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HANKEL OPERATORS IN VON-NEUMANN-SCHATTEN
CLASSES

BY
FINBARR HOLLAND AND DAVID WALSH

Introduction

In [3], Bonsall reduced the study of a Hankel operator on the Hardy space
H? of the disc D to the study of its action on a class of simple elements in H?
which generate the space. To this end he introduced the unit vectors

V1 - |z|?

1-2zw (w e D)

v,(w) =
indexed by the points z € D and proceeded to show that 4 is a bounded
Hankel operator if and only if {||4v,||: z € D} is bounded. His methods also
show that A is compact if and only if ||4v,|| — 0 uniformly as |z| — 1.

The purpose of this paper is to try to find conditions which relate the
quantities |[Av,|| with the property that 4 belongs to the von Neumann-Schat-
ten class €,(1 < p < o0). We get a complete characterization only when
p = 2. For other values of p we obtain implications in one direction only but
are able to show that the converse implications do not hold.

Bonsall also considered unit vectors u,({), n = 0, { € dD, the counterparts
of the v, on the unit circle. We obtain completely analogous conditions in
terms of ||Au,({)| as stated above for ||Av,|| including a necessary condition
that 4 € %,. Again the condition is shown to be not sufficient.

Preliminaries

We record some notation we will use and recall some pertinent results. Let
D denote the unit disc, dD the unit circle, L? = L?(dD) the usual Lebesgue
space, 0 < p < oo, and H”, Hardy space, the subspace of L? of functions
analytic in D.

Let f(n) be the nth Fourier coefficient of the function f in L'. We will
follow the usual practice of identifying a function f in H? with its analytic
extension to D, ¥, f(n)z".
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2 FINBARR HOLLAND AND DAVID WALSH
Let (a,)3 be an I? sequence, a, € C. The matrix 4 = (a,,)) is called a

Hankel matrix and the sequence (a,) the coefficient sequence of A. This
matrix defines a bounded operator on /2 or equivalently on H?, if and only if

0
f= EanX—n—l (Xn(e“) = eint, n€& z)a
0

is in BMO and is compact if and only if f is in VMO [8]. With the Hankel
operator A we associate the function f above. Defining P to be the orthogo-
nal projection of L? onto H? and J the unitary, Jx, = x_, We may represent
the action of A4 as follows, when A is bounded:

Ag = PIx,fg (g€ H?).

Let T be a compact operator on H? and let (s,)¥ be the sequence of
eigenvalues of (7*T)'/? arranged in decreasing order of magnitude. The
number s, = 5,(T) is called the k-th s-number of the operator T. We may
represent T in the form of a Schmidt series

Tg= %:sk(g, ¢V (g€ H?)

where (¢,)%, (¥,)3 are orthonormal systems in H?2. T is said to belong to the
von Neumann-Schatten class ¥, (0 < p < o) if the sequence (s,)F belongs
to I?. For 1 < p < 0, ¥, is a Banach space with the norm

) 1/p
ITle, = 171, = (Zsk(T)”) ,
0

and ||T||¢_ = so(T) is the operator norm. For further information on these
classes see [5], [9].

Besov spaces. The Besov space B,/?(1 < p < o) consists of those L?
functions f for which

[* L[ 15e00) 4 1(e00) = 24(e) P dodt < .
For p > 1 this is equivalent to
ffr ?15/" |f(ei(,+g)) —-f(eu)ll’dfdt < 00;
- -

se [7] and [11).
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Let AL/? denote the subclass of those f in B;/” that are analytic in D.

Again we identify a function f in A}/ with its analytic extension to D. We
may also characterize 4}/” as follows- f € AY/? if and only if

[[)77@F Q=120 dxdy < o,

orif p > 1, f € A/? if and only if

[L)7F Q=120 dxdy < o,

The study of the Besov spaces is made easier by the following result proved
in [7].

1 -
THEOREM A. PB)/? = A/? (1 < p < o).

