (=1)"Ite; = .
j=k+1

Hence C is invertible and C~! = C. It follows that C is a conjugation on the
underlying space of T;. Now it remains to check that C'T; = —T7C.
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If 1 <j <k, then
CTie; = Chjejir = A\jCejig = (=1 Ne,
= (=1 Ajen—y = (=1 T en-jn
= T (=1 enjn1 = —T;Ce;.
Ifk+1<j<n,then
CTie; = Chjeji = A\jCejir = (=12 N\,
= (=1 N_jen; = (1) Tre,
= T/ (-1 enjn = ~T;Ce;.
Also one can check that
CTier = OMepsr = 0 = (=) Nper = —=T7 (—1)Fepyy = =T Cey,

(2

and

CTie, =0 = (—=1)""Tre; = T (—1)""tey = —T7Ce,.
Thus we have checked that CTie; = —T7Ce; for all 1 < j < n. Hence CT; =
=T7C and T; is skew symmetric.

“—". Assume that T is skew symmetric and T = Zf; w;ie;ir1 @ e;, where
{e;}3°, is an ONB of H.

First we claim that card {i € N : w; = 0} = oco. In fact, if not, then it is obvious
that T' can be written as T'= A @ B, where A is acting on a finite dimensional
Hilbert space and B is a unilateral weighted shift with nonzero weights. Then
dimker B =0, dimker B* =1 and

dimkerT = dimker A + dim ker B = dim ker A = dim ker A*
< dimker A* + dimker B* = dimker T* < oo.

Since T is skew symmetric, there exists a conjugation C' on H such that C'TC =
—T*. Then dimker 7" = dim ker T', a contradiction. This proves the claim.

By the above claim, 7" can be written as 1" = @:°, A;, where each A; acting on
a finite dimensional Hilbert space admits the following matrix representation

0
pr 0
A= (2.3)
Hk—2 0
pr—1 0

relative to some ONB {ej}le for the underlying space of A;, where p; # 0 for
1 <j <k-—1. So each A; is irreducible. By Corollary 2.8, if M is a nonzero
minimal reducing subspace of T, then T|y; = A; for some i > 1. Moreover, it
follows from [7, Thm. 3.1] that there exists no nonzero reducing subspace N of
T such that T'| is completely reducible.

Since T is skew symmetric, it follows from Theorem 1.7 that T = @4ep B,
where each By is either an irreducible SSO or By = R @ (—R') with R being
irreducible and not skew symmetric. We shall show that each B; admits the
desired form.
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Now we fix an s € A.

Case 1. By is an irreducible SSO. Then, by the discussion above, there exists
1 such that B, = A;. Hence A; is skew symmetric. Note that A; admits the
matrix representation (2.3). By Lemma 2.11, A; is a truncated weighted shift
with symmetric weights and even rank. Then so is Bs.

Case 2. By = R® (—R') with R being irreducible and not skew symmetric.
Since R is irreducible, it follows from Corollary 2.8 that R = A; for some i.
Assume that A; admits the matrix representation (2.3). Then A; = Zf;ll pi€i1®
e;. Define a conjugation D on V{e; : 1 < j <k} by D(Z?zl ajej) = Z?:l aje;.
Note that

k—1
—DA*D =—-D (Zu—jej ®ej+1> D

j=1

k-1
= ZMjD(ej ® ej1)D
j=1

k-1 k—1
==Y e @en =) (—Hy)e; ® ejan.
j=1 j=1
Then A; @ (—DA!D) can be written as
i 0 i €1
1 0 €2
pe—1 0 ek
0 0 er

—up_1 0 .
. . ey
L —H1 0 i €1

whence A; @ (—DA?D) is a truncated weighted shift with symmetric weights and
even rank. Noting that By = R® (—R') = A; @ (—DA!D), this completes the
proof. O

From the proof of Theorem 1.9, one can see the following result.

Corollary 2.13. Let T be a direct sum of some finite-dimensional truncated
weighted shifts. Then T is skew symmetric if and only if T' can be written as
T = ®;eAT;, where each T; is a finite-dimensional truncated weighted shift with
symmetric weights and even rank.

