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QUATERNION L-VALUE CONGRUENCES AND
GOVERNING FIELDS OF S-CLASS GROUPS

BY

THOMAS A. SCHMIDT

0. Introduction

The goal of Galois Module Theory is to describe the algebraic structure of
modules acted on by Galois group rings. A fundamental result was M.J.
Taylor’s proof (cf. [F3] for a full discussion) that the ring of integers in a
tamely ramified extension of number fields is a free Galois module if and
only if a certain analytic invariant, constructed from root numbers of Artin
L-functions, is trivial. Noticing similarities between the above setting and that
of J. Tate’s approach to the Stark conjectures in [T], T. Chinburg in [Ch1]
conjectured a similar relationship for the Galois module structure of certain
S-units. His proof in [Ch2] of this conjecture for a certain family of quater-
nion extensions (which are the first technically interesting case) relied upon
establishing the existence of a governing field for the variation of the
structure of the S-class group when § is the set of ramified primes of these
extensions. By different techniques, Chinburg in [Ch3] was able to find
L-value congruences for a subset of the fields considered in [Ch2] which by
our results lead to a precise governing field.

We give a precise governing field for the variation of the Galois module
structure of the S-class group for all of the quaternion extensions considered
in [Ch2]. Using G. Gras’s analytic genus theory, we proceed to give a precise
governing field in the context of a previously unstudied family of quaternion
extensions. This new result suggests that one now study the algebraic struc-
ture for these extensions.

Our approach uses congruence techniques to replace longer classfield
theoretic arguments showing that a particular set of primes generates the
2-Sylow subgroup of the ideal classgroup of an extension. That stronger
congruences then determine the existence of the governing fields follows
from an observation of [Ch2], as discussed in our Section 6.
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1. Results

We study those N which are pure quaternion extensions of Q and which
have complex multiplication. That is, the Galois group of the extension N/Q
is isomorphic to the quaternion group of order 8 and N has a (unique)
subfield F such that (i) a finite prime p of Q ramifies to N if and only if p
ramifies to F, and (ii) F is totally real and N totally complex. The existence
of the quaternion extensions in all of the cases to which we refer follows from
the results of Frohlich in [F1].

THEOREM 1. Let
F=Q(Vpr,Vq)

for primes p = r = —q = 3 mod 4 with Legendre symbols

(i) = (1) = —1.

p r

Let N be the unique complex pure quaternion extension of Q containing F. Let
m=mym, -+ m, be a product of rational primes, such that ('—;‘;)= 1 and

(ﬁq-) = —1. Let l = 1 mod 4 be a rational prime distinct from the m; such that

(;’;)= 1 and (§)= —1. Let my=m if m=1 mod4 and let my, = pm if
m =3 mod4. Let N[ml] be the unique complex quaternion extension of Q
containing F and ramified over exactly p,r, q,l, and the prime divisors of m.
Let VIml] be the unique irreducible 2-dimensional representation of the Galois
group of NImyl] over Q. Let L(s,V[ml]) be the Artin L-function of V[ml].
Then L0, VIml)) is a rational integer such that

() L, VIml)D is exactly divisible by 2**" and

Gi) L, V[mID/2**" mod 4Z is constant for m fixed.

Let i be a primitive fourth root of unity. Let p and g be two rational
primes. Let s be the order of the image of p in (Z/qZ)*)/(Z/qZ)*)*. We
define the quartic symbol (-:-) . to be i°. Note that this is well-defined if

(%) = 1, where (5) is the Legendre symbol for p with respect to g.

THEOREM II. Let
F=0(Vpr,Va)

for primes p = q = 5 mod 8 such that

) (33
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Let | =1 mod4 be a rational prime such that —(§)= (-,’;)= 1 and (%)4 =

(%) =1 Let N [1] be the unique complex quaternion extension of Q contain-

ing F and ramified exactly over p, q and I. Let V[I] be the unique irreducible
2-dimensional representation of the Galois group of N[1] over Q. Then L(0, V[I])
is a rational integer with '

(i) L, VIID exactly divisible by 2* and

Gi) L, V[I]D/2* mod4Z constant.

