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MULTIPLIERS WHICH ARE NOT COMPLETELY BOUNDED

S. DUTTA, P. MOHANTY AND U. B. TEWARI

ABSTRACT. For an infinite compact Abelian group G and 1 <
p < 2, it was shown in [9] that there exists a LP(G) multiplier
which is not completely bounded. In this note, we show that in
infinite every locally compact Abelian group G there is a LP(G)
multiplier which is not completely bounded.

1. Introduction

Let G be a locally compact Abelian group and G be its dual. A bounded
linear operator T on LY (G),1 < p < o0, is called a LP-multiplier if T commutes
with translation operator 7, for each x € G. We will denote the space of all
LP-multipliers by M,(G). It is well known that T'€ M,(G) corresponds to a
symbol m € L°°(G) such that Tf=mfforall fe LY(G)NL?*(G). Sometimes
we prefer to work with symbol m in place of T.

We now briefly recall the natural operator space structure on L? (X )-spaces,
where X is a o-finite measure space. For details see [9, Chapter 2].

A C*-algebra has a canonical operator space structure. We consider this
canonical operator space structure on L>(X). The operator space structure
on L'(X) is inherited from the dual of L>°(X). By [3], with this operator
space structure we have L'(X)* = L>°(X) complete isometrically. Now by
[9] the couple (L°°(X), L'(X)) is compatible for operator space interpolation.
We consider LP(X) = (L°°(X), L*(X)). with the operator space structure as
the interpolating operator space structflre from [9].

If a LP multiplier T is completely bounded in the above mentioned operator
space structure of LP, we call this a cb-multiplier on LP(G). We will denote
the space of all cb-multipliers on L?(G) by M;b(G). Throughout this paper,
we will assume G to be infinite.

Received April 25, 2011; received in final form October 17, 2011.
2010 Mathematics Subject Classification. 46L07, 43A22.

(©2013 University of Illinois

571


http://www.ams.org/msc/

572 S. DUTTA, P. MOHANTY AND U. B. TEWARI

We will be repeatedly using following important result of Pisier [9] which
provides a characterization of completely bounded maps on LP(G),1 < p < 0.

PROPOSITION 1.1. [9] Let S, be the space of Schatten p-class operators on
I3(Z). A linear map T : LP(X) — LP(X) is completely bounded if and only if
the mapping T ® Ig, is bounded on LP(X,S,). Moreover,

TNl = 1T @ Is,[|Lr(x,5,)>Lr(X,S,)-

Using above result one can see that M*(G) = M, (G) for p=1or 2. A nat-
ural question arises what happens for 1 < p < 2. It was shown in [9, Proposi-
tion 8.1.3] that for a compact Abelian group G and for 1 < p < 2, the inclusion
MS*(G) C My(G) is strict. The purpose of this note is to show that this in-
clusion is strict for any locally compact Abelian group.

In [9, Proposition 8.1.3], an explicit construction of m € My (T) \ Mg*(T)
is provided for circle group T. We briefly describe the construction below.
Let 1<p<2and A={3%+3%%1:4jeN}. Then A is a A, set in the
sense that for any f € L?(T) whose Fourier transform is supported in A,
we have || f||,y < Cp||f]|2 for some constant C),s depending on p’. It is well
known that for Sy, p # 2 the canonical basis (e;;) is not an unconditional basis.
Furthermore, it is shown (see [9, Lemma 8.1.5]) that for any n € N there exist
complex scalars {z; : i,j=1,2,...,n} and an element x = Zz . x;7€;; in the

J
unit ball of S,, p # 2, such that || 37, ; zijzizei]ls, =n!275!. Define m on Z
by

zij  if m=3% 4 3%H1L
m(n) = .

0  otherwise.
Since A is a Ay set, we have m € M,(T). However, the choice of (z;) and
from Proposition 1.1 it follows that m ¢ Mgb('ﬂ‘). Same conclusion can be
drawn for compact Abelian group with the help of A, sets.

For non-compact locally compact Abelian group G, we will approach the

problem of strict inclusion via suitable transference techniques. In order to

explain this explicitly in the case of G =R, we need following terminology.

DEFINITION 1.2. Let ¢, (x) = i)([_n,n] *X[=nn] (7). A function m € L>(R)
is said to be normalized (with respect to {¢n}) if lim,_eo(dn * m)(z) =
m(z) for all z € R.

In particular, a bounded continuous function is always normalized. Our
main result in this note is the following theorem, which is ¢b version of
deLeeuw’s theorem [5].

THEOREM 1.3. Let m be normalized and m € M*(R). Then m|z € M (T)
with HTm\z”cb < ||Tm||cb'

Theorem 1.3 provides an explicit construction of m € M,(R) \ M (R).
Consider the multiplier m € My (T) \ M;b(']l‘) described above. We extend m
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to R as a piece-wise linear continuous function m. Since m is bounded and
continuous it is normalized with respect to {¢,,} (as in Definition 1.2) and m €
My (R) (see [8]). If i € McP(R), then by Theorem 1.3 we have m € Mg (T).
This contradicts the construction of m and hence 1 € M,(R) \ M (R).