1. Hankel operators in ¢,(1 < p < )

Suppose 1 < p < o0 and f isin L?. We define a function F(z, p) on D by

F(z,p) = 21—wf_""|f(e"') —f(2)P(ze™") at, Q)

where

P(w) = —'—Wl‘z (w e D)

is the Poisson kernel and f(z) is the harmonic extension of f to D. Taking M
to be the family of disc automorphisms p(({ € D) with

S z € D)

M‘&’( §Z

we note that by a change of variable
F(z, p) = £},
where £,(w) = f o () — f(2) (w € D).
We recall that the space BMOA of analytic functions of bounded mean

oscillation may be described for any value of p, 0 < p < o0, as the family of
functions f in H? for which

sup{lIf,ll,: z€ D} < co;
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see [2]. We may define a family of equivalent norms on BMOA by choosing p,
0 < p < o0, and setting

Ifll, =1£(0) | + sup{lI£.l,: z€ D}.

In his discussion of the boundedness of A4 [3], Bonsall introduced two
families of unit vectors {v,}, {u,({)}.
For each z € D,

V1 |z

1 - ze® ’

vz(ei’) =

while for each n > 0 and { € dD,

u,,(f) = ‘/——1 kgoxkf"

If 4 € ¢, what can be said about ||4v,|| beyond the fact that ||4v,|| — 0
uniformly as |z| — 1? First we recall the fundamental result of Peller [7].

THEOREM B. The Hankel operator A = A(f) belongs to ¢,(1 < p < o) if
and only if f € A}/?.

Suppose 4 = A(f) is a Hankel operator with f in L2. From [3] we then
have

ol = (1 - [212) Eak+,
k=0|j=0
= o= [17(e) ' P(ze=) dt =1 1(2) " 2)
= F(z,2). (3)

The case p = 2 is straightforward.
THEOREM 1. The following are equivalent.
(@ A€ %, .
®) 3" Au, (N> d6 = O(1/n) (§ = e”);
© [&"lAv,||*do = 01 — r) (z = re’);

Proof (a) = (b). It is elementary that A belongs to %, if and only if

0
Y (k +1)a,)? < .
0
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We note that
2

ll4u, () = 1 Z

=0

Z ak+]§1

j=0

Taking { = ¢ and integrating over (0,27) we get

2 [law P do = st T T lag,r

k=0 j=0
1 o0
= ,,—.,,—1{ Y (m+Da,l’+(n+1) X Iam|2}
m=0 m=n+1

-oft)

(b) = (¢). To see this we write v, as follows, with z = r¢,

V1-|z)?

o(w) = F—5"
— ‘/1___',5 i rng_»nwn
=V1-r? (1—r)E Ef" ,
n=0
=V1-r31-7) %x/ﬁ_lr"u,,(s“)(W) (4)

which expresses v, as a linear sum of the u,({). It follows that
0 2
ldv,|I* < (1 - r?)(1 - r)2{ Y Vn+ 1| Au,(8) ||}
<@-r)1-r) E (n+ Dl u, (O T 7

=(1-r)0- r)ZO:(n + 1)r") 4u, ()|,

where we have used the Cauchy-Schwarz inequality. Hence

2w [ 1407 a8 < (L= )1 = )+ 0 3 [ ) a0

=0(1-r?),
which is (c).
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(c) = (a). From (2) we have

2 [ 02 d = 5 [ (e e = 5 [T (e[ o

8

— |ak|2(1 — r2k+2)
0

=)
=@ =r)Xla 2@+ 12+ - +r%),
1

assuming as usual that f ~ Ya,x_,_;. By assumption there exists K > 0 such
that for0 <r <1

o0
Yia, 21 +r2+ .-+ +r¥*) < K.
1

Fixing N and letting r — 1 we have ZV(k + 1)|a,|?> < K which implies that
A is in %,. This completes the proof of Theorem 1.

