ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 35, Number 6, 2005

WEIGHTED COMPOSITION OPERATORS ON
NON-LOCALLY CONVEX WEIGHTED SPACES

L. OUBBI

ABSTRACT. Let (A, 7) be a topological vector space, X
and Y Hausdorff completely regular spaces and V' and U Nach-
bin families on X and Y respectively. For a pair of maps
p:Y - Xand ¢ :Y — L(A), L(A) being the vector space
of continuous operators from A into itself, we study the con-
ditions under which the corresponding weighted composition
operator ¥C,,, assigning to each f € CV(X, A) the function
y +— Yy (f o p(y)), maps a subspace E of CV (X, A) contin-
uously into another given subspace F' of CU(Y, A). We also
examine when C, is bounded, (locally) equicontinuous or
(locally) precompact from E into F.

1. Introduction. The weighted composition operators uCl,
f — uf oy on the Banach algebra C'(K) of scalar-valued continuous
functions on a compact space K were studied by Kamowitz in [8];
where v € C(K) and ¢ : K — K is a continuous self map on K.
Since then, numerous papers were published in connection with the
subject in the scalar case and in the vector-valued one [6, 7, 10, 12,
15, 21, 22], etc. In the scalar case, Singh and Summers [21] studied
the composition operators C, on the Nachbin weighted spaces CV (X))
and CVy(X), X being a Hausdorff completely regular space and V a
Nachbin family on X. The so-called extended composition operators
between weighted spaces were the subject of [14].

Jeang and Wong [7] dealt with the weighted composition operators
uCy 1 f — ufoyp from Cy(X) into Cy(Y'), where X and Y are Hausdorff
locally compact spaces, v € C(Y) and ¢ a map from Y into X. For
special function spaces, namely the Banach spaces of analytic functions
on the unit disk, the multiplication operators were the subject of [4].

In the vector-valued setting, Jamison and Rajagopalan [6] considered
the weighted composition operators C,, on the Banach space C'(K, A4),
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where K is a compact space, A a Banach space, ¢ a self map on X and
¥ an L(A)-valued function on K.

Such operator-valued weighted composition operators from the space
Cp(X,A) of all A-valued continuous functions f such that f(X) is
precompact were studied in [22] for an arbitrary completely regular
space X and any locally convex space A.

For weighted spaces CV(X,A) with A non-locally convex, the
weighted composition operators were studied mainly in [10, 12, 13|
and [19].

In this paper, we deal with weighted composition operators ¥C, from
a given subspace E of CV(X,A) into another subspace F of some
CU(Y,A), A being an arbitrary Hausdorff topological vector space, Y
a Hausdorff completely regular space and U a Nachbin family on Y.
In Section 2 we produce some preliminaries and notations, while in
Section 3, we characterize those weighted composition operators which
map F continuously into CU(Y, A), into CUy(Y, A) or into an arbitrary
F C CU(Y, A). Section 4 is devoted to the conditions under which ¢C,,
is bounded, (locally) equicontinuous or (locally) precompact.

Note that, in most of the works on weighted spaces, essentiality as
defined by Prolla in [17] plays an important role. Here, we release this
condition and then cover many more situations.

2. Preliminaries. Throughout this paper, A will be a Hausdorff
topological vector space over the field K (= R or C) and N (or NV, if
any confusion might occur) the collection of all closed, shrinkable and
circled 0-neighborhoods in A. This constitutes a fundamental system
of 0-neighborhoods [11]. Recall that a subset G of A is shrinkable if
rcl (G) C int (G) for every 0 < r < 1, where cl (G) denotes the closure
of G in A and int (G) its interior. For every G € N, Pg will be the
gauge of G. This is

Pg(a) =inf{a >0:a € aG}, ac A

It is clear that Pg(Aa) = |A|Pg(a) for every a € A and A € K.
Moreover, if H € N enjoys H + H C G, then

Po(a+0b) < Py(a)+ Py (b), a,be A
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A linear map T : A — A is continuous if, and only if, for every G € N,
there is H € N such that

Pg(T(a)) < Pg(a), forallac A

The algebra of all continuous operators from a topological vector space
C into A is denoted by L(C, A). If C' = A, we just write L(A). If B is
a collection of subsets of C', we will denote by L5(C, A) the set of those
T € £(C, A) which are bounded on the members of B. Lz(C, A) will be
equipped with the topology 75 of uniform convergence on the members
of B. A fundamental system of 0-neighborhoods for 75 is given by all
the intersections of finitely many sets of the form

N(B,G):={T € Ls(C,A):T(B)C G}, GeN, Beb.

If B consists of the finite (respectively bounded, precompact) sets, we
will denote L£p(C,A) by L,(C,A) (respectively L5(C,A), L.(C,A))
and 75 by 7, (respectively 73, 7.). When C' = A, we drop it from the
notations and write Lz(A).

