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HARMONIC FUNCTIONS ON METRIC SPACES

NAGESWARI SHANMUGALINGAM

Abstract. This paper explores a Dirichlet type problem on metric

measure spaces. The problem is to find a Sobolev-type function that
minimizes the energy integral within a class of “Sobolev” functions that
agree with the boundary function outside the domain of the problem.

This is the analogue of the Euler-Lagrange formulation in the classical
Dirichlet problem. It is shown that, under certain geometric constraints

on the measure imposed on the metric space, such a solution exists. Un-
der the condition that the space has many rectifiable curves, the solution
is unique and satisfies the weak maximum principle.

1. Introduction

The classical Dirichlet boundary value problem arises from a partial dif-
ferential equation; if Ω is a domain in Rn and f : ∂Ω → R is a continuous
map, the problem is to find a continuous function u so that ∆u = 0 on Ω, and
u = f on ∂Ω. The function f is called the boundary value of u. Here ∆u = 0
means that for every smooth function ϕ on Rn with compact support in Ω,∫

Ω

∇u · ∇ϕ = 0,

where∇u is the distributional gradient of u. By Weyl’s lemma, such a function
u is of class C2, and the above equation is equivalent to ∆u = 0 in the classical
sense.

The more general (non-linear) Dirichlet problem corresponding to the index
p, 1 < p <∞, is to find a function u, continuous on Ω, so that

∇ · (|∇u|p−2∇u) = 0

on the domain Ω and u = f on ∂Ω. The above classical problem corresponds
to the general problem when p = 2.

In the general setting of metric measure spaces, an alternate way of stating
the general Dirichlet problem is necessary. Such an alternate problem is the
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energy minimizing problem, which is equivalent to the general Dirichlet prob-
lem in the Euclidean setting via the Euler-Lagrange equations. The general
Dirichlet problem in this paper covers a wide variety of examples, from the
well-studied Euclidean space setting to the more recently discovered spaces
of Laakso. The Dirichlet problems on domains in Euclidean spaces and the
Carnot-Carathéodory spaces studied in the papers [GN], [FLW], and [HK2,
Section 11] are covered by this paper. However, the results in this paper
cover even more spaces, such as the spaces of Laakso [L] and the spaces of
Bordon and Pajot [BP]. These spaces are not as well-studied as the Carnot-
Carathéodory spaces, and in this setting the results of this paper are new.
The uniqueness and the weak maximum principle results of this paper are
applicable to the Dirichlet problems on domains in MECp-spaces, of which
Riemannian spaces are examples. This paper thus attempts to unify results
about p-harmonic functions on such diverse spaces.

The two main ingredients in this problem are the Sobolev type function
spaces, called the Newtonian spaces, and the energy operator. The theory of
Newtonian spaces was developed in [Sh1] and [Sh2], and related topics can
be found in [C], [H1], [H2], [HK1], [HK2], [HeK1], [KM1], [KM2], [KSh], and
references therein. The aim of this paper is to set up the Dirichlet boundary
value problem, and to explore some properties of solutions to such problems.
It is shown that if the solution is unique, then it satisfies a weak maximum
principle. It is also shown that a solution to a Dirichlet problem on a domain
is a solution to a Dirichlet problem on every subdomain. Similar results
have been obtained by Cheeger [C] when the domain of harmonicity and the
boundary function f are bounded. The proof given in [C] is different from
the proof given in this paper. The approach taken in the proofs given here
provides a more geometric description of the concepts employed.

The second section of this paper catalogs the needed definitions, and the
third section explores some properties of weak upper gradients. Weak upper
gradients replace the role of gradients in the following arguments. The fourth
section explores the relationships between alternative definitions of Newtonian
spaces with zero boundary values. In the fifth section the existence of solutions
is established under certain conditions on the metric measure space, and the
uniqueness of such solutions is also explored. The last section investigates the
maximum principle property of such solutions.

This paper is based on the last chapter of the author’s Ph.D. thesis [Sh1].

2. Definitions

This section develops the definitions necessary for the rest of the paper.
Let X be a metric measure space equipped with a complete metric d and

a Borel regular measure µ. It is assumed throughout this paper that the
measure of every open set is positive, and that the measure of every bounded
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set is finite. Let 1 ≤ p <∞. The following definitions are from [HeK1], [HK2],
and [Sh2].

Paths γ in X are continuous maps γ : I → X, where I is some interval in
R; abusing terminology, the image |γ| := γ(I) of γ is also called a path. For
a discussion of rectifiable paths and path integration see [HeK1, Section 2] or
[V, Chapter 1].

Definition 2.1. Let u be a real-valued function on X. A non-negative
Borel-measurable function ρ is said to be an upper gradient of u if, for all
compact rectifiable paths γ,

(1) |u(x)− u(y)| ≤
∫
γ

ρds,

where x and y denote the endpoints of the path.

See [He], [KM2] and [HeK1, Section 2.9] for a discussion on upper gradients;
[HeK1] uses the term very weak gradients for this concept.

The following definition is applicable to all families of paths, not just col-
lections of compact rectifiable paths. In the remainder of the paper, however,
we consider only families of non-constant compact rectifiable paths.

Definition 2.2. Let Γ be a collection of paths in X. The p-modulus of
the family Γ, denoted ModpΓ, is defined to be the number

inf
ρ
‖ρ‖pLp ,

where the infimum is taken over the set of all non-negative Borel-measurable
functions ρ such that for all rectifiable paths γ in Γ the path integral

∫
γ
ρds is

not smaller than 1. Such functions ρ are said to be admissible for the family
Γ.

It is known from [Fu1] that the p-modulus is an outer measure on the
collection of all paths in X. For additional information about p-moduli see
[AO], [Fu1, Chapter 1], [Hs], [KSh], and [V]. A property relevant to paths
in X is said to hold for p-almost all paths if the family of rectifiable compact
paths on which the property does not hold has zero p-modulus. The paper
[Fu1] shows that the p-modulus of a curve family is zero if, and only if, there
is a non-negative, p-integrable, Borel function ρ so that for every rectifiable
curve γ in this family,

∫
γ
ρ =∞; see [Fu1, Theorem 2].

An extended real-valued Borel function f on X is said to be p-integrable if∫
X
|f |pdµ <∞.

Definition 2.3. Let u be an arbitrary real-valued function on X, and let
ρ be a non-negative Borel function on X. If inequality (1) holds for p-almost
all paths γ, then ρ is said to be a p-weak upper gradient of u.
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Definition 2.4. Let the set Ñ1,p(X, d, µ) be the collection of all real-
valued p-integrable functions u on X that have a p-integrable p-weak upper
gradient.

If u is a function in Ñ1,p, let

‖u‖Ñ1,p = ‖u‖Lp + inf
ρ
‖ρ‖Lp ,

where the infimum is taken over all p-integrable p-weak upper gradients of u.
If u, v are functions in Ñ1,p, let u ∼ v if ‖u − v‖Ñ1,p = 0. Note that ∼ is an
equivalence relation, partitioning Ñ1,p into equivalence classes.

Definition 2.5. The Newtonian space corresponding to the index p, 1 ≤
p <∞, is the normed space Ñ1,p(X, d, µ)/ ∼, with norm ‖u‖N1,p := ‖u‖Ñ1,p ,
and is denoted N1,p(X).

It is shown in [Sh1] and [Sh2] that these Newtonian spaces are Banach
spaces. The paper [C] has another definition of Sobolev spaces, and [Sh1] and
[Sh2] show that when p > 1 the definition of [C] is isometrically equivalent to
the definition given above.

Definition 2.6. A function u is said to be ACCp or absolutely continuous
on p-almost every curve if u◦γ is absolutely continuous on [0, l(γ)] for p-almost
every rectifiable arc-length parametrized path γ in X. Here l(γ) denotes the
length of γ.

In [Sh1] and [Sh2] it was shown that functions in N1,p(X) are ACCp.
A more sensitive alternative to measure can be defined on subsets of X

using the Newtonian spaces. Measure is the natural gauge for defining Lp(X)
functions; two functions in Lp(X) are in the same Lp class if and only if the set
on which they disagree is of measure zero. A finer gauge is needed to explore
N1,p(X) function classes. One of the possible gauges for this property is p-
capacity. Different definitions for a capacity of a set can be found in literature.
For more information on p-capacity, see [AO], [KM1], [Sh1], [Sh2], and [KSh].

Definition 2.7. The p-capacity of a set E ⊂ X with respect to the space
N1,p(X) is defined by

(2) CappE = inf
u
‖u‖pN1,p ,

where the infimum is taken over all the functions u in N1,p(X) whose restric-
tion to E is bounded below by 1.