Let
n+1
sin 2 )x
-——=

be the n-th Fejer kernel and let o,(g, x) = g * K,(x), the convolution of g
with K,, be the n-th Cesaro mean of g. We define functions F,(¢, p)
analogous to the F(z, p) as follows: For 1 <p < o0 and f& L? let

E(8,9) = 55 [ |1(e") = 0,(1,#) K, (6 = 1) .

The next result gives a characterisation of B/?(1 < p < o0) in terms of both
F(z, p) and of F,(¢, p). For simplicity we shall write f(t) instead of f(e)
etc. First we observe by consideration of the change of variables u = s + ¢,
s = s and the periodicity of f, that f € B,/? if and only if

//" [f(u) = f(s)” ) duds < .

o sm(u—s)

THEOREM 2. The following are equivalent for 1 < p < co:
(@ fe B/

®) [T,F(z,p)d0=0Q1~-r)(r—1)

(© [Z.F,(9, p)dd=0(1/n)(n— o)
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Proof. We shall show that (a) and (b) are equivalent and then that (a) and
() are equivalent. Suppose that f € B)/? and z = re’ with r < 1. Then

1) = £(2) = 35 [ (1) = 1) P(ze=)
and

1£0) = 1) < 35 [ 170) = @) PP (ze™) da

by Jensen’s inequality. Therefore

Fz, ) < (35) [ [ 170 = 1) PPGze™) P duat,

from which it follows that

Sl R pyan s (&) 150 - 0 P A

— 2r%os(t — u) + r*

< i(l_-L)f" f" HOEFO) ds

(27)° m(1-r2)’+ 4rzsin2(£—;—u)
1—r (o 1£() = f)f
S e o)~
sin
2
provided r > . Since f € B}/? it follows from our remark above that (b)
holds. If conversely (b) holds, then from (1) we have

v |f(0) = f(re®)]
A

gy dtdf sk
(1 -r)"+ 4rsin (——2—)

for some constant k and all » < 1. Now let » — 1; since f € L?, f(re'®) —»
f(e'®) a.e. and Fatou’s Lemma gives

LA

from which we conclude that f& B)/7. The proof that (a) « (c), though

dtdf < k,
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similar is more difficult and we therefore give it in full. Let f € B)/?; then

10) = 0,(£.9) = 75 [ (/) = 1)K, (o = u)

and

17() = 0(1.8) < 5= [ 1) = f@) K, (¢ = u) d

as before. Therefore

Ep) < (35) [ [ 10 = F@ Koo = 00K (6 = 1) dua. ()

The convolution K, * K, (x) is

n 2
_ |k| ikx
g(l n+1) ¢

1
)x sin(n + 1)x co

cosz(
= Kn(x) + -
(n+ l)sinz-;ﬁ 2(n + 1)2sin3(

w
il PO

1 sin(n + 1)x cosg-
(n+ Dsin’y  2n + 1)sin’( 3

and the second term is dominated by

(n+ 1)|sinxcos%| 008222‘_

20+ 1)sin’(3)] O+ Vs’

whence
2

| K, * K, (x)| < X -
in2Z
(n + 1)sin 3

Integrating (5) through with respect to ¢ and using the above estimate we
obtain

1
37 Fe.p)de <

w |f(t) = f
@ )2'n+1ff | t)( OF dea

=)
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since f € B}/?. Next assume that (c) holds and let

T,(6) = [ 11+ 9) = 0,(£.9) ds.

By hypothesis we have
sinz( ntl )t
27 p)
I,= [ ——=—LT()dt=0(1) (n- ).
0 sin*>
2
Consequently
1 N
71 & L=0(1) (N- ).
n=0
Now

N N
2 ) sin2(n ; 1t) =Y (1 - cos(n + 1)¢)
n=0 0
. (N+1 N+2
an( V£ o M 12)

sin L
2

=N+1-

so that

N
%Esinzn-;ltﬂ% (N - «)
0

for each ¢, 0 < |#| < #. Also
Jm T,(0) = T(0) = [ (e +¢) - /(o) do
uniformly in ¢, |¢| < =, because by the triangle inequality for norms
|T,()7 = T(1)”| <]l0,(f) = £, forall ¢,

whence

lim |T,(¢)"” — T(¢)"”| =0
n-—00

(6)

(7)
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uniformly in . Putting these observations together we see that by (6) and (7),

1 & o(n+1
nea PRAOLL Cell

- %sm (" * l)t(T(t) T(1)) + 3
T(t)

N
T i)
0

as N - oo for all ¢.

