ON THE ZEROS OF A CLASS OF DIRICHLET SERIES I

BY
Bruce C. BerNDT

1. Introduction

The purpose of this paper is to show that many theorems concerning the
distribution of zeros for the Riemann zeta-function { (s) can be generalized to
a large class of Dirichlet series [1]. For the most part, our results are concerned
with the distribution of zeros in a certain vertical strip. The proofs are simi-
lar to those that have been given for {(s). Most of the corresponding the-
orems for ¢ (s) can be found in [10].

DerinrrioN 1. Let {A\.} and {u.} be two sequences of positive numbers
tending to «, and {a(n)} and {b(n)} two sequences of complex numbers not
identically zero. Let

A(s) = JTi<1 T (w8 + Bi),

where N is a positive integer, ax > 0, and B is an arbitrary complex number.
Consider the functions ¢ and ¥ representable as Dirichlet series

e(s) = 2nm1a®)Ny,  Y(s) = X b@u’, s =0 +1,

with finite abscissae of absolute convergence o, and oy, respectively. If r is
real, we say that ¢ and y satisfy the functional equation

(L.1) A(S)p(s) = A(r — s)¥(r — s)

if there exists in the s-plane a domain D which is the exterior of a compact set
S, such that in D,

(i) ¢ is holomorphie,
(i) () =A@ — sl —8)/A(s),0 <7 — o3,
(iii) there exists a constant K > 0 such that
¢(s) = O(exp |s[%),
as | s| tends to «.

Throughout the sequel we set A = > 2=1 ax. If C denotes a simple closed
curve, let I (C) denote the interior of C and let I'(C) = I(C) u C. Finally,
B always designates an unspecified positive constant, not necessarily the same
with each occurrence.

2. Summary of results
TueoreM 1. There exists a positive integer m such that
_(m+j+ﬁk)/ak’ k=17"'7N7j=0;1)2y"’1
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are stmple zeros of ¢. Moreover, the remaining zeros of ¢ belong to a vertical
StT'I:p, a<o<o;.

This is, of course, a classical result for several Dirichlet series whose coeffi-
cients are of number theoretical interest. Lekkerkerker [7] has proven the re-
sult forA(s) = I'(s). Inthe sequel the zeros of ¢ outside the strip, o1 < ¢ < 02,
will be called the trivial zeros.

TaEOREM 2. The number of zeros of ¢ in the vertical strip, o1 < o < o3, 18
infinite, and the distance between ordinates of successive zeros is bounded.

TueoreM 3. Let N (T') denote the number of zeros of ¢ in D NI (R), where B
denotes the rectangle with vertices a1, o2, o1 + ¢T and o2 + ¢T. If h is any
positive number, no matter how large,

NI+ h) — N(T) =0(ogT),
where O = 0 (h).

CoroLLARY 4. The multiplicity of a zero of ¢ does not exceed O (log T').
TuEOREM 5. Let p = B + iy run through the zeros of ¢. Then,
(2.1) ¢'(8)/0(8) = Lima 1/(s — p) + O(log 1),
uniformly foroy — 1 < a L 02 + 1.
THEOREM 6. We have
log ¢(s) = Ly log (s — p) + O(log 1),
uniformly foroy — 1 < 0 < o2 + 1, where —7 < arg (s — p) < .

THEOREM 7. There exists a positive constant K such that each interval
(T, T 4 1) contains a value of t for which

le(s)| > 5,
where oy — 1 < 0 < a2 + 1. Furthermore, if H > 1 s arbitrary, then
lo(s)| > T,

whereoy — 1 < oL o2+ 1, T <t < T+ 1, except possibly on a set of t values
of measure 1/H.

The proofs of Theorems 6 and 7 will be omitted since they resemble the cor-
responding proofs for ¢ (s) [10, pp. 185-186] with only obvious changes being
necessary.

TaeorEMm 8. For T > 0 sufficiently large, ¢ has a zero 8 + vy such that
|y = T| < B/(log log log T').
TaEOREM 9. For any fized h > 0, no matter how small,

N(T +h) — N(T) > Blog T,
where B = B(h).
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There is no difficulty in constructing a proof along the same lines as that
given for ¢ (s) in [10, pp. 194-196], and so the proof of Theorem 9 will be
omitted.

