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CENTRAL LIMIT THEOREMS IN A
FINITELY ADDITIVE SETTING"

BY
S. RAMAKRISHNAN

1. Introduction

Let I be an arbitrary nonempty set. Let I* denote the set of all finite se-
quences of elements of I including the empty sequence and P (/) denote the set
of all finitely additive probabilities defined on all subsets of I. A strategy o onl
is a mapping on I* into P(I). The strategy o is called an independent strategy if
there exists a sequence {v.}..: of elements of P(/) such that g(p) = v,
whenever p is an element of I'* of length n, n = 0. (The empty sequence has
length zero.) In this case we shall denote ¢ by

TiX Y2 X oo XY X
If v, = v. forall n, m = 1, then o will be called an i.i.d strategy. 1f
0(iry.ensin) = 0(in)

foralln = landalli,...,i, €I, then o will be called a Markov strategy with
stationary transitions. Let N stand for the set of positive integers and equip
H = I" with the product of discrete topologies. Let # be the o-field of subsets
of H generated by open sets. Following Dubins and Savage ([4] and [3]), and
Purves and Sudderth [9], it can be shown that every strategy o induces a finite-
ly additive probability on #, unique subject to certain regularity conditions.
We shall conveniently denote this probability on # by o again. To state the cen-
tral limit theorems in a finitely additive setting, we shall call a sequence {Y,}.=:
of real valued functions on H a sequence of coordinate mappings if Y,(h)
depends only on the n-th coordinate of 4 for all 1€ H.

THEOREM 1A (Lindeberg theorem). Let o be an independent strategy on I.
Let {Y,}.=. be a sequence of coordinate mappings on H such that

S Y.(h)do(h) = 0 and 0 < S Y(h)do(h) < o
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140 S. RAMAKRISHNAN

for all n. Let

v:= s Yi(h)do(h), S.h) = Yi(h)+ ...+ Y(h), s2 = vi+... +V?
forn€ENand he H. If

L T im0 VAo (R)~0 as n— oo for all £>0,

then
o (h : —S-';(ﬂ =< x) —®&(x) for every real x,

where
¥ = " —— ey,
- 21|-

THEOREM 1B (Feller theorem). Let o be an independent strategy on I. Let
{Y.}..1 be a sequence of coordinate mappings on H such that

SY,.(h)da(h) =0 and 0< SY,’,(h)do(h) < o
forall n. Let S,,v,, be as in Theorem 1A. If

G o ( h: ‘%’-)- =< x) —&(x) for every real x where ® is as in Theorem 1A,

and,
2

.. v
(i) max ———0asn—o,
1sksn sn

then (L) holds.

A sequence {Y,} of coordinate mappings on H is called an identical sequence
of coordinate mappings if there exists a real valued function f such that
Y.(h) = f(h,) for all n€ N and h € H, where h, denotes the n-th coordinate
of h.

THEOREM 2. Let g be an i.i.d. strategy on I. Let {Y,} be a sequence of iden-
tical coordinate mappings on H such that

SY,,(h)da(h) =0 and 0< sY,’,(h)da(h) < ®

Sforall n. If v* = [YX(h)do(h), and S, and ® are as in the previous theorems,
then

S,
h: "< —®(x) for all real x.
"< In v ") 0 for
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The proofs of Theorems 1A, 1B and 2 are given in Section 2.2 The main
technique used is that of restricting the given strategy to a suitable measurable
strategy and using the corresponding known theorems in the countably addi-
tive case. This technique of reducing to the countably additive case has been
first mentioned in [9]. Later on this has been used by Chen [1] and Halevy and
Rao [6] to prove results on almost sure convergence in an independent strategic
setting.

For a strategy o and p € I'*, the conditional strategy given p, denoted by
o[p], is the strategy defined by o[pl(q) = o(pq) for all g € I'* where pq is the
element of I* whose terms consist of the terms of p followed by the terms of gq.
If Z is a real valued function on H and o a measure on (H, #), we shall use de
Finetti’s convention of denoting [Z(h)do(h) by o(Z).

For the rest of the section let ¢ be a Markov strategy with stationary transi-
tions. For j € I, let ¢;, be the function on H defined by

=n ifh,=jandh, # jforl = m <n,
t,.1(h) .
= oo otherwise.
For a real valued function fon I and j € I, let Z, ;, denote the function on H
defined by
tia (h)

Z,,W = Y fh), hEH.

m=1

(The subscript 1 does not play any role now but will be helpful later.)
For i, j € I we say that i weakly leads to j (denoted by i=j), if

U'[i](tj,l < W) > 0.

An element i € I is called positive recurrent if m,, = o[i](t,,) < o. The set I
is said to be a positive recurrent class under o if (a) i~j for all i, j € I and (b) i
is positive recurrent for all i € I. It follows from Corollary 5, Section 7 of [10]
that if I is a positive recurrent class under g, and o[i](Z, ;,)) <o for some
i €1, then

OLlZis) — M, independent of /.
my,
(In [10], o[j1(Z,,,) is denoted by u,(f). It is easy to see that

w(lf]) = olil(Z,,5,) <

is equivalent to both u(f*) and u(f") being finite, since w(|f]) =
w( = w(f) + w(f), where f* and f- are the positive and negative parts of
Jf, respectively.)

