THE CYCLOTOMY OF FINITE COMMUTATIVE P.L.R.'s

BY
PuiLip C. Kutzko!

Introduction

In recent years the term “cyclotomy” has been used to refer to various struc-
tures bearing only formal resemblance to the structure of nth division points on
the circle whence the term derives [3], [7], [15]. Thus there is discussion of the
cyclotomy of finite fields [9] or of “Galois Domains™ [15] or even of Klooster-
man or hyper-Kloosterman sums [11], [12]. It is the purpose of this paper to
provide a unified theory of cyclotomy which will include the examples given
above as special cases.

Following an approach used by Hall [9] we discuss in Sections 1-3 the
conjugacy class structure and representations of finite split metabelian groups
and under certain restrictions describe a certain duality between the classes and
representations. In Section 4 we consider the group which is the split extension
of the additive group of a finite commutative principal ideal ring by its group
of units, the action being that of multiplication, and by applying the theory
developed in Sections 1-3 are able to define generalized cyclotomic classes,
periods, and numbers for the ring in question. In Section 5 we utilize the theory
of finite dimensional Fourier transforms to generalize the classical Gauss and
Jacobi sums and prove appropriate theorems concerning them. In Section 6.1
and Section 6.2 we compute the cyclotomy of a finite field and of a “Galois
Domain” and show that our definitions coincide with those usually given.
Finally, in Section 6.3, we show that by considering the cyclotomy of the ring
which is a direct sum of n-copies of a given finite field we may determine the
“cyclotomic” properties of Kloosterman and hyper-Kloosterman sums alluded
to in [11] and [12].

We assume throughout a knowledge of the elementary properties of complex
characters such as may be found in Chapter 1 of [5].

1. Preliminaries

All groups discussed will be finite and all characters will be complex. Unless
otherwise noted, 4 will denote a multiplicatively written abelian group and G
will denote a multiplicatively written abelian group of automorphisms of A4.
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The action of G' (or more generally the integral group ring ZG) on A4 will be
written exponentially as will group conjugation. If ¢ is an element of ZG we
write 4% and A, for the image and kernel of o respectively. We denote the semi-
direct product of 4 with G by 4 and we shall identify 4 and G with subgroups
of 4 so that we may write ¥ = AG.

If Cis a G-orbit in 4 then, since G is abelian, the stability subgroup in G of
an element of C will be independent of the element chosen, depending only on
C. We denote this stability subgroup by T, and write I for the subgroup
AT of 4.

Now let 4 be the complex dual of A. Then there is a natural action of G on
A given by y°(a) = Y(a°) for y in 4, ¢ in G. As above, if C is a G-orbit in 4
we write Ty for the stability subgroup in G of any element of C and write s
for ATg.

For an arbitrary group K with subgroup H we shall denote by ( , )¢ and
( , )g the usual Hermitian inner product of complex valued functions on K
and H respectively. For class functions u on H and y on K, p* and x|y denote
respectively the class function induced by u on K and the restriction of x to H.

2. The characters of 4

We now describe the irreducible characters of 4. Since this description is,
except for notation, identical to that given in Section 8.2 of [14], proofs are
omitted and the reader is referred there for details.

To any G-orbit € in A we associate a set of characters ch(C) of ¥ as follows.
Let { be any character in C and define the complex function 7, on J¢ by
ny(at) = Y(a) for ain A4, t in Ts. Then 7, is in fact a homomorphism. Let w
range through Tz and view o as a character on 7 ¢. Then by ch(C) we mean the
set of characters (wn,)?. It may be shown that if ¢ is any other character in C
then (wn,)? = (wn,)? for w in Tg. Thus ch(C) is well defined. In particular,
the character (1,)® depends only on C and we denote this character by xe.
Finally we have:

PROPOSITION 1. The characters constructed above are all irreducible and in
fact the set of irreducible characters of 9 is the disjoint union of the sets ch(C)
where C ranges over all G-orbits of A.

3. Conjugacy classes of

In this section we give a description of the conjugacy classes of ¢ which is in
some sense dual to the description given in Section 2 of the irreducible charac-
ters of 4. In order to do this we must first place a restriction on the pair (4, G).

DEFINITION 1. We say that the pair (4, G) is admissible if for each o in G there
exists f, in Homg (4, A) such that Im (1 — ¢} = ker f, and ker (1 — 0) = Im f,.
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We assume from now on that (4, G) is admissible and that the maps f, have
been fixed with f; = identity.

LeMMA 1. Let C be a G-orbit of A and pick ¢ in G so that C = A,_,. Then
the set f;1(C)o is a conjugacy class of 4. Conversely, each conjugacy class of G
is in the form f; *(C)o with C and ¢ determined by the class.