In Section 2 we prove Theorem 1.3 and in Section 3 we will show strict in-
clusion Mg (G) € M,(G) for arbitrary non-compact locally compact Abelian
group.

2. Transference of cb multipliers

Our main tool in this paper is a transference result (Theorem 2.1) for cb-
multipliers. This is a cb version of transference couple result by Berkson,
Paluszynki and Weiss [2]. Techniques adopted to prove our result is along the
same line as in [2] with appropriate use of Proposition 1.1.

THEOREM 2.1. Let G be an amenable group and X a o-finite measure
space. Let R, S : G — CB(L?(X)) satisfy the following conditions:

(i) for each f € LP(X),u+> R, f anduw S, f are strongly continuous maps.
(i) Cr=sup,cq |[Rulles <00 and Cg=sup,cq ||Sulles < 00.
(iii) SyRy = Ryy and Sy Sy = Suv for all u,v € G.
Let k € L*(G) have compact support. Consider the operator Hy on LP(X)
defined by

1f ()= [ k)Rus faut).

If N,(k) denotes the cb-norm of the convolution operator F — k* F on
L?(G), then we have Hy is a cb map on LP(X) and ||H||co < CsCrN,(E).

Proof. In view of Proposition 1.1 in order to show that Hy, is a ¢b map on
LF(X), we need to show Hy ® I is a bounded map on LP(S,) where [ is the
identity map on S,.

It is easy to see that (S,-1 @ I)(S, @ I)(Hy®I)=Hp,®1 on LP(G) ® Sp.
For I €N, {f,},_1 CC.(X) and {h,},,_; C S, we have

(Sy @ I)(H, @ 1) (Z fa® hn(ac)) =) /G k(1) Ryt () du @ hn ().

Hence,

(Hy 1) (Z fa® hn>

n

p

L7 (S,)
p

<C? (by Proposition 1.1)

Z/Gk(u)RUu_1fn(-)du® B

:cg/
X

LP(Sp)
p

dx.
Sp

Z /G k(u)Rvuflfn(') du ® hn(ac)
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The above inequality is true for all v € G. For a suitable neighborhood V' of
identity in GG, which we will choose later, we have,

H(H,c 1) (;fn ® hn>

1
<or |
VI x v

1
ot f |
WV xJa

1
ot f |
WVl x Ja

x)=

D[k

n

where F), (v,

;Lm>
;Lm>

XVK-1 (’U>van(m

P

LP(Sp)

Rvu*1 fn() du ® hn(l‘)

P
dvdx
SP

p
dv dx

Sp

Ryy-1 fn(x) duhy,

P
dvdzx,
SP

«F,(,2)® hn)(v)

) and K is the support of k. Observe that

F,(-,z) € L?(G) for a.e. x. Hence,
p
H(Hmﬂ(an@hn)‘
n LP(S;D)

- [ S @ @) o
_CS—/N k / F.(,2)®hy) (v dvdzx
|wx“ oll @,

p
=P — )P//’ZFn(v,x)hn dz dv
WI a N
P
s //‘ZXVKI(U)van(x)hn dx dv
|V| — s,
P
=CP— kp/ 711)/ Ryfn()hy,| dxdv
|V| () GXVK ()in: f() Sp
=%LfM@w/xW«w>AR®I§jn®h o
|V| G LP(Sy)

< CECh Ny

(k)" |VE

an®hn

Lr(S,)

Last inequality follows from Proposition 1.1. Since G is amenable, for every
€ > 0 and compact set K we can choose a neighborhood V of identity such that

VK|
[V]

Pl Lo (s,)-

<1+e. Hence, [[(Hr®1)(3_, fn@hn)llLr(s,) < CsCrNp(K)[1 32, fn©

O

We will need following lemmas to prove Theorem 1.3. These results are
analogue of usual LP multipliers and can be of independent interest.
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LEMMA 2.2. Let N e N. If

N R N )
; (Z fzos)h;) (Z m(é)fn(@hn) de
n=1 N n=1 N
S fa®ha Y fneh,

n=1 n=1

<cm

Lr(Sp)
for all fr, fl € C.(G) and for all hy, € Sy, hl, € Spy,n=1,2,...,N, where ¢,
is a constant which does not depend on N then m € M (G).

v’ (Sp/ )

Proof. The result follows from the density of the elements 25:1 fn ®
hn, N €N, f,, € Ce(G), hy, € S, in LP(S,) and duality of LP(S,) and L? (S,).