It is easy to see that sets of zero p-capacity have zero measure. In general,
sets of zero measure need not have zero p-capacity. See [KM1] for more on
capacity properties. It is shown in [Sh1] and [Sh2] that if u1 and u2 are two
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functions in N1,p(X) so that ‖u1 − u2‖Lp = 0, then u1 ∼ u2 and hence both
functions belong to the same equivalence class in N1,p(X). It is also easy to
see in this case that the p-capacity of the set where u1 and u2 differ is zero.

Definition 2.8. A property is said to hold p-quasi everywhere, or p-q.e., if
that property holds for all points outside a set of zero p-capacity. A function is
said to be p-quasi continuous if for every ε > 0 there are sets Fε, of p-capacity
smaller than ε, so that the function is continuous outside of Fε.

Definition 2.9. The space X supports a weak (1, p)-Poincaré inequality
if there are positive constants C, τ , so that for all open balls B in X and all
pairs of functions u and ρ defined on τB, whenever ρ is an upper gradient of
u in τB and u is integrable on B, then

(3)
∫
B

|u− uB | ≤ C diam(B)

∫
τB

ρp

1/p

,

where, for any a measurable function f on X,

fB :=
1

µ(B)

∫
B

f =:
∫
B

f.

The space X supports a (1, p)-Poincaré inequality if it supports a weak (1, p)-
Poincaré inequality with τ = 1.

The Euclidean spaces and John domains support a (1, p)-Poincaré inequal-
ity, while quasi-discs in general support only a weak (1, p)-Poincaré inequality.
Spaces without rectifiable curves, such as the Koch snowflake, do not support
even a weak (1, p)-Poincaré inequality. For more on Poincaré inequalities, see
[HeK1], [HeK2], [HK2], and the references therein. In the rest of this paper,
the results requiring X to support a (1, p)-Poincaré inequality remain true
if X supports only the weak version of this inequality, but for the sake of
simplifying notation only the (1, p)-Poincaré inequality is assumed in those
cases.

Definition 2.10. A measure µ on a metric measure space is said to be
doubling if there is a constant C ≥ 1 so that for all x in X and all r > 0,

µ(B(x, 2r)) ≤ Cµ(B(x, r)).

Remark 2.11. The paper [C] shows that if the measure on X is doubling
and supports a (1, p)-Poincaré inequality with 1 < p < ∞, then N1,p(X) is
reflexive; see Section 5 for a use of this fact.

The following theorem gives a condition under which Newtonian functions
are quasi continuous. The proof of the theorem is a modification of an idea due
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to Semmes [S] and is a generalization of [Sh2, Theorem 4.1]. The paper [C]
proves a weaker version of this theorem, namely, that under the assumptions of
the following theorem locally Lipschitz functions are dense in N1,p(X). The
proof given in [C] uses a Calderon-Zygmund decomposition type argument
applied to balls. The paper [HK2] proves a version of the following theorem for
another Sobolev-type space, which yields the same Newtonian space provided
X supports a (1, q)-Poincaré inequality for some 1 ≤ q < p.

Theorem 2.12. If X is a doubling space supporting a (1, p)-Poincaré in-
equality, then Lipschitz functions are dense in N1,p(X).

The proof of this theorem uses the following lemmas.

Lemma 2.13. Let X be a doubling space, and let M∗ be the non-centered
maximal operator defined by

(4) M∗f(x) := sup
B

∫
B

|f |dµ,

where the supremum is taken over balls B in X containing the point x. If g
is a function in L1(X), then

lim
λ→∞

λ µ({x ∈ X : M∗g(x) > λ}) = 0.

The proof of this lemma is similar to the proof in the Euclidean case and
can also be found in [Sh1].

Fix x0 ∈ X, and for each positive integer j consider the function

ηj(x) =


1 if d(x0, x) ≤ j − 1,
j − d(x0, x) if j − 1 < d(x0, x) < j,

0 otherwise.

It is easy to see that this function is 1-Lipschitz.

Lemma 2.14. Let u be a function in N1,p(X). Then the function vj = uηj
is also in N1,p(X). Furthermore, the sequence vj converges to u in N1,p(X).

Proof. Let x, y be two points in X. Then,

|vj(x)− vj(y)| ≤ |ηj(x)u(x)− ηj(x)u(y)|+ |ηj(x)u(y)− ηj(y)u(y)|
≤ |u(x)− u(y)|+ d(x, y)(|u(x)|+ |u(y)|).

Hence, by Lemma 3.1 of the next section, if g is an upper gradient of u,
then g + 4|u| is also an upper gradient of vj . By Lemma 3.3 of the next
section the function gj := (g + 4|u|)χB(x0,j) is a weak upper gradient of vj
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and (g + gj)χX\B(x0,j−1) is an upper gradient of u− vj . Now,

‖u−vj‖Lp(X) =

(∫
X\B(x0,j−1)

|u− vj |p
)1/p

≤ 2

(∫
X\B(x0,j−1)

|u|p
)1/p

→ 0,

since u is p-integrable. Moreover,(∫
X

[(g + gj)χX\B(x0,j−1)]p
)1/p

≤ 2

(∫
X\B(x0,j−1)

gp

)1/p

+ 4

(∫
X\B(x0,j−1)

|u|p
)1/p

,

which tends to 0 as j →∞ since the two functions g and |u| are p-integrable.
Now it can be concluded that ‖u− vj‖N1,p(X) → 0 as j tends to infinity. �

Proof of Theorem 2.12. Let u be a function in N1,p(X). By the above
lemma, without loss of generality it can be assumed that u is zero outside of
a bounded set. Let

Eλ = {x ∈ X : M∗gp(x) > λp},
where g is a p-integrable upper gradient of u. Then by Lemma 2.13,

(5) λpµ(Eλ)→ 0 as λ→∞.
If x is a point in X\Eλ, then by the same argument as in the proof of [Sh2,
Theorem 4.1] it is seen that for all r, s > 0,

|uB(x,s) − uB(x,r)| ≤ Cλr.
Hence any sequence uB(x,ri) is a Cauchy sequence in R. Therefore, on X\Eλ
we can define

uλ(x) := lim
r→0

uB(x,r).

Since the measure is doubling, almost every point in X is a Lebesgue point
of u; see [Ma, Theorem 2.12] or [He]. Note that at Lebesgue points of u in
X\Eλ we have uλ = u, and that Eλ is an open set. Hence u − uλ satisfies
the hypotheses of Lemma 3.3. By the same argument as in the proof of [Sh2,
Theorem 4.1], if x and y are in X\E, then,

|uλ(x)− uλ(y)| ≤
∞∑

i=−∞
|uBi − uBi+1 | ≤ Cλd(x, y).

Hence uλ is Cλ-Lipschitz on X\Eλ. Extend uλ as a Cλ-Lipschitz extension
to the entire space X; see [MS] for existence of such extensions. Choose an
extension such that uλ is bounded by 2Cλ. This can be done by truncating
any Lipschitz extension at Cλ. Such truncation will not affect the values of uλ
on the set X\Eλ for large enough λ, since u itself is zero outside a bounded
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set and hence the non-zero values of uλ in X\Eλ lie within a bounded set
which is independent of λ, and uλ is Cλ-Lipschitz.

Now, as in the proof of [Sh2, Theorem 4.1], we see that uλ → u in the norm
of N1,p(X). �

The following corollary follows from [Sh2, Corollary 3.9] and the above
theorem.

Corollary 2.15. If X is a doubling metric measure space supporting a
(1, p)-Poincarè inequality, then for each function u in N1,p(X) there are open
sets of arbitrarily small capacity such that u is continuous in the complement
of these sets; that is, u is p-quasicontinuous.

Definition 2.16. Let ρ be a p-integrable non-negative Borel function in
X. For x, y ∈ X, define a relation x ∼ρ y if either y = x or there exists a
compact rectifiable path γ connecting x to y such that

∫
γ
ρds <∞. Note that

this is indeed an equivalence relation, and ∼ρ partitions X into equivalence
classes.

A metric measure space X is said to admit the Main Equivalence Class
property with respect to p, or MECp, if each p-integrable non-negative Borel
function ρ generates an equivalence class Gρ, called the main equivalence class
of ρ, such that µ(X\Gρ) = 0.

It was shown in [O] that Rn has the MECp-property for all p. In general
equivalence classes may not be measurable sets. However, in MECp spaces,
the main equivalence class, being of full measure, is necessarily measurable,
and so are the other equivalence classes. See [Sh1] and [Sh2] for more on
MECp spaces.

If X = R
n and the gradient of a Sobolev function is zero a.e., then that

function is constant. This is not true in general; if X has no rectifiable curve,
then every measurable function has 0 as a weak upper gradient, but not every
measurable function is constant. If X is an MECp space and 0 is a p-weak
upper gradient of a function u, then u is a constant function; see the proof of
Theorem 5.6.