By Fatou’s Lemma

< o0,

which says that f € B}/ and finishes the proof of Theorem 2.
We remark thatjust as |v,(e™)|® = P(ze™") we also have |u,({)|* = K,(§)
(see [3]). Taking A = A(f) we can now draw the following conclusions.
THEOREM 3. IfA € €,(2 < p < o) then
@) J7]Au, ()P o= 0/m) (&= <),
(i) [T.llde)Pd0 =001 ~r) (r=e").

Proof. Although (ii) can easily be derived independently we remark that
(i) = (ii) because of the following useful inequality which we obtain from (4):

0
4ol <V1=r2(Q =r)XVn+ 177 du,()]. (8)
0
Thus, assuming (i) we have for any p > 1
v, ll? < (1 = r2)*(1 = )T (n + D) du, (O I,
0

from which we have for some constant C,

a7 00 n
f l4v,|I? 46 < C(1 - r2)?*(1 = )L (n + )7 L
o 0 n+
=C(1- rz)p/2(1 _ r)Z(n + l)p/2—1r,,

0

I'(p/2)
~C(1 - r2)?*(1 - r)—==
by a result in [12, p. 225]. This gives (ii). Now we prove (i).
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Although it is not true that ||4u,($)||? = F,(¢,2), we note that from [6],

| 4w, () I =1 furn ) IF = || P, () I
= 0,(A1% §) =11 Pfu, () I

< 0,(f1%¢) ~lo, (£, )"
= F,(¢,2), )]

since || Pfu,($)]|? — |o,(f, $)|*> = 0 by the Cauchy-Schwarz inequality. Now
by Jensen’s inequality

F(9,2)”? < F,(¢, p),
and so

| E(¢.2"ds < [ F(4,p)ds=0(1/n)
by Theorem 2. The result follows from (9).

Remark. We have shown that the conclusion for || 4u,({)| implies that for
||[Av,|| above by virtue of inequality (8). We do not know if the converse
implication holds.

THEOREM 4. If A € €,(1 < p <2) then
@ S A, (I d'= O(1/n)?/?)
(i) [7.l4v,l? 46 = O — r)?7?)

Proof. (i) Since €, C €,, A € ¢, and since L? norms increase with p we
have

5 f_ﬂﬂ"Au,,(f) I d¢ < (% f:’""Au,,({) I d¢)”2

-o{(3)")

by Theorem 1. The proof of (ii) is similar.

It is an open question whether (i) is stronger than (ii).

The converses of Theorems 3 and 4 are false and counter examples will be
provided later. In relation to Theorem 4 we have in the opposite direction the
following result.

THEOREM 5. Suppose 2 < p < o0. If

@ [7)4u, ()| do = 0A/m)??)
or

(i) [Tl 4v,||?d = O((1 - r)?/?)
then A € ‘?p.
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Proof. Suppose (ii) holds. Then

1 1 7 r
77 ) 4?6 < (7;/_ Il 4v, 17 d0) =0(1-r)

which implies that 4 € €, by Theorem 1 and so 4 € €,. Since (i) is similar,
the proof is complete.

We do not know if hypothesis (i) is stronger than hypothesis (ii).

On comparing the conclusions of Theorems 3 and 4 one may wonder
whether a stronger result holds than, for example, that stated in Theorem 4
(ii). This is shown to be not the case by the argument below.