TueorEM 10. Let ¢ and d be the least positive integers such that a(c) = 0 and
b(d) = 0, respectively. Let N;(T), © = 1, 2, denote the number of zeros of ¢
outside S which lie in the strips o1 < 0 < 02,0 < t < T and 01 < o < 09,
—T < t < 0, respectively. Then,

N«(T)
(22) = (A/m)Tlog T — (T/2x)(log N pta — 2 D_i=1 o log oy + 24)
+ O(log T').

Von Mangoldt first gave the proof of the above formula for ¢ (s). However,
Backlund later gave another proof, and it is essentially his method which we
employ in our proof. Landau [5, p. 534] has proven Theorem 10 for Dirichlet
L-functions. Potter and Titchmarsh [8] have proven the theorem for a class
of Epstein zeta-functions. Lekkerkerker [7] has proven the result when A (s)
= I'(us), where u > 0.

TueorEM 11. Let¢ = ¢, a(n) be real and By bereal, k = 1, --- , N. Sup-
pose also that (0o — 3r)A < 3. Then, the number of zeros of ¢ on the critical
line ¢ = %r 1s infinite.

The corresponding theorem for ¢(s) was first proven by Hardy. The
method we use for Theorem 11 is that used by Landau in his proof of the
theorem for { (s) [6, p. 83]. The conclusion of Theorem 11 is valid, of course,
for other subclasses of Dirichlet series in Definition 1. Potter and Titchmarsh
[8] have proven the theorem for a class of Epstein zeta-functions and Kober
[4] for a somewhat larger class of the same. Hecke [3] and Lekkerkerker [7]
have proven the result for large classes of Dirichlet series when A(s) = I'(s).
Hecke [3, p. 95] and Lekkerkerker [7, p. 59] have pointed out that the theorem
can only hold for a restricted subset of the series given in Definition 1 and have
given examples of Dirichlet series with no zeros on ¢ = 3r. It is interesting
to note that entirely different methods must be used to prove the theorem for
different classes of Dirichlet series. The conditions of Theorem 11 are satis-
fied by ¢ (s), but not, in general, by the other classes mentioned above.

TueoreEM 12. Suppose that B isreal, bk = 1, -+ | N. Let
x(s) = A(r — 8)/A(s).
Then, for | t| large enough and o > %r,
(2.3) [1/x(s)| > 1.

This theorem was first proven by Spira [9] and then by Dixon and Schoen-
feld [2] for ¢ (s).
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CoROLLARY 13. For | t| large enough and o > ir,

v —s)| > o),
except at the zeros of ¢ (s).

CoROLLARY 14. Let f(s) be a Dirichlet series of signature (1, r, v) (cf. [3]
or [7]). If|t] > 6.8 and ¢ > 3r, then

[fr =) > [f(s) ],
except at the zeros of f(s).
3. Preliminary results

We first give three forms of Stirling’s formula.
For Re s > 0 [12, p. 251],

3.1) logT(s) = (s — %) logs — s+ 0O(1),

as | s| tends to «. For the proof of Theorem 12 we shall need the more pre-
cise result [2],

log T'(s)

1 1 1
—(s~—§>logs—s+§10g27r+ﬁ—s—2‘£

where P;(z) is a function with period 1 which is equal to
z (22" — 3z + 1)/12
on [0, 1]. On this interval
(3.3) 6|Ps(2) | < 3.
By periodicity (3.3) is valid for all x > 0. (3.2) is valid in the s-plane cut
along the negative real axis.
A direct consequence of Stirling’s formula is [10, p. 68]

(34) T(o + 5t) = ¢HtdginitineD o1 + 0 (¢)),

as ¢t tends to «. A similar formula may be given for ¢ < 0 and ¢ tending to
— o by using the fact that I'(e — 4t) = I'(¢c + 4t).

(3.2) * Ps(x) dx

LemMa 3.1. ¢ s of finite order in any half-plane ¢ > 9.