A Nachbin family on a Hausdorff completely regular space X is any
collection V' of non-negative upper semi-continuous functions on X such
that, for every x € X, some v € V exists so that v(x) > 0 and, for every
v1,v2 € V and A > 0, there is some v € V such that \v; <wv, 1 =1,2.
With such a family V' is associated the so-called weighted space

CV(X,A) :={f: X — A continuous; (vf)(X) is bounded in A,

for all v € V'}.
This space is linearly topologized, see [1] and [9], by considering as a
fundamental system of neighborhoods of zero all the sets of the form

Bg,, ={f € CV(X,A); (vf)(X) C G},

G running over A and v over V. The gauge of such a set is denoted by
Pg . This is

Pao(f) = sup{v(z)Po(f(z)),z € X}, feCV(X,A).
A remarkable subspace of CV (X, A) is

CW(X,A) :={f € CV(X,A);v(Pg o f) vanishes at infinity,
forallveV, Ge N}
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If we set for a non-negative function v on X and ¢ > 0,
N(u,e):={r € X :u(z) >e} and N, :={z € X :u(zx) > 0},

then a continuous function f belongs to CV5(X, A) if, and only if, for
every v € V, G € N and ¢ > 0, the set N(vPg o f,e) is compact.
Finally, following [1], X is called a Vr-space if a real-valued function
on X is continuous whenever its restriction to each N(v,¢) is, v € V
and € > 0, see [1-3] for more details.

Henceforth, X and Y will be Hausdorff completely regular spaces
and V and U Nachbin families on X and Y respectively. A linear map
T from CV(X,A) into CU(Y, A) is continuous if, and only if, for all
u€U,GEN, thereexistsve V, H e N:

Pa.u(T(f) < Puu(f), feCV(X,A).

The set of all A-valued functions on Y will be denoted by F (Y, A) while
C(Y, A) will be that of all the continuous ones. With arbitrary maps
¥ :Y — L(A)and ¢ : Y — X is associated the linear map ¢C,, defined
from C'V(X, 4) into F(Y, A) by ¢C,(f)(y) = y(f((y))). This map
will be called the weighted composition operator associated with 1 and
. From now on, F will be a linear subspace of CV (X, A) and coz (E)
its cozero set. This is:

coz (E) = {zx € X; f(z) # 0 for some f € E}.
We will also consider the sets:

Vi ={y €Y :p(y) € coz(E)} = ¢} (coz (E)),
YE’%w .= COZ (QﬁC@(E))

The set Yg ,, respectively Yg , ., is an open subset of ¥ whenever
Cy(E) C C(Y, A), respectively vCy,(E) C C(Y,A), where C, is the
composition operator f — f o . Finally, E will be said to satisfy the
property (M) if, for every a € A, G € N and f € E, the function
Psof®a:x +— Pg(f(x))a belongs to E. Tt is easily seen that,
whenever E satisfies (M), the following equality holds:

YEW#, = YE,LP M coz (’l/))
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The spaces CV(X,A) itself and CVp(X,A) as well as many other
subspaces of CV (X, A) satisfy (M).

3. Continuous weighted composition operators. In this section
we study the continuity of ¥C, from E into a subspace F of CU(Y, A).
Since ¥ Cy,(f) must then be continuous on Y for every f € E, we first
provide instances in which this is realized. For this purpose, let v be a
property a net from Y may or may not satisfy. Any net satisfying v will
be called a y-net. A function from Y into an arbitrary topological space
is y-continuous if, for every y € Y and every y-net (y;); converging to
y, the net (f(y;)); converges to f(y). We will say that Y is a yr-space,
if every ~y-continuous function from Y into R or into any completely
regular space is continuous. At this point, it is worthwhile to recall that
the classical kr-spaces as well as the sequential, the pseudo-compact
and the Vr-spaces enter in this category, see [15] for more details.
For such a property ~, denote by L£,(A) the algebra consisting of all
continuous operators on A which are bounded on the converging vy-nets
of A, endowed with the topology of uniform convergence on such nets.
In the sequel, we will assume, in addition, that every constant net is
a v-net and that 7 is defined also in A and is conserved by A-valued
continuous functions.

Proposition 1. Let f : X — A be a map such that Cy,(f) € C(Y, A).
Under each of the following conditions ¥Cy(f) belongs to C(Y, A):

1. Y is a yr-space for some v and b maps Y continuously into

L. (A).

2. ¢ maps 'Y continuously into L,(A) and every y € Y possesses
some neighborhood whose image by v is equicontinuous on A.

Proof. Let 59 € Y and G € N be given. Choose H € N so that
H+HCAG.