THEOREM 3. Let o be a Markov strategy with stationary transitions and let
I be a positive recurrent class under o. Suppose f is a real valued function on I
such that for some i € I,
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@ dlil(Z, lfI:‘) < oo, and

) 0 < olil(Z%,,,) < o, where M = _0[1_1;12#:)
1]

Then for every jE I,
. . S.(h) —Mn
oljl{ h: == "7 < x >-—-<I>(x) for every real x,
( VB
where S, and ¢ are as in the previous theorems and

olil(Z: 1-u)
my; )

B3=

The proof of this theorem is given in Section 3. The idea is to reduce it to the
i.i.d. strategic situation and use Theorem 2. In Section 4, we prove that B, is in-
dependent of i and make some remarks regarding the assumptions made in
Theorem 3.

2. The independent and i.i.d case

We shall need the following theorem proved by Chen [1]. (The proof of a
special case is also available in Purves and Sudderth [9].) Let {«/,}... be a se-
quence of o-fields of subsets of I. A strategy o on [ is said to be a measurable
strategy with respect to {f,}.»1 if

(i) o(p) is countably additive when restricted to «,, whenever p is an ele-
ment of I* of length (n — 1), and

(ii) the map
(isevesin)= 01y ooy i)(Ape)

is measurable with respect to &, X .... X #,, the product o-field, whenever
Anﬂ e d n+le

THEOREM. Let o be a strategy on I and {d,}.. 1 be a sequence of o-fields of
subsets of 1. Suppose o is a measurable strategy with respect to {,}.~1. Then
the finitely additive probability o on % is countably additive when restricted to
I1,.34., the product o-field of subsets of H.

Let o be an independent strategy and {Y,]} a sequence of coordinate map-
pings on I such that {Y,(h)do(h) = 0 and 0 < [Y*(h)do(h) < oo for all n.
Then for each n € N, we choose a positive integer M, = n such that

1
2
S th:| Y1) | =M.} Y.(Bydo(h) < 2m3

It is then easy to check that
1

1
Ants : n Mn —
‘Ih:l}'n(h)le.ll Y"(h) |d0(h) < Qn+3 and U[h lY(h)I = < on+3
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We now define a new sequence {Z,} of coordinate mappings as follows.
Z.MW = —-M, if Y,(h) = -M,,
= M, if Y.(h) = M,

J+1
k+ 2"*3 if k+ 2"*3 = Y.M®m < k+M2"*3’

= -M, -M,+1,....M,- 1,
Jj=0,1,... . M2"—1,

For each n = 1, Z, induces a finite partition on X and let «, be the o-field
generated by this partition. Clearly the strategy ¢ is measurable with respect to
{«,}. Therefore by the theorem stated above, ¢ is countably additive when re-
stricted to I1,2; Z,,.

Let

I

fn = SZ,.do, V= “'Y:da, vii= sZ’da st = Vi +v?

and 5> = v* +... + v*’. The following Lemmas 1 and 2 are straightforward
to verify, hence their proofs are omitted.

LEmMMA 1. |pu.| < 1/2" forallnE€N.
LeMma 2. V2 -] < 1/2"foralln = 1.

LemMa 3. If Q is a strictly increasing real valued function on N such that
Q(n)t oo as n— oo, then for each ¢ > 0,

. ih: S.(h) = S:(h) |
o)

where S, = Z,+ ... + Z, for all n. (In other words, (S, — S.)/ Q(n) converges
in o-probability to zero.)

z —-0asn—oo,

Proof. Given ¢,6 > 0, we first choose a positive integer n, such that

o1 b
L5 <73

n ‘no

and then choose n, > n, such that

@) ag

@) o g

Sno £ S
O(n) | >3 $<3

—;—f 2 and

Q()
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1<
Qn)

Such a choice of n, is possible since |0(S,)| < o, |o(S,)| < o and
Q(n)1 . We now observe that for n = n,,

S.—S. - Sn, I e_s
3 om I”f‘; om | 73

Al =3l (e
T om

Therefore, for n = n,,
Sn — S; i 6_ Z 1
"gWI”; s3+3+2 2m<6.

k=ng
This proves the lemma.

—, foralln = n,.

(iii)

i

LemMMA 4. The condition (L) in Theorem 1A holds iff the condition (L')
stated below holds.

(L") /8" Ty §1zgong >0 (Zi — pi)?*da—0 as n— oo for all t>0.