Proof. Let o be fixed. For ¢ > ou, ¥ (0 + zt) = 0(1) as | t| tends to .
Thus, from the functional equation for ¢ < r — oy,

_ Alr — s) _ _ (A(r —38)
(3.5) els) = O\ =5 ¥ir s)) '\ )

— O(I ¢ |(r—2a)A)’
by (84), as |t| tends to «. As ¢(s) = O(Q) for ¢ > a,, it follows from

property (iii) and a Phragmen-Lindelof theorem [11, p. 180] that ¢ is of finite
order in any half-plane ¢ > 7.
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Liemma 3.2 [10, p. 49]. Let f be holomorphic and
[F&)/f(s)| < &, M > 1,
on I'(C), where C = {s : |s — s| = r}. Then,
177 )/f@e) = 221/ (s — p) | < BM/r, |s — | < /4,
where p runs through the zeros of f(s) such that |p — so| < 3r.
Lemma 3.3 [10, p. 62]. Let F (x) and G () be real functions on [a, b] such that

i) G(z)/F'(x) is monotonic,
G) F'@)>r> O F"(x) £ —r <0,
(iii) |G@)| <M, M >0

Then,

b
f G(2)e™™® dz | < 8M/+/r.

4. Proofs of the theorems

Proof of Theorem 1. Let ¢ and d be the least positive integers such that
a(c) = 0,b(d) = 0, respectively. Since ¢ and ¢ converge in some half-plane,
we can choose @ > max (0, o4, ar ) so that

(4.1) Don—et | @) N2 < 3 ale) N7

2nmii1 [ () |W2" < 3B(d) [wa™
Thus, for ¢ > a,

lo(s) | 2 [ale) Ne" = 2nment [a(n) N7 2 Flale) N
Similarly, for ¢ > a,
4.2) [¢(s)] = §|b(@) |ua’.

Thus ¢ and ¢ are free of zeros and holomorphic in the half-plane ¢ > . Also,
since o, > §r + 1/44 [1,p. 111],7 — @ < @. Now, A(s) has simple poles at

=—m-+Be)/ow,k=1,--- ,N,n=20,1,2,---. It follows that if we let
m be the least positive integer such that
—(m + ReBi)/ox < 1t — @ k=1,.---,N,

¢ (s) hassimple zerosat s = — (m +j + B«) /o, k=1,--- ,N,7=0,1,2,--- .
The remainder of the zeros must lie in the stripr —a < ¢ < a.

Proof of Theorem 2. Let ¢ and « be as given in the proof of Theorem 1.
Without loss of generality we assume )\, = 1, for the zeros of ¢ (s) are the same
as those for X\, ‘¢ (s).

Now, let M = max {|Re a(c) |, |Ima(c)|} > 0. Suppose M = Re a(c).
Then choose ap > « large enough so that
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Reo(s) = Rea(c) + {Rea(c + 1) cos (¢ log Aoy1)
+ Ima( + 1) sin (¢ log Aepa)}hots + - -+
> Rea(c) — |Rea(c + 1) cos (¢log Noy1)
4+ Ima(c+ 1)sin ((1og Aey1) | Aotz — -+ -
> 0,

foro > ao. Similarly, if M = Im a(c), @ > « can be chosen large enough so
that Im ¢(s) > Ofore > ay. If M = —Rea(c) or —Im a(c), @ > acan
be chosen large enough so that Re ¢(s) < 0 or Im ¢(s) < 0, accordingly, for
o 2> ag. Thus, for all cases we may define a branch of log ¢ for o 2 ay,

(4.3) log ¢(s) = log |@(s)| + < arg ¢ (s),

where arg ¢ (s) ranges over an interval of length no greater than =. Hence,
for o 2 Qp,

4.4) |log ¢(s)| < B.

For ¢ < a we define log ¢ (s) as the analytic continuation of (4.3) along the
line segment (o + 4, a0 + ), provided that ¢ is holomorphic and ¢ (s) # 0 on
this segment.

Next, let 8 be a positive real number chosen so that ap — 8 < r — a.
Consider a system of four concentric circles Ci, C:, C; and C4 with center
ao+ 1 + T and radii 1, 8 + 1, 8 + 2, and 8 + 3, respectively. Here | T |is
chosen large enough so that I’ (Cy) € D and none of the trivial zeros lies in
I'(Cy).

