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A Strong Model of Paraconsistent Logic

Olivier Esser

Abstract  The purpose of this paper is mainly to give a model of paraconsistent
logic satisfying the “Frege comprehension scheme” in which we can develop
standard set theory (and even much more as we shall see). This is the continua-
tion of the work of Hinnion and Libert.

1 Introduction

In paraconsistent logic, we have three truth values instead of two as in classical logic:
true, false, and inconsistent. In classical logic, any theory containing a paradox
proves everything; this is not true in paraconsistent logic where a paradox does not
necessarily entail everything.

The idea behind this work is to recover the whole theory of Frege: any formula
defines a set, the Russell’s paradox being tolerated. This is the continuation of the
ideas of Hinnion in [11] where he has constructed a model but his model was too
weak to develop standard set theory (due to the lack of the axiom of infinity). As in
[11], the paraconsistent logic can be described in a classical setting: we consider the
first-order language £*: (e*, €, =) and the following axiom:

Pd-case  VxVy(y et xVvye x).

Intuitively €™ is the membership relation and €~ is the weak negation of €*. In
some context there is also an equality =" and a weak negation of the equality =",
but we will not need these here; our equality will be classical. This corresponds to
the logic CLuNs (Batens and De Clercq [2]) or Pac (Avron [1]). For more details,
we referto [11].

In Section 2, we will present the theory HF, where we have, among others, the
comprehension scheme for positive formulas on the language £¥: we can use the
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membership relation and the weak negation of €*: €~ but not the real negation of
€t! We will see that the hereditarily classical well-founded sets of HF, interpret
ZF and much more. The theory HF, appears, as stated here, for the first time in
Libert [12] without the axiom of infinity; there it was suggested, however, that such
an axiom could be added and there it was also suggested that it would be possible to
recover ZF. In Section 3, we construct a model of HF in an extension of ZF with a
large cardinal assumption. Finally, in Subsection 3.3, we give the precise consistency
strength of HF .

Before going into the details, it is interesting to recall the history of such ideas.
In [9], Gilmore had studied a comprehension scheme analogue to ours but in partial
set theory (in which the Pt-Case: YxVy—(y €™ x Ay €~ x) replaces the Pd-Case).
He does not have extensionality and his theory is very weak. Forti and Hinnion have
studied in [7] the consistency of some positive comprehension but on the language of
standard set theory (&, =). This leads to hyperuniverses, deeply studied by Forti and
Honsell (see mainly [7] and [8]) and to the positive set theory GPK;FO, which have
been studied by the author (see mainly Esser [5]). Using techniques similar to [7],
Hinnion has built in [11] a model of paraconsistent logic on the language £* but his
model does not satisfy the axiom of infinity. Libert presents the theory HF in [12].
Here we study the theory HF 5, in more detail. We will extensively use the results on
hyperuniverses and positive set theory.

2 The Theory

2.1 The axioms As mentioned in the introduction, the logic will be classical.
Consider the language £*: (e*, €7, =) and consider the axiom of paraconsistent
logic:

Pd-Case  VxVy(y et xVye x).

Intuitively €* is the membership relation and €~ is the weak negation of €. Fol-
lowing [12], we say that a set a is less paraconsistent than a set b, which we denote
a <, b, if and only if (Vx €T a)(x €t b) A (Vx € a)(x € b). Obviously
< is a partial order. The class of the Bounded Positive Formulas on the language
£F (BPFT) is the smallest class containing the atomic formulas (x €t y, x €~ v,
x = y) and such thatif ¢ and ¢ are BPF*, then so are Vx ¢, Vx €t yo,Vx € yo,
E NN A
The theory HF is the following theory:

Pd-Case
EXT: VaVy((Vzzetx & zet )ANVzze x & ze y) = x =)
CL*: For every formula ¢ and 4, the universal closure of

‘Vx(p VvV ) = there is an <,-minimal set such that
Vx(p=>x ey AVx( => x € y) .

Comp(BPFT): For every pair ¢,y of BPF* formula, the universal closure of
(Vx(eVv )= ByVxx ey & o) AVxx e y & ).

We will use classes in the theory HF. If A denotes the class {x | ¢(x)}, we may write
Xx € A as an abbreviation for ¢(a). As usual, this is done only for the clarity of the
report; we can speak only about formulas.
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A set a will be called well-founded if and only if
Vy(aet y= @y e" »vit ¢t yvigty)).