Proof. Let 6, and o, be elements of G and let a, and a, be elements of 4.
Then a,0, and a,0, are in the same conjugacy class of ¢ if and only if there
exist elements 7 in G and b in A4 such that

bta,o, = a,0,bt
or equivalently such that
6, =06, and a, = a}bl™*

Our result now follows easily.

DEFINITION 2. We denote the conjugacy class f; (C)o described in Lemma 1
by (C, 6). We note that C = (C, 1).

We put a further condition on the pair (4, G) which will suffice to introduce
a certain symmetry into the character table of 4.

DEFINITION 3. We say that A is a symmetric G-module if there exists a non-
degenerate balanced symmetric G-map from 4 x A into the multiplicative
group of the numbers, C*.

We now assume that 4 is a symmetric G-module and denote the balanced
symmetric G-map by [ , ]. We note that by definition [ , ] has the
following properties:

(1) [a,b] = [b,a] fora, bin A.

2 [a,a,, b] = [ay, b][a,, b] for a;, a,, bin A.
3 [a%b] = [a,b”]fora,bin 4, ¢in G.

4 [a,b] =1forallbin 4 if and onlyifa = 1.

We note that we may identify A4 with 4 as G-modules by at—> [ , a]. We
make this identification for the remainder of this paper and henceforth write
ch(C) for ch(C), y. for yg, etc.

LeMMA 2. Let C, and C, be G-orbits of A. Then

C
1e(Cy) = by e
Gl

where by yc,(C,) we mean the value which yc, takes on any element of C,.
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Proof. Let a; be an element of C;, i = 1, 2. Then by definition,
1

C,) = al, a

Xci( 2) Ig'cll v;g[ 2 1]
1

= — as, a

T, ,iz.:‘e[ $ail
|C1| g
= — a3, a
G a%‘,a[ %, a4]

Similarly,

C
1€ =Sl 3 (a8, 0]
IGI ginG

The result now follows from the properties of [ , 1.

DEerINITION 4. Let C,, C,, and C; be G-orbits in 4. Then by ¢(C;y, C,, C3)
we mean the number of pairs (x;, x,) in C; x C, such that x,x, = a; for
some fixed element a; in C;. This number is clearly independent of the element
a; chosen. By ¢(Cy, C,, C;) we mean the inner product (xc,, Xc,Xc,)s-

PROPOSITION 2. Let Cy, C,, and C; be G-orbits in A and write T, for Tc,,
i=1,2,3. Then
| T

¢(Cy, Cy, C3) = ——m———r
(Cy, C3, C3) T, AT, o T

e(Cl’ C2’ CS)

Proof. yc,is 0 off ¢, Also yc(at) = yxc(a) for t an element of T;.
Therefore

A 1 — 3
UCy, €y, Cy) = i Zg Xe:(Nxe(Nkes(v)
Y 1in

1 —
= — Z Xcl(at)XC2(at)XC3(at)
19| i
TinT2nT3,
ain A
_ I AT, T
1%l

T,nT,nT,
= IlLI{;I.___Z‘l ZC: IC1xc,(Cxe(Ctes(C)

where this last sum is taken over all G-orbits C of 4.
On the other hand,

.,E‘A 2 (@xc,(@)xc,(@)

_ 1G4 1G] ¢ HCIACIA(C5)
c(Cy, Cy, C3) = 9] ; «D)
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where the sum is taken over all irreducible characters y of G. We fix a G-orbit C
of A and sum first over ch(C). x(C;) does not depend on the character y chosen
in ch(C); in particular y(1) = |C| for all such characters. Since there are
|Tel = |G|/|C| characters in ch(C) we obtain

161

«(Cy, Cp, C3) = M Z 2 Xc(CDxc(C2)xc(Cs).

gl ©I|C|
By Lemma 2, this last sum is equal to

S I (& X (ST ()
19| ©

which establishes the result.

4, The cyclotomic group of a P.I.R.

DEerFINITION 5. Let R be a finite commutative Principal Ideal Ring and let G
and A4 be the group of units R* and the additive group R* of A4 respectively.
(We now write A additively.) Let G act on 4 by ring multiplication. Then the
group ¥ = AG is called the cyclotomic group of R.

LemMA 3. If G and A are as above then
(1) (4, G) is admissible, and
(2) A is a symmetric G-module.

Proof. (1) Letu be a unit in R and let I = (a) be the annihilator in R of
1 — u. Then viewing multiplication by a as an R*-homomorphism of R*, we
see that im a = ker (1 — ). But im (1 — u) is contained in ker a so by a
simple index computation, im (1 — u) = ker a.