A metric space X is said to be ϕ-convex if there is a cover of X by open
sets {Uα} together with homeomorphisms {ϕα : [0,∞) → [0,∞)}, such that
each pair of distinct points x and y in Uα can be joined by a curve whose
length does not exceed ϕα(d(x, y)). The paper [HeK1] shows that if X is
proper (that is, X is closed and bounded sets are compact), ϕ-convex, and
Q-regular, then X is Q-Loewner if and only if X supports a (1, Q)-Poincaré
inequality. Hence, by [Sh2, Theorem 6.2], if X is proper, ϕ-convex, Q-regular,
and supports a (1, Q)-Poincaré inequality, then X is an MECQ space. The
following theorem is a generalization of this result. Note that the proof of this
theorem is different from the argument for [Sh2, Theorem 6.2]. The proof
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of [Sh2, Theorem 6.2] uses a path-family argument based on the Loewner
property, and hence cannot be generalized to prove the theorem below.

Theorem 2.17. Let X be a proper, ϕ-convex metric measure space sup-
porting a (1, p)-Poincaré inequality. Then X is an MECp space.

Proof. Since X is proper and ϕ-convex, [KSh, Lemma 3.2 and Remark 3.3]
shows that Modp(E,F ) = N1,p

loc −Capp(E,F ) if E and F are disjoint compact
subsets of X. Here Modp(E,F ) is the p-modulus of the collection of curves
connecting E to F , and N1,p

loc − Capp(E,F ) is the infimum of ‖ρ‖pLp over all
functions ρ that are p-integrable upper gradients of functions u ∈ Lploc(X)
such that u

∣∣
E

= 1 and u
∣∣
F

= 0.
Suppose X is not an MECp space. Then there exists a non-negative Borel

measurable p-integrable function ρ on X and disjoint subsets A,B of X such
that X = A ∪ B, µ(A) > 0, µ(B) > 0, and for each point x in A and each
point y in B the points x and y cannot be connected by a path γ such that∫
γ
ρ is finite. Hence, by [Fu1, Theorem 2] (see Definition 2.2), the p-modulus

of the collection of curves joining A to B is zero. Since the measure is Borel
regular, there exist closed and bounded (and hence compact) sets E ⊂ A
and F ⊂ B whose measures are positive. As Modp(E,F ) ≤ Modp(A,B), the
p-modulus of curves connecting the compact sets E and F is zero. Therefore
N1,p

loc − Capp(E,F ) = 0. Hence for each positive integer n there is a function
un and its upper gradient ρn so that ‖ρn‖pLp < 2−n and un ∈ Lploc(X) with
un
∣∣
E

= 1, un
∣∣
F

= 0, and 0 ≤ un ≤ 1. But there exists a ball B containing
E ∪ F , and on this ball,

0 <
µ(E)
µ(B)

≤ unB =
∫
B

un ≤
µ(B)− µ(F )

µ(B)
< 1.

Therefore ∫
B

|un − unB | ≥
µ(F )µ(E)
µ(B)2

> 0,

but ∫
B

ρpn

1/p

≤ 2−n/p

µ(B)1/p
→ 0 as n→∞.

Therefore X cannot support a (1, p)-Poincaré inequality. �

Remark 2.18. In the above theorem the hypothesis of ϕ-convexity was
used only to show that Modp(E,F ) = N1,p

loc − Capp(E,F ). Hence this hy-
pothesis can be replaced by the hypothesis that if E and F are disjoint com-
pact subsets of X, then Modp(E,F ) = N1,p

loc − Capp(E,F ). As mentioned
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in [HeK1] and in [KSh], whether this hypothesis holds for all metric mea-
sure spaces is not known. However, the above theorem holds even when the
condition of ϕ-convexity is replaced by the more easily verifiable conditions
of path-connectedness and doubling in measure, since doubling, proper, and
path-connected metric measure spaces supporting a (1, p)-Poincaré inequality
are quasiconvex and are a fortiori ϕ-convex; see [HK2].

The converse of the above theorem does not hold true. The following
example shows that the MECp condition does not imply the presence of a
(1, p)-Poincaré inequality.

Example 2.19. Let X be the open unit ball in R2 with the radial seg-
ment (0, 1)×{0} removed. Then X, equipped with the Euclidean metric and
Lebesgue measure, is a domain in R2 and hence, by [Sh1, Lemma 4.2.10], is
an MECp space for all finite p ≥ 1. However, X does not support a (1, p)-
Poincaré inequality.

In the above example X is not ϕ-convex, but X can be modified to be
ϕ-convex by including the rational points on the radius (0, 1) × {0}. This
modified space is still MECp since the collection of new points has measure
zero. For 1 ≤ p ≤ 2 the collection of paths in R2 that pass through any
given point has p-modulus zero. Hence the collection of paths in X that pass
through these rational points on the radius has modulus zero. Hence the ball
mentioned in the above example does not support a Poincaré inequality for
the same reason as above.

3. Some properties of weak upper gradients

This section is devoted to exploring some crucial properties of weak up-
per gradients. Recall that the gradient of a Sobolev function u on Eu-
clidean spaces has the property of being zero almost everywhere on sets
{x : u(x) = constant}. This property, shared by weak upper gradients, is
called the truncation property in [HK2], and enables one to “paste” two New-
tonian functions along a set where they are equal; see Lemma 6.5. For more
uses of this property, see [KiSh].

The proof of [Sh2, Lemma 4.7] yields the following lemma.

Lemma 3.1. If u is a function on X such that there exist non-negative
Borel-measurable functions g, h on X with the property that

|u(x)− u(y)| ≤
∫
γ

gds+ d(x, y)(h(x) + h(y))

whenever γ is a compact rectifiable path in X with end points x, y, then g+4h
is an upper gradient of u.
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Lemma 3.2. Let u1 and u2 be ACCp functions on X, with weak upper
gradients g1 and g2 respectively. If u is another ACCp function in X such
that there is an open set O ⊂ X with the property that u = u1 on O and
u = u2 on X\O, then g1χO + g2 and g1 + g2χX\O are weak upper gradients
of u.

Proof. Let Γ be the collection of paths γ on which at least one of u, u1,
and u2 is not absolutely continuous, or for which on some subpath of γ the
upper gradient inequality (1) is not satisfied by at least one of (u1, g1) and
(u2, g2). Then ModpΓ = 0. First consider h = g1χO + g2. Suppose γ is a
compact rectifiable path not in Γ connecting points x, y in X. If |γ| ⊂ O or if
x, y ∈ X\O, then clearly |u(x)− u(y)| ≤

∫
γ
h. Suppose |γ| 6⊂ O and that x is

in O. If y also belongs to O, it is possible to break γ into two pieces at a point
z ∈ |γ| ∩ (X\O), and consider the two pieces separately. Hence, without loss
of generality it can be assumed that y is not in O. Since O is open, γ−1O is
an open subset of I = [a, b], where γ : I → X. Therefore γ−1O is a countable
disjoint union of relatively open intervals in I. Thus there is a number a1 ∈ I
such that x is in γ([a, a1)) ⊂ O and γ(a1) ∈ X\O, a < a1 ≤ b. On γ([a, a1)),
by hypothesis u = u1. Since u, u1, and u2 are continuous on γ and γ(a1) ∈
X\O, and on X\O, u = u2, we have u(γ(a1)) = u1(γ(a1)) = u2(γ(a1)). Thus

|u(γ(a))− u(γ(a1))| ≤
∫
γ([a,a1))

g1 =
∫
γ([a,a1))

g1χO.

Hence

|u(x)− u(y)| ≤ |u(x)− u(γ(a1))|+ |u(γ(a1))− u(y)|

≤
∫
γ([a,a1))

g1χO +
∫
γ([a1,b])

g2 ≤
∫
γ

h.

Therefore h is a weak upper gradient of u, since ModpΓ = 0.
Now consider g = g1 + g2χX\O. If either |γ| ⊂ X\O or if x, y ∈ O, then

clearly |u(x)− u(y)| ≤
∫
γ
g. Suppose |γ| ∩O is not empty and that x ∈ X\O.