1. Since 1y, is continuous, there exists K € N with K C H and
Py, (K) C H. In order to show that ¥C,(f) is continuous, it suffices
to show that it is y-continuous. Let then (y;);c; be a y-net converging
to yo. Since f o ¢ is continuous, the net (f o ¢(y;)); is a y-net and the
set

NCK)={TeL,(A):T(C)C K}
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is a 0-neighborhood in £,(A), where C := {f o ¢(y;),i € I}. Then
there is a neighborhood Q2 of yg such that, for every y € Q, (¢, —1y,) €
N(C, K). Therefore

Yy =Pyo)(fowlyi)) € K, icl, yel

But y; tends to yp. Then there exists i1 € I so that y; € Q whenever
1 > 1. As f o is continuous, there is some iy € I with

fow(y) — foely) € K, foralli>is.

Now, for ¢ € I larger than both i; and io, we have

Uy, (f o (yi)) = Vyo (f 0 0(¥0)) = (Py, — 1y ) (f 0 (i)
+ Py, (f 0 @(yi) — f o w(yo))
eK+KCcCQaG.

whence the v-continuity of ¢Cy(f) at yo and then everywhere.

2. Let O be a neighborhood of yg so that ¥(€2;) is equicontinuous on
A. Then there exists K € N contained in H and satisfying ¢, (K) C H
for all y € 5. Since f o ¢ and % are continuous at yg, there exists
another neighborhood €2y of yy such that:

(fop(y)—fop(yn) € K and (y —y)(fop(yo)) € K, y € Qa.

For every y €  := Q1 Ny, one has

Yy (f o (y)) — by, (f o (yo)) = ¥y (f o (y) — f o (yo))
+ (wu - wyo) (f © SO(?JO))

€Yy, (K)+ K

CH+ HCQG.

Whence the continuity of $Cy(f). O

According to Proposition 1, ¥C,(f) belongs to C(Y,A) whenever
Co(f) and ¢ : Y — L(A) are continuous and Y is a kr—, a brp—, a
pseudo-compact, or a sequential space.
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The fact that C,(E) C C(Y, A), respectively vC,(E) C C(Y,A),
forces ¢, respectively v, to be continuous on Yg ., as we will see next.

Proposition 2. 1. If E is a Cp(X)-module and C,(E) C C(Y,A),
then ¢ is continuous on Yg ,.

2. If E satisfies (M) and C,(E) U (pCy,)(E) C C(Y,A), then v is
o-continuous on Yg .

Proof. Let yo € Yg,,. Then there are fo € E and K € N such that
Pr(fo(e(yo))) = 1.

1. Let 2 be a neighborhood of ¢(yo) and choose g € Cp(X) so that
9(p(y0)) =1,0< g <1 and suppg C . Since FE is a Cp(X)-module,
gfo belongs to E. Then [g(Pk o fo)] o ¢ is continuous on Y. Hence

A= {y €eyY: % < 9(e(y)) Pr (fole(y))) < %}

is open and contains yg. Since suppg C Q, ¢(y) € Q for all y € A.
Hence p(A) C Q, whereby ¢ is continuous at yo and then on the whole
YE.o.

2. Let G € N and a € A. We have to find a neighborhood €
of yo so that ¥, (a) — ¥y, (a) € G for all y € Q. Consider H € N
with H + H + H C G. The continuity of y — Pk (fo(¢(y))) yields a
neighborhood €4 of yg such that

1

1
Pelhlew)) | T2 Ve

By our assumption, Pxo fo®a belongs to E and y — vy (Px (fo(¢(y)))a)
is continuous at yg. Hence some neighborhood Q2 C §2; exists so that

1

Uy (P (fo(p(y)))a) — ¥y, (Px (fole(wo)))a) € Prr (e (@) + 1

Yy e Q.

H,
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Hence
y(0) =y (@) =
Y R Pr(fole(y)))
X [y (Pr (fo(p(y))a)) — ¥y, (Pr (fo((yo))a))]

1
Bty Y@
c2QH+HCH+H+HCG

Hence 1 is continuous at yo and then on Yg . |

The continuity of ¢¥C, from E into CU(Y, A) does not imply that
of ¢ on Yg, in general. Such a situation occurs for example if
¥ Y — L(A) is a constant function with a non one-to-one value T
and E:={f € CV(X,A): f(X) CkerT}. Then E is a Cp(X)-module
and coz (E) = coz (CV(X)). Moreover, ¢»C, = 0 is continuous. But
© need not be, since it is arbitrary. Notice that E does not enjoy the
property (M).

Now, we are going to characterize the continuous operators ¥C, from
a subspace E of CV (X, A) into CU(Y, A).