Let us denote by WF the class of the well-founded sets. Consider the following
axiom of infinity:

INF (FaeWF) (et anVyetadt@tetanvezett
& zetyvz=y).

The axiom INF expresses the idea that there is an infinite well-founded set; any
axiom expressing the same idea would work also. We denote by HF, the theory
HF + INF.

Before going further, let us recall some results about the positive set theory.

2.2 The positive set theory  The positive set theory is a theory on the language
L : (€, =) of set theory. The class BPF of Bounded Positive Formulas is the smallest
class containing the atomic formulas (x = y and x € y) and such that if ¢ and
Y are BPFs then so are ¢ A ¥, o VY, VX € y ¢, (Fx € y ), (Vx @), Ix ¢
(the formulas between brackets can be deduced BPF from the other). The Bounded
Positive Comprehension (BPC) is the following scheme:

Comp(BPC) The universal closure of JuVt t € u < ¢, where ¢ is BPF.
The positive set theory GPK is the following theory:

EXT: VxVyWVz(zex & zey) = x =y.
Comp(BPC)

The following scheme:
CL: For any formula ¢(z, y1, ..., y») whose free variables are among
oVl Yt YY1 Y3 (Yale(z, v, vn) =
2 € X)AYY((Y2(@(2, Y1s ... Yn) = 2 €)= x C y)).

The scheme CL states that for each class A = {z | ¢(z, y1,...,Yn)}, there is a
smallest set for the inclusion which contains it; we denote this set A. The closure
operation behaves like a topological closure except that it acts only on classes, that
is, on definable collections of the universe.

A set a is called well-founded if and only if Vy(a € y = @y’ € y)(y Ny = 2)).
Let us denote by WF the class of the well-founded sets. Consider the following
axiom of infinity:

INF @Ax e WK (@ ex ANy e x)(yU{y} € x)).

The axiom INF expresses the idea that there is an infinite well-founded set. Let us
denote by GPK, the theory GPK™ + INF.

One can show that the class WF interprets ZF. Coding classes of well-founded sets
by their closure, one can show that we have an interpretation of the Kelley-Morse
class theory (KM). The exact power of GPK is KM + ‘On is weakly compact’;
this last axiom is the natural translation to the class of ordinals of the corresponding
property for cardinals in ZF.” For more details about this theory, see Esser [4, 5].
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2.3 Set theory in HFo, It is obvious that HF, interprets GPK} 7 which is

co
GPKZ, without extensionality: just take €™ (or €7) as the membership symbol.
It is known that GPK;:;"é has the same consistency strength as GPKZ, (see Esser
[6]). In order to have a flavor of how HF,, works, it is interesting to see how we
can directly interpret ZF in HFo,. A set a is said to be €™ -transitive if and only
if VyVz(z €™ y €t a = z €' a). A seta is said to be hereditarily classical if
and only if there exists an €' -transitive classical set y with a €™ y. One can show
that the hereditarily classical well-founded sets interpret ZF. The proof is exactly the
same as in GPKg'o (see [5]). Notice that, due to the axiom EXT, two classical sets
are equal if and only if they have the same € -elements.

Using techniques similar to [4] and [5], we can code classes of classical well-
founded sets and interpret KM +On is weakly compact’ as in GPK .

3 The Model

3.1 The hyperuniverse M,  Here we recall some properties about the hyperuni-
verse M, (for k a weakly compact cardinal). Hyperuniverses are natural models of
GPKZ,. The hyperuniverse M, can be seen as the closure of the well-founded sets
of the hyperuniverse N, of [7]. We will use the presentation of Esser [3] of M,.. For
more details, the reader is referred to [3]. Here the metatheory will be ZFC + ‘there
exists an uncountable weakly compact cardinal’ + U, where Uy is the axiom of local
universality:

Uye For any extensional relation €4 on a set A, there is a transitive set 7 such that
(A, €4) is isomorphic to (¢, €).

The axiom Uy is only assumed for convenience; we could avoid it by replacing ‘un-
existing transitive sets’ by structures (A, €4) and working only with these. In the
following, ¥ will denote an uncountable weakly compact cardinal.

Let us introduce the equivalences ~, (for & < «) on the universe (first introduced
by Malitz in [13]).