We set g(e) = f(e™") so that g is analytic and g(0) = 0. As 4 = (a,,,)
we may write 4 = A(f) = A(g). If 1 < p < oo, then for any bounded oper-
ator A = A(f) we have

[ 4,47 d6 = ¢, =)L) (72 ).
To see this, write

f(e") = &) [

e—z

Rey - G52

_a ) g(e:):f(Z)

Now

b - £lEL=aC) _ OO0
hence

F(z,2) 2 (1 - r?)|=—=>—=
- - f(—)

and

[ 1407 a6 = azAy” [ 111 ae.

which is the desired conclusion.
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2. Hankel operators of class ¢,
We give here a necessary condition that the Hankel operator 4 belongs to
the trace class ¢, which is of a slightly different kind to that in Theorem 3.
For this purpose we develop an integral representation for 4 which in turn

depends on an integral representation for functions in A].
We shall write » € L}(D) if

hl||pipy = h dxd .
2Nl 2y fj;)l (z)|dxdy < o0
Suppose f € A} with f(z) = X%a,z" (z € D). Let
F(z)= Y. (n+2)(n+3)a,z"
0

It is not hard to see that F € L'(D) also and that there are constants
C;, G,, C; such that

f1f2"|F(re‘0) |rd6dr < lef | f7(re®)|rd6dr + C,lag| + Cylay|. (10)
0o D

For instance, on writing g(z) = z3f(z) we have g”(z) = zF(z) and 18" Il 2¢py
is bounded by an expression similar to that on the right-hand side of (10).
For fixed z in D, with w = pe’® we have

%f(}‘fj"F(w)%%'_-;—l)—Zp dp do
= 21_77f01(1 - Pz)zp{

=Y (n+1)(n+2)(n+ 3)anz"(f01(1 - p2)2p2"+1dp)

n=0

. (n+ Dors" [“Flpe)e* o
n=0 0

that is

1(2) = 57 [ [ )t (2)p dp do, ()
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which expresses f as a linear L'(D) sum of the elements

o =)
f(2) (1-wz)*

It is easily verified that {¢,: w € D} is a bounded subset of A} and in fact
that

%ffblt(;(zﬂrdé?dr =6|w|> (we D).

As in the argument following Theorem 5 we shall continue to write
A = A(f) even when f is analytic, f = XFa,z", where as usual 4 = (a,,,).
Now A(t,,) is a rank two operator [8] whose actlon on g(z) € H? is given by

A(t)5(s) = 27 X (1~ wl2)(n + m + DFrng,

n=0 m=0
= (1- w2’ Z Z"als"“ ()] -5
— ( _ ) sg(s)

1 — 82 sS=p

= (1= |w|?)? g(w) wg'(W)
= (1 ll)l(l_ + —].

Vv'z)z 1-wz

Furthermore

0 172
148l = (1 - |w:2)2{ 5 wizl(n + 1)g(%) + wg/() |2}

n=0

< (1= )18 (T (n + 1wpn)
+1wllg' (@) |(Zwi))
1/2 _
— (1= w2V | Ll wilg'(®)] }
(1= wl ){'8( )l((l— lez)s) + (1- |w|2)1/2
<21 = 1) g(®) ]+ (1 = W) g/(#). (12)

Since the function w — A(z,) is continuous in the ¥, norm, from (11) we
have

A=4(f) = 5; [ [F0)4(1,)p do dp,
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where the integral is understood as a limit of Riemann sums. The action of 4
on g € H? is given by

Ag(2) = 55 [ [F0)A(1,)g(2)p do do

ot - {2 D

and

gl < 5= [ [1F(w) 1 4(2,) gl do do. (13)

We are now in a position to give a necessary condition in terms of Au,({)
that A4 belong to #,. It was shown in [6] that A4 is bounded if and only if

sup{[|Au,(§)|: n€N,{ € 9D} < 0

THEOREM 6. Suppose the Hankel operator A is in €,. There exists a constant
C such that

Zo 4w, ()|

—l < Cll4l, (¢ € D).