Proof. Suppose (L) holds. Plainly, because of (L), s— o as n—oo.
Lemma 2 then implies that s2/5%’—1 as n— . It is therefore enough to show
that

1l ¥ Z,— m)*do—0asn— oo,
2 E SIIZk-#kIW;l( * m) 4

Sn k=1

Let ¢t > 0. Given ¢ > 0, we choose a positive integer n, such that for
n = ne, we have

1 €
(a) S_: < 5 ’
(b) s, — 2 =S, > 1,

1 = 2 €
) — Ydo < +.
© s: E:l Sumw,./u WOSs

It easily follows from (b) that if n = no, then for 1 < k <n,
2| Zuh) = | > tsi) € (| Y| > snand |Ye| < MJU{]Y| = M.

Therefore for n = n,,
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l n
Z, — p)’do
E:- f\:'; S l'zk“”k|>”;]( v )
< Ly Z, - wyd Z,- p)d
= = $ (Zi — p)do + (Zi — w)’do
sn k=1 {|¥k|> ts,/2 and |Y)|<My] ”Yklekl
1 1
= = S 2Y 4 —— do+2M{|Y.| = M)+ 24}
S, k=1 (| Yi|> t5,/2) 22k

(by definition of Z,, and the inequality (a + b)*> < 2a* + 2b?)
< 2/5+e/5+¢e/5+¢e/5 = ¢ by (a), (c) and the choice of M,.
The if part is also proved similarly.
LemMmaA 5. Let (&) and {n.} be two sequences of real valued measurable
Sfunctions on (H, %, o) and {a,} a sequence of real numbers such that (i) a,— 1,

(ii) & — . converges in o-probability to zero and (iii) o (¢, = x)—P(x) for all
real x. Then

o(a.m. = X)—P(x)

for all real x.

Proof. For e > 0, note that for sufficiently large n,
o, = x—e—0(|&—m| = € < (@, = X)
and
0@n. sx) s o sx+e+a(lé—n] = o).

By taking lim inf in the first inequality and lim sup in the second and using
(ii), we get respectively,

®(x — €) < lim, inf 0 (@.m, < x) and lim, sup 6 (@.9. < X) < B(x + ¢).
Since ¢ is arbitrary, the assertion follows.

Proof of Theorem 1A. If (L) holds, by Lemma 4, so does (L ‘). Therefore
by the classical Lindeberg theorem (page 280, [8]),

Sn— Z P
gyh: — ¥ < x| —¢X)
s:

for all real x. By Lemma 1,

n
£
""—‘—.O as n— oo,
N
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Therefore (by Lemma 5),
azﬂ sx$—~<l>(x).
M

By Lemma 3, S;/s; — S,/s; converges in g-probability to zero. An application
of Lemma § with &, = S./s), 1. = S,/s, and a, = s/s, now completes the
proof of the theorem.

LEMMA 6.

2 .2
Max Yk —0 iff Max £ —0.

2
1sk<n sn 1<k<n s;

The assertion is an easy consequence of Lemma 2 and we omit the proof.

Proof of Theorem 1B. The condition (ii) in the hypothesis of the theorem
implies that s>t oo and also that

2

Max X —0 as n—o
1gkgn stz
n

(by Lemma 6).

By an application of Lemma 5 (similar to the one made in the proof of
Theorem 1A), condition (i) gives us

Sn— E Px
g ke = x| —-®x) forallx.
Sn

It then follows from the classical theorem of Feller ([8], page 280) that (L ')
holds. Lemma 4 now completes the proof of the theorem.

Proof of Theorem 2. In view of Theorem 1A, it is enough to verify that

# ) s Yido—0asn—oo, forall ¢t > 0.

Y, ~n v
k=1 Y| >n vy

Since {Y,} is a sequence of identical coordinate mappings, this is equivalent to
verifying that

s Y?’~0asn—oo, forallt > 0.
(|Yl|>t~/; v}

Since v? = [Yido < o, the last mentioned condition is easily seen to hold.
Thus the theorem is proved.
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3. The Markov case

An incomplete stop rule t is a function on H into NU {o} such that if
t(h) = nfor some n € N and h’ agrees with A through the first n coordinates,
then ¢(h’) = n. For example, ¢#,,, the time of first occurence of j, defined in
Section 1, is an incomplete stop rule. We begin this section by proving the
Strong Markov property.

ProposiTiON 1 (Strong Markov property). Let o be a Markov strategy with
stationary transitions. Let t be an incomplete stop rule such that for some
i€l hy, = iforallh €t < »}. Let g be a Borel measurable function on H
such that o [i)(g) is defined (may be infinite). If f is a function on H defined by

= 8(henys1s Bewyszs...) Sfor hE [t < oo}
0) O]

=0 otherwise,
then o(f) exists and o(f) = o(t < ®)a[il(g), if o(t < ) > 0.

Proof. If g = 15, where BE®, then f is clearly 1, where h€ A iff
t(h) < o and

(ht(h)#l’ ht(h)+2 9o .) G B.