Theorem 3. Assume that E C CV(X,A) is a Cp(X)-module
satisfying (M) and that YCy,(E) C C(Y,A). Then ¥Cy, is continuous
from E into CU(Y, A) if, and only if, the following condition holds.
For all Ge N, ue U, there exists He N, v e V:

(1) uwy)Pa(Py(a)) <v(e(y))Prla), foralac A, yeYp,.
Proof. Necessity. Since ¢C,, : E — CU(Y, A) is continuous, for every
G € N and u € U, there exist H € N and v € V such that

PG;u(wCLP(f)) SPH,v(f)a fEE.

Then for every y € Y, one has

u(y) P ¢y (f(p(y))) < sup{v(z)Pu(f(z)), = € X}.
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Let yo be given in Yg . There is some f € E such that f(¢(yo)) # 0.
Then we may (and do) take f and H so that Pg(f(¢(yo))) = 1.
Consider then the open neighborhood

U, = {x € X :v(x) <vle(y)) + % and Py (f(z)) <1+ %}

of ¢(yo) and take a continuous functions g, € Cp(X) such that
gn(p(yo)) = 1,0 < g, <1 and suppg, C U,. Since E is a Cp(X)-
module and satisfies (M), the function g, Py o f ® a belongs to E for
arbitrary a € A. Hence we have

o) Polin(@) < (o) + 1) (14 3) Puta)

As n tends to infinity, we get

u(yo) Pa(¥y,(a)) < v(p(yo))Pr(a),

which is the required inequality.

Sufficiency. Let f € E, G € N and u € U be given. By (1), there
exist v € V and H € N so that

(2)  u@) Py (f(e®) <vleW)Pu(f(ey))), forallyeY.

Therefore,

Pau(VCy(f)) = sup{u(y)Pa(vy (f(e(y)))), y € Y}
< sup{v(p(y) Pu(f(e(y))), y €Y}
< PH,v(f) < +00.

This shows that ¢C,(f) € CU(Y, A) and, since f is arbitrary in E,
that ¥ C, is continuous. o

It follows from Theorem 3 that, for any Cy(X )-module E C CV (X, A)
satisfying (M), if coz (E) = coz (CV (X, A)) and ¢C,(CV(X,A)) C
C(Y, A), then ¥ C, maps CV (X, A) continuously into CU(Y, A) if, and
only if, the same holds for F.
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Whenever ¢C,,(f) is continuous for some f, (1) implies that ¢ C,(f)
belongs to CU(Y, A). However, (1) does not imply the continuity of
YC,(f) although f,1) and ¢ are all continuous. Such an example is
obtained by taking X =Y = N the one point compactification of
N, V = U the collection of all non-negative functions vanishing on X
except on a finite set, ¢ the identity map and A = C[0, 1] with the
norm of L[0,1]. Let (g,), be a null sequence in A such that (g, fn)n
does not converge to 0 for some other null sequence (f;,),. Define ¥ by
Y(n) =Ly, : f+— fgn for n € N and 9(c0) = 0. Then ¥ is continuous
from X into £, (A) such that (1) is fulfilled, for ||1, (R)|] < [|¢yllool IRl
h € A. Nevertheless, for f € CV (X, A) defined by f(n) = f, forn € N
and f(oo) = 0, ¥Cy,(f) is not continuous at oo, since f,g, does not
converge to 0.

Next, we will examine when C, is a continuous weighted composi-
tion operator ranging in a smaller subspace F' of CU(Y, A). We first
look at the case F' = CUy(Y, A). To this aim, let us set

Cst(E):={K C X :Vae A,3f € E with f = a identically on K}.

It is easily seen that every v € V is bounded on every K € Cst(FE).

Theorem 4. Let E C CV(X,A) be a Cy(X)-module satisfying (M)
such that YCy,(E) C C(Y, A). Assume that, for everyv eV, G € N,
f € Eande >0, NwPgo f,e) € Cst(E) and f(N(vPg o f,e)) is
precompact in A. Then Cly is continuous from E into CUy(Y, A) if,
and only if, (1) in Theorem 3 holds and

P (K)N{y €Y s u(y)Po(vy(a) > e}

is relatively compact, for all K € Cst(E), G e N, u e U, a # 0 and
e > 0.

Proof. Necessity. (1) follows from Theorem 3. Now, assume that
K € Cst(E) and let wu e U, G € N, a € A\ {0} and £ > 0 are given.
Choose f € E such that f = a identically on K. As ¥ C,(f) belongs
to CUH(Y, A), the set

S:={yeY :u(y)Pa (¢y(f(e(y)))) =}
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is compact and contains

e H(K)N{y €Y :u(y)Pe(vy(a) > e}

Hence the latter is relatively compact.

Sufficiency. Let f € E, G € N, u € U and € > 0 be arbitrary
and consider again the set S defined as above. Let H € N satisfy
H+ H C G. By (1), there are I € N and v € V with

w(y)Pr (dy(a)) <v(p(y))Pr(a), a€A, yeYp.