As before, without loss of generality it can be assumed that y is in O. Let
γ : I = [a, b] → X. The set ∂(γ−1(O)) corresponds to some of the points on
|γ| that lie on the boundary of O. As a closed subset of the compact set I,
this set is compact, and hence has a point a1 such that there does not exist a
number t ∈ [a, a1) with t ∈ ∂(γ−1(O)); that is, γ([a, a1]) does not intersect O
(if a = a1, then a is on the boundary of O, and the rest of the proof remains
valid in this case as well), but there is a sequence of points in γ−1(O) that
converge to a1. On γ([a, a1]), by hypothesis u = u2. Furthermore, as a1 is
a limit point of a sequence of points in γ−1(O) with u = u1 on O and u is
absolutely continuous on γ, we have u(γ(a1)) = u1(γ(a1)). Hence

|u(γ(a1))− u(y)| ≤
∫
γ([a1,b])

g1.
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Therefore

|u(x)− u(y)| ≤
∫
γ

(g1 + g2χX\O),

and hence g is also a weak upper gradient of u. �

The following lemma is from [Sh2, Lemma 4.3].

Lemma 3.3. Suppose that u is an ACCp function on X and that there
exists an open set O ⊂ X with u = 0 µ-almost everywhere on X\O. Then if
g is an upper gradient of u, then gχO is also a weak upper gradient of u.

Lemma 3.4. Let u be an ACCp function in X, and suppose g and h are
two p-integrable weak upper gradients of u. If F is a closed subset of X, then
the function ρ = gχF + hχX\F is also a weak upper gradient of u.

Proof. Since both g and h are p-integrable, the collection of paths γ on
which either u is not absolutely continuous, or the integral

∫
γ
(g+h) is infinite,

or the upper gradient relation does not hold for either g or h, has p-modulus
zero. Denote this collection by Γ0. Let Γ be the collection of all rectifiable
paths that have a subpath in Γ0. The p-modulus of Γ is zero. Let γ be a
compact rectifiable path in X that does not belong to the family Γ. If γ
lies entirely in F or entirely outside F , then inequality (1) is satisfied by ρ
and u. Suppose that γ passes through F and goes outside F as well. Since
X\F is open, γ−1(X\F ) is a countable disjoint union of open intervals in
the domain of γ. Let the images of these disjoint intervals be denoted γi.
Denoting the end points of γi by xi and yi, and noting that u is continuous
on γ, by induction it can be shown that ρ satisfies inequality (1):

|u(x)− u(y)| ≤|u(x)− u(x1)|+ |u(x1)− u(y1)|+ |u(y1)− u(y)|

≤
∫
γ\γ1

g +
∫
γ1

h ... ≤
∫
γ\
⋃

1≤i≤n γi

g +
∫
⋃

1≤i≤n γi

h

for each positive integer n. By Lebesgue dominated convergence theorem
applied to the path-integral on γ the result follows. �

Remark 3.5. Lemmas 3.2 and 3.3 remain true if the requirement of open-
ness for the set O is replaced by the requirement that for p-modulus almost
every compact rectifiable curve γ the set γ−1(O) is open. Any set satisfying
this requirement is said to be p-path open. This property is closely related to
the property of p-quasi open set property defined by Fuglede; see [Fu2]. A set
O ⊂ X is said to be p-quasi open if for each positive ε there is a set Fε ⊂ X
so that the p-capacity of Fε is no more than ε and the set O ∪ Fε is open in
the metric topology of X. Every p-quasi open set is p-path open. To see this,
suppose O ⊂ X is p-quasi open. Then, by definition, for each positive integer
n there is a set Fn with Capp(Fn) ≤ 2−n so that O ∪ Fn is open. It can be
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assumed that Fn1 ⊂ Fn2 if n1 ≥ n2. Let un ∈ N1,p(X) so that un
∣∣
Fn

= 1,

0 ≤ un ≤ 1, and ‖un‖pN1,p ≤ 2−n+1. Let vi =
∑i
n=1 un. Then the sequence

vi is a Cauchy sequence in N1,p(X), and hence, by [Sh2, Theorem 3.7], this
sequence converges to a function v ∈ N1,p(X) in the N1,p(X). Suppose γ is
a rectifiable curve. Clearly γ−1(Fn ∪O) is open in the domain of γ, for each
n. If there is an integer n0 so that γ−1(Fn0 ∪ O) = γ−1(O), then γ−1(O) is
open in the domain of γ. If there is no such integer n0, then γ intersects Fn
for each n. Let xn be a point in this intersection. Then, as Fm ⊂ Fn for
each m ≤ n and um

∣∣
Fm

= 1, and since by the proof of [Sh2, Lemma 3.6] the
function v can be taken to be the function v(x) = limi→∞ vi(x), it follows
that v(xn) ≥ n. Hence v ◦ γ is not bounded on γ, and so v is not absolutely
continuous on γ. Since v ∈ N1,p(X), by [Sh2, Proposition 3.1] the family of
curves on which function v is not absolutely continuous has p-modulus zero.
Therefore the collection of such γ is of zero p-modulus.

If X has no rectifiable curves, every set is p-path open, but not every set
is p-quasi open. The author does not know whether in the Euclidean setting
p-path open sets are p-quasi open.

Lemma 3.4 remains true if the condition that the set F be closed is replaced
by the corresponding property that for p-modulus almost every compact rec-
tifiable curve γ the set γ−1(F ) be closed.

The following lemma is from [KSh]. As a corollary, it shows the existence of
a “smallest” weak upper gradient in the case p > 1. For a different approach
see [C], which shows the reflexivity of N1,p(X) if X supports a Poincaré
inequality and the measure on X is doubling. However, for many problems in
practice one does not need reflexivity and can instead invoke Mazur’s lemma.
The following lemma serves nearly the same purpose as Mazur’s lemma, and
can be used even if N1,p(X) is not reflexive.

Lemma 3.6. Let Y be a metric measure space and p > 1. If {fj}j∈N is a
sequence of functions in Lp(Y ) with upper gradients {gj}j∈N in Lp(Y ) such
that fj converges weakly to f in Lp and gj converges weakly to g in Lp, then g
is a weak upper gradient of f and there is a sequence of convex combinations
f̃j =

∑nj
k=j λkjfk and g̃j =

∑nj
k=j λkjgk with

∑nj
k=j λkj = 1, λkj > 0, so that

f̃j converges in Lp to f and g̃j converges in Lp to the function g.

See [KSh, Lemma 3.1] for a proof of the above lemma.
One of the consequences of the above lemma is that every ACCp function

with a p-integrable weak upper gradient has a minimal p-integrable weak up-
per gradient. This fact was proved in [C]. An alternative and more geometric
proof is given below. In [C] weak upper gradients are called generalized upper
gradients.
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Corollary 3.7. Let X be a metric measure space equipped with a Borel
regular measure. If u is a function with a p-integrable weak upper gradient,
p > 1, then there exists a p-integrable weak upper gradient ρu of u with the
following property: if ρ is another weak upper gradient of u, then ρu ≤ ρ
almost everywhere.

Proof. Since p > 1, by the reflexivity of Lp(X) and by the above lemma
there is a p-integrable weak upper gradient ρu with the smallest Lp-norm
amongst all the p-integrable weak upper gradients of u. Let ρ be another
weak upper gradient of u, and let E be the set on which ρu is larger than ρ.
Suppose the measure of E is positive. Then there is a closed subset F of E
of positive measure, since the measure is Borel regular. By Lemma 3.4 the
function ρuχX\F + ρχF is a weak upper gradient, of strictly smaller Lp-norm
than ρu, contradicting the choice of ρu. Hence the measure of E must be
zero. �

4. Newtonian spaces with zero boundary values

In order to solve a Dirichlet boundary value problem on a set E ⊂ X, it
should be possible to compare two Sobolev functions on the set X\E. The
paper [KKM] defines and analyzes some properties of the space M1,p

0 (E) of
Sobolev type functions (called the Haj lasz functions) on X whose trace on
X\E vanishes. This paper follows their approach to this generalization.

As pointed out in [KKM], there are many approaches to defining Sobolev
spaces of functions with zero boundary values. For example, one can consider
the set of Lipschitz functions on X that vanish on X\E, and close that set
under an appropriate norm, or the space of all Newtonian functions u on X
that are zero p-q.e. in X\E. In this section a third space is obtained by
considering the closure of the set of compactly supported Lipschitz functions
with support in E. In general the three approaches yield three different spaces,
but for a broad class of metric spaces it will be shown that these definitions
agree.

Definition 4.1. Let E be a subset of a metric measure space X. Let
Ñ1,p

0 (E) be the set of all functions u from E to [−∞,∞] for which there exists
a function ũ in Ñ1,p(X) such that ũ = u µ-a.e. on E and the p-capacity of
the set {x ∈ X\E : ũ(x) 6= 0} is zero. If u and v are two functions in Ñ1,p

0 (E),
define u ∼ v if u = v µ-a.e. on E. Note that ∼ is an equivalence relation. Let
N1,p

0 (E) = Ñ1,p
0 (E)/ ∼, equipped with the norm

‖u‖N1,p
0 (E) = ‖ũ‖N1,p(X).