(In the terminology of [10], this is the same as saying A is conditionally de-
termined given ¢.) This case is now easily seen to be a restatement of Theorem
4, Section 3 of [10]. The result for a simple function g follows by linearity. If g
is a bounded measurable function, then we can get simple functions g, con-
verging uniformly to g. The assertion is seen to hold for g by just noting that
f., defined by (1) corresponding to g,, converges uniformly to f. If g is a non-
negative function,

o(f) = sup o(fAn) = sup o(f < ©)a(gAn) = o(t < ®)a(g).

The general case follows by taking positive and negative parts.
We next prove a couple of elementary but useful lemmas on finitely additive
integration.

LeMMA 2. Let P be a finitely additive probability defined on a o-field & of
subsets of a set X. Let ¢ be a nonnegative, measurable, extended real valued
Sfunction on X such that P(¢ = n)—0 as n— . Then

Lim | P2 Y P = .

n=1

Proof.
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Lim | (P = Y kP(k < f<k+1)

é<n) k=1

00 00

=Y Y Pk=st<k+])

n=1 k=n
= Y P(E = n).
n=1
The last step follows since P(¢ = n)—0 implies that P(¢ = n) = T,2,
Pk =t<k+1).

LemMma 3. Let P be a finitely additive probability defined on a o-field & of
subsets of a set X. Let ¢ be a nonnegative, measurable, extended real valued
Sunction on X such that P(¢ = n)—0 as n— . Then

5 £dP = Lim S ) ;Sdp'

Proof. If L, %,P(¢ = n) = o, then by the previous lemma,
Lim fi<m §dP = oo and the result is trivially true. If £,3 P(¢ = n) < oo, then
nP(¢ = n)—0 as n— . Therefore,

f€aP = Lim{ ¢4 naP = Lim [S £dP + nP(t = n)]

té<n}

= Lim s £dP.
té<n}

Remark. If [£dPis finite, the hypothesis of the lemma is clearly satisfied.

LEmMMA 4. Lett = vy beani.i.d. strategy on X and {¢,} a sequence of non-
negative identical coordinate mappings on X" such that | (£,) | < o foralln.
Let D be a subset of X and let 0 be the first hitting time of D defined by

=k ifon.€D,1 =m<k,w€D,
O(w)

= oo if no such k exists.
Let p > 0. Assume 7(0?) < o and 7(67**) < . Then 7(0°L°,. £ < 0.

Proof. There is no harm in assuming that £, = 1 for all m. Since
|7(&x)| < o and 7(8,) < oo, it is easily seen that

rg(opzo:zm)znz—ﬁ as n— oo,

Given ¢ > 0, we can first choose n, such that 7(6 > n,) < ¢/2 and then
choose n, such that r(¢, > n,) < e¢/2n,. Then
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m=1 mail

7'3(0"2 5,,) > n‘;"’n,f = 7(60 > no)+§7‘(£m >n) <e

Therefore by Lemma 3,

T (0"50_: E,,.) = ﬁ 1(1(,.,.,01' i: E,,,) (since 6? i £, < n? implies § < n)

m=y m=1 m=1 m=1

Y ner £l pun,
nzy m=1

T(Eml (0=m) = T(§1l (0a1)) [y (D)} (D).

Forl = m < n,

Form = n,

T(Emloan) = 7(&1l (6=1)) ¥ (D)}

Further observing that 7(0 = n) = {y(D9}* (D) and using the finiteness of
7(£,), we have,

4 (""Eo 5»->= i n*{(n — ki + kajr (0 = n),

where k,, k, are constants. The right side of the above expression is finite be-
cause

7(0?) < © and 7(6**") < oo,

This proves the lemma.

Let ¢ be a Markov strategy under which 7 is a positive recurrent class (de-
fined in Section 1). For i € I, we shall denote by ¢,, the incomplete stop rule
corresponding to the nth occurrence of i, and by G, the set of h € H with
infinitely many coordinates equal to i. We state below some of the results from
[10] we shall be using.

THEOREM. For alli, j in the positive recurrent class I, o[j1(G)) = 1. (This as-
sertion is a part of Theorem 9, Section 4 of [10].)

For an i € I, let F be the set of all nonempty finite sequences of elements of 7
whose last coordinate is i and none of the other coordinates is i, (F will be
called the set of i-blocks). Let @ = F” be equipped with the product of discrete
topologies and let # be the Borel o-field on 2. On G,, we define a sequence {3,}
of functions into F called the i-block variables as follows:

61(}1) = (hl gesey ht,'l(h))s and anl(h) = (h'i,n(")“ geeey h'i,n+l("))
for all h € G, and n € N. Let ¥ be the mapping on G, in  defined by
Y(h) = (Bi(h), B(h),...,...).
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It is easily checked that ¥ is 1-1, onto and a (topological) homeomorphism.
Let v be a measure on F defined by

D) = olil(B;'(D)) forallD C F,
Let 7 be the i.i.d. strategy induced by v on Q.

Brocks TuHeorReEM (Theorem 2, Section 5 of [10]). For each B€E %,
x(B) = o[i](¥"(B)) (i.e., Y is a measure isomorphism of (H, %, j[i]) and
@, 7, 7).