3. PROOF OF THEOREM 1.10

Lemma 3.1. Let T € B(H) and T = U|T| be the polar decomposition of T. If C
is a conjugation on H and CTC = =T*, then CU|T| = |T|CU.
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Proof. 1t is obvious that
(C|T|0)* = C|T)*C = OT*TC = TT* = |T*|* = (U|T|U*)*.
Then C|T|C = U|T|U* and hence |T|CU = CU|T|U*U. Fix an x € H. If x €

(ker U)*, then |T|CUx = CU|T|U*Uz = CU|T|z; if x € ker U, then |T|CUx =
0 = CU|T|z. Tt follows that |T|CU = CU|T. O

Lemma 3.2. Let T € B(H) with Te; = aueiry for i € Z, where {e;}icz is an
ONB of H and c«; > 0 for all 1 € Z. Assume that C is a conjugation on 'H and
CTC = —=T*. Then
(i) Cep € V{e; 1 oy = a1} for all k € Z;
(ii) if k,n € Z and (Cey, e,) # 0, then (Cegx_j, entj) # 0 and ap_1—; = iy
forall j € Z.

Proof. (i) Assume that T' = U|T| is the polar decomposition of T'. It is easy to
check that Ue; = e;41 and |T'|e; = aje; for all j € Z. Since T is skew symmetric,
it follows from Lemma 3.1 that CU|T| = |T|CU. Then, given k € Z, we have
ap—1Ce, = ap1CUe,—y = CUap_1€4—1
= CU’T|€]€,1 = |T’CU€]€,1 = |T|C€k,
that is, Cey, € ker(|T| — ag_1) = V{e; : oj = a1 }.
(i) Fix i,7 € Z. Note that

(CT"€;,ej41) =

(Cei1,ej41) = (TCei,ej11)

o1 (078
= 1 <C€i, T*€j+1> = Q{i_jl <C€i, 6]').

It follows that (Ce;_1,€e;j41) = 0 if and only if (Ce;, e;) = 0. Since (Cey, e,) # 0,
one can deduce that (Ceg_;, e,4;) # 0 for all [ € Z. In view of (i), it follows that
Q11 = apyy for l € Z. O

Theorem 3.3. Let T € B(H) with Te; = cyeiyq for i € Z, where {e;}icz is an
ONB of H and a; # 0 for all i € Z. Then T s skew symmetric if and only if
there exists k € Z such that |ag—j| = |a_1| for all j € Z.

Proof. Since T is unitarily equivalent to the operator )., |a;leiy1 ® e;, we may
directly assume that o; > 0 for all 7 € Z.
“«=". For x € H with x = ), _, Bie;, we define

C (Z ﬁiez) = ZE(—l)i_kBQk—z’.

i€z i€Z
One can check that C' is conjugate-linear, isometric and C?z = x for all z € H.
Hence C' is a conjugation on ‘H and, for j € Z, we have

CTC@j = (—1)jikCT€2k,j = (—1)jik042k,j062k+1,j
= (=) Fag (=) e = —agjei0

_ _ *
= Q161 = =T €5,
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that is, C'T'Ce; = =T e;. Thus CTC = —T* and T is skew symmetric.
“=". Assume that C is a conjugation on ‘H and CTC' = —T*. Since C is
invertible, C'eg # 0 and there exists some n € Z such that (Cey, e,) # 0.
Claim. n is even.
For a proof by contradiction, we assume that n is odd. Then, by Lemma 3.2,
n—1

(Cenz1,ent1) # 0. For convenience, we write i = "7=.
2 2

Assume that Ce; = ZjeZ Aje;. Then, by the hypothesis, we have
)\i+1 7é 0 and <C€i, €i+1> = )\i+1- (31)

Moreover, we have

1 1
C€i+1 == —C’Te, = ——T*C’el
Q;

a;

1 1
— —a— Z /\jT*ej = —E Z )\jozj_lej_l.

b jez b jez
It follows that (Ce;1 1, ¢;) = —a%.‘)\wrl‘ai = —\;y1. Noting that C is a conjugation,
it follows that (Ce;, e;11) = (Ceiy1,€;) = —Aiy1, contradicting (3.1). This proves
the claim.

Since (Cey, e,) # 0, it follows from Lemma 3.2 that a;_; = a,—; for all j € Z.
Set k = 5. The desired result follows readily. OJ

Theorem 3.4. Let T be a bilateral weighted shift with weighted sequence {w; }icz.
If 0 < card {i € Z : w; = 0} < oo, then T is skew symmetric if and only if
T = A® A*® B, where A is an injective unilateral weighted shift and B is absent
or B is a finite direct sum of finite-dimensional truncated weighted shifts with
symmetric weights and even rank.

Proof. “<=". By Corollary 2.2, A @& A* is skew symmetric. From the proof for
the sufficiency of Theorem 1.9, one can see that each finite-dimensional truncated
weighted shifts with symmetric weights and even rank is skew symmetric. This
proves the sufficiency.

“=—". Without loss of generality, we assume that w; > 0 for all i € Z. Let C
be a conjugation on H satisfying C'T'C' = —T".