The proof of Theorem II is made difficult by the small number of primes
dividing the conductors of ¥ and V[I!]. We have used G. Gras’s analytic
genus theory to overcome this difficulty.

We let Hg be the quaternion group of order eight and Z[Hg] be its
integral group ring. Let CI(Z[Hg)) be the finite torsion subgroup of the
Grothendieck group of finitely-generated Z[ Hg]-modules of finite projective
dimension. Suppose N[d] is a complex quaternion extension of Q and F its
biquadratic subextension. Let S[d] be the set of ramified and archimedean
places of N[d]. Let S'[d] be the places of F determined by S[d]. Now
suppose that we have a family of twists N[dl] quaternion over Q, containing
F. The S[dl]-class group of NIdl], Cls[d,]N[dl], is the ideal class group of
Nldl] modulo the primes determined by the finite places of S[d!]. Let fg,(])
be the class of Clg,,Nldl] in CZ[Hg)D. Let K be the maximal abelian
extension of F to which all of the elements of S'[d] split. Let K’ be the fixed
field of the subgroup of Gal(K/Q) generated by elements whose orders are
powers of primes congruent to 1 or 7 mod 8. Let Hg be the fixed field of
the maximal 2-power order subgroup of Gal(K'/Q).

Recall that a governing field in the sense of H. Cohn and J. Lagarias [CL]
for a function f on a set of rational primes A to some set B is a finite Galois
extension H of Q such that f(I) is determined by the Frobenius conjugacy
class Froby ,o(1) whenever [.is unramified in H. We call H a minimal
governing field for f(!) if no proper sub-extension of H/Q is also a governing
field for f(I). Theorem I and Theorem II provide the precise congruence
results for the determination of minimal governing fields for the variation of
the Galois module structure in each of these families.

CoroLrLarY 1. Under the hypotheses of Theorem 1, Hgy,) is a minimal
governing field for fg ().

CoroLLARY II. Under the hypotheses of Theorem II, H is a minimal
governing field for fs,.

Each of the above results depends upon the generation of the 2-Sylow
subgroup of the class group of a quaternion N by the ramified primes of N
above Q. That this does not hold for all N quaternion over Q, even when N
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is pure and complex and F, the biquadratic subextension, has odd class
number is shown by the following proposition.

ProposiTiION 1.  Let

F = Q(Vpa ,Vor ,Var)

forp = q =r =3 mod4 such that

(z) _ (_P_) - (L) = -1
ar qr pq :
The class number of F is odd. There exists a unique complex pure quaternion
extension N over Q which contains F. The three finite primes of F which ramify

to N generate a subgroup of order 4 of the class group of N; however, the class
number of N is divisible by 8.

Section 2 presents necessary background material for the proofs of our
theorems. Part A sharpens and extends results on congruences of L-func-
tions over Q via an application of G. Gras’s [G] main theorem. Part B
presents results related to real quadratic number fields. We first give tables
of some of the ray class group characters to be used in the main proofs. We
then prove two lemmas needed later. Lastly, we state the form of a deep
result of Deligne and Ribet to be used throughout our proofs. Section 3
presents an introduction to the techniques used in the proofs of our theo-
rems. We consider whether the ramified primes generate the 2-Sylow sub-
group of the class group of our quaternion extensions. We illustrate how the
reduction-of-level techniques combined with the results of Deligne and Ribet
can be used to study this problem. The idea of using the Deligne and Ribet
work to obtain results in genus theory is clear in Gras [G]. The use of these
techniques in the present setting is new. Section 4 provides the proof for
Theorem 1. Section 5 presents the proof of Theorem II. Section 6 gives the
proof of Corollary I and Corollary II.

Acknowledgments. These results constitute a refinement of the author’s
1989 University of Pennsylvania Ph.D. dissertation, written under the super-
vision of Professor Ted Chinburg. The author warmly thanks Professor
Chinburg for his help and encouragement. Professor Eduardo Friedman is
also thanked for many helpful conversations.