But K := N(vPro f,(g/2)) belongs to Cst (F) and satisfies ¢(S) C K.
In order to show that 1)C,(f) belongs to CUy(Y, A), it suffices to show
that S is contained in some union of finitely many sets of the form

C; = {y €Y i uly)Pu(vy(ai) = %}

for some a; € A\ {0}. But f(p(S)) is contained in f(K) which
is precompact, then it is itself precompact in A. Thus there are
Y1, ---,Yn € 5 such that

n

sets) < U (7o) + 51,

i=1

with m = sup{v(z),z € K}. Then, for y € S, there is some
ie{l,...,n} so that

o) Pr(f (o)) ~ Fo(w) < 5.
By (1), We get
u(y)Per (0 (£ () = 0 (F (o) < 5.
Therefore,
< u(y)Po (4 (/(#(1))))
<

G
(W) Pr [ty (f(p(y)) = &y (f (@(yi)] + uly) P (y (f((4i))))
+uly)Pr (y (f(e(4:)))

w|m§ :

<
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whereby
< u(y) P (by (f(e(y:))

N ™

and consequently

n c .
sclU {y €Y s uly)Pu(ty(ai) = 5}7 with a; = £(o(1)).
i=1
To prove the continuity of /C,, just proceed as at the end of the proof
of Theorem 3.

In case E C C'Vy(X, A), we get the following

Theorem 5. Let E C CVy(X, A) be a Cp(X)-module satisfying (M)
such that YC,(E) C C(Y,A). Then ¢C, is continuous from E into
CUy (Y, A) if, and only if, (1) holds and

p H(E)N{y €Y s u(y)Pa(vy(a)) > €}

is relatively compact, for every compact K C coz(E), G € N, u € U,
a#0 ande > 0.

Proof. A similar proof as that of Theorem 4 works provided that, for
everyv €V, GeN, fe Eande >0, f(N(vPgo f,e)) is precompact
in A and N(vPgo f,e) € Cst(E). But, N(vPgo f,¢) is compact, so its
image by f is precompact. The second condition is a consequence of

Lemma 6. Let E C CV (X, A) be a Cp(X)-module satisfying (M).
If K C coz(FE) is a compact set and C C X a closed set such that
KNC =g, then for every a € A, there exists f € E such that f = a
on K and f =0 on C.

Proof. For every x € K, consider G, € N and f, € E so that
Pg, (fz(z)) = 1. Choose then g, € Cp(X) with g,(x) =1,0< g, <1
and g, = 0 identically on C. Set j, := g, Pq, o f» and h, := |j.|*T'(52),
where, for a function g,

T(g)(t) :== { lg(t)] lg(t)| <1

1/|g(t)| otherwise.
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Then h,(z) = 1,0 < h, <1 and h, = 0 on C. By a compactness
argument, there exist x1,xs,... , T, in X such that

K C O{t € X 1 hy,(t) >1/2}.

=1

Now, the function
hi=Y hg,
n=1

satisfies h(t) > 1/2 for every t € K. Hence, for a € A, the function
f:=2hI(2h) ® a belongs to E, for F is a Cp(X)-module and satisfies
(M), and enjoys the required conditions. O

According to Theorem 5, for any Cp(X)-module E C CV,y(X, A)
satisfying (M), if coz (E) = coz (CVy(X, A)) and Y C,(CVh(X, A)) C
C(Y,A), then ¥C, maps continuously CVy(X, A) into CUy(Y, A) if,
and only if, the same holds for E.

Remark 7. 1. A subspace E of CV (X, A) satisfying the hypotheses
of Theorem 4 need not be contained in CVy(X, A). For instance, take
X = R, A a topological vector space in which every bounded set is
precompact (e.g., a semi-Montel space or a locally convex space with
its weak topology) and F = Cy(X, A). For every integer n > 2, define
a continuous function w,, on X by

nfx—n+(1/n)) n—(1/n)<z<n
wn(r) =< nin+ (1/n) —x) n<z<n+(1/n)
0 otherwise.

Put then

“+oo
w(z) = an(aj) and  v(z) := max(e” 1l w(z)).

n=2

Then V = {X,A > 0} is a Nachbin family on X such that E C
CV (X, A) satisfies all the hypotheses of Theorem 4. However, the non-
zero constant functions belong to E but not to CVy(X, A).
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2. In Theorem 5 the second condition does not hold for compact
sets not contained in coz (F). For such an example, take X = [0, +oo],
Y =10,+00[, o(y) = (1/y), y €Y, U =V = Z, A = C, ¢ the constant
function with value 1 and E = {f € CVy(X) : f(0) = 0}, where Z is the
Nachbin family on X consisting of all the positive constant functions.
Then 1 C,, is even an isometry from E into CUy(Y'). However, for the
compact K = [0,1], o H(K)N{y € Y : 1, (1) > 1}, being [1,+o0], is
not relatively compact.