Suppose that ¢(s) # 0 on I’ (Cy) so that log ¢ (s) is holomorphic on I’ (C.).
Let M. and M; denote the maximum moduli of log ¢ (s) on C; and Cs, re-
spectively. By Lemma 3.1 Re¢(s) = O(log T') for s on I’ (C,). Hence, by
(4.4) and the Borel-Carathéodory theorem [11, p. 175],

M; =O0(ogT).

Next, we apply Hadamard’s 3 circles theorem [11, p. 172] to Cy, C; and C; to
obtain
M, < B(log T)",

where p = log (8 + 1)/log (8 + 2) < 1. In particular,
4.5) ¢(a — B+ iT) = O(exp {log’ T'}) = O(T*),

where ¢ > 0, since p < 1.
On the other hand, by our choice of 8 and (4.2),

[V — e+ 8 = iT)| 2 3|0(@)| ™ = K,
say. Hence, by (1.1) and (3.4),
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lo(eo = 8+14T)| 2 K|AG = e + 6 — iT)/Aea = B + iT)]
4.6) > B|T I(r+2ﬂ—2ao)4'

Asr +8— 20> 0and B > 0,7 + 28 — 209 > 0. Thus, (4.6) is a contra-
diction to (4.5), and ¢(s) must have at least one zero on I’(Cy). The last
statement of the theorem easily follows from the proof.

Proof of Theorem 3. Letri, = { (o2 — o1 + 1)* + A*}** and define 7 similarly
for k > h. Consider a circle C of radius 7, and center o2 + 1 + 47, where T is
chosen large enough so that I’ (C) € D. Then, clearly,

“4.7) N(T + h) = N(T) < n(m),

where 7 (z) denotes the number of zeros of ¢ in the circle of radius « and center
o2 + 1 + ¢T. By Jensen’s theorem [11, p. 126] and Lemma 3.1,

Tk 27
‘/;n(xx)dx———f log | ¢(o2 + 1 4+ T + re™) | do

(4.8) — log | ¢(oz + 1 + 4T) |

< BlogT.
On the other hand,

- -
(4.9) fo ’1(:—)0195 > fm M2 15 > n(r, )f 2~ Bu(n).
Combining (4.7), (4.8) and (4.9), we obtain the conclusion of the theorem.
Proof of Theorem 5. In Lemma 3.2 put
= o, ss=0a0+1+T and r = 4(ce — o1 + 2).

Here T is chosen large enough so that I’(C) € D. By Lemma 3.1 we may
take M = Blog T. Thus,

4.10
( ) ¢(3) lp—so|<dr § —

-|- O(log T),

where |[s — 8| < os — o1+ 2. In partlcular, (4.10) is valid for
ag—1<de< o+ 1
For these values of o, clearly, we may replace T by ¢ in (4.10). Also, any

term that appears in (4.10), but not (2.1), is bounded, and by Theorem 3 the
number of such terms is no greater than

N(T + %) — N(T — 3r) = O(logt).

Proof of Theorem 8. We give only the beginning of the proof, for after a
certain point the details are precisely the same as the corresponding theorem
for ¢ (s) [10, p. 191-193].
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We choose T large enough so that I’ (Ci,), where Cy, is defined below, con-
tains none of the trivial zeros and I’ (Cx,) < D. Also choose a as in the proof
of Theorem 2.

Suppose ¢(s) hasno zerosin ' — 6§ <t < T + 5, where § < 3. Then
Sf(s) = log ¢(s) is holomorphic for T — § < ¢t < T + 5, where f(s) is given its
principal value for ¢ > ay. Let Cy,, Cs , Cs and C, be four concentric circles
with center ap + 1 — »6/4 + <7 and radii 6/4, §/2, 36/4 and &, respectively.
Here v = 0,1,2,:---, n, wheren = [4(ag — o1 + 2)/8] + 1. Thus, the
centers of the circles with center ap + 1 — 7n/4 lie on or to the left of
¢ = o1 — 1. Proceed now exactly as in [10].