2. Congruences and characters

Part A. Results over Q

In proving our theorems about quaternion L-functions, we use the reduc-
tion-of-level technique and induction to resolve our questions to simpler
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objects. One of the most basic of these is the collection of quartic characters
over the rationals. To study L-value congruences of these, we use a version of
G. Gras’s [G] main theorem. Let Q,, be the cyclotomic Z,-extension of Q, i.e.
the totally real subfield of Q(¢,,) with Galois group over Q isomorphic to Z,.
Let k, be the cyclic extension of Q corresponding via class field theory to a
2-power order even character y. Gras proves the existence of L, the unique
minimal abelian extension of Q containing both k, and Q, such that

() L/k, has all of its ramification above 2 and

(i) Gal(L /Q.) = ®H, for /€ S, where S is the set of primes (other
than 2) which ramify in k, /Q and H,= <h,) is the inertia subgroup of ¢ in
Gal(k, /Q).

Now let J, be the set of primes in S which have trivial residue extension
to k,. Gras shows that for ¢ in J, one can choose a lift (—"—/}) to L/Q of the

Frobenius ( "y Q) such that

((£49)) -t

where w is the odd quadratic Dirichlet character of conductor 4. Further-
more, we can pick a topological generator y of Gal(Q,,/Q) within Gal(L /Q),
such that x(y) is a primitive nth root of unity for n the order of y. With the
above choices made, for all /&€ § let o, be defined by

L
[42) -
Gras proves that the equation
(2.1) cLag = Z oy Il (1 - ‘—IW)]—I(I —h,)
SoJ ESN =2

in the group ring Z2[Gal(L /Qw)] is solvable for the «; when ¢, =
|Gl T, cs(1 = ¢7Y and ag is the sum of the elements of the group
G = Gal(L/Q.,). Let m be the maximal ideal of Q,( X) Gras’s main theorem
[G; (0.3)] shows membership of x(a, ) in m (which is independent of any
choices involved in finding the «;) to determme the m-divisibility of L(s, yw).
We illustrate this technique with an application.

Lemma 2.1.  Ifq = 5mod 8 and A, is an odd quartic Dirichlet character of
conductor q, then

L(0,1,) € (1 +i)Z,[i]1\2Z,[i].
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Proof. Here A w is an even character, of order 4, and of conductor 44.
By the theorem of Gras, v;,,(27'Ly0,A,0)) 2 0; ie., v,,,27'(1 -
A 2)LO,A,) = 0. But, g =5 mod8 implies that A,(2) = +i. Thus
L(0, 1)) € (1 — D)Z,[i]. We show that this is the exact 2-divisibility of L(0, A,).

Here S =J,=gq. Let H, = (h), h* = e. We may assume that we have
chosen &, (5/79), and y such that y(h) =i, X((E/(—Q))= 1, and x(y) =i.
From Equation 2.1, ay = 1 modulo (Augmentation). We find a solution (in
Z,H,) by letting a5 = 1 and

a, = —14q[(3q + 1) + 2(q + 1)h + (q + 3)h?].

From this, x(a,) is a (1 + i)-adic unit, hence L(0,A,) € (1 + )Z,[i]\
2Z20

Remark. This congruence can be obtained in another manner. One may
use the analytic formula:

(g-1/2 (g—-1/2
(22) L(0,A) = X A()(g-2j)/a= L A(J) mod2Z,[i]
j=1 j=1

Simple parity arguments now give our result.

The above lemma can be combined with the reduction-of-level method to
determine congruence data for other L-values. However, this does not seem
to allow us to determine L(0, A,7,). The small number of primes dividing the
conductor hinders the approach.

ProrosiTioN 2.1. Let ¢, = ¢/ =5 mod8 be primes for i = 1 to some s,
with ¢, # ¢; and (] + ¢/ for i #j. Let §; and ¢ be 2' order Dirichlet
characters of primitive conductor ¢; and ¢ respectively. Let T = max(t,).
Suppose ¥ = T15_, ¢;, and W' = T15_, ¢! are odd characters of order 27 and
of conductor ¢ and ¢' respectively. Suppose further that |//,.(lj) = q//;(/j') for
alli # j. Let m be the maximal ideal of Q, (V). Let D be the number of distinct
rational primes ramifying in the extension corresponding to the character o'V
above the ¢;. Then

G a4 -vQ)YLO,¥)=>0 — ¥YQ)LO,¥) = modmP-1*T)Z,[¥]
and, if the £, = ¢ mod2”Z for all i, then

(i) (1 - ¥YQ)LO,¥) =01 - VQ)LO,¥) mod(mP+T)Z,[¥].