3. In Theorem 4 and Theorem 5, the second condition implies that
pCy(f) belongs to CUp(Y, A) whenever (1) holds. In general, we will

say that F' is E¢-solid if a function g € C(Y, A) belongs to F' whenever
forall G € N, u € U, there exists He N, v eV, f € E:

(3) (uPg o g)(y) < (vPm o f)(p(y)), forally e Yp,.

If X =Y, p=1Idx and A = K, we get the classical notion of being
solid.

Examples of such solid spaces are given in the following

Ezamples. 1. Clearly, CU(Y, A) is Ey-solid for every subspace E of
CV(X,A).

2. 1If, for every v € V, u € U and every compact subset K of
N, Ncoz(E), ¢ *(K) N N, is relatively compact, then CUy(Y, A) is
Ep-solid for every subspace E of CVy(X, A).

B IUCV(X,A)={f e CV(X,A); forallv eV, G e N, there exists
vV eV :vPg(f) <v'}andif Vop < U, then CiU(Y, A) is Ep-solid for
every B C CjV(X, A). Indeed, assume that g € C(Y, A) satisfies (3).
Then

(vPp o f)(v(y))
v'(¢p(y)), (for Py o f e CV(X))
u'(y), (since Voo <U),

u(y)Pa(g(y))

IAIACIA

hence Pgog € CiU(Y) and then g € CU(Y, A).

4. If C4aV(X,A) ={f € CV(X,A); for all v € V, f(N,) is bounded
in A} and, for every u € U, there is some v € V such that (vo ¢)/u is
bounded on N,,, then CoU(Y, A) is Ep-solid for every E C C4V (X, A).
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If we combine 2 with 3, respectively 2 with 4, we get sufficient
conditions for

CiUp(Y,A) .= CUy(Y,A) N CU(Y, A),
respectively
Calp(Y, A) := C4U(Y, A) N CU (Y, 4)),

to be FE¢-solid for every subspace E of C;Vh(X,A), respectively
CaVo(X,A). We refer to [5] and [16] for details on the spaces
CAV(X,A) and C}V (X, A).

It is easy to show

Proposition 8. Let E C CV(X,A) be a Cp(X)-module satisfying
(M) such that YC,(E) C C(Y,A). If F is Ep-solid, then ¢C, is
continuous from E into F if, and only if, (1) holds.

4. Bounded weighted composition operators. A linear map
0 is said to be bounded, precompact or compact, if it maps some 0-
neighborhood into a bounded, precompact or compact set respectively.
It will be called locally bounded (respectively locally precompact, lo-
cally compact) if it maps every bounded set into a bounded (respec-
tively precompact, compact) one. Whenever § ranges in a space of
continuous functions on Y, it will be said to be locally equicontinuous,
respectively equicontinuous, on Yy C Y, if the image by 6 of every
bounded set, respectively of some 0-neighborhood, is equicontinuous at
any point y € Y.

In this section we deal with bounded, (locally) equicontinuous and
(locally) precompact weighted composition operators. For this purpose,

we need the following lemma generalizing Lemma 10 of [15] to the non-
locally convex setting.

Lemma 9. Let L be a subset of CV (X, A) such that C; (X)L C L
and L satisfies (M). Then, for every G € N, v € V and z € coz(L),
the equality

1
o@) sup{Pc(f(z)), f € Bg,wNL}
holds, with 1/0 = +o0.
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Proof. The same as that of Lemma 10 of [15] with gauges of members
of N instead of continuous semi-norms. O

Henceforth, when there is no risk of confusion, we will use the same
notation Bg,, to mean Bg, N E.

Theorem 10. Assume that E C CV(X,A) is a Cp(X)-module
satisfying (M) and that vC,(E) C C(Y,A). Then ¢C, is bounded
from E into CU(Y, A) if, and only if, the following condition holds.
There exists HE N, v € V: for all G € N, u € U, there exists A > 0:

4)  u)Po(y(a)) < Av(p(y))Pula), foralacA, yeVg,.

Moreover, if YC, is bounded, then so is also 1y for everyy € Yg ..

Proof. Necessity. Since ¢)C, : E — CU(Y, A) is bounded, there exist
H € N and v € V such that, for every G € M and u € U, there is some
A > 0 enjoying

Pen(WCu(f) <N f € i

In particular,

u(y)Pa(Yy(Pao f®a)(e(y) <A, y€Y, f€Bg,, a€ H

or
w(y)Pu(f(e(y))Pa(dy(a)) <A, yeY, feBagy,, ach.
By Lemma 9 and a classical argument, we get

G)  wy)Pe(¥y(a) < M(e(y)Pula), yE€Yp, acA

Sufficiency. Assume that, for every G € A/ and u € U, (4) holds. Then,
for f € E and y € Y, we have

u(y)Pa(y (f(e(v)) < o(e) Pu(fle(y), yeY.