For g a real valued function on I, let

i+t (k)

Y, ek, forh€G,

mae, ()41

Z,i1g:(h)
= 0 fOI‘ h e Gi.

Since o[j](G) = 1 for all j € I, on a set of o[j]-measure one, Z,,, is the
sum of g values in the nth j-block. Let g be a real valued function on I such that
forsomei €1, o[il(|Z,,.:|?) < oo, where p is a positive number. Fora j # i
and h € H, let

n if the nth i-block contains the 2nd j in A,

6**(h) 3

oo if no such n exists.

LeEMMA §.

k=1

oli] (l D ZWP) < .

Proof. Let 6(h) be the smallest 7 such that the nth i-block contains a j (if
such an n exists), and oo if no such » exists; and let 6*(4) be the smallest n = 1
such that the (n + 6)th i-block contains j (if such an 7 exists), and o if no such
n exists. It is easy to see that

0**(h)y < 6(h) + 6*(h)

for all h € H. Therefore the lemma would be proved if we showed that

oli] ,(2 |z,,_,,,|»>$< .

It follows by a use of the elementary inequality (X,x,)? < m?X [ x% for all
p > 0, m = 1 and non-negative real numbers x,,...,xX,, that it is sufficient to
prove that

oli] 3(20 |Z,,,,,,D"z < o and a[i]%(f |Z,g,,,b"

< oo,
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We can use the strong Markov property to the incomplete stop rule ¢, to
observe that

(-] (5

Another use of the elementary inequality above shows that it suffices to prove
that

U[i] <0p Eo |Zk“‘1|p> < oo,

k=1
Let D be the set of elements of F (where F is the set of i-blocks defined be-
fore the blocks theorem) in which no coordinate is j. Clearly for each n,
V(DX Dex Q) = {6 = nl,
where ¥, and Q are as defined earlier. So, by the Blocks theorem,
alilff = n} = 7D x D°x Q)
= {[yD)' x y(D*) (since = is i.i.d.)
= {o[il(t,, < ) olil(G < L), n = 1
(by definition of ).
Lemma 3, Section 6 of [10] shows that for i,/ in a positive recurrent class,
alilt,: < t,)) >0

(the hypothesis i=j of Lemma 3, Section 6 of [10] is satisfied by definition of
positive recurrent class and ¢, #(1) in [10] are ¢,, and ¢, , respectively in our no-
tation). So 6 has a geometric distribution and hence o[i](§?) < o for all
p > 0. Since ¥ is a measure isomorphism between (1,42, o¢[i]) and (2, Z, ), to
prove

0
oliller Y |z,w|n) < o

k=1

is equivalent to proving

gow~1
w[6evr'S (zue v | <o
k=1
This follows from Lemma 4 (since o[{](#?) < oo for allp > 0is equivalent to
w[(6 ° ¥ 1)?] < oo for all p > 0). This completes the proof of the lemma.
For h € G,, let £(n)(h) denote the number of coordinates equal to i among
hyy...,h,,n=1.

LEMMA 6. For every e > 0 and j € I, there exists an integer k such that
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oljln =t ,m = k) < €
Sforalln €N. (If &(n) = 0,t,,., is taken to be zero.)

Proof. aljl(n -t ym = k)

n

= E oljl(n =t ymy = 5)

s=k

Y oljl{(n — s)th coordinate is i and (n — s + 1)th through
=« nth coordinates are different from i}

n

Y oLilh : by = i) oliltis > 9)

s=k

(Use the strong Markov property for each term— for the sth term
with ¢ = n— )

=< Y olil(t;s > 5) foralln€N.
s=k
The result now follows because .5 o[il(¢,, > §) < olil(¢,1) < oo, as the
state space is assumed to be positive recurrent. (Here we use the fact that for a
nonnegative integer valued random variable £, the integral with respect to a
finitely additive probability P, (£dP, is ,5P(¢ = n). This is Lemma 1, Sec-
tion 6 of [10]. We could also use Lemma 2 and the remark after Lemma 3.)
From now onwards let f be a real valued function on I such that

O'[i](zl, m,g) < oo,
Let

ti,1(h)
E Sf(hy) ift,(h) = n,
Y’ (n)(h) k=t

=0 otherwise.

LemMMma 7. Forall jEI, Y'(n)//n converges to zero in a[jl-probability.

Proof. We first observe that E,'.‘;;"‘;ﬂ |f(h)| = I Zs, . Therefore by
Lemma 5 applied with p = 1, o[i](X ::;‘;‘;ﬂ |f(h)]|) < . However, this,

by the strong Markov property (applied to ,,) is easily seen to be equal to
0[.[](21 |f|,i)o Further

Y ()| < Zy .

for all n. Hence the result would follow if we show that ¢ [j](Z,, ;.,: = k) tends
to zero as k— oo. This is true because o [j1(Z,, ) < o.
Forn€N, let Y"(n) = L., . f(h), hE€H.

n
k-c,‘ (n
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LemmA 8. Forall jEI Y"(n)//n converges to zero in a[j)-probability.