Proof of Theorem 10. Let a be given as in the proof of Theorem 1. Choose
Toand T > Ty so that the linest = Toand { = T contain no zeros of ¢ and so
that S lies within the rectangle with vertices r — a &= tToand a &= ¢Ty. Let
R denote the rectangle with vertices r — a + Ty, a + Ty, @ + T and
r — a + ¢T. R is free of zeros of ¢. Lastly, let Ny denote the number of
zeros of ¢ outside S but within the rectangle given by 0 < t < Ty, 01 < 0 < 02.
Thus,

1 d
N«(T) — Ny = Zr?/;ggloggo(s) ds

1 a+iTy at+iT r—a+iT r—a+iTy d
——{f -l-f +f +f }—loggo(s)ds
27t Jr—atir, a+iT aiT r—atir | dS

- 2i.1m (I + I + Iy + L},
¥

We examine each integral in turn. As I; is independent of T, I; = O(1).
Next,
@11) I, = logo(s) | 5HiT,

= log a(c)N."| afir,

+ log {1 4+ Xnect1 @7 (€)a®m) (\u/A) ™} | 270
where we take the variation in any branch of the logarithm along the straight
line segment (& + ¢To, a« + ¢T). Let
f(s) = 2nmerna (c)a(n) (An/2:) ™"
By (4.1), it follows that for ¢ > «, |f(s)] £ 3. Hence, the argument of
1 4 f(s) ranges over an interval of length less than 7, and so the imaginary

part of the second term of (4.11) is at most 7. An easy calculation shows that
the first termin (4.11)is2(To — T') log .. Hence,

ImI;, = —TlogX + O(1).
By a similar argument,

a—iT

(4.12) Im ilog ¥(s) ds = T log pa + O(1).
a—iTy d8
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For the estimation of I3 define

o1 (8) = ei(‘7+T log Xo)‘P (8),

where v is chosen so that a(c)e” > 0. Let ¢ be thenumber of zeros of
Re{e(s)} on r — a + <T, @ + 2T). These zeros subdivide this line seg-
ment into at most ¢ + 1 subintervals, in each of which Re {¢1(s)} is of con-
stant sign. On each subinterval the variation of Im {log ¢1(s)} is at most .
Since arg ¢ (s) and arg ¢1 (s) differ only by a constant,

[ImI| = |Imloge ()} o377 < (¢ + L)m.
To estimate ¢ we define
f@) = Ha@ +iT) + ez + D)},
and note that if 2 = ¢ is real,
4.13) f(o) = #He(@ + iT) + @i(c + ¢T)} = Re{e(a + iT)}.
Without loss of generality assume that
p=T—Ty> 4(a — 3r).

If zissuch that |2 — a| < p,thenIm (2 + ¢T) > T — p = Ty. Since ¢(s)
is holomorphic for ¢ > T, ¢ (z + ¢T') is holomorphic within |2 — a| < p. It
follows that ¢(z + ¢7'), and hence f(z), is holomorphic within |z — a| < p
as well. By (4.13), the definition of v, and (4.1)

fl@) > 3" ale)l.
We are thus in a position to apply Jensen’s theorem. Let
ro = 4(a — ¥r), = %70,

and n(z) the number of zeros of f within |z - a] < 2. Then,

ro 79
n(h)f i—xSfo n(x)%zf
r1

(4.14) .
= o [ tog 1 5" + @) | d0 — log | f(a) |
m Jo
By Lemma 3.1,
!0(8) =0(t8), O'Za""’"o, tZTo.
Hence,

Fre® + @) = 0(T").
Thus, by (4.14),
n(r) = O(og T).
Now, the zeros of Re {¢1(s)} on (r — a + ¢T, a + ¢T') are those of f(z) on
(r — o, ). Since (r — a, @) is contained with the circle |z — a| = 11,
g<mn() and ImI; = O(logT).
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Lastly, by the functional equation (1.1),
I, = {logA(s) — logA(r — s) — log ¢ (r — 8)}| I=atiT, .
By (3.1),
log A(s)| r—atit,
= >t {logT(ar — oo + o T + Bi) — log T' (o — o o + e T + i)}
= Dt (r — axa+ i T + B — 3)log (r — aw + i T + Br)
— Dkt (ur — axe + i T + Bi) + O(1).
Similarly,
log A(r — s)r=atif, = D=1 (ex — G T + B — %) log (cw @ — o T + Bi)
- th:-l (aka — i T + ﬁk) + 0(1)-
Using (4.12), we have
Io= D>t (awr — v + i T + B — 3) log (w7 — arer + s T + Bi)
— > (r — i T + B — ) log (s @ — 1 T + Be)
— 2TA — iT log pa .
Now,
log (ax7 — o + G0y T + Bi) = log (ber T) + O(T)
logay + log T + 3xi + O(T™),
since > 0. A similar result holds for log (a; & — %o T + ), and so,
I, = 2TAlog T + 2T > d-10xlogay — 2%TA — 3T logua + O(log T).

