A MAPPING PROPERTY OF REGRESSIVE ISOLS

BY
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1. Introduction

Let €% &, A, A and A* denote the collections of all integers, non-negative
integers, isols, regressive isols and isolic integers respectively. Let
fxy, - -+, x,) be a recursive function, and let fy denote the canonical exten-
sion of f to a mapping from A" into A* [11], [12]. A. Nerode proved in [12]
that f, maps A" into A if and only if f is almost recursive combinatorial. In
[3], J. Barback proved that if f(z) is a recursive function of one variable,
fa maps Ar into Az if and only if f is eventually increasing. However the
author showed in [10] that the class of recursive functions of two variables
mapping Ar X Ag into Ag is rather limited—trivial cases aside, this class con-
sists of functions eventually of the form

min (f@), g(¥)) + 2 im0 2 40 d(3, )

where min (z, y) is the minimum function, f(z) and g (y) are eventually in-
creasing recursive, and d (¢, j) = 0 for all but finitely many pairs (¢,5). The
restrictive nature of this last result is not surprising in view of the fact that
Az is not closed under addition or multiplication. J. Barback suggested that
it is more natural to ask which recursive functions f(z;, - - - , 2,) of more than
one variable have the property

(*) A1+A2+"'+An€AR$fA(A1,A2,"',An)GAR.

The main theorem of this paper characterizes the class of recursive functions
with the property () as follows: Let < be the partial ordering of & obtained
by setting

@, o0y %) < (W, 00y 0) M 3 <y, 1=1,+-,n.
A function f(zy, - -+, &,) is called sncreasing if
(xl,""x”)s (2/1,°“,Z/»)=>f($1,‘”,xn)Sf(le,"’ayn)

and eventually increasing if there exists a number & e € such that
f(xl'l"k’ ""xn+k)

is increasing. A function g of fewer than n variables is called a proper specifi-
cation of f(x1, ++ - , &) if g can be obtained from f by substitution of constants
for some of the variables z1, - -+, 2, of f. fis called almost increasing if f and
every proper specification of f is eventually increasing.
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TrEOREM. Letf(x1, - - ,n) berecursive. [ has the property () if and only
of f is almost increasing.

We note that for n = 1 the preceding theorem reduces to the theorem in [3]
for functions of one variable. For the sake of simplicity, we shall give the
proof only for n = 2; the proof for n > 2 requires no essential modification of
the techniques to be presented here.

The mapping theorem for A in [12] can be used to prove the truth in A of
certain V3 sentences with recursive combinatorial Skolem functions. In the
final section of this paper we shall apply our main theorem in a similar manner
to determine the truth or falsehood in Ar of various sentences with recursive
Skolem functions.

2. Preliminaries

We assume that the reader is familiar with the basic concepts and results of
(1], [3], [6], [7], [10] and [14]. The following definitions and theorems concern-
ing funections of two variables are the natural analogues of the concepts and re-
sults in Section 2 of [14] and Section 4 of [1]. The theorems can be proved using
the methods of those papers, and will be stated without proof.

By a number-theoretic function of # variables we shall mean a function map-
ping " into ¢*. Every number-theoretic function f can be written as the dif-
ference of two combinatorial functions f* and f~, called the positive and nega-
tive parts of f. A number-theoretic function f is called recursive if the func-
tions f* and f~ are recursive. For a recursive number-theoretic function
f(, -+, &), we can employ the usual canonical extension procedure to de-
fine f» , i.e., for any n-tuple of isols (z1, * -+, ),

P, ooy @a) = [ @, e, @) = X @, 0, @)
Let f(x, y) be recursive and number-theoretic. For T, U ¢ Az we define
Do f@y) = Zawn) F@y) — ool @y).
By the partial sum function of f(x, y) we mean the function
8y (@, y) = Dice 2i<u F G, 7)
Sy(x,y) =0ifz = 0ory = 0).

ProrosirioN 1. Let f(z, y) and g (x, y) be recursive number-theoretic func-
tionsand T, U e Ap. Then

2 f@y) £ Dirm g, y) = 2o (@ y) £ 9@ y)).