Case 1. card {i € N : w; = 0} = 1. In this case, we may also assume that
wo = 0. Then ker T™ = V{e; : 1 —m < i <0} and ker(T*)™ = V{e; : 1 <i < m}
for all m € N. Note that CT™C = (=T")™ and Clker(7%)™] = kerT™ for all
m € N. Since C is a conjugation, it follows that C'(V{e,}) = V{e1_m} for each
m € N. On the other hand, C preserves the norms of vectors, then there exists
Am € C with |A\,,| = 1 such that Ce,, = A\,e1_, for m € N. Hence

Wm—1 = ||wm—106m—1|| = ||CT*6m||
= |TCenll = AnTe1-ml = lw1-mez—m|l = w1—m

for all m € N. That is, w; = w_; for all i € N. Choose another ONB {f;}3°,
of H and define A € B(H) as Af; = w;fix1 for @ > 1. Then it is obvious that
T=Ap A~
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Case 2. 1 < card {i € N: w; = 0} < oo. In this case, there exist m,n € Z,
m < n, such that w, = 0 = w,, and w; # 0 for all i > n or ¢ < m. Denote
Hi=V{e; :i <m}, Hy = V{e;: m <i<n}and H3 = V{e; : i > n}. Then each
H; is a reducing subspace of T. For 1 < i < 3, denote T; = T'|y,. Then T, T}
are two injective unilateral weighted shifts and 75 is a direct sum of some finite-
dimensional truncated weighted shifts. Note that 75 is nilpotent and 70 = 0,
where k =n —m.

Claim. Ty and T; @ T3 are both skew symmetric.

Obviously, it suffices to prove that C(Hs) = Hs. Arbitrarily choose an = € Hs.
Since Hy = ker Ty C ker T*, we have T*z = 0. Noting that CT* = (—1)*(T*)*C,
we have

Cx € ker(T*)* = ker(TF)* @ ker(T5)* @ ker(T¥)*.
Since (TF)* is injective and T = 0, we obtain Cx € Hy @ ker(T¥)*. On the other
hand, we note that

(-)*T*Cx = C(T")*z = C(TF)*x = 0.

Then Cx € ker T* = ker le @ Ho and hence Cx € Hy. Thus we have proved
that C'(Hy) C Ha, and it follows from C? = I that C'(Hz) = Hs. This proves the
claim.

By Corollary 2.13 and the proof in Case 1, it follows from the above claim that
T has the form as stated in the theorem. OJ

Theorem 3.5. Let T' € B(H) be a weighted shift with weight sequence {w;}icz.
If card {i € Z : w; = 0} = o0, then T is skew symmetric if and only if T is an
infinite direct sum of finite-dimensional truncated weighted shifts with symmetric
weights and even rank.

Proof. From the proof for the sufficiency of Theorem 1.9, each finite-dimensional
truncated weighted shifts with symmetric weights and even rank is skew symmet-
ric. Thus the sufficiency is obvious. We need only prove the necessity.

“=". Denote I' = {i € Z : w; = 0}. It suffices to prove that I has neither
upper nor lower bound. In fact, if this holds, then, by rearranging the vectors in
the ONB {e¢; }icz, one can see that T is also a unilateral weighted shift. Then, by
Theorem 1.9, one can obtain the conclusion.

For a proof by contradiction, we may directly assume that supI’ < +o0 and
n = supl' (the proof for the case “infI' > —00” is similar). In this case, T' can
be written as

T=(oF A)eB,

where each A; is an irreducible, nilpotent operator on some finite-dimensional
space and B is an injective unilateral weighted shift. Since dimker B = 0 and
dim ker B* = 1, B is not skew symmetric.

Assume that C is a conjugation on H such that CTC = —T*. Denote by
H; and K the underlying space of A; and B respectively for ¢ € N. Arbitrarily
choose an i € N and an x € H,;. Assume that A% = 0. Then 0 = C(AM)z =
C(TH)*x = (=1)MT*Cx and hence Cx € kerT% C @52, H;. Since i € N and
x € H; were arbitrarily chosen, we have C(©32,H;) C (©32,H;). Noting that C
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is a conjugation and C* = I, we obtain C(92,H;) = @32, H; and C(K) = K.
Set €1 = C|kc. Then it is easy to verify that C; is a conjugation on K and it
follows from CTC = —T* that C;BC, = —B*. That is, B is skew symmetric, a
contradiction. O

Remark 3.6. Summarizing the results of Theorems 3.3, 3.4 and 3.5, one can see
Theorem 1.10.

4. EXAMPLES

In this section, we shall give several examples of completely reducible SSOs
and irreducible SSOs. We remark that these examples are partially inspired by
several examples of special CSOs given in [18].