(2) We may write R as a direct sum of primary P.LR.’s [20]. Let R, be
one such summand and let J be its unique minimal ideal. Then since C* is a
divisible group we may take some non-trivial character of J* and extend it to a
character on RJ. Taking the product of one such character for each primary
summand of R we obtain a character & of R* which cannot contain any non-
trivial ideal of R in its kernel. Define the pairing[ , ] by [a,, a,] = d(a,a,)
for a, and a, in R. Then [ , ] is clearly a symmetric balanced map on
R* x R* and it is nondegenerate since [R*, a] = 1 implies that 4(aR) = 1
so that a = 0.

Now take G and A as above and let H be a subgroup of G. It is clear that the
conclusions of Lemma 3 hold for the pair (4, H). The set of H orbits of A
which are contained in the subset G of A are precisely the cosets of H in G.

DEFINITION 6. (a) With notation as above, we write C, for the coset of H in
G corresponding to the element ¢ in G/H. Given elements ¢ and © of G/H we
write (o, t)y for ¢(C,, C,, C,) and call the numbers (o, 1)y the cyclotomic num-
bers of R with respect to H.
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(b) We write g, for the character x¢_, o an element of G/H. We write #, for
%1(C,) and call the complex numbers 7, the cyclotomic periods of R with respect
to H.

We note that ¢(C,, C, C,) = &C,, C, C,) = (6™, ut™!)y and that
%:(C.) = 1,.. It is immediate from this that (¢, 1)y = (67!, 167 !),4 and that
(0, ©)g = (179, 67o)y Where 7, is the unique element of G/H such that —1 is an
element of C,.

We conclude this section with a general result which will prove useful later.

LEMMA 4. Let K be a group, let 4, [, ..., [, be the conjugacy classes of
K and let xy, X35 - - - » Xn be the irreducible characters of K. Write x([_;) for the
value of y; on any element of [_; and write f; for the value of X; on the identity
element of K. Let w;; = |C;lx;(C)/f;. Let cyj, be the number of pairs (x;, x;)
in [C; x [C; which are solutions to x;x; = c, for some fixed element ¢, of k.
Let W be the matrix (w;;), V; be the matrix (c;j,), and write E, for the diagonal
matrix whose (j, j)th entry is w;;. Then W™ 'V,W = E, fori =1,2,..., h.

Proof. This result is well known and follows, for example from Section 33
of [2].

COROLLARY. In the notation of Section 3 above, let C,, C,,..., C, be an
enumeration of the G-orbits of A. Let X be the matrix (xc(C))), let U, be the
matrix (¢(C;, C;, Cy)) and D; be the diagonal matrix whose (j, j)th entry is
Xc(C;). Then

X 'UX=D; fori=1,2,...,5.

Proof. Let C4,..., [, be an enumeration of the conjugacy classes of ¥
suchthat [C; = C;,i = 1,2,...,s. Then V, has the form

U, 0
0 /)

In addition w;; = ICi|Xc,(Ci)/fj = Ici|Xc,(Ci)/|Cj| = xc(Cpfori,j=1,2,...,s
by Lemma 2. The lemma now follows.

5. Fourier transforms

In this section analogues to the classical Gauss and Jacobi sums (see [3] for
definitions) will be developed for P.I.R.’s by means of Fourier transforms on
finite groups (see [10] for a discussion of Gauss sums over finite rings). As in
Section 4, we let R be a finite commutative P.L.R. and denote by [ , ] some
pairing of R* x R™* into C* constructed as in Lemma 3.

Identifying R* with its complex dual by means of [ , ] we may define the
Fourier transform f of a complex function f on R by

f@ = Y f(b)b,a] forallain 4.
binR
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A knowledge of the elementary properties of the Fourier transform will be
assumed in what follows. (See [19] for example.)

DErFINITION 7. Let n be a character on R*. Then = is said to be primitive if
there is no nontrivial ideal I of R for which (1 + I) n R* < ker =.

It may be remarked that primitive 7 exist and that their existence may be
shown by an argument similar to that of Lemma 3, part 2.

Given any character of R* we will view it as a complex function on 4 by
defining it to be zero on nonunits.

LEMMA 5. Let n be a primitive character on G. Then & = n~'#(1).

Proof. First, let a be a unit of R. Then
#a)= T ab)[ba]= T =®)b,a]

bin

= n"Y(a) Z ) n(ba)[ba, 1] = =~ ' (a)f(L).

binR

Now assume a is a nonunit, let I be the annihilator of @ in R and let H =
(1 + I) n R*. Then H is not trivial by the Chinese Remainder Theorem and

(a) = Z (b by)[1, bya]

by inH,
b2 inR*/H

= Z n(by)[1, bya] 2 n(b,)
b2 inR*/H byinH
=0
since 7 is primitive. Thus again we have # = 7~ 14(1).