O
LEMMA 2.3. If m € M (G) the tym € MSP(G) and || Tr,mlco = || Tinlcb-
Proof. Observe that
Zewfn@h H(ané@h)
LP(Sp)
Hence,
A<Zm(5 y)ﬁl(ﬁ)hmZﬂ(S)h;>d€‘
‘/ <Zm - fulg hmzew Fa(€ >d5‘
< Toulles Zew-fn@hn @,
LP(Sp) Lr'(S,)
<||T ”cb an®h Zfé(@h;
L2(Sp) LP'(S,r)
Hence by Lemma 2.2, we have || Ty, m |lcb = [T |cb- O

LEMMA 2.4. Let k € LY(G) and m € M®(G) then k+m € MO(G) with
[ Tesmllen < &l 21T [ c-

Proof. We will use Lemma 2.2 to conclude that k*xm € Mgb(G). Now for
any finite sum we have

/G <§njk*m(5>fn<£)hn,§njfa<£)h;>d§‘
n)<;m(§—n)fn(ff)hn,;fé(f)h%>dnd£’
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> fa®hn .
n LI”(SP) Lp,(sp/)

The last inequality follows from Lemma 2.3. O

<EL Tl eo

/®h;‘

Proof of the following result follows from dominated convergence theorem
and Lemma 2.2.

LEMMA 2.5. Let {m,} C Mgb(G) such that lim, m,(x) = m(z) ae If
| T, ||es < C < 00 then m € Mgb(G),

Proof of Theorem 1.3. We will first prove it for m = k, where k € LY(R),
and has compact support.

Define R : R — B(LP(T)) as R, f(u) = f(u— ), where x — u is interpreted
as sum modulo 1. Taking S = R, the pair (R,.S) satisfies all the hypotheses
of Theorem 2.1. Hence, the operator Hj defined in Theorem 2.1 is a ¢b map.
Observe that for f e C(T),

Hif(n /k: n) dx
= [ ke o do

=mlz(n)f(n).

We now prove the result for a general normalized multiplier m. Let {¢,}
be as in Definition 1.2. Let my,(2) = ¢, * m(z). By Lemma 2.4 we have m,, €
MSP(R). Also, limy, my,(x) = m(x) Vo €R. As [[¢nll1 =1 we have ||y, [|les <
||Tm cb-

Let ¢ € L?(R) with > 0 with compact support and [, ¢(z)dr=1. We
define hy,(2) = ntp(nx). Clearly B (z) = U(x/n) =1 as n— oo. Conmder the
sequence ky, = (myhy,)Y. Since myh, € L*(R) and their Fourier transform has
compact support we conclude k,, € L'(R) with compact support. Hence, from

our earlier observation k,|z € MSP(T) with uniform ¢b norm. Now En(z) —
m(z),Vz € R as n — oco. Finally, by Lemma 2.5 we have m|z € M}fb(']l‘). O

3. ¢b homomorphism theorem for locally compact Abelian group

In this section, we address the problem of strict inclusion M (G) C M,(G)
for non-compact locally compact Abelian group G. We will achieve this by
transferring the known result on compact Abelian group to this set up. As
in Section 2 the main ingredient here is the following cb version of multiplier
homomorphism theorem [6], [1].
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THEOREM 3.1. Let Gy and G2 be two locally compact Abelian groups. Sup-
pose m € Mgb(Gl) and is continuous. If w: Go — G1 be a continuous homo-
morphism, then mom € M;b(Gg). Moreover,

[m o ey < [[mlep.

Suppose 7 : Gy — G4 is a continuous homomorphism. Observe that such a
7 will induce a continuous homomorphism # from G; to Go namely, 7 (z)(v) =
w(7)(x) Yo € G1,v € Go. Now for f € LP(G3) we define R : G; — B(LP(G2))
by R, f(z)= f(#(u)x). Taking R= S the pair (R, S) satisfies the conditions
of Theorem 2.1. Arguing exactly in the same fashion as in Theorem 1.3 we
have Theorem 3.1 if m = k for some k € L'(G1) having compact support. We
can get the result for general m if there exists an approximate identity {¢;}
in L'(G,) satisfying following conditions:
(1) ¢, >0 and fGl ¢pi(x)de=1Viel.
(2) (Zgl S Cc(él) Viel.
(3) lim; ¢ () =1 and the convergence is uniform on all compact subsets of

Gi.

Existence of such an approximate identity {¢;} is guaranteed in [7, Theo-
rem 33.12].

Now we consider our problem of constructing an LP(G) multiplier which
is not a ¢b multiplier. Consider a discrete subgroup K of G. Then H = K is
compact Abelian. Therefore, we can get a LP(H) multiplier ¢ which is not cb.
By a construction of Cowling [4], we can extend ¢ continuously to a function
¥ € My(G) such that ¢|x = ¢. If 1 € MS®(G), then by Theorem 3.1 we
have ¢ € Mgb(H ) which is a contradiction. Hence, for every locally compact
Abelian group G, the inclusion MS® C My, (G) is strict.
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