The norm on N1,p
0 (E) is unambiguously defined. Since zero p-capacity sets

have zero measure (for every A ⊂ X it is easy to see that µ(A) ≤ Capp(A)),
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by [Sh2, Corollary 3.3], if ũ and ũ′ both correspond to u as in the above
definition, then ‖ũ− ũ′‖N1,p(X) = 0.

In a similar definition in [KKM], ũ is required to be p-quasicontinuous.
Functions in Newtonian spaces are already p-quasicontinuous if X satisfies
certain criteria; see Corollary 2.15.

Definition 4.2. Let Lip1,p
0 (E) be the collection of all Lipschitz functions

in N1,p(X) that vanish on X\E, and let Lip1,p
C,0(E) be the collection of func-

tions in Lip1,p
0 (E) that have compact support in E. Let H1,p

0 (E) be the
closure of Lip1,p

0 (E) in the norm of N1,p(X), and let H1,p
C,0(E) be the closure

of Lip1,p
C,0(E) in the norm of N1,p(X).

Proposition 4.3. The space H1,p
C,0(E) embeds isometrically into H1,p

0 (E),
and H1,p

0 (E) embeds isometrically into N1,p
0 (E).

Proof. Let u be a function inH1,p
0 (E). Then there is a sequence of Lipschitz

functions {ui}i∈N from N1,p(X) that converge to u in N1,p(X), and such that,
for each integer i, ui

∣∣
X\E = 0. As in the proof of [Sh2, Theorem 3.7], passing

to a subsequence if necessary, we can write

ũ =
1
2

(
lim sup

i
ui + lim inf

i
ui

)
outside a set B of p-capacity zero. Then ũ is a function in N1,p(X) and
u
∣∣
E

= ũ
∣∣
E
µ-almost everywhere. Furthermore, ũ

∣∣
(X\E)\B = 0. Hence ũ

∣∣
E

is

in N1,p
0 (E), with the two norms being equal. Since Lip1,p

C,0(E) is a subset of
Lip1,p

0 (E), it is easy to see that H1,p
C,0(E) embeds into H1,p

0 (E) isometrically.
�

The definitions of H1,p
0 (E) and H1,p

C,0(E) guarantee that these spaces are
Banach spaces. The following theorem shows that N1,p

0 (E) is a Banach space
as well.

Theorem 4.4. The function space N1,p
0 (E) is complete, i.e., is a Banach

space.

Proof. Let {ui}i∈N be a Cauchy sequence in N1,p
0 (E). Then there is a

corresponding Cauchy sequence {ũi}i∈N in N1,p(X), where ũi is the func-
tion in N1,p(X) corresponding to ui as in the definition of N1,p

0 (E). Then,
as N1,p(X) is a Banach space, there exists a function ũ in N1,p(X), and a
subsequence, also denoted by {ũi}i∈N for the sake of brevity, so that, as in
the proof of [Sh2, Theorem 3.7], ũi converges to ũ pointwise outside a set B
of zero p-capacity, and also in the norm of N1,p(X). Let Ai be the set of
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points in X\E on which ũi is non-zero. Then the p-capacity of ∪iAi is zero.
Moreover, on (X\E)\(∪iAi ∪B),

ũ(x) = lim
i→∞

ũi(x) = 0.

Since the p-capacity of B∪(
⋃
iAi) is zero, the function u = ũ

∣∣
E

is in N1,p
0 (E).

Since
‖ui − u‖N1,p

0 (E) = ‖ũi − ũ‖N1,p(X) → 0 as i→∞,

the space N1,p
0 (E) is complete. �

In the rest of this paper we will make no distinction between the function
u in N1,p

0 (E) and its Newtonian extension ũ.
In the remainder of this section we explore the relationships between the

three spaces defined above, and we give examples of spaces X and E ⊂ X for
which the three function spaces N1,p

0 (E), H1,p
0 (E), and H1,p

C,0(E) are different.
Some of these examples are modifications of the examples in [KKM].

Example 4.5. Let X = B be the unit ball in R2, endowed with Euclidean
metric and 2-dimensional Lebesgue measure, and let E be the set of all points
in B, at least one of whose coordinates is irrational. Then B\E is count-
able and hence is of zero measure. Since B\E is dense in B, the collections
Lip1,p

0 (E) and Lip1,p
C,0(E) are the same collection containing only the zero func-

tion, and therefore H1,p
C,0(E) and H1,p

0 (E) are the same trivial space {0}. Let
u be defined by

u(x) = dist(x, ∂B) = 1− |x|.
It is easy to see that this function is in N1,p(B) = W 1,p(B) when 1 < p ≤ 2.
For these values of p, the p-capacity of B\E is zero (as it is countable, and
points have zero p-capacity; see [V] or [He]), and hence u is in N1,p

0 (E).

Example 4.6. Let X be the open unit ball B(0, 1) in the Euclidean space
R
n, endowed with the Euclidean metric and Lebesgue measure. Let E =

X. Then H1,p
0 (E), N1,p

0 (E), N1,p(B(0, 1)), and W 1,p(B(0, 1)) are all the
same function space, since Lipschitz functions are dense in W 1,p(B(0, 1)).
However, the function space H1,p

C,0(E) is the same space as the classical space
W 1,p

0 (B(0, 1)), which is smaller than W 1,p(B(0, 1)).

The above example shows that the spaces H1,p
0 (E) and N1,p

0 (E) depend on
the ambient space X more than does H1,p

C,0(E).
The following example shows that it is possible for all three formulations

of Sobolev functions with zero boundary values to be different.

Example 4.7. LetX = R
2\([0, 2]× {0}) and E = B(0, 1)∩X. Then func-

tions in Lip1,p
C,0(E) with respect to the ambient space X are also in Lip1,p

0 (E)
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with respect to R2, since these functions can be extended to be zero on
[0, 1] × {0}. Hence the function space H1,p

C,0(E) with respect to X is the
same as the function space H1,p

0 (E) with respect to R2. However, there are
functions in Lip1,p

0 (E) with respect to X that have only non-zero Lipschitz
extensions to a part of [0, 1]×{0}, and, in fact, H1,p

0 (E) with respect to X is
the same as H1,p

0 (B(0, 1)) with respect to R2.
Fix 0 < ε < 1/4. Let ϕ : [0,∞) → R be a non-negative Lipschitz map

so that ϕ
∣∣
[0,ε]

= 1 and ϕ
∣∣
[1−ε,∞)

= 0. Then the function u(x) = u((r, θ)) =

rθϕ(r) is in N1,p
0 (E), but since it is not an ACL function on B(0, 1), it is not

in the function space H1,p
0 (E) = W 1,p

0 (B(0, 1)).

The following theorem gives a sufficient condition under which the three
formulations agree.

Theorem 4.8. Let X be a proper (that is, X is closed and bounded subsets
of X are compact) doubling metric measure space supporting a (1, p)-Poincaré
inequality. If E is an open subset of X, then H1,p

C,0(E) = H1,p
0 (E) = N1,p

0 (E).

The proof of this theorem uses the following lemmas.

Lemma 4.9. Let Y be a metric measure space equipped with a Borel regular
measure that is finite on bounded sets. If u is a non-negative function in
N1,p(Y ), then the sequence of functions uk = min{u, k}, k ∈ N, converges in
the norm of N1,p(Y ) to u.

Proof. Let Ek = {x ∈ Y : u(x) > k}. If the measure of this set is zero, then
uk = u almost everywhere, and as uk is also in N1,p(Y ), by [Sh2, Corollary
3.3] the N1,p(Y )-norm of u − uk is zero for sufficiently large k. So suppose
that the measure of Ek is positive. Since the measure is Borel regular, there
is an open set Ok with Ek ⊂ Ok such that µ(Ok) ≤ µ(Ek) + 2−k. Since
µ(Ek) ≤ (1/kp)‖u‖pLp(Ek), we have

µ(Ok) ≤ µ(Ek) + 2−k ≤ 1
kp
‖u‖pLp(Y ) + 2−k.

Hence the measure of Ok tends to zero as k tends to ∞. Note that u = uk
on X\Ok. Thus 2gχOk is a p-weak upper gradient of u− uk whenever g is an
upper gradient of u, and hence also of uk; see Lemma 3.3. Hence uk converges
to u in N1,p(Y ). �

Lemma 4.10. Let X satisfy the hypotheses of Theorem 4.8, and let u be
a function in N1,p(X). Suppose also that 0 ≤ u ≤ M , and that the set A of
points in X at which u is not zero is a bounded subset of X. For each positive
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integer k, consider the function

ϕk = (1− wk) max
{
u− 1

k
, 0
}
,

where wk is a function in N1,p(X) such that 0 ≤ wk ≤ 1, ‖wk‖N1,p(X) ≤ 2−k,
and wk

∣∣
Fk

= 1, with Fk an open subset of X such that u is continuous on
X\Fk. Then ϕk → u in N1,p(X).