Combining the values for the four integrals, we have (2.2),7 = 1. As the
right-hand side of (2.2) is continuous in T' and as any line ¢ = T containing
zeros of ¢ can be approximated arbitrarily closely by a line ¢ = 7" containing
no zeros of ¢, the aforementioned restriction on T is unnecessary.

If 8 + 4y, v < 0, is not a zero of A~ (s), then 8 + 77 is a zero of ¢ (s) if and
onlyif r — B — ¢y isa zero of ¢ (s). Since (2.2),7 = 1, holds for ¢ as well and
is symmetric in ¢ and d, (2.1) is valid for ¢ = 2 also.

]

]

Proof of Theorem 11. Define x(s) as in the statement of Theorem 12.
Clearly,

(4.15) [xGr + ) =1

Also, define
R(s) = A(s)e(s).

From the functional equation it follows that R (3r + 4) = R(4r — ¢t). Since
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an)and B,k =1, .-+, N, arereal, B (3r + 1t) is a real-valued function of ¢.
Next, let

0 = —Fargx(3r + t),
XGr + 1) = ¢

Z@) = "o (3r + it)
{(xGr + @)} (Gr + 1)

= {AGr + it)/AGr — ) e Gr + ait)

= R@Gr +di)/|AGr + it)|.
Hence, Z (¢) is a real function of ¢, and
(4.16) [Z@)| = |eGr + )]

As in Landau’s proof, we shall compare the behaviors of the two integrals

so that

Lastly, let

2T

f:T 1z, [ 20 a,

where T is chosen large enough so that sup,.s {t} < T
Let ¢ be given as in the proof of Theorem 1. Define

(Pc(s) = >‘z¢(s)-
Thus, by (4.16),

27 2T .
[ 1zwia= [ o™t + i) | a

(4.17) 2r
>N f eo(r + dt) dt )
T
Also,
2T r/242¢T
if e(3r + i) dt = f 0.(8) ds
T r/2+iT

aqt1+iT oo t1+2:T r/2+2:T
=<f +f +f >‘Pc(s)ds
rl2HiT oat1+iT sat1+2iT
by Cauchy’s theorem.
As usual, define

(o) = inf {£:0(s) = O(I¢[)}.

From (3.5) and the general theory of u(c) [11, p. 299], we find that for
%’l‘ S ag S Oq ,

(4.18) p(o) < (oa — 0)A.
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Thus,

[T N 2y a(n) (ha/Ne) T
sz eldr + ) di = [s B n'=zc-:f-1 log (An/A) ]t-va+1+€r

oqtl
+ 0 ([,2 T(va—rl2)A+t) , € >0

= 4T + O(T(a'a-r/2)A+c)'
Since (04 — $7)4 < %, we have shown by (4.17) that

(4.19) fT "\ 2) | &t > B.

Now, let C denote the rectangle with sides o = 3r,0 = 0, + §,¢{ = T and
t = 2T, where 6 > 0 is chosen so small that
(0a + 8 —3r)A < %
By Cauchy’s theorem,

(4.20) [ @)™ o(s) ds = .

We proceed to estimate the integrals along the two horizontal sides and the
right side. By (3.4),

T(s + 8)/T(afr — s} + Bi) = Culant)* @071 + 0G7),
where C; is a constant. Hence,
(4 21) {X(S) —-1/2 Hk - 1/2 t)(a‘,/2)(2¢—r+2it)e—iagt(1 + O(t—l)).
From (4.21) and (4.18) we have
(@) % (s) = 0T
forir < o < 0,,and
(X)) ™0 (s) = O @eeHrDate)

for 04 £ ¢ < ga + 6. The integrals along the sides ¢t = T and ¢ = 2T are

therefore
O (T(¢a+5—r/2) A+te ) .