DEFINITION 8. By analogy to the classical gamma function (see footnote on
p. 144 of [8]) we define the function I" on the primitive characters of R* by
T(w) = #(1).

We note that by Lemma 8, # = n~!I'(n).
LemMa 6. T(@mI'(z~!) = |R|n(-1).
Proof. n = n~'I'(r). Hence by Fourier inversion
IRIn(= 1) = #* = aD(m(r"Y).
The result now follows.

We recall that if the convolution of two complex functions fand g on R is
defined by f * g(a) = Tyinr f(B)9(@ — b) then (f+ 9)* = fo 4.

LeMMA 7. Let n,, m,, ;, T, be primitive characters on R*. Then

Ty % My = (ny * mp())mym,.
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Proof. As in the proof of Lemma 5, we first let @ be a unit of R. Then

ny * my(a) = mmy(a) b§R ny(ba™Hn,(1 — ba™?)

= mmy(a)my * my(L).
Now take a a nonunit and define H as in Lemma 8. Then
Ty oxmy(a) = Y . ny(b)my(b(ab™! — 1))

binR

Yy ) nymy(b)my(ab™t — 1)

bin R

Y mmy(bymy(ab;t — 1) Z 17(by)
byinH

b2 inR*/H in

= 0.

I

DEerINITION 9. By analogy to the classical beta function, we define the
complex function # on pairs of primitive characters by f(n;, #,) = m; * m,(1).

LemMma 8. Let n,, m,, m,7, be primitive. Then

L(m)T(m,)

By, o) = )
172

Proof.
T(r)(m)ny 'ny b = Ryfty = (my * 1) = (my7)" B(my, )
= [(rym)(my7m0) " By, 72)
COROLLARY. |B(ry, 7,)|?> = |R|.

Now let us consider a subgroup H of R*. If there exists a nontrivial ideal 7
of R for which (1 + I) n R* is a subset of H, then the cyclotomy of R with
respect to H may be determined by considering the ring R/I as is easily seen.
Thus we may assume that H contains no such subset and we shall call such
subgroups primitive. Let H* be the subgroup of characters on R* which are
trivial on H. Then it is clear that there are primitive characters of G contained
in H*,

PROPOSITION 3. Let mq, Ty, m, 7, be primitive characters of R™ contained
in H. Then

B(nls 7'52) = E 7!1(0')772(1)(0', T)H'

g,tinR*/H

Proof. We have that
I(n)(n,) = Z “m 71(0)mo (NN,

o,tinR
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since m,, 7, are in H*. Now

oM = X(Cx(C1)
= Y (ou" tu Haxl(Cy) + ;(x, XoX)X(C1)

winR*/H

(op™ ' ™ Dpn, + S

pinR*/H

where y in the sum S runs through all irreducible characters of # except for
the characters y, with pin R*/H. Furthermore

s =Y Hyc,, c, oycy)
¢ |C|

= ; ¢(C,s Coy Chyc(Cy)

where C runs through all H orbits of R* consisting of nonunits. Therefore

I'(z)(x,) = ) t'nZR"/H 7'51(0')752(‘5)(0'#_1, T/"-I)Hﬂ,,
+ . ti;{x/ﬂ 71(0)(1)e(C,, C,y Cxc(Cy).

Let v = ¢~ 7 in the second sum so that that sum becomes

'ZR"/H 71'17'52(0')752(\’)6'((:,, Co'v’ C)XC(CI)

Fix C to be an H-orbit in R* composed of nonunits of R and fix a in C. For
each H-orbit C, of R™, fix some element x, in C,. Then ¢(C,, C,,, C) is the
number of pairs (h,, 4,) in H x H which are solutions to

hix, + hyxy, = a.

This equation has the same number of solutions as 43 + A,x, = ax,-:. Letl
be the annihilator of a. Then the image of (1 + I) n R™ under the natural
map of R* onto R*/H is a nontrivial subgroup of R*/H and we have shown
that ¢(C,, C,,C) viewed as a function of ¢ is constant on cosets of this subgroup.
Thus since 7,7, is primitive, the second sum above is 0. Therefore,

I'(n)(n,) = ”% o/ 7t1("')“2("-')(0'!‘"1, ™o 1)H"Iu

Z n(0)ma(7)(0, Dy ; ”17"2(#)'7;4

T

= Z n1(0)m,(1)(0, Tl (7 ;).