By Corollary 2.15, such Fk and wk exist whenever u is in N1,p(X).

Proof. Let Ek be the set of points x in X such that u(x) < 1/k. Then
by Corollary 2.15, and by the choice of Fk, there is an open set Uk such that
Ek\Fk = Uk\Fk. Let Vk = Uk ∪ Fk. Since the restriction of wk to Fk is
identically 1 and u

∣∣
Ek

< 1/k, the set {x : ϕk(x) 6= 0} is a subset of A\Vk ⊂ A.
Let vk = u− ϕk. Then 0 ≤ vk ≤ M since 0 ≤ ϕk ≤ u. On the set A\Vk it is
easy to see that ϕk = (1 − wk)(u − 1/k), and on Vk it is clear that ϕk = 0.
Therefore, on A\Vk,

(6) vk = wku+ (1− wk)/k,

and on Vk,

(7) vk = u.

If x and y are two points in X, then as |u| ≤M ,

|wk(x)u(x)− wk(y)u(y)| ≤ wk(x)|u(x)− u(y)|+M |wk(x)− wk(y)|.

Let ρk be an upper gradient of wk such that ‖ρk‖Lp ≤ 2−k+1, and let ρ be a
p-integrable upper gradient of u. If γ is a path connecting two points x and
y, then

|wk(x)u(x)− wk(y)u(y)| ≤ wk(x)
∫
γ

ρ+M

∫
γ

ρk.

Hence, if z is a point in |γ|, then

|wk(x)u(x)− wk(y)u(y)| ≤|wk(x)u(x)− wk(z)u(z)|
+ |wk(z)u(z)− wk(y)u(y)|

≤wk(z)
∫
γ

ρ+M

∫
γ

ρk.

Hence

|wk(x)u(x)− wk(y)u(y)| ≤
∫
γ

(wkρ+Mρk) .

Therefore wkρ+Mρk is an upper gradient of wku. ClearlyMρk is p-integrable,
and as ‖wk‖N1,p(X) → 0, the Lp-norm of Mρk also tends to zero as k goes to
infinity, and by choosing a subsequence if necessary, wk → 0 a.e. Note that
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wkρ ≤ ρ everywhere on X. Hence, by the dominated convergence theorem
and the fact that wk → 0 almost everywhere,∫

X

(wkρ)p → 0 as k →∞.

By Lemma 3.2 and equations (6) and (7),

gk :=
(
wkρ+Mρk +

1
k
ρk

)
χOk + ρχOk∩Vk

is a weak upper gradient of vk, where, with B a fixed bounded open set
containing the bounded set A, Ok = (A ∪ Fk) ∩ B is a bounded open subset
of X such that A = {x : u(x) > 0} ⊂ Ok. Now,

‖gk‖Lp(X) ≤
(∫

Ok

(wkρ)p
)1/p

+ (M + 1/k)
(∫

Ok

ρpk

)1/p

+
(∫

Ok∩Vk
ρp
)1/p

.

As shown above,
∫
Ok

(wkρ)p → 0 and (M + 1/k)p
∫
Ok
ρpk → 0 as k tends to

infinity. Since Ok ∩ Vk is a subset of (Ek ∩ A) ∪ Fk, the measure of Ok ∩ Vk
is bounded above by µ(Ek ∩ A) + µ(Fk), that is, by µ({x ∈ X : 0 < u(x) <
1/k})+Capp(Fk), and hence tends to zero as k becomes larger, since bounded
sets have finite measure and therefore the measure of {x ∈ X : 0 < u(x) <
1/k} tends to µ(∅) = 0. Hence as ρ is p-integrable, the integral

∫
Ok∩Vk ρ

p

tends to 0 as k →∞. Also,

‖vk‖Lp(X) = ‖u− ϕk‖Lp ≤

(∫
A\Vk

(wku)p
)1/p

+
1
k

(∫
A\Vk

|1− wk|p
)1/p

+
(∫

Ok∩Vk
|u|p

)1/p

≤M‖wk‖N1,p(X) +
1
k
µ(A)1/p +

(∫
Ok∩Vk

|u|p
)1/p

.

The right hand side of the above inequality tends to zero as k tends to infinity.
Hence ϕk converges to u in N1,p(X). �

Proof of Theorem 4.8. By Proposition 4.3, it is sufficient to prove that, as
Banach spaces, N1,p

0 (E) ⊂ H1,p
C,0(E). Let u be a function in N1,p

0 (E). Identify
u with its extension ũ. By the lattice properties of N1,p(X) itself, it is easy
to see that then u+ = max{u, 0} and u− = −min{u, 0} are both in N1,p

0 (E),
and u = u+ − u−. Hence it suffices to show that u+ and u− are in H1,p

C,0(E).
Thus, without loss of generality, u ≥ 0. Since H1,p

C,0(E) is a Banach space
isometrically embedded in N1,p(X), if {un}n∈N is a sequence in N1,p

0 (E) that
is Cauchy in N1,p(X), then the function to which the sequence converges, in
fact, lies in H1,p

C,0(E). Hence, by Lemma 4.9, it suffices to consider functions u
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satisfying 0 ≤ u ≤M for some constant M , and by Lemma 2.14, it suffices to
consider functions u such that the set A = {x ∈ X : u(x) 6= 0} is a bounded
set. By Lemma 4.10, it suffices to show that for each positive integer k the
function

ϕk = (1− wk) max{u− 1/k, 0}
is in H1,p

0 (E).
As in the proof of Lemma 4.10, we get A∪Fk = Ok ∪Fk, where Ok and Fk

are open subsets of X and CappFk ≤ 2−k. Moreover, it is possible to choose
Ok as bounded sets (since u has bounded support), contained in E. By the
choice of wk, we have wk

∣∣
Fk

= 1 and hence ϕk
∣∣
Fk

= 0. Again, as in the proof
of Lemma 4.10, if Ek is the set of all points in E on which the value of u is
less than 1/k, there exists an open set Uk ⊂ E such that Ek\Fk = Uk\Fk. As
ϕk
∣∣
Ek

= 0, we have ϕk
∣∣
Uk∪Fk

= 0. Therefore,

{x : ϕk(x) 6= 0} ⊂ {x ∈ E : u(x) ≥ 1/k}\Fk = Ok\(Ek ∪ Fk) ⊂ Ok ⊂ E.

Since X is proper, the support of ϕk is a compact subset of E, and hence the
distance δ between the support of ϕk andX\E is positive. Now, asX supports
a (1, p)-Poincaré inequality and the measure is doubling, by Theorem 2.12, the
function ϕk is approximated by Lipschitz functions in N1,p(X). Furthermore,
if x is a point in X\E, then if gk is an upper gradient of ϕk (assuming that
gk
∣∣
X\Ok

= 0 by Lemma 3.3), we have

M∗gpk(x) = sup
x∈B

∫
B

gpk = sup
x∈B,radB>δ/2

∫
B

gpk ≤ C0
‖gk‖pLp
(δ/2)s

<∞,

where s = log2C, with C the doubling constant, and C0 is a constant depend-
ing only on the doubling constant and A. Hence, in the proof of Theorem
2.12, choosing λ > C0

‖gk‖pLp
(δ/2)s ensures that the corresponding Lipschitz ap-

proximations agree with the functions ϕk on X\E. Hence these Lipschitz
approximations are in H1,p

0 (E), and therefore so is ϕk. Moreover, these Lips-
chitz approximations have compact support in E, and hence ϕk is in H1,p

C,0(E),
completing the proof of the theorem. �

5. The energy integral minimizer

As stated in the first section, one approach to solving the classical Dirichlet
problem is to find a minimizer for the energy operator within a certain function
space. The energy operator, however, is dependent on the boundary value
function.

Fix the boundary value function w ∈W 1,2(Rn). The energy integral to be
minimized is

I(u) = inf
g
‖g‖2L2 ,
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where the infimum is over all upper gradients (or, equivalently, over all weak
upper gradients) of the function u+w, where u ∈W 1,2

0 (Ω), the Sobolev space
of functions with zero boundary values. The unique minimizer in this case
turns out to be smooth and solves the problem

4u = 0 on Ω, u
∣∣
Rn\Ω = w

∣∣
Rn\Ω;

see, for example, [E, Section 5.13] and [KiMa].
While the above differential equation is not defined for Newtonian func-

tions, finding a minimizer for the energy integral is an interesting problem in
this setting.

Definition 5.1. Let w ∈ N1,p(X) and E ⊂ X. The energy operator
corresponding to the boundary value function w is the operator, acting on
the function space N1,p

0 (E), defined by

(8) IEw,p(u) := inf
g
‖g‖pLp ,

where the infimum is taken over p-weak upper gradients of the function u+w.