In particular, for f € By, we get

w(y)Pa(y(fle() <A Yy € Vo,
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giving Pg ., (YC,(f)) < A, f € Ba.

Now, assume that ¢/Cy(Bg,) is bounded in A, and let yo € Yg o
and fo € Bg,, be such that fo(¢(yo)) # 0. Let H € N enjoy
Py (fo(e(yo))) = 1 and a > P (fo). Then (1/a) Py o fo®a belongs to
Bg, for all a € G. Given I € N and let u € U be such that u(yg) # 0.
There exists A > 0 so that:

[uwa(éPHOfoQ@a)](Y)cgl, a € G.

In particular, u(yo)iy,(a) € M. Since a € G and I € N are arbitrary,
1y, (G) is bounded in A. 0

A similar proof yields

Theorem 11. Assume that E C CVy(X,A) is a Cy(X)-module
satisfying (M) and that vC,(E) C C(Y,A). Then ¥C, is bounded
from E into CUW(Y, A) if, and only if, (4) holds and

p H(K)N{y €Y s u(y)Pe(vy(a)) > €}

is relatively compact for every compact K C coz(E), u € U, G € N,
a#0 ande > 0.

We now examine the equicontinuity of ¥Cl,.

Theorem 12. Assume that E C CV(X,A) is a Cp(X)-module
satisfying (M) and that vC,(E) C C(Y,A). Then ¢C, is locally

equicontinuous on Yg. o if, and only if, the following conditions hold:
1. ¢ is locally constant on Yg o .

2. 9 is continuous from'Y into Lz(A).

Proof. Necessity. 1. Assume that ¢ is constant on no neighborhood
of some yo € Yg 4 and choose fy € E with ¢y, (fo(¢(vo))) # O.
If V is the collection of all neighborhoods of yg, then every Q € V
contains some yo with ¢(yo) # ¢(yq). Consider fq € Cp(X) such
that 0 < fo < 1, fa(p(ya)) = 0 and fa(e(yo)) = 1. The set
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{90 = fafo,Q € V} is bounded in E and then its image by ¢C,, is
equicontinuous at yy. Therefore, for every G € N, there exists Qg € V
such that

Yy (90(p(y))) — Yy (92(@(v0))) € G, forally € Qo, Qe V.

Hence, for every 2 C Qp and y = yq, we get 1y, (fo(¢(v))) € G. Since
G is arbitrary, ¥, (9a(¢(yo))) = 0 which is a contradiction.

2. Let yo € Yg 4,4, B a bounded set in A and H € N be given. By
1 there exists a neighborhood 2y of y9 on which ¢ is constant with
value, say, xg. Choose fo € E so that ¢, (fo(zo)) # 0 and H € N with

Prr (4, (Jo(#(90)))) = 1. Since the set
K :={Pyofy®bbe B}

is bounded in E, ¢C,(K) is equicontinuous at yo. Hence there is some
yo-neighborhood  contained in g such that

[y (P (fo(@()))b) = Yy (Pr (fo(p(0)))0)] € G, y€Q, beB.

This yields ¢, — ¢, € N(B,G) for every y € Q, showing that 9 is
B-continuous at yo. Since y is arbitrary in Yz o 4, 9 is B-continuous
on YE)%,/,.

Sufficiency. Given a bounded set B C E, yo € Yg,,» and G € N.
By our assumption, there is some neighborhood €y of yy so that ¢
is constant on Q. Choose v € V with v(¢(yo)) # 0. Since the set
B = {v(x)f(z), f € B, z € X} is bounded in A and ¢ is 8-continuous
at Yo, there is some other neighborhood 2 of yg such that 2 C Q¢ and

Yy — Yy, € N(B,v(0(10))G), y€Q.
This is
Yy (v(@) f(2)) — Py, (v(2) f(2)) € v(p(y0))G, y€Q, x€X,

yielding
1/)Osa(f)(y) - 1/)Osa(f)(y0) €G, yeq,
whereby ¢¥C,,(B) is equicontinuous at yo and then on Yz , .
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A trivial consequence of Theorem 12 is

Corollary 13. Assume that E is a Cyp(X)-module satisfying (M). If
@ s not constant on any open set (in particular, if X has no isolated
point and ¢ is one to one), then YC,, is locally equicontinuous from E
into C(Y, A) if, and only if, it is identically zero.

In case of multiplication operators, we get the following corollary
improving Proposition 11 of [15].

Corollary 14. Let E be a Cy(X)-module satisfying (M) and v :
X — L(A) a map. If My : E — C(X,A) is locally equicontinuous,
then coz (My(E)) is a discrete space.