Thus f(n,n;) = X, n1(0)m2(2)(0,0)g.
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6. Computations and examples

Let R;, i = 1, 2 be finite commutative P.LR.’s and let R = R, @ R,. Then
if 9,,i =1, 2 and ¢ are the cyclotomic groups of R;, i = 1, 2 and R, we see
that ¢ is canonically isomorphic to 4; x ¢,. We use this isomorphism to
identify ¢;, i = 1,2 with subgroups of ¢ and this identification identifies
R}, i=1,2and RY, i = 1,2 with subgroups of R* and R* respectively in
the usual way. If H;is a subgroup of R, i = 1,2and H = H,H, isviewed as a
subgroup of R* then R*/H is canonically isomorphic to R;/H, x R}/H, and
again we use this isomorphism to identify R;/H;, i = 1, 2 with subgroups of
R*/H.

LeEMMA 9. With notation as above let ¢ be an element of R*|H and write
6 = 6,0, witho,in R[H;,i = 1,2. Let 3# be the subgroup R*H of 4. Then if
the characters y,, of H;, i = 1, 2 are viewed as characters on H#, Y, = Xg,Xo,-

Proof. This lemma follows from the fact that induction of characters com-
mutes with direct products [2, 43.2].

COROLLARY. Let o, t be elements of R |H and write 6 = 6,06,, T = 7,1,;
0y, T in R [Hy, i = 1,2. Then (0, Ty = (64, T1)n,(02, T2)u,-

We now fix R to be an arbitrary finite commutative P.I.LR., let H be a sub-
group of R* and let K be a subgroup of H. Pick coset representatives
64,05, ...,0,0f Hin R* and 7, 1,,..., 7, of Kin H. Then as is well known
the elements o;7; form a complete set of coset representatives of K in R*.

Lemma 10. (04, 6))g = Yi-1 2ik=1 (01T, 0 Tk

Proof. Since fori,j = 1,2,..., s, the cosets Ha;, Ho; are respectively the
disjoint unions of the cosets Ko7y, k = 1,..., t and Koj7;, [ = 1,..., t, the
result follows from Definition 6.

Now write R as a product of primary rings R;, i = 1,2,..., s and let H;
be the image in R of H under the natural map. Then letting K = [];-, H;
viewed as a subgroup of R*, it follows from Lemmas 9 and 10 that to determine
the cyclotomic constants of R with respect to H it is sufficient to know the
cyclotomic constants of R; with respect to H;fori =1,2,...,s.

6.1. Primary rings

Let ¢ = p" where p is an odd prime and let F, be the finite field of g elements.
Let Tr be the trace mapping from F, to Fp. Then we may define a nondegenerate
symmetric balanced map [ , ],fromF, x F,to C* by

[a, b], = exp (27:1’ Tr (ab)>.
p
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For the remainder of this paper it will be implicit that [ , ], is to be used
whenever the cyclotomy of F, or of some ring of which F, is a direct summand
is discussed. We note that F; is cyclic of order ¢ — 1 so that we may pick a
generator g of F.

If H is any subgroup of F then there is a divisor e of ¢ — 1 such that H
consists precisely of the elements 1, g°, g*¢,..., g¥ "¢ where f = (g — 1)/e.
Thus we may pick the elements 1, g, ..., g°~! as coset representatives of H in
F;. If we now define (i, )., 1;, and C; by G, j)e = (9", ¢)u> 1 = Ny, Ci =
then it may be seen [9] that (i, j),, n;, C; are just the e-cyclotomic numbers,
periods, and classes as they are usually defined. Furthermore, the I" and g
functions defined in Section 5 correspond exactly to the classical Gauss and
Jacobi sums and the results of Section 5 provide an exposition of the properties
of these sums. The techniques of Section 5 may also be applied to provide a
proof of a result due to Jacobi which appears to be considerably simpler than
the proof usually given.

LemMma 11.  Letp # 2, let m, be the character of F; defined by mo(g) = —1
and let 7 be any character of ¥ except for n, and the identity character. Then

T(ny)[(n?) = n(@I(n)[(nr,).
Proof. By definition
B(m, mo) = Z mo()n(l — x).

inF

Since

we see that
B(m, mp) = Y, w(l — x?).
Lety = 3(1 + x). Then
B(m, mo) = Y, m(2y(2 - 2y))

yinFg
= m(4) yi;F ()l — y) = ©(@P(x, 7).
Therefore, by Lemma 8,
L(m)I'(mo) _ I(mI'(r) 2y _
Ty (4) ———— T or I'(m)I'(n*) = n(HI' (W (nmo).