TaeoreMm 1. Let f(x, y) be recursive and number-theoretic. Then for all T,
UeAg, Z?T,U) f(x’ y) = (‘Sf)A (Tr U)~
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For any recursive function f(z, y), we define
fx,y) =0, ifz=00ry =0
= f(x — 1,y — 1), otherwise.
A f(,y) = fl@+1,y) — f@@y),
& f@,y) =fly+1) - fly),
Df(x,y) = As A, (2, y),
Df*(z,y) = Df(,y), Df,y) >0

=0, otherwise
Df (z,y) = —Df(z,y), Df(z,y) <0
= 0, otherwise.

THEOREM 2. Let f(x, y) be recursive. Then for T, U € Ag,
(T, U) = Zirpom DY — Zirosn Df = Zlr,oen DS
In particular, for n, k € ¢,
Fn, k) = im0 2 im0 DFt (5, §) — im0 2i=0 DI (G, 4).

Throughout the remainder of this paper we shall use the notation and ter-
minology introduced in Section 2 of [14]. We shall also use the notations

j(a’ B) for
i@ y) |z eaandyep}
and « | 8 for “a is separable from 8 by disjoint r.e. sets”.

3. Proof of the main theorem for n = 2

LemMA 1. Let f(z, y) be an increasing recursive function. Let m, p, k, t be
numbers such that0 < m < pand 0 < k < L. Define

W={GHI|GEIH)< @I ad GJj) £ mE)}
Then 3 ¢i.hew D3, ) 2 0.
Proof.
e DFG,§) = 2= 2imo Df Gy ) — 2% 2= D G, 5)
=fm 1) —fm, k) 2 0.

LemMA 2. Let A, Be Ar — €. Let f(z, y) be increasing and recursive. If
A + BeAg,then fx(A, B) € A.

Proof. By Theorem 2, we need only prove that
2.1) Z(A+1,B+1) D]H' > Z(A+1.B+l) Df”
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Let « and B be sets belonging to A + 1 and B + 1 respectively, and let a, and
b. be regressive functions ranging over o and (3 respectively. Since A + BeAz,
4+ 1)- B+ 1) e Ar. Let u, be any regressive function ranging over

j(a, B). Define
5t

-

Udi.peer Js (@i, by, v (DT (G, §)))
U(i.i)ee2 js (ai , bi )V (Df_ (7" .7)))

Clearly (2.1) will follow if we show the existence of a one-to-one partial re-
cursive function p (x) such that

(22) & < domain (p), p(®") < 8" and p@”) | 6t — p().

We shall prove the existence of a one-to-one correspondence z <> g(z) which
associates with each member z of §~ a member g (z) of 8" in such a manner that

(2.3) given z we can effectively find g (2) and vice-versa, and
(24) g@) 8" —g@).

This will complete the proof by Proposition 1 of [6].

The description of the correspondence z <> ¢ (2) requires the following series
of definitions.

Let ¢, g2 and r be regressing functions of a,, b, and u, respectively. Let
¢ be any finite subset of j (e, 8). Define

o= (k@) [zes}, = {@) [z}

Let {1 = {aiw , @i, + , Gie} and §2 = {bjny, ++ , bi(n} wherei(1) < 4(2) <
e <i(s)and j(1) < J(2) < -+ < j(b).
Define

P() = {j(a:, b;) |4 <i(s) and j <j@)},
RE) = {*((a:, b)) |aiess and bjefn and keel,
B(¢) = P(R(F)), Bu(t) = Uin B*(5).

We note that { C B, (¢) and that B (¢) € B (¢) for ¢ > 1. Tt is clear
that given ¢ we can effectively find B*(¢) forany ¢ > 1. Thus B,({) isanr.e.
subset of the isolated product set j (e, 8). It follows immediately that given
a finite set ¢ we can find B,(¢) by generating the sequence of sets B({),
B(¢), - - - until a repetition appears. Furthermore, the definition of P yields
the existence of a pair (ax, b;) e By ({) such that

(25) Bi(¢) = {j(a:, b)) | G,5) < (&, D}
We now define sequences of sets {S.} and {W,} as follows:
8o = By({j (a0, bo)}),
Sunr = Ba(Sa u {j(ax, bn)})
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where j (ax, bn) = u:and ¢ = (uy)[uy ¢ Sxl,
Wo = S, Wotr = Sar — Sn,
Wa = {G,7) e, b;) e Wa}.
Clearly given any member of W, we can use the given regressing functions
to list the sets S, - - - , S, and thus obtain Wy, Wy, «++, Wa, Wo, +++, Wa.