Example 4.1. We shall construct a completely reducible operator 7" which is
skew symmetric and not normal. Let H = L?*([—1,1],dm) and A be the “multi-
plication by t” operator on H, where dm denotes the Lebesgue measure. Then
A is self-adjoint and completely reducible. By [20, Thm. 1.11], A is skew sym-
metric. For the reader’s convenience, we explain this in detail. For f € H, define
(Cf)(t) = f(—=t). Then one can verify that C' is a conjugation on H. So

(CAf(E) = C{N)(E) = —tf(—t) = =(AC(f))¥), V[fEeH,
that is, CA = —AC. This shows that A is skew symmetric. Define a conjugation

D on H®? as
|0 C|H
D—[(J O]H'
Set
0 Al H
T:{o O}H'

It is obvious that T is not normal. Now compute to see

R O M B PR

Thus we have proved that T is skew symmetric.
Now we shall prove that T' is completely reducible. For convenience, we write

o Al
T—[o O]Hg’

where H; = Hy = H. Let P € B(H®) be an orthogonal projection commuting
with T. Assume that
p— {Pm P1,2} Hy
Py Pro| Hy

Since kerT' = H;, kerT* = 'Hy are hyperinvariant subspace of T, we obtain

P(H,) C Hy and P(Hz2) C Hs. It follows that Py o = Py; = 0.

Note that
o 0olH . [1A] 0] Hy
171 = {0 |A|] Hy = [o 01 Hy (4.1
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Since P|T| = |T|P and P|T*| = |T*|P, it follows from (4.1) that P;;|A| = |A|P,,,
i =1,2. Noting that A is self-adjoint, we obtain P;;A? = A*P,;, i = 1,2. On the
other hand, since PT = TP, we obtain P;1A = AP5,. Hence P A* = A%Py,.
Hence A?P;; = A?P55. Furthermore we obtain Py ; = Py5. Thus we have proved
that each orthogonal projection P commuting with 7" has the form Q®, where
(@ is an orthogonal projection on ‘H commuting with A. Since A is completely
reducible, we deduce that T" is completely reducible. O]

Example 4.2. We shall construct an irreducible SSO on an infinite dimensional
Hilbert space. Let S € B(H) be the unilateral shift defined by Se; = e;4; for
i > 1, where {e;}3°, is an ONB of H. Define F' € B(H) as

F61:€2, F62:61, F@Z‘ZO, VZZ?)

s Rl
T—[o S}HQ’

where ‘H; = Hy = H. Then it is easy to verify that T is irreducible. Now it
remains to check that 7" is skew symmetric.
For © € H with z = Y, aje;, define Cz = Y. @;(—1)"¢;. Then one can check
that C' is a conjugation on H. For each ¢ > 1, one can see that
C’SCe, = (—1)ZCS€Z = (—1)i06i+1 = (—1)2i+1€i+1 = —Sei,
which implies C'SC = —5. Thus we also have C'S*C' = —S5*. On the other hand,
one can check that

CFC@l = —C’F61 = —062 = —€9 = —F*el,
CFC@Q = CF€2 = 061 = —€1 = —F*eg

Set

and
CFCe; = (=1)CFe; =0= —F*¢;, Vi>3.
Thus we have CFC = —F*.
Define a conjugation D on H? as

o
D—[O O]Hg'

A direct computation shows that

0o Cs 0 -SC S 0|0 C .
b= [cs* CF} = {—S*C —F*C] =" {F S*] {C o} =D
Hence T' is an irreducible SSO. 0

Example 4.3. We shall give an SSO T" which is reducible but does not admit a
nontrivial reducing subspace M of T such that 7| is skew symmetric.

Let S € B(H) be the unilateral shift defined by Se; = e;;1 for i > 1, where
{e;}3°, is an ONB of ‘H. By Lemma 2.1, the operator T := S* @ S is skew
symmetric. Arbitrarily choose a nontrivial reducing subspace M of T. We shall
prove that T'|r is not skew symmetric. Noting that S, S* are irreducible and
S is not unitarily equivalent to S*, it follows from Proposition 2.4 that either



SKEW SYMMETRIC WEIGHTED SHIFTS 271

M =H; or M = H,. Thus we have either T|y = S* or T|p = S. So it remains
to check that S is not skew symmetric.
In fact, if not, then there is a conjugation C' on ‘H such that CSC = —S5*. So

1 1
0 = dimker(S + 5) = dimker C(S + 5)0

1 1
= dim ker(—S* + 5) = dim ker(S* — 5) =1,
which is absurd. O
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