We note that this proof is a step by step imitation of the proof of an analogous
result for the I'-function of a locally compact field as given in [8, p. 155].

The corollary to Lemma 4 may be applied to yield a form for the cyclotomic
“period equation.”
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LEMMA 12. The polynomial T14Z8 (x — n;) is the characteristic polynomial
of the matrix A = (a;;) where a;; = (i, j)e — f0;,5, ,j=0,1,...,e — L.
Here, iy = Oifeisodd, i, = e[2ifeis even, and §, ; is the Kronecker delta.

Proof. Since —1 = g@~1/2 it is clear that ¢(Cy, C;, {0}) = f9;,;, and that
c(Cy, {0}, C;) = d,;. Let B be the (e + 1) x (e + 1) matrix where b;; =
G fe 5,7 =0,1,...,e = 1; by, =f0;,;, i=0,1,...,e; b, ;= 6,j, ] =
0,..., e. Then by Lemma 4, B has eigenvalues ¢, 11, .. .5 fle—1, J-

Now let I, be the # x ¢ identity matrix, let x be an unknown, let R be the
1 x e matrix all of whose entries are f — x, and let S be the e x 1 matrix
whose ith row is f9; ;. Then since
e—1
e(Co, {0}, C) + Y ¢(Co, C;, C) =f forj=0,1,...,e~1,
i=0
we have
G, Jj)—xI.) S
B — xI, =
| ol k0D

= (= x4 - xIL|

so that A has precisely 7o, %1, - . . , -1 for its characteristic roots.

We note that Lemma 4 states that the e x e matrices B, = (b¥) with
bg‘) =(—kj—Keoij=01...,e—1;b, =f6i,k+io9i= 0,1,...,e;
by =0, j=0,1,...,e may be simultaneously diagonalized for k =
0,1,..., e — 1. By taking products of matrices B, B;, diagonalizing, and taking
traces on both sides, one obtains quadratic equations in the cyclotomic constants
which provide an alternate means of deriving explicit formulae for these con-
stants at least for e = 3, 4. Since it is known [18] that such quadratic equations
cannot suffice to determine the constants (i, j), for example, it may be con-
jectured that the cubic relations determined by diagonalizing products of the
form By B,B,, may provide the missing data.

Next, let R be a primary finite commutative P.I.LR. and let P be its prime ideal.
Then R/P is a finite field and hence the cyclotomy of R with respect to a given
subgroup H may be determined as in the discussion above if H contains 1 + P
as a subgroup. On the other extreme, if H is primitive, it appears to be a difficult
matter to obtain any explicit formulae.

Even the simplest case, R = Z/p*Z, H = GP? involves solving the congruence
x? + 1 = yP (mod p?) which plays an important role in the history of Fermat’s
theorem? [13].

_|@a-x1) s
B 0 f—x

6.2. Galois Domains

In [15], the phrase Galois Domain is used to describe those finite commuta-
tive P.I.R.’s all of whose primary summands are fields. In this and later papers

2 The author wishes to thank Morris Newman for his correspondence on this matter.
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[16], [17], the cyclotomy of a Galois Domain is determined with respect to a
cyclic subgroup of the units whose generator is a product of generators of the
groups of units of the primary summands. The major result in these papers is
seen to follow immediately from Lemmas 9 and 10.

PROPOSITION 4 (Storer). Let R; = F,,i = 1,2,..., n where the numbers q,
are powetrs of distinct primes and are of the form q; = ef; + 1 for fixed e with the
numbers f; relatively prime in pairs. Let g; generate the group of units of R;. Let
R=R ®R, D -®R,andletg =T]g,in R*. Let H = (g). Then:

(1) The elements T1i-, 95 s; =0,1,...,e — 1 form a complete set of
representatives of the cosets of H in R™.

2) Ifgiven (n — 1)-tuples (s), (t) we write ((s), (¢)) for

n n
Si t
(Bz ot I1 g,)H

e—1e—1 n
@) = T 5 GO TG+t + B

then

where ( , )V is an e-cyclotomic number for R,;.

Proof. The proof of (1) consists of a straightforward calculation as does
verification of the fact that the elements g/,j = 0, 1, ..., e — 1 form a complete
set of representatives for the cosets of G° in H. Since G° is precisely the sub-
group [T H; described in the discussion following Lemma 13, the result now
follows from Lemmas 9 and 10.

6.3. Kloosterman and hyper-Kloosterman sums

Let g be a prime power and let R = F, @ F,. We write elements of R as
pairs of elements in F,. Let H be the subgroup of R* consisting of pairs (a, b)
with ab = 1. Then the elements (1, ) u in F; form a complete set of repre-
sentatives of H in R* and we write <u, v) for ((1, u), (1, v)) .