We note that by (2.5) and the definition of W,y1, for each n e € there exist
numbers m, p, k, I such that (m, k) < (p, ) and

Worr = {G,5) | G,§) < (0, 1) and (G, 4) £ (m, k)}.
Hence by Lemma 2, for n > 0,

(2.6) D e DFF (G, §) — 2new, DfT (G, 5) 2 0.

For n = 0, the left-hand expression in (2.6) is merely a member of the range
of the recursive f(z, y). Hence (2.6) holds for all » € ¢.

We now define the correspondencez <> g(2). Letzeé~. Letn betheunique
number such that j (k1 (z), k2(2)) ¢ W, . Define

vi = Ugpei, ds (@i, b, »(DFT (G, 5)))
vs = U pew, Js(ai, b, v(Df (3, 4)))

Letan << - <canddy < dp < -++ < d, be finite sequences which array
in increasing order all elements of the sets y1 and vz respectively. By (2.6),
s>t Pairc;withd;,2=1,---,t Sincezevys,z = dyforsomek,1<k<t.
Thus 2 is paired with ¢; . Set g(2) = c;. (Note that g(2) € 6", as required.)

That ¢ has properties (2.3) and (2.4) is a consequence of the following ob-
servations. Let y e 67 U 8™ be given. Let j (k1 (y), k2(y)) € Wa. Then we
can find all members of W, , W, , vt and v3, and list all pairs (2, ¢(2)), 2 € v3.
Examination of this list suffices to determine whether or not y e g(6). Fur-
thermore if y € 8~ (y € g (87 )), examination of the list suffices to determine the

value of g(y) (7 ().

LEMMA 3. Let A,BeAr — ¢. If A-BeAgand h(z,y) s a recursive func-
tion such that h(z, y) > O for x, y e, then D a5 h(x, y) € Ag.

Proof. Let a ¢ A and 8 ¢ B. Let a, and b, be regressive functions with
ranges o and (3 respectively. Let p(z) be a regressing function for a, and
¢ (z) a regressing function for b,. Let p*(z) and ¢* (z) be partial recursive
functions such that p*(a,) = n and ¢*(b,) = nforn ee. Let u, be a regres-
sive function ranging over j (o, 8). Define &, = k(u,) and b, = #(u,). Then
J(a, B) = {j(@n, I;n) |n€£}-

Define

Y= U:—O J3 (@ T’n , v[h (p* (@), q* (En))])
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Then v € 24,5 h(z,y). We array the elements of v in the following fashion:

Js(@o, B 0), we e, 35 (@0, Bo, B (0* (), ¢* (Bo)) — 1)
jS(dﬂ)i’nyo) "',js(dﬂ’l;n’h(p*(d”)7 q*(l;,,)) - 1)

78 @1, Bur, 0), +++ , Js(@ns1, Bugr, B(@* @nga), ¢* Bur)) — 1)

It can easily be shown that we can “regress” through this array by proceed-
ing from right to left in each row, and from the (n 4 1)* row to the n™.

TueorEMm 3. Let A, B e Ar — ¢, and let f(x, y) be an increasing recursive
Sfunction. Then
A+ BeAr=f1(4, B) € Ag.

Proof. Observe that the function

h(z,y) = f(@,y) + 2izo 240 Df (3, )
is a recursive function with the property that Dk (z, y) > 0 for all (z, y) € €.
Extending the defining equation of 4 to Az, we obtain
ha(4, B) = fu(4, B) + X (a5 DI (=, ).
By Lemma 2, fo (4, B) € A, and by Lemma 3 D cs41,501 Df " (z, y) € Ag and
(A, B) eAg.
Hence fy (4, B) < h (4, B), and fa (4, B) € Az.
CoroLLARY. Let f(x, y) be recursive and almost increasing. Then
() A+ BeAr=fr(4,B) € Az.