The integral along the right-hand side is
2T N
'l: f H C}glz(akt)ak(da+s_r/2+“)6—‘iakt¢(O'a + 5 + ’l«t)(]. + O(t—l)) dt.
T k=1

The contribution of the O-term is

O (t(7a+5""/2)4 ) .
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The other part of the integral is a constant multiple of

o

27 N
> a(n)nN f otV oy {it (E ay log axt — A — log )\,,)} dt.
T k=1

n=1
We now employ Lemma 3.3 with
F@) = tQO v arlogoxt — A — logh,) and G() = (=™ m24,
Since
F'(t) = >oayoplogopt — log\a
and F” (t) = A/t, the hypotheses of Lemma 3.3 are clearly satisfied for T

large enough. Hence, the above sum is
0 (T(o‘a+8—r/2)A+ll2)

Hence, by (4.20) we have shown

2T

/2428 T
[ oy ™) ds = [ 2y at

[24-4T T
= O(T(v¢+ﬁ-—r/2)A+l/2) — O(T),

since (o, + & — 3r)A < 4. Comparing this result with (4.19), we conclude
that in every interval (T, 2T') for T large enough, Z (¢) changes sign at least
once. As the zeros of Z (t) are those of ¢ (37 + ), ¢ (s) has an infinite number
of zeros on ¢ = 7.
Proof of Theorem 12. Fort = 0, x(s) is holomorphic and x(s) # 0. De-
fine for ¢ # 0,
his) = —log | x(s)].

In order to prove (2.3) it is sufficient to show that A(s) > 0 for ¢ > %r.
Using the fact that A(s) is real on the real axis and thus takes conjugate
values at conjugate points, we have by the mean value theorem,

h(s) = log | A(e + i) | — log | A(r — ¢ + 4t) |

4,22
(422) - z(a—%r>[5%1ogm(a+u) |]¢_ﬂ,

wherer — o < 01 < 0. Now,
d

i) .
5;10g|A(a+zt)l-— Reds

log A(s)

d N
= Re T > T(aus + Bi).
s =1

Since B,k = 1, ---, N, is real and ¢ = 0, we have from (3.2)
log T'(axs + Bi) = (ous + Br — 3) log (aus + Bi) — (aus + Bi) + 3 log 2m

+ 1 —9 © Ps(x) dx
12(cus + Br) b (s + Bx + )*
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Thus, by (3.3),
9 tog | Ao + 1) |
do

1
2(ar s + Br)

1 ©  Py(z)de ]
(4:.23) 12(ak s + Bk)2 + 6 o (Olk S + 61: + x)‘}

= Re [i ak{log (o s 4+ Br) —

k=1

1

N
Z’;ak{log|aks+ﬁkl _2——|ak8+ﬂk|

_ 1 L
12|aks+ﬁk|“’ 8 !

where

Y dx
L= »/; {(aw o + Br + 2)* + (o 1)*}?

© dy
(424) <] pvtawp

= ® dy _ T
B 2fo {F + (@) 2of[t["
Thus, by (4.22)-(4.24) we have shown that for ¢ > §r and & = o1 + %,

R(s) < { _ 1
2(a—%r)>1;ak log | w1 + B | 2| o 81 + Bl

_ 1 _ T
12 sy + B[P 1605 [t} °

It is easily seen that if | ¢| is large enough, the right-hand side is positive, and
this completes the proof.

Proofs of Corollaries 13 and 14. Corollary 13 is immediate from the func-
tional equation (1.1).

If f has signature (1, r, v), then ¢(z) = (2w)°f(s). From the proof of
Theorem 12, it is sufficient to choose | ¢ | large enough so that

log|¢| — 3[¢] — 2|t + T lt] — log2r > 0.
If | ¢| > 6.8, the above is greater than
1.918 — 0.074 — 0.002 — 0.001 — 1.838 = 0.003 > 0.

The author expresses his thanks to Professor Lowell Schoenfeld for suggest-
ing a simplification on the author’s initial proof of Theorem 12.
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