DerINITION 10.  For u in F/, let K(u) be the Kloosterman sum

T exp (2m Tr (x + u/x)).
xinFg* D

ProPOSITION 5. (1) <u,v) = 1 + 7o((u — v)> — 2(u + v) + 1) where =,
is defined as in Lemma 11 and is extended to F, by letting 14(0) = 0.

)] Na,w) = K(u).

Proof. {u, v) is equal to the number of solutions to (x, x~) + (y, up~!) =
(1, v) for x, y in F). Thus we have x + y = 1 and x™! + up™! = v so that
{u, v) is seen to be the number of solutions to

vx2 +uw—v—Dx+1=0;
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thatis<u, v) = 2, 1, 0 according to whether (¥ — v — 1) — 4v = (u — v)? —
2(u + v) + 1is a square, is equal to 0, or is a nonsquare.
Let (4, ;) be the character on R* identified with (1, 1) (see Section 3). Then

Na,u) = Wﬁ, 1)(1, u) = 2 ET:’;;I)(I, u)

xinFg*
; -1
- exp(2mTr(x+ux ))
xinFg* P
= K(u).

Proposition 5 may be used to give character-theoretical proofs for the “cyclo-
tomic” properties of Kloosterman sums described in [11]. As an example we
prove:

PROPOSITION 6 (Lehmer).
1 Y K@WK(ew)=q?6,.—q-1

uinFg*

@ Y K@K(uwK(du) = ¢*¢c,d) — q* +2¢ + 1.

3) Y K@K cu) = ¢3(1 + 8;,0) — Q2 + mo(e)) — 3¢ — 1.
uinFg*

Proof. (1) Let C4, o, (respectively Co, 1) be the H-orbit of R™* consisting
of the elements (u, 0) (respectively (0, #)) with u in F;. Then since y, ,, is real,

51,c = (X(1,1)a X(1,c))x’
1
= |—9?||: Zr . IC(1,u)|’7(1,u)'1(1,cu) + |C(1,0)|(X(1,1)(1, 0))(%(1,c)(1, 0))
+ [Coo, 1l (Xc1, 1HO0s D)1, (0, 1)) + (Xa, 150, 0 (1, (05 0))] .

Now x1,,((1, 0)) = x1,5((0, 1)) = —1for u in F as is easily seen. Thus
9 g = Dé,e=(@-1 Y K@K (eu) +2q = 1) + (g - 1?

so that vt

Y KWK(cu) = ¢%*6,,,—q — 1.

uinFg*
2 (e d)= X1, ays X(1,1)X(1,c))
1
= TR [(q -1 “igqx K (u)K (cu)K (du)
—2g -1+ (- 1)3]

sO

¥ K@K (cu)K(du) = qg*{c,dy — q*> +2q + 1.

uinFq
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(3) Using the results of Sections 3—4 it is seen that
o= % Luc™Hra,w + ¥,0
uinFg*
where o, o) is the identity character on R*. Therefore

(X(l,l)a X(1,1)X(21,c))af = Z <1, “C_1>(X(1,1), X(1,1)X(1,u))

uinFg*
+ (@ = DUa, 1y Xa, 1))
= Y (Qu")Wl,u) +q -1

winFg*
Now {1, uc™) = 1 + mo(u(u — uc)) so
Y QueDHQ,uy=p—1+ Y moum—4))+ Y ) no(u(u — 4))

u in Fg* uinFg* uinF
q q q

+ Y mlu — Hu — 4c)

uinFg*
=q—1"‘1—1+q51’c'—1—ﬂ0(0)

(see [15, p. 58] for such computations.)
Thus we have

2 + 64,09 — 5 — mo(©) = (Xx, 1y X(1,1)X(21,c))x’

- q’(ql— 1) [(q - % K@K

LA - 1)+ (g - 1)4]

or
Y, K*wK*(cu) = ¢°(1 + 8;,0) — ¢*Q2 + 7o(e) — 3g — D).

uinFg*

In addition we obtain the following formula which may be of interest.

LemMma 13.
e—1 f-1 . ;
(S’ t)e(i - S,j - t)e = Z <gt+eu’ g1+ev> fOT l,] = 0’ 1:~- .y € — 1.
5, t=0 u,v=0

fori,j=0,1,...,e — 1.