The generalized problem is to find a function u that minimizes the above
operator.

The following is a well known theorem in functional analysis; see, for ex-
ample, [HeKM], [H3], and [KSt, Chapter 2, Theorem 2.1].

Theorem 5.2. Let B be a reflexive Banach space. If I : B → R is a
convex, lower semicontinuous, coercive operator, then there is an element ũ
in B that minimizes I.

Here I is said to be convex if, for all t in [0, 1] and for each pair u, v in B,
I(tu + (1 − t)v) ≤ tI(u) + (1 − t)I(v). The operator I is lower semicontinu-
ous if I(u) ≤ lim infn→∞ I(un) whenever un is a sequence of elements in B
converging to u, and is coercive if I(un) → ∞ whenever un is a sequence of
elements in B such that ‖un‖ → ∞.

Let B = N1,p
0 (E) and let w be a function in N1,p(X). If u is in N1,p

0 (E),
then (u + w)

∣∣
X\E = w. Actually, for arbitrary representatives u and w, it

is only known that (u + w)
∣∣
X\E = w p-q.e. However, by [Sh2, Lemma 3.6]

and the fact that sets of zero p-capacity have zero measure, sets of zero p-
capacity are removable for Newtonian functions, so the representative u can
be adjusted so that (u + w)

∣∣
X\E = w. The aim of this section is to show

that, under certain conditions on X and E, for p > 1 the minimizer for the
operator IEw,p exists and is unique. This is the content of Theorem 5.2. The
next series of lemmas show that under, certain conditions, the operator IEw,p
satisfies the hypotheses of this theorem.



1042 NAGESWARI SHANMUGALINGAM

Lemma 5.3. Suppose X is a doubling metric measure space supporting
a (1, p)-Poincaré inequality. Let E be a bounded subset of X such that the
interior of X\E is not empty. Then the energy operator defined in (8) is
coercive on N1,p

0 (E).

Proof. Let un be a sequence of functions in N1,p
0 (E) whose norms tend

to infinity. Identifying un with its representative in N1,p(X), it follows that
‖un + w‖N1,p(X) → ∞. For each integer n let gn be an upper gradient of
un + w. Let B0 be a ball in X\E, of radius 4δ. By the assumption on E, a
point y can be chosen from 1

4B0 so that w(y) is finite, Jgw(y) is finite, y is
a Lebesgue point of un + w for each integer n, un(y) = 0, and there exists a
positive number δ so that B(y, δ) ∩ E = ∅. Here gw is a p-integrable upper
gradient of w, and J is the modified Riesz operator defined in [HK2, Section
5] by

Jg(x) :=
∑
i∈N

2−iR

 ∫
B(x,2−iR)

gp


1/p

,

with R = 2 diamE + 2 dist(E,B0) + diamB0.
Note that w(y) +un(y) = w(y). Choose a Lebesgue point x ∈ E of un+w.

Let Bi = B(ai, 2−|i|d(x, y)), with ai = x if i ≥ 0 and ai = y if i < 0. By the
(1, p)-Poincaré inequality,

|un(x) + w(x)− w(y)| ≤
∑
i∈Z

|unBi + wBi − unBi+1
− wBi+1 |

≤C
∑
i

diamBi

∫
Bi

gpn

1/p

≤C (Jgn(x) + Jgn(y)) .

Therefore,

|un(x) + w(x)| ≤ C (Jgn(x) + Jgn(y)) + |w(y)|.

By [HK2, Theorem 5.3], if B is a ball containing E and B0, then for every
t < Qp/(Q − p) (where Q is the local lower mass bound from the doubling
property),

(9) ‖Jgn‖Lt(B) ≤ C diamBµ(B)1/t−1/p‖g‖Lp(B).
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Since un(z) + w(z) = w(z) on B(y, δ), by Lemma 3.2 we can assume that
gn
∣∣
B(y,δ)

= gw. Therefore,

Jgn(y) ≤Jgw(y) + C sup
r>δ

 ∫
B(y,r)

gpn


1/p

≤Jgw(y) + C
1

µ(B(y, δ))

(∫
B

gpn

)1/p

≤Jgw(y) + C‖gn‖Lp(B),

with Jgw(y) finite by the choice of y. Note that the measure of E is finite
since E is bounded. Hence, taking t = p in (9),(∫

E

|un(x) + w(x)|pdµ(x)
)1/p

≤ C‖gn‖Lp(B) + C,

where C depends on E and y (and hence on gw), but not on n. Since un +w
tends to ∞ in the norm of N1,p(X), it follows that gn →∞ in the Lp norm.
Thus IEw,p(un) tends to infinity as n→∞. �

Lemma 5.4. If 1 ≤ p <∞, then IEw,p is convex.

Proof. This follows from the convexity of the function F (x) = |x|p and the
fact that if g1 and g2 are weak upper gradients of two functions u1 and u2,
then tg1 + (1 − t)g2 is a weak upper gradient of tu1 + (1 − t)u2 whenever
0 ≤ t ≤ 1. �

Lemma 5.5. The operator IEw,p is lower semicontinuous.

Proof. Suppose un is a sequence of functions in N1,p
0 (E) that converge to

u in the norm of N1,p
0 (E). Choose upper gradients gn of un + w so that

IEw,p(un)1/p ≥ ‖gn‖Lp − 2−n. Since ‖un − u‖N1,p(X) → 0, there exist upper
gradients ρn of un − u such that ‖ρn‖Lp → 0. It is easy to see that ρn + gn is
an upper gradient of u+ w. Hence,

IEw,p(u)1/p ≤ ‖ρn‖Lp + ‖gn‖Lp ≤ IEw,p(un)1/p + ‖ρn‖Lp + 2−n.

Therefore, taking the limit infimum as n tends to infinity,

IEw,p(u)1/p ≤ lim inf
n→∞

IEw,p(un)1/p. �

Using these lemmas, we can now prove the main theorem of this section; a
different proof is given in [C].

Theorem 5.6. Let p > 1, and let X be a path-connected proper doubling
metric measure space supporting a (1, p)-Poincaré inequality. Suppose also



1044 NAGESWARI SHANMUGALINGAM

that E is a bounded subset of X so that the interior of X\E is not empty. Then
for each function w in N1,p(X) there is a function ũ in N1,p

0 (E) satisfying

IEw,p(ũ) = inf
u∈N1,p

0 (E)
IEw,p(u).

Furthermore, if X is also path-connected, such a function is unique up to sets
of p-capacity zero.

Proof. By [C], N1,p(X) is reflexive. SinceN1,p
0 (E) is isometric with a closed

subspace of N1,p(X), N1,p
0 (E) is reflexive as well. Lemmas 5.3, 5.4, and 5.5,

together with Theorem 5.2 yield the existence of the minimizing function.
Now suppose that u1 and u2 both are minimizing functions. Then, by the

argument in [C, Theorem 7.15], gu1−u2 = 0, where gu1−u2 is the minimal weak
upper gradient of u1−u2; see Corollary 3.7. By Theorem 2.17 and by the fact
that X is path-connected and hence is quasiconvex (by the (1, p)-Poincaré
inequality; see [HK2]), X satisfies the MECp property. Hence, for almost all
points x, y in X,

|(u1 − u2)(x)− (u1 − u2)(y)| ≤
∫
γ

gu1−u2 = 0.

Since by hypothesis there is a set B of positive measure on which u1 and u2

agree with the boundary function w, choosing such a point y that also satisfies
the above inequality yields

|u1(x)− u2(x)| = 0.

Therefore u1 = u2 almost everywhere and hence quasi-everywhere. Thus the
minimizer is unique up to sets of p-capacity zero. �

Remark 5.7. The Dirichlet type problem solved by the above theorem
yields a solution f = ũ+ w, where the boundary condition of the problem is
f
∣∣
X\E = w

∣∣
X\E . If w ∈ N1,p(X) is the zero function w = 0, then ũ = 0, since

then IEw,p(u) = infg ‖g‖pLp , with the infimum being taken over weak upper
gradients g of u = u+ w itself, and IEw,p(0) = 0 ≤ IEw,p(u) for each function u

in N1,p
0 (E).

Henceforth, N1,p
0 (E) +w will denote the set of all functions of form v +w

with v in the space N1,p
0 (E).

6. The maximum principle

In the classical theory of harmonic functions, it is known that the minimiz-
ing function obtained in the previous section satisfies a maximum principle.
A natural question is whether a maximum principle also holds in the setting
of the previous section. It will be shown in this section that, under certain
conditions on X, such a maximum principle does indeed hold.
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Following the footsteps of [C], the previous section yields a natural defini-
tion of p-harmonic functions.