Proof. Let A and B be regressive isols such that A 4+~ BeAr. Let kbea
number such that f(x + k, y + k) is increasing. We distinguish two cases.

Casel. Either A or Bisfinite. Suppose A isfinite. Defineg(y) = f(4,y)
foryee. Then go(B) = fa(A4, B). Since g is a proper specification of f, g is
eventually increasing. Hence by Theorem 4 of [3], fa(4, B) ¢ Ag. The proof
is completely similar if B is finite.

Case 2. A and B are both infinite isols. Let g(z,y) = f(x 4+ k, y + k).
Then fa (4, B) = ga(A — k, B — k). Since g(z, y) is recursive and increas-
ing, Theorem 3 yields A + B e Ar.

Notation. We shall write (z, ¥y) < (2, w) if (&, ¥y) < (3 w) and
@ y) #= (& w).
Lemma 4. Letf(x,y) be arecursive function which ts not eventually increasing.

Then there exist infinite regressive isols A and B such that A + B ¢ Az and
fa(4, B) e A* — A,
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Proof. Since f(x, y) is not eventually increasing, we can effectively generate
a strictly increasing sequence
{(i, miy85,8)|2=0,1, -}
of four-tuples such that for 7 ¢ ¢,
(i, mi) < (80, 8) < (Mipr, mia),  flni, mi) > f(si, 8),
limi,e 7 = limg,o m; = o0,

@.7)

We note that each of the functions n., m;, s; and ¢; is recursive and increas-
ing. We define recursive functions a; and b; as follows:

G = Mo, bo = myg

a = & — Mo, b =t — m

o = Mg — Sp—1, b2.k = Mp — b1
Ooky1 = Sp — M, bowys = b — s .
We note that for & ¢ ¢,
28) m = Ef’-c-o a;, S = s ai, My = N bi, &= Zfﬁtl b:.
For T ¢ Az, we define Ap = Y .pa;and Br = D rb;. Since
Ar -+ Br = D r (@i + b;), Ar + Bre Az for T ¢ Az.
For 7 € ¢, define
Wi={(@y)| @y) < (s,) and (z,9) £ (s, ms)},
So={(@y)]| @y) < (n, m)},
Sinn = {@ y) | @, y) £ (i1, M) and (@, y) £ (54, 4.

We note that the sequence of sets Sy, Wy, 81, W1, - - - is an infinite sequence of
mutually disjoint sets whose union is €?, and that for ¢ e ¢,

SouWou - uWiauSi = {(y)| @y) < (O, m)}
SouWou - uSiuW: = {(@,y)]| @z y) < (s, t)}
We define a recursive function g () mapping € to ¢* by
g(2k) = Lnesy DFG ), 9@k + 1) = Zwnew, DI G, 5).
By (2.8) and (2.9),
2 g(@) = flu,m) = (X ai, Lo bs)

) = fls, te) = FO" @i, Dot bi)

(2.9)

(2.10)

Thus for k ¢ ¢,
2.11) ZLO g(i) = f(zlf-o i, Z’f—o b:).
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By (2.10) and (2.7),fork e ¢,
gk 4+ 1) = f(se, &) — (e, m) <O.

Thus ¢ assumes negative values infinitely often. Extending (2.11) to Az,
we obtain for 7' € Az,

Z:H g@) = fA(ZTH a;, ZT+1 bi) = fa(Ary1, Brpr).

It follows from statement (30) in the proof of Theorem 4 of [3] that there exists
a regressive isol T + 1 such that Y s41 g(¢) e A* — A. Forsuchanisol T + 1,

fa(Arpa, Bry) e A¥ — A,
Whi].e AT+1 + BT+1 € AR .

CoroLLARY. If f(x, y) is a recursive function which is not eventually increas-
ing, there exist recursive functions a, and b, and an isol T' ¢ A such that

faCQoran, Dorbs) e A¥ — A,
TueoreM 4. Let f(z, y) be a recursive function. f has the property
(*) A+ BeAr=f1(4, B) e Ag
if and only if f is almost increasing.