Proof. For any positive integers k and n, k < n, let t’ be the incomplete
stop rule corresponding to the first occurrence of i after the (n — k)th coor-
dinate, and ¢” be the incomplete stop rule corresponding to the (k + 1)St oc-
curence of i after the (n — k)th coordinate. On the set for which n — ¢, wn < Ky

Yl = Y £t

s=t/+1

By the strong Markov property (applied to ¢’), we see that the
o[j]-distribution of Z,.,,|f(h,)| and the o[i]-distribution of £1,Z, . are the
same. Hence,

) i ZS.Ifl.‘
O'[j](ly\/f;_)| > E)S U[j](n—tl,l(n) = k)+a[i]<_n—17—7—_ Ze

We now apply Lemma 6, to complete the proof.

From now onwards we shall assume that f satisfies the hypotheses of
Theorem 3 (stated in Section 1). The next few lemmas are aimed at showing
that 2(n)

Zm.f-M.i
ofjl\ A :—mﬂ—-;l—-—-— = x | —=P(x) as n— oo,
(1

for all real x and for all j, where M, B,, ® are defined earlier.

LemMa 10. Let 7 be an independent strategy on X. Let {Y,} be a sequence
of coordinate mappings on X such that 7(|Y,|) < o for all n = 1. If
7{S.,/n—p} = 1, where u is a real number and S, = %L,., Y., then given
e > 0,7 > 0, there exists an integer N, such that

T 3 %—ul < eforalln = Ny} = 1-1.
Proof. Assume e,y are given. We choose a sequence of positive integers
{M,} such that (v, |5m,|Ye|d7r < 1/2% k = 1. We then define Z, exactly as

in Section 2 so that Z, assumes only finitely many values and |Y, — Z,|
< 1/2*%, whenever |Y,| < M,k = 1. Let

s, = ¥z

k=1

We first choose 7, such that

1:[ [1_ -;—,,—] > 1—%—.

n .no
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We then choose n, = n, (using the fact that 7(|S,,|) < o) such that

Sn £ a,
1( n°|>8><8 1'<

and 1/n < e/8 for all n = n,. Since
-

ol<tfa]| =

Sno £ LR
o >8><8

5. _ P | < ;— for all sufficiently large n) =1,

«ﬂn}

8
N {lri-2+ < %—;forallnos k = n}

and

(%]
B)

|

4e
8

s —u|< g for alln = n,,

it follows that
S, 4e . . 3
=l < 5 for all sufficiently large n } > 1 - =1,

T%n 8

By the theorem of Chen stated at the beginning of Section 2, there exists an in-
teger N, such that
< foralln = N,

T S,
8

We may assume N, = n,. It is now easy to check that

de >1-41

8

n

T ; %—p' < eforalln =2 N, $>l—n,

since

s: 4e S. Si, €
7 Tk <—s—§”3 '70‘|<§7%ng|—r <§£
n {IYk—Zk|<l— noSksn}

2%
g ;

This completes the proof of the lemma.

Let F be the set of i-blocks as defined before and let Q, #, 8,, ¥ also be as
defined earlier before blocks theorem. Let j € I. Let v1,7, be the finitely ad-
ditive probabilities defined on all subsets of F, defined by

Sn

p foralln = n,,

-—pn| <e
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(D) = olj1(BT D)), vD) = olil(B;D)), DCF.

Let v, X 45 be the independent strategy on F which associates vy, with the
empty sequence and v, with every other finite sequence.

LemMa 11. For every BE 7, o[j1(¥"'(B)) = v1 X 75(B).
Proof. For B€E #, by the basic integration formula [9, page 265],
7 X YB) = g’y;"(Bx)d'y,(x) where Bx = {w : xw € B}.

By the blocks theorem, (since 7 is same as 7 defined earlier),
v¥(Bx) = olil(¥"((Bx)), xEF.
Therefore

11 X 73(B) So[il(\lf“(Bx))d%(x)

5 oli]J(¥'(B < hy,...,h, , >)dolil(h)
ft;, 1<}

by the change of variable theorem where
B<h,...,h,, > =1{(h"€EH: (h,....,h, ,h")EB].

Then, this equals ¢[i](¥"'(B)), by Proposition 3, Section 3 of [10]. Hence the
lemma is proved.

Let m,; = o[i](t;,). Fix an e such that 0 < ¢ < 1. Let ¢,(n) be the integral
part of

1

L a-e,
i

¢.(n) the integral part of
L _a+¢)
i

and ¢*(n) the smallest integer larger than n/m,,.