Proof. Take in Theorem 12 Y = X and ¢ = Idx. Then M, is nothing
but ¥ C, and then Idx is locally constant on Yg , . This means that
coz (My(E)) =Yg, is discrete. o

Theorem 15. Assume that E C CV(X, A) is a Cp(X)-module sat-
isfying (M) and that vC,(E) C C(Y,A). Then ¢ C,, is equicontinuous
on Yg o if, and only if, the following two conditions hold:

1. ¢ is locally constant on Yg,, .

2. There exists G € N such that, for every yo € Yg 4 and H € N,
there is some neighborhood Q of yo so that vy — 1y, € N(G,H) for

every y € Q.

Under conditions 1 and 2 every point yo € YE,,.¢ admits a neighborhood
whose image by 1 is equicontinuous on A.

Proof. Assume that there exist v € V and G € N so that {C,,(Bg.v)
is equicontinuous on Yg o 4. By Theorem 12, there exists a neighbor-
hood y of yo on which ¢ is constant with value, say, xg.

Necessity. 1. follows from Theorem 12 since an equicontinuous map
is already locally equicontinuous.
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2. Let yo € Yg,, and H € N be given. By property (M), we may
choose fy € Bg,, so that Pg(fo(zo)) # 0. Since the set

K :={Pgo fy®a, a € G}

is contained in Bg ., ¥Cy(K) is equicontinuous on Y. Hence there is
some yg-neighborhood €2 contained in €y such that

[thy (Pa(fole(y)))a) — vy, (Pa(fole(yo)))a)] € Pa(fo(zo))H,
yeN, a€d.

This leads to ¥, — v, € N(G, H) for every y € Q.

For the remainder, let yo € Yg . and H € N. Choose again f, €
B, so that o := Pg(f(z0)) # 0. Since ¥Cy(Bg,») is equicontinuous
at yo, for every I € N satisfying I+1 C H, there exists a neighborhood
Q C Qg of yg such that

YO () Y) —vCo(f)(yo) €al, y e, [f€Bau.
This is
Yy (f(w0)) = Yy (f(w0)) €al, y€Q, f€Bgw.
For an arbitrary a € G, Pg o fo ® a still belongs to Bg.,. Hence
Pa(fo(wo))lby(a) — ¥y, (a)] € al, y €,

or Yy(a) — Yy, (a) € I, y € Q. Now, the continuity of v, yields a 0-
neighborhood J € N such that ¢, (J) C I. Finally, fora € R := JNG,

Yy(a) = [Yy(a) =y, (a)] +Yy,(a) eI+ I C H, yeQ,
showing that {v¢,,y € Q} is equicontinuous at 0 and then everywhere

on A. u]

In [1], Bierstedt showed that the precompact sets are equicontinuous
in CV(X) whenever X is a Vg-space. Bierstedt’s result was extended
in [18] to the space

CVp(X,A) ={f e CV(X,A): (vf)(X) is precompact in A, Yv € V},
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where A is a locally convex space. Later, this result was extended in
[15] to CV (X, A), again with A locally convex. Actually, this result
holds for CV (X, A) for arbitrary topological vector space A. Indeed, let
0, denote the evaluation f — f(z) at the point x and A the evaluation
map x +— 0, defined from X into L(CV (X, A), A). Then we have

Proposition 16. 1. The evaluation map A is continuous from
X into L(CV(X,A),A) if, and only if, every precompact subset of
CV (X, A) is equicontinuous.

2. If X is a Vr-space, then every precompact subset of CV (X, E) is
equicontinuous.

Proof. 1. is straightforward. Next, in view of 1 and our assumption
on X, it suffices to show that A is continuous on each N, ; := {x €
X :v(z) > 1}. Let then v € V and z € N, 1 be given. If A is a
neighborhood of ¢, in L.(CV (X, A), A), then there exist G € N and
a precompact set C C CV (X, E) such that d, + N(C,G) C A. But
there exist h; € C, i € {1,2,...n}, so that C C U, (h; + H), where
H+H+H C G. Consider a neighborhood Q of x with h;(¢)—h;(x) € H
forevery i =1,2...nand t € Q. Now, if t € QN N, ; and h € C, then
h =h; + f for some i € {1,2... ,n} and some f € By ,. Hence

6:(h) — 04 (h) = h(t) — h(x)
= () — hila) + —— (B (1)) —

u(t

1 1
H+ —H+—H .
€ +v(t) +q}(gc) e

Since h is arbitrary in C, A(t) — A(z) € N(C,G) and thus A is
continuous on NN, ; and 2 is proved. O

~—

According to Corollary 13 and Proposition 16, for a Cy(X)-module
E satistying (M), if Y is a Ur-space and ¢ is constant on no open set,
then ¢ C,, is locally precompact from E into CU(Y, A) if, and only if,
it is identically zero.
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