~yp =VxV
~at+1 ={(a,b) | Vx € a)(Fy € b)x ~, y ANy € b)(Ax € a)x ~y y}
~y = ﬂﬁ<a ~q (A limit)

Consider the set V, of the well-founded sets of rank less than «. Call a «-
sequence a function s : k — V. and write s, for s(a). A k-sequence is said
to be strongly Cauchy if and only if (Va < «)(VB > «a)(s¢ ~« $g). The ba-
sis set M, is the set of all strongly Cauchy k-sequences. We define ~ on M,
by a ~ b if and only if (V8 < k)(aqy ~« by) and € by a € b if and only if
Va < k)(3a’ ~y ag)@b' ~y by)(a’ € b'). We extend the definition of the ~gs
on M, by saying that, for a,b € M,, a ~4 b if and only if ay ~y by. One
can show that {~, |« < «} forms a basis for a Hausdorff «x-uniformity” on M
which is k-compact.* The structure (M, , €, ) forms a k-hyperuniverse. One of its
important properties is that it is a topological model: a subset A C M, is coded, that
is,3a € M A = {x € M, | x € a} if and only if it is closed for the topology of M,.

The structure (M,, €, &) being extensional, we can find, following the axiom Uy,
a transitive set M such that (M, €, =) is isomorphic to (M,, €, ~). We will denote
this last set by M and work only with it. An important property of M is that M
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equals the set of its closed subsets. One can show that the equivalences ~ of M,
transported to M coincide with the equivalences ~, on M.

3.2 The model  We will now construct a model of the theory HF . We will first
construct a model of the theory HFfo, the theory HF o, without extensionality. We
will recover the extensionality later by techniques of Hinnion [10] and Esser [6]
adapted to handle both membership symbols, €t and €.

Consider M?: the ordered pairs of elements of M (we use the Kuratowski pair:
(a, b):={{a}, {a, b}}). Recall that since M is a hyperuniverse, we have that M> € M
is closed for the topology of M and so M? e M. For (a, b), (a’, b)) € M?, we have
that (Vo < k)(a ~q @' Ab ~4 b' = (a,b) ~4++ (@', b)) Aseta € M is called
a hereditarily ordered pair if and only if there is some set 7 € M with r € M? and
with a € t which satisfies (V(x, y) € t)(x St Ay C 1). Since it is defined by a BPF,
we have that the hereditarily ordered pairs form a set, which we denote by #.

Fora € h and a < «, we define [aly :={x € h | (VB < a)(Ty € a) x ~p y}.
We have that [a], < h is closed for the topology of M. For each (a,b) € h,
we define y := sup{ee < « | [aley U [bly = h}. Now we define the fol-
lowing function F : h — h F(a,b) := (lal,,[b]l,). It is easy to see that
p1(F(a,b)) U pa(F(a,b)) = h.° Moreover, F is continuous for the topology
of M:

(V(a,b) € h)(Ya < k)(3B < k)
(Y@@', b') € h((a, b) ~q (a',b') = F(a,b) ~g F(a',b"))).

In order to prove this, let us take (a, b) € h and consider two cases. If a U b # h,
taking y as before, we have y < k. We see that if (a’,b") ~,++ (a,b) then
F(a',b") ~,++ F(a,b). Now suppose thata Ub = h, so F(a,b) = (a,b). Let us
take @ < « and suppose without loss of generality that & = o’ for some o’ < «.
We have

@, b') ~y+ (a,b) = (a',b') S F(a',b') € ([d]ur, [D]a)-

Since (a’,b') ~p++ (a,b) and ([a'ly. [0 lyr) ~,++ (a,b), this shows that
F(a',b") ~,++ F(a,b) and F is continuous. So we have F € M.

For a,b € h, define €t bya €t bifandonly ifa € py(F(b)) and a €~ b if
and only if @ € po(F(b)). Using the fact that the hyperuniverse M satisfies GPK,
one can show that (h, €™, €, =) as defined forms a model of HFZEo The Pd-Case
is obvious. For CL*, if ¢ and v are formulas involving € and €~ and where all
quantifiers are restricted to 4, just take ({x ceh|lox)},{xeh| 1/f(x)}) for the <-
minimal set of CL*. For Comp(BPF%), first notice that any BPF* formula where
all quantifiers are restricted to & can be translated to a BPF formula using the defi-
nition of €™ and €. If ¢ and v are such formulas satisfying Vx (¢ V ), just take
{x € h | p(x0)}, {x € h | ¥ (x)}) for the set y of Comp(BPFi). Notice that we do
not have extensionality since, for example, (&, &) and (h, k) have the same et-and
€~ -elements.