Proof. From the definition of u,({),

nO0) = T X Bt (i <)

SO

|un ()W) <

Z wi*.

k=0

Taking g(w) = u,({)(w) in (12) we have

w|2)'”? Q- w2 2

e T
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Hence

3 |4t )u.(§) |

n+1
12
= 2(1 - |W|2) Z 3/2 Z |
n-O(
2\3/2 1 k-
+(1—-|w —_— k|lw|k1
(1= wi?) EO( +1)3/22 |w]

- 2= ) L i 5

im0 ek (n+1)*?

o0
_ 1
F(1= W) L kw3
k=1

nr (n +1)¥?

=21 - jw?)"”? §O|w|'°0(—1—)

(k+ 1)

+(1 = [w?)¥? §0|w|"0((k +1)'?)

=0(1) as|w| > 1.

From (9) it now follows that there is a constant C; such that

2 | 4u,(§)
§"n—+1" < GlIF|l zpy-

Now we invoke a result in [4]: Let f € H?, h(z) = z2f(z); then A(f) is trace

class if and only if A" € LY(D). Also

" ”n ”
§||h Il 2y <[l4a(Hl, < Ik Il 2py-

Applying this result with g(z) = z3f(z), g”(z) = zF(z), (and f(z) replaced
by zf(z) and h replaced by g) a little manipulation now reveals that there is a

Putting these facts together we deduce that there is a constant C such that

T < Cll4]L

5 |44, )l
0

The proof is complete.

This result implies a similar result for ||Av,| as follows.
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THEOREM 7. Let A € €,. There is a constant C such that

4
f" g < cpag, (0 <0 <2m).
0

Proof. We recall the representation (4) for v,:

o, (w) = VI—r2(1 - r)éy/_—_n T, (8)(w) (2 =18 we D).

From this it follows that

ll4v,||

fl ll4v, ||
0

and so

< T+ 1] du, ()] ['r(1
72”1 +1 ”A“n(f)"/ (1 - 5)*s(=072 gs
0

<V1=-r2(Q —-r)Xvn+ 1r"Y 4u, (&) |,

)2 gy

1 (7))
§Z||A“n(§)"m I‘(% N 2)
- o5 1AL

The result now follows from the previous theorem.
The converses of Theorems 6 and 7 are false.

3. Counter-examples

The implications in Theorems 3, 4, 5, 6 and 7 are in one direction only. Here
we want to construct counter-examples to show that the converses are false. In
order to do this we need the following characterization of the Besov classes
B)/?, [7]. Define functions W, (n € Z) as follows:

W, (k) =

ifn>2, W(z)=z+22+ 23 W,=1,W,= w_

0, k<21,
k;n_%';‘l’ 2"t < k< 2n,
_22_;_';_&, W<k < 2n+1’
0, k> 2"t

. forn <0.
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TueoreM C. For 1 <p < oo, f€ BY? if and only if T2 21"||f W, |2
< o0.

Now consider the function f given by the lacunary power series
it k
f(z) = La,z%.
1

It follows easily from Theorem C that f € 4}/7 if and only if £3°2*|a,|? < co.
For each p, 2 < p < oo, we will find a function f of this type such that f is
not in A4}/7 but for which

[ N4u, )1 o = o).

This will show that the converse of Theorem 3(i) is false. That the converse of
Theorem 3(ii) is also false now follows using inequality (8) and an argument
similar to that given in Theorem 3 itself. In what follows C or C, is an
absolute constant though not always the same one.

Fix p,2 < p < oo, and let f(z) = I¥a,z*, A = A(f); then

2

n
)y ak+j§j

Jj=0

= T Zlfeln, ) sy,

=\ 12 1 &
A -
40, OF = 535 £

By the triangle inequality for norms, on putting G,({) = ||4u,()||* we get

16.0) 2 = 7T SN2 O, 0

) }- 1 %”fk(",f)"i,.