LemMA 12. For the given e, there exists a positive integer n, such that
oljlth : &:(n) < £L(n)(h) < ¢(n) foralln = ne} > 1—e.
Proof. Let0 < 6 < 1.0n Q = F", let \ be the length of the kth coor-

dinate, k = 1. By Lemma 11 proved above and by Corollary 8, Section 7 of
[10], which asserts that

a[j]{h:_"’in'!)_~_1_} =1,

my
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it follows that

N Y Mw)
'YIX'YZ W:——-’ﬁf-‘?———’mu = 1.

By Lemma 10, there exists a positive integer N () such that

Y M)
Xy {w: —&‘———m,,l < 6 for alln = N(J) zl——;—.
n

We can arrange matters so that

N@)+1
N(6)

We then choose a positive integer N,(6) such that
alJ1EWN:(8)) = N@®) = 1- ;_e.

To make this choice we may first choose integers m,, m, such that

(my, + ) < my + 26.

alj1¢t. = my) = 1— and o[i](t) = m) = 1-

__€ <
2N(5) 2N(9)

and then set N;(8) = m, + (N(6) — 1)m.. The choices of m,, m, exists because

of Theorem 7, Section 6 of [10] which asserts that o[j]1(¢,;) < oo foralli,jina

positive recurrent class. The above choice of N;(6) satisfies our requirement
since {£(V1(6)) = N(8)}

Dl s m) N mi+(k=2m+1 <t s m+k=1Dm,
for all2 < k < N(9)};

consequently, o[j]1{0(N:(6) = N(6)}

= o[ty < m) N M+ (k=D my+ 1 <ty < M+ (k= Dmy,
forall2 < k = N(d)}]

= olj1(t, = m){olil(t,1 = m)P¥N®?
(by the strong Markov property)

€
=1 >
Since for h € G,,

Ligm n tpmye

wny . wn) ony

it follows that

Uljl{h! L—-m;,~| <26foralln2N,(6)} >1-e

&(n)




CENTRAL LIMIT THEOREMS 157

This implies that
. . 26 n 26
alj1 h: = <l— ><L’n < — l+-—-——————-->
{ m; m; — 26 ) mg; m;— 26

for all n = Ny(d) } = 1-e

If we now choose 0 < 8, < 1 small enough such that

260

E3
< —_=—
m” - 260 2

and take 7, to be the larger of N,(8,) and 2m,,/ €3, then it is easily seen that n,
satisfies the assertion in the lemma.

LemmA 13 (Kolmogorov’s inequality). If 7 is an independent strategy and
{Y,} a sequence of coordinate mappings such that +(Y,) = 0 forallk = 1and
7(Y?2) < oo for all k, then for e > 0, and all n,

1'(1{153.3( [Sk] = ¢ = E 7(Y2)/é.

k=1

Proof. The same reasoning as in the countably additive theory goes
through and hence we omit the details (see [8], page 235 for a proof in the
countably additive case).

LemMA 14. For all j € I and all real x,

(n)(h)
Zm,f—M,i
oljl{h: —m=2 < x) =P(x)as n— .
B:n

Proof. Let0 < € < 1and ¢,(n), ¢.(n) and ¢*(n) be as defined before. By
Lemma 12, there exists n, such that n, > 2m,,/¢* and ¢,(n) < ¢*(n) < ¢x(n)
for n = n,, and

o[jI(C) =2 1—€¢ where C = (h: ¢,(n) < l(n) < ¢(n) for all n = n,).
If h € C, then for all n = n,,

£(n) o*(n)

E Zm,f—M,l_ E ZmJ‘-M,i

m=2 m=2

k
Z ZaJ—M,i

=by(m)+1

2 Max

1 (m)+1sk<dy(n)|

IA

Now by Kolmogorov’s inequality,
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k
E Za,f-M, i

¢y (n)+1

> evN o*(n) }

olj] {2 Max
B1(n)+1<k<ay(n)

AU = SNV (where v2 = o[i1(Z0 k1)

e2Vip*(n)
< 10e.

Therefore

Z(n) o*(n)

olj] l E Zypmi— E Zpsmi >eviVo*(n) ¢ = lle

m=2 m=2

Consequently,
2(n) ¢*(n)
1 VA f~M,i — —"_—l Zm.f-M.i

NrO) & Znem v () by

converges to zero in o[j]-probability. By the strong Markov property,

. 1 @*(n)
- Zosrs < X
olj ]{ N o) E f }

. 1 #*(n)-1
= [ ] ———— Zm. M,i =
i {v,\/qs*(n) E e = x}

which converges to ®(x) by Theorem 2. It only remains to observe that

lim Yo' _

to complete the proof of the lemma, using Lemma 5 of Section 2.

Proof of Theorem 3. If S,(h) = f(h)+... +f(h,) forn = 1,

(n)
YW+ Y Zupmi+ Y'(0) = M — tiy + ) if tis <

m=2

S, — Mn

= Y"(n)— Mn ift,, >n

Since o[j](t,, = k)—0, the assertion follows by using Lemmas 6,7,8 and 14
and Lemma 6 of Section 2.