Now we will recover EXT using techniques of [6] and [10]. We will prove that

HFZEo and HF, are mutually interpretable. So let us place ourselves in HFZﬁo Since

the proof follows [6], we will only give the pattern and we refer the reader to this

paper for more details. First note that (HFZZ, €™, =) is an interpretation of GPK;FO;&,
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similarly for (HFfO, €, =). In the following, all set constructions are supposed
to be relative to €. In HFZEO, unless mentioned explicitly, we will still use terms
{x | ¢} although they are ambiguous. If a formula ¢ contains a term, just rewrite it,
as usual, using € as the default membership symbol (so without using terms). For
instance, a formula such as @ €™ {x | ¢(x)} must be interpreted as ¢(a). If we write
a = {x | p(x)} we mean Vx(x €* a & ¢(x)); so there can be several as satisfying

a = {x | ¢(x)}. Many sets will be in fact defined “up to =" in HFZEO (where a = b if
and only if a and b have the same €T -elements). We first need a few definitions.

Definition 3.1

1. A set r is a relation if and only if Vz €t r x3y z = (x, y). We will adopt,
as usual, the following notation: x r y for (x, y) et r. Itis easy to see that
“r is a relation” is a BPF*,

2. The relation = is defined as follows: a = b iff Vx(x €t a & x €t b).
3. If r is a relation, r T is the following relation:
rt={ab)|Vx et a) 3y et b)xryn Vyet b)y@x et a)xry
ANx e a)3ye bxryAn(Nye b)3x e a)xryl.
We easily see that # is defined by a BPF and so it is a set.
4. For arelation r, r o r is defined as follows:
ror={(x,y)|3z(x,2) €" rA(z,y) €t r}.
We see that r o r is defined by a BPF*.
5. Arelation r is an equivalence if and only if
Vx(x,x) €T r AVx, y((x, y) ctr= (y,x) et r) Aror Cr.
Notice that “to be an equivalence” is not described by a BPF*.

6. r is a final relation if and only if » € ™. We see that “to be a final relation”
is defined by a BPF=: notice that contrary to [10], we do not ask » to be an
equivalence . The reason is that “to be an equivalence” is not described by a
BPF*.5

7. r is a contraction if and only if r is an equivalence and r = r.

Now we define in HF?;: a = b < Ir(“r is a final relation” A a r b) and
actbedad=adb =ba et b;
a€_bsda'=adb' =ba e b,

As in [5], we check that we have an interpretation of HF  in HFZ’EO with the equality
interpreted as =, € interpreted as €1, and €~ interpreted as €_.

3.3 The consistency strength of HF We have constructed a model of HF, us-
ing M, , the Cauchy completion of V., the set of well-founded sets of rank less than
k. It is possible to adapt this result and to obtain an interpretation of HF, inside
KM + ‘On is weakly compact’ by taking the Cauchy-completion of the class of
well-founded sets. This last theory is known to be equiconsistent with the theory
GPK} (see [5]). In an adaptation of this last paper, see also that HF is mutually
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interpretable with PA; (second-order arithmetic). Let us summarize these last results
in the following theorem.

Theorem 3.2 The theory HF is mutually interpretable with GPKZ, which is also
KM + ‘On is weakly compact’. The theory HF is mutually interpretable with PA;.

NS
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(1]

(2]

(3]

(4]

(5]

(6]

(7]

Notes

¢t and ¢~ denote the classical negation of et and €.

One can show that the presence or the absence of the axiom of choice does not change
the consistency strength of this theory.

. A k-uniform space is a uniform space where the set of entourages is stable by intersection

of cardinality less than «.

. This means that any open cover contains a k-finite subcover; k-finite means of cardinality

less than k.
For an ordinal «, & denotes the successor of o: o U {r}.

p1 and p; denote the projection on the first and second component.

. Recall that, as is usual in set theory, a function is identified with its graph.

. A final equivalence is also called a bisimulation in the literature.
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