Suppose now that

0, k o+ 2m,
= {2-'"/1', k=om (mz1)

so that f & A;/ ? and f has a lacunary series. By a result on such series [1, p.
243], there is a constant C = C, independent of f such that ||f]|, < C||f]l,-
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Applying this result to each f,(n, {) it follows that

(2 [ J4w®F 48] " =lo, mn,,,z

If 2" < n < 2™*1 then

n+1

Z(k+1)aks Y Y (k+1)a?

while

S

e AL

k—O

[ n

0+

1.z =0 j=0

Jj=2

m 2/t1-1
J=1 f=2/

ng @+ Vi 221/1’

<2 Z 2/4-2/p)
j=1

= o(m=/),

(n+1) i al=0(n'"%7)

k=n+1

also. Putting these together we get

(25 [ JawOF d¢) — o(n=7),

or

[ Jau () do = 0(3)

which is the required result.

Jj=n+1

19

{2":<1+1>|a| +a+1) ¥ o).
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Moving on to Theorem 4, fix p, 1 < p <2, and choose 4 € %,\ ¥,. Then

2= [ ) do < (55 [ Jau )P ae)”

-ol(z)")

by Theorem 1. Conclusion (ii) of Theorem 4 follows from this, completing the
demonstration.

Next consider the converse of Theorem 5. Choose p, 2 < p < o0; it is
enough to show that 34 = A(f) € %, such that

[14v,17 6 + o((1 - 1))
As before we take a lacunary series for f,
& k 1/2
f(z) =Y a,z¥ where a, = (k/2%) 72
k=1

Since Ty°2%af < oo it is clear that f € A}/7. Choose z € D and let

ALY) =f(1£$—§§—) — f(§) forall§ € D.

By a simple change of variable,

F(z,2) = L3 2| /0 = (1 = 122 £(2) [,

and so
1 m (1 — rZ)P T P
37 [ v do = S [ (=) [ df
26 -0’ ( % [ 1) an)”
0 p/2
2 G(1- r)”( ) 22k|ak|2r2“‘) :
k=1

once more using the equivalence of the L, and L, norms. Assuming r > 3 we
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have

'21_'”/” 14v,IP d6 = C,(1 - r)? | 2% ;¢
= Cp(l —r)?| Y 2%kr?

p/2
> C,(1~r)”| X(log n)r")
2

log-l—l—; )p/z

> Cp(l -r)? =

r/2
> C,(1- r)”/z(log1 l r)

This shows that [ _||4v,||” d§ # O((1 — r)?/?) and completes the proof.
Our last counter-example serves for both Theorems 6 and 7. Once more we
consider a lacunary series, this time we take

o0

f(z) = iakz" = Yy 27",
0 1

m=

Since ¥°2"a,m = o0, it is plain that f is not in A} and so 4 = (a;4,)isnot in
%, by Theorem B. Let u, = u,(1). We show that nevertheless

| Au, |l

I
2n+1 0

which is clearly sufficient. We have

1 o0 n
“Thtl igo{JgoaHj}Xia

oo 2kt1-1/ 2

- /‘—‘— Z E Z a;j
n+ {k"o i=2k (j=0 ’ J) }
since a, = 0. Fix i, n and choose integers k and m such that 2% < i < 2k*1,
2™ < n <2™*L1f k < m the sum I%_ya,,; has at most m — k + 2 non-zero

terms and

1/2

|| Au

m+1 1

Zal+_] - Z 2—J < T—f’
Jj=0 j=k 2

while if K > m it has at most one non-zero term and is bounded by 1/2*.
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Consequently, for all i, 2% < i < 2¥*! and all n > 1 we have

n—1 2
j=0
so that
1/2
1 i 22
A —_ 2k~ k-1 = =,
et = = £, |-
Therefore
|4 had _
2”,, Z"il <22Y(n+1)""* < w0,
0 0
as required.

Since Theorem 7 follows from Theorem 6 it is clear that this example also
serves to show that the converse of Theorem 7 is false.
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