Proof. We have already shown that the second condition implies the first.
Suppose that f is not almost increasing. If f is not eventually increasing, f
does not have the property (%) by Lemma 4. If there is a number k such that
the proper specification f(z, k) is not eventually increasing, by Theorem 4 of
[3] there exists a regressive isol T such that fu (T, k) ¢ Az. Hence f does not
have the property (*). The case in which some specification f(k, y) is not
eventually increasing is handled similarly.

4. Applications

Myhill and Nerode have shown that if ®(x;, ---, 2,) is a quantifier-free
Horn formula built up from equations between almost combinatorial recursive
functionsof 21, - -+ , z, and ®(xy, -+ , 2, ) is true for all natural numbers, then
®(x1, -+, %a) is true for all isols @y, ««+, . [11], [12]. Using this result
and the fact that any recursive function can be expressed as the difference of
two recursive combinatorial functions, one can easily prove the following
proposition,

Prorosition 2. Let A (21, -+, ) be a quantifier free Horn formula budlt
up from equations between almost increasing recurste functions of &y, « -+, Zn.
If A (X1, -+ -, x,) 8 true for all natural numbers, then A (xy, -« -, &,) 8 true for
all tsols @1, ++ -, &y Such that xy + x2 + <+ + o e Ag.

CoroLLARY. LetN(x1, ---,Zn,y) be a quantifier free Horn formula built up
from equations between almost increasing recursive functions of xy, -+, Tn, Y.
If Ay)A(xy, -+, Tn,y) s true for all natural numbers z,, - -+ , x, and has an
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almost increasing recursive Skolem function f (1, + -+ , a), then (Jy)A (@1, -+ -,
X, y) 98 true for all tsols 2y, +++ , Tn Suchthat &y + 22 + -+ + T eAz.

Proof. Immediate from Proposition 2 and the fact that the class of almost
increasing functions is closed under composition. We leave verification of the
latter fact to the reader.

Let pr(n) denote the primitive recursive function which enumerates the
prime numbers in increasing order. J. C. E. Dekker proved in [8] that
X" ™ = X (modpr(n))for X eA,nee. J.Barback has shown in [2] that the
class of all prime regressive isols has cardinality ¢ and properly contains the
class {pra(T) | T € Az}. Hence it is natural to ask if the above congruence
holds if pr (n) is replaced by an infinite regressive prime isol. The following
corollary describes a class of regressive isols for which the congruence is
satisfied.

CoroLLARY. Let A and B be regressive isols such that A + B e Agp. Let
P = pry(B). Then A® = A (mod P).

Proof. Consider the formula
A= @w)ilz+ 1" = wpr@n) + @+ 1)

This sentence is satisfied by all z and #» in ¢ and has the recursive increasing
Skolem function

pr(n) __
Wz, n) = (x4 1) =0 (x4 1) .

By the previous corollary ¥ is satisfied by all A, B e Az such that A + BeAz.
This completes the proof in case A £ 0; if A = 0, the congruence is clearly
satisfied.

J. Barback has shown in [2] that there exist A, B ¢ Ag such that

miny (4, B) £ A + B,

but that the restriction A 4+ B ¢ Ap is sufficient to guarantee that
min, (4, B) < A 4+ B. The following proposition shows that this restriction
is not sufficient to guarantee that miny (4, B) < maxa (4, B).

Prorosition 3. There exist isols A, B such that
A+ BeAr and miny (4, B) £ maxa (4, B).
Proof. Let g(x,y) = max (z,y) - min (z,y). Then the identity
(%) minay (4, B) + g» (4, B) = max, (4, B)

holdsin A* for A, Be Ax. However g (x, y) is not eventually increasing. Let
A, B ¢ Ay be such that

A+ BeAr and ga(4, B) e A* — A,
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Since A + B e Az, both min, (4, B) and max, (4, B) are regressive. By the
identity (), minx (4, B) £ maxs (4, B).

By the corollary to Lemma 4, Proposition 3 may be strengthened as follows.

ProposiTioN 4. There exist recursive functions a, and b, and a regressive

280l T such that

miny (ZT Qn ET b.) £ maxy (ZT n ZT bn).
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