Definition 6.1. Let 1 < p < ∞. A function u in N1,p(X) is said to
be a relaxed p-harmonic function on a set E ⊂ X if for each function v in
N1,p

0 (E) + u it is true that

‖gu‖pLp ≤ ‖gv‖
p
Lp ,

where gu and gv are the minimal weak upper gradients of u and v respectively;
see Corollary 3.7.

If F ⊂ E then N1,p
0 (F ) ⊂ N1,p

0 (E). Therefore, if u is a relaxed p-harmonic
function on E then for every subset F of E that function is p-harmonic on F .

Definition 6.2. Let E be a subset of X. A function u on X for which
there exists a function w in N1,p(X) with the properties that u − w is in
N1,p

0 (E) and u−w satisfies the conclusion of Theorem 5.6, is called a relaxed
solution of a Dirichlet problem on E ⊂ X with boundary condition w, where
w is given by (8).

Lemma 6.3. Let 1 < p < ∞. A function u ∈ N1,p(X) is a relaxed p-
harmonic function on E ⊂ X if and only if it is a relaxed solution to a
Dirichlet problem on E.

Proof. Suppose that u is a relaxed p-harmonic function on E. Then u
satisfies Theorem 5.6 with w = u, and hence is a relaxed solution to a Dirichlet
problem on E.

Conversely, if u is a relaxed solution to a Dirichlet problem on E, then u
agrees with its boundary condition w on X\E. If v is in N1,p

0 (E) + u, then it
is in N1,p

0 (E) +w, and by the energy minimizing property of u it is true that

‖gu‖pLp ≤ ‖gv‖
p
Lp .

Hence u is a relaxed p-harmonic function on E. �

It is known that classical Dirichlet solutions are Hölder continuous; see,
for example, [HeKM]. In the above definitions the word “relaxed” is included
to indicate that it is not known whether such functions are continuous in
the generality of the setting considered. The paper [KiSh], however, proves
that such relaxed solutions are locally Hölder continuous if X is doubling and
supports a (1, q)-Poincaré inequality, with 1 ≤ q < p.

The following result is the main theorem of this section and establishes a
maximum principle for such relaxed solutions. In this theorem the two relaxed
solutions u and v correspond to two different boundary conditions, since if
the boundary conditions are the same, by the uniqueness of the solution, the
maximum principle is trivial. The hypotheses in this theorem are more general
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than the hypotheses needed for the related results in [C], which require that
the measure to be doubling and that X support a (1, p)-Poincaré inequality.
Many manifolds, such as hyperbolic spaces, do not have doubling measures
and do not support a Poincaré inequality in general, but are nevertheless
MECp.

Theorem 6.4. Suppose X is an MECp-space, where 1 < p < ∞. Let
U ⊂ X and suppose u is a relaxed solution to a Dirichlet problem on U . If
v is a relaxed solution to a Dirichlet problem on V ⊂ U such that v ≤ u
quasi-everywhere in U\V , then almost everywhere on V it is true that v ≤ u.

The proof of this result requires the following lemma.

Lemma 6.5. Let X be a metric measure space, and 1 ≤ p <∞. If u and
v are two functions in N1,p(X) and E is a subset of X such that u ≤ v p-q.e.
on E and u > v p-q.e. on X\E, then w = uχE + vχX\E is also in N1,p(X).

Proof. Since both u and v are continuous on p-modulus almost every curve,
it is clear that E is p-path closed; see Remark 3.5. Let g and h be weak upper
gradients of u and v, respectively. Let Γ0 be the collection of curves γ on
which at least one of u, v, is not absolutely continuous or at least one of the
function-weak upper gradients pairs (u, g), (v, h) does not satisfy inequality
(1) on some subpath of γ or γ passes through a point in E, where u > v or
through a point in X\E where u ≤ v. The p-modulus of this collection is zero
by [Sh2, Proposition 3.1] and [Sh2, Lemma 3.6].

Let γ be a compact rectifiable curve that is not in Γ0. Denote the two
endpoints of γ by x and y. If both of these points lie in E or if both lie in
X\E, then w satisfies inequality (1) together with the function g+ h. Hence,
without loss of generality, x is in E and y lies outside of E. Since γ−1(E) is a
closed subset of a compact interval, there is a point x0 on ∂E at which γ passes
from E to outside of E for the last time. Now, as w(x0) = u(x0) = v(x0),

|w(x)− w(x0)| = |u(x)− u(x0)| ≤
∫
γ

gds,

and
|w(x0)− w(y)| = |v(x0)− v(y)| ≤

∫
γ

hds.

Hence |w(x)−w(y)| ≤
∫
γ
(g+ h)ds. Therefore g+ h is a weak upper gradient

of w, and hence w is in N1,p(X). �

Proof of Theorem 6.4. Because X is an MECp space and p > 1, by the
proof of uniqueness in Theorem 5.6, relaxed solutions to a specific Dirichlet
problem are unique up to sets of zero p-capacity. Let E be the set of points
x in V for which v(x) > u(x). The aim is to show that this set has measure
zero.
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Let Γ0 be the family of all compact rectifiable paths γ on which at least
one of u, v is not absolutely continuous or at least one of the function-weak
upper gradient pairs (u, gu), (v, gv) does not satisfy inequality (1). Here gu
and gv are the minimal weak upper gradients of u and v, respectively; see
Corollary 3.7. The p-modulus of Γ0 is zero.

Define a function w on V by

w(x) =

{
u(x) if x ∈ X\E,
v(x) if x ∈ E.

Since by assumption v ≤ u on U\E and v > u on E, by Lemma 6.5 the
function w is in N1,p(X). Now by Lemma 3.2 and Lemma 3.4, the function
g0 = gvχE + guχX\E is a weak upper gradient of w. Therefore, by the energy
minimizing property of u and by the fact that w is in N1,p

0 (U) + u,

‖gv‖pLp(E) + ‖gu‖pLp(X\E) = ‖g0‖pLp ≥ ‖gu‖
p
Lp(X),

and hence ‖gv‖Lp(E) ≥ ‖gu‖Lp(E). Using the fact that v is a Dirichlet solution
on V and setting

f(x) =

{
u(x) if x ∈ E,
v(x) otherwise ,

we conclude that ‖gv‖Lp(E) ≤ ‖gu‖Lp(E), since the function f is inN1,p
0 (V )+v.

Hence ‖gv‖Lp(E) = ‖gu‖Lp(E), and therefore, since gw ≤ g0 almost every-
where, ‖gw‖Lp(E) = ‖gu‖Lp(E). Thus w is also a relaxed solution to the same
Dirichlet problem as u. Hence, by the uniqueness of Dirichlet solutions, w = u
quasi-everywhere on X; in particular, µ(E) = 0. �

As a corollary to Theorem 6.4 it is seen that a relaxed solution to a Dirichlet
problem achieves its extrema on the boundary of the domain of the problem.

If U is an open subset of X, then for η > 0, define the set

Uη = {x ∈ U : B(x, 2η) ⊂ U}.

Corollary 6.6. Let p > 1 and let X be an MECp space. Let U ⊂ X be
an open set and suppose that u is a relaxed solution to a Dirichlet problem on
U . Then, for all η > 0, we have

sup
U\Uη

u = sup
U
u and inf

U\Uη
u = inf

U
u.

That is, u cannot be larger in the interior of U than at the boundary of U ,
nor can it be smaller.

Proof. This corollary follows from Theorem 6.4 by noting that constant
functions are relaxed solutions to some Dirichlet problem on U and that if
u is a relaxed solution to a Dirichlet problem on U with boundary condition
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w, then −u is a relaxed solution to a Dirichlet problem on U with boundary
condition −w. �

The above corollary is a well-known fact for the classical harmonic functions
in Euclidean spaces. Theorem 6.4 is also well-known for harmonic functions
in Euclidean spaces, and indicates that such relaxed solutions are both sub-
harmonic and superharmonic; see [HeKM] and [KiMa].

Remark 6.7. The paper [KiSh] shows that if X is doubling in measure
and supports a (1, q)-Poincaré inequality for some q < p, then:

• A stronger form of the maximum principle holds, stating that p-
harmonic functions on a domain do not achieve their extrema in the
interior of that domain.
• A p-harmonic function on a domain in X is locally Hölder continuous

on that domain.
• The Harnack inequality is satisfied by positive p-harmonic functions
u on a domain Ω, i.e.,

sup
BR

u ≤ C inf
BR

u,

where C > 0 is independent of u and the ball BR of radius R, with
2BR ⊂ Ω.

These results are proved in [KiSh] using the DeGiorgi class argument, based
on the argument given in [G] for the Euclidean case.
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