4. Remarks
In the countably additive case, the Central Limit Theorem for positive
recurrent Markov chains holds for f such that



CENTRAL LIMIT THEOREMS 159

@ |olil(Z.s)| < o and
(®) 0 < olil(Z:/h)) < oo (see [2]).

The following example shows that these assumptions are not sufficient in the
finitely additive case.

Example. Let Ibe the set of all integers. Let o be the Markov strategy with
transitions defined by ¢(0) = £,% p. - 6.+ v/2 where p, are (strictly)
positive numbers adding up to 1/2 and X, p,, = 1/4, 8, is the point mass at
n, and v is a diffuse probability on 7 such that y(N) = 1 and y(even num-
bers) = y(odd numbers); (clearly, by choice, g(0)(even numbers) = ¢(0)(odd
numbers)). o(n) = 6-,, for n = 1 and o(n) = 6, for n = —1. Let f be the
function on I defined by

= 2n ifn =0,

f(2n){= 2n-1 ifns< -1,
=2n+1 ifn=z=0,

ren+ 1){= 2n ifn< —1.

It is easily checked that I is a positive recurrent class under o. Further
Z,;o = —1 on a set of ¢[0]-measure 1/2 (all sequences which are extensions
of <2n, —2n,0>)and Z,;, = 1 on a set of ¢[0]-measure 1/2 (all sequences
which are extensions of <2n+ 1, —2n - 1,0>). Consequently

o[01(Zs0) = 0 and o[0}(Z,2,) = 1.

However
of0] y—Sm1 < x Vs sk k> xVIn+1 +n)
V3n+1
> —;— for all n = 1 and all real x.

Therefore the CLT does not hold for f.
The rest of the section is devoted to showing that B, is independent of i.

LemMa 1. If f is a function such that o[i)(|Z.;|?) < oo, then

o[i)(|Z:sy|7) <
Sor all j € I where p >0.

Proof. Letj # i. By lemma 5 of Section 3, a[i]< |Z8 i Zom s ,|P>< . Let

1 t,2(h)

Yih) = Y fth), Yih) = Y, Ak and

k=1 kltj. 1(h)
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".0“(’!)
Yih) = Y fth) hEH.

k=) 5 (h)+1

By the strong Markov property o[i](| Y2|?) = o[j1(|Z,y,|?). So the lemma
is equivalent to proving that if ¢[i](| Y, + Y2 + Y;|?) is finite then

olil(|Y2[?) < oo.
We shall first show that o[i](| Y, + Y2|#) < oo. First, it is not possible that
olil(|Ys|» = k) =1 forallk =1,
since then o[i]{|Y3|? = 2?|Y, + Y,|?+ k} = 1 forall k = 1. (To see the last
assertion we can apply the strong Markov property to the incomplete stop rule
t;2.) This would imply
alil2?|Y:+ Y.+ Ya|Pp = k) =1 forallk
(since 27| Y, + Y, + Y3|? = |Y;|?—27|Y, + Y,|) and this is impossible since
oli](|Yi+ Y2+ Y;3|?) < oo.

Let k be such that o[i](2°|Y;|? < k) > 0. Let o[i](| Y1 + Y.|?) be infinite if
possible. We can then choose an integer N, such that

k+N, . 0[1](2P| Y.+ Y, + Y3|p)
ijz oli}(|Y:+ Ya|? = n) > i I AT

The last step uses the fact that a random variable £ has a finite integral with
respect to a finitely additive probability P iff L,2, P(|£| = n) < o. An easy
way to see this is to observe that [|£]|] < |£| < [|£|] + 1, where [|£]] is the
integral part of |£|, and note that

[tighar = £ Paieh = m = T AE = m.

n=1 n=1

We then have

olil2?| Y, + Ya+ Ys|?) < ki"f olil(|Ys + Ya|? = n) - o[i]lQ27| Ys|? < k)

n=k+1

k+N,
= an[i]{|Y,+ Y:|? = n, 2°|Ys|? < k}
n=k+1

(by the strong Markov property)

No
= Y olil2?|Yi+ Y, + Ya|? = n).
n=1
This is a contradiction by Lemma 2 of Section 3. Therefore o[i](| Y, + Y2|?)
< .A similar argument as above shows that ¢[i](| Y2|?) < oco. This com-
pletes the proof.
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LemMma 2. If0 < B, < o for some i, then(0 < B; < o forall jEI.

Proof. By the previous lemma applied to f— M with p = 2, it follows
that B, < o for all jE€I. If B, = 0 for some j, it is easily seen that
(S, — Mn)/ v'n converges to zero in ¢[j]-probability, which would contradict
Theorem 3. This proves the lemma.

ProposITION 3. Let I be a positive recurrent class under o. Then B, is inde-
Dpendent of i, where B, is as defined before.

Proof. If B, is infinite for some i, then it is so for all /, because of Lemma
1. If B, = 0 for some i, B, cannot be positive for any j because of Lemma 2. If
0 < B, < o forall j € I, by Theorem 3 it follows that B, = B, foralli,j € I.
This proves the proposition.
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