Proof. Let G, be the subgroup of R* consisting of all pairs (a, b) such that
ab is an eth power in F,. Then (R*G,) = e and we may take elements
1,95 i=0,1,...,e — 1 as representatives of G, in R*. By Lemmas 9 and
10 we have

e—1
((la gi)9 (1’ gj))g. = . t2=0 (Sa t)e(i - S,j - t)e'
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On the other hand we also clearly have
. At S
(1, ¢ (1, g))e, = . (gt g’te).
U, v=
As in Section 6.1, Lemma 4 may be utilized to obtain a “period equation”
for Kloosterman sums. As the matrix manipulations are similar to those in the
proof of Lemma 12 we merely state the result.

LemMA 14. The equation (x + 1) [1521 (x — K(u)) is the characteristic
equation for the p X p matrix A = (a;;) where a;; = <i,jy — (p — 1)d,,; for
ihj=1,2...,p — 1, wherea;, = —p— l,a, = 1,i=2,3,...,p and
where a,; = 2(1 — 6,p),j=1,2,...,p — L

We now comment briefly on hyper-Kloosterman sums.

DEerINITION 11, For u in Fj let K, (1) be the n-dimensional hyper-Klooster-
man sum

S exp (2m' Tr (S, x; + uTTle, % ‘))
P

where the sum is over all points (x;) with x; in F;, i=1,2,...,n We note
that K(u) = K (u).
If we define R, to be the ring which is a direct sum of n + 1 copies of F, and

if we let H, be the subgroup of R, consisting of all (n + 1)-tuples (x) such that

"t1x; = 1 then exactly as in Proposition 5 we obtain:

PROPOSITION 7. 71, 1,...,s = K,1).

We remark that an application of the general theory to the ring R, will suffice
to determine those properties of the hyper-Kloosterman sum that have been
called “cyclotomic.” For specific properties see [12].

REFERENCES

1. B. G. BAsMAIL, Monomial representations and metabelian groups, Nagoya Math. J., vol. 35
(1969), pp. 99-107.
2. C. W. Curtis AND 1. REINER, Representation theory of finite groups and associative algebras,
Interscience, New York, 1962.
. L. E. DICKSON, Cyclotomy, higher congruences, and Waring’s problems, Amer. J. Math.,
vol. 57 (1935), pp. 391-424.
, Cyclotomy and trinomial congruences, Trans. Amer. Math. Soc., vol. 37 (1935),
pp. 363-380.
. W. Fert, Characters of finite groups, Benjamin, New York, 1967.
. P. X. GALLAGHER, Group characters and normal Hall subgroups, Nagoya Math. J., vol. 21
(1962), pp. 223-230.
7. C. F. Gauss, Disquisitiones arithmeticae (translated by A. S. Clarke), Yale Univ. Press,
New Haven, 1966.
8. I. M. GEL’FAND, ET AL, Representation theory and automorphic forms (translated by K. A.
Hirsch), Saunders, Philadelphia, 1969.

w

(<



THE CYCLOTOMY OF FINITE COMMUTATIVE P.LR.’S 17

9. M. HALL, JR., Characters and Cyclotomy, Proc. Sympos. Pure Math., vol. 8, Amer. Math.

Soc., Providence, R.1., 1965, pp. 3143.

10. E. LAMPRECHT, Allgemeine Theorie der Gausschen Summen in endlichen kommutativen
Ringen, Math. Nachr., vol. 9 (1953), pp. 149-196.

11. D. H. AND EMMA LEHMER, The cyclotomy of Kloosterman sums, Acta Arithmetica, vol. 12
(1967), pp. 385-407.

12. ———, The cyclotomy of hyper-Kloosterman sums, Acta Arithmetica, vol. 14 (1968),
pp. 89-111.

13. L. J. MoRrDELL, Three lectures on Fermat’s last theorem, Cambridge University Press,
Cambridge, 1921.

14. J. P. SERRE, Représentations Linéaires des Groupes Finis, Hermann, Paris, 1967.

15. T. STORER, Cyclotomy and difference sets, Markham, Chicago, 1967.

16. , On the arithmetic structure of Galois Domains, Acta Arithmetica, vol. 15 (1969),
pp. 139-159.

17. , Extensions of cyclotomic theory, Proc. Sympos. Pure Math., Amer. Math. Soc.,
Providence, R.I., vol. 20 (1969), pp. 123-134.

18. A. L. WHITEMAN, Theorems on quadratic partitions, Proc. Nat. Acad. Sci., vol. 36 (1950),
pp. 60-65.

19. , Finite Fourier series and cyclotomy, Proc. Nat. Acad. Sci., vol. 37 (1951), pp. 373-
378.

20. O. ZARIsKI AND P. SAMUEL, Commutative algebra, Van Nostrand, Princeton, 1958.

PRINCETON UNIVERSITY

PRINCETON, NEW JERSEY