Proof. For any odd @ of 2-power order, with D defined as above, the
valuation with respect to m satisfies

Vm(27'Ly(0, 0®)) =2 D — 1.
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Hence
um(2‘1(1 - <I>(2))L(O,<I>)) >D -1

and (i) follows.

Now let y = w®. Gras shows that the strict inequality in the above occurs
if and only if x(a; ) is in m. For a given Dirichlet character a, let E, be the
corresponding cyclic extension of Q. Define

K= (.p,.l:ldEw'”‘w)n (wl—[ Ewwi)

; even

and

K"‘“( I1 Ev/«r;w)n( I1 EW'/w:)-

i odd ¥/ even

By our hypotheses, Gal(K/Q) = Gal(K'/Q). By definition, Gal(L/Q,,) is
isomorphic to the product of the inertia groups for the ¢;. By, say, Washing-
ton [W; Theorem 3.7], Gal(K/Q) is also isomorphic to this product. Since L
is minimal with respect to its properties of definition, K U Q. 2 L. As every
non-trivial subextension of K has some prime other than 2 ramifying to it
from Q, K N Q_, = Q. Therefore, L = KU Q..

We also find ' = K’' U Q_, and from our construction, the isomorphism
sending Gal(K/Q) to Gal(K'/Q) takes H, isomorphically to H, for all i.
We choose generators 4 4 and h, for these cyclic groups such that each &,
is sent to h,. Recall, for p =5 mod 8, the order of p is U,», the units of
Z/2"Z,is p'{‘2 for n > 2 and 1 for n < 2. Thus, such p are inert in Q,/Q.
From this, we can choose topological generators y and v’ as in our discussion
prior to Equation 2.1, and an isomorphism between Gal(L /Q) and Gal(L /Q)
sending y to y' such that each o, goes to u;o,, where the u; are units in
the isomorphism of Gal(Q,,/Q) with Z,, which are trivial mod 2”. Now when
we consider Equation 2.1 in order to solve for the « Jp WE may assume that
h,=h, and o, =0, for all i. Since we have required that the ¢, = ¢/
mod 27Z for all i, we see that y(« ,0) = x(_a’,o) and hence we are done, by
Gras’s theorem.

CoroLLARY 2.1. Let p =q =5 mod8 be primes. Let A, be a primitive
quartic character mod p and 7, be the quadratic character mod q. Then the
following hold:

0 L©O,r,) € A + DZ,iI\2Z,[i].

Q) If (£)= —1, then L(0, A7) € 2Z,[i]1\ 201 + DZ,[i].

>p'q

@ If(2)=1and (2), = -1, then L0, A,7,) € 201 + DZ,[i1\4Z,[i].

> p'q

®) If (%), =1, and (2), = 1, then L(O, A7) € 4Z,[i].

>'p'q
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Proof. Here A,(2) = +i, hence the L(0, ¥) = mod(1 + i)DZ,[i]. By our
Proposition, it suffices to consider the L-value for a single choice of p and g
satisfying the given restrictions. For the (0) case, we have already seen two
proofs, but now we may simply point out that D = 1 and observe that
L, A5) € (1 + DZ,[i]\ 2Z,[i].

(1) has D=2 and L(0,As73) gives our result. (2) has D =3 and
L(0, As7,) gives our result. (3) has D = 3 and L(0, A,37,,) gives our result.
It is interesting to note that although

L(0, Aj37a9) € 4Z,[i]\4(1 + i)Z,[i],
one finds that
L(O,)ts‘rwl) €41 + i)Zz[i] \8Z2[i].

Thus we could hope to prove no stronger result in this setting.

CoroLLARY 2.2. Letp =gq = ¢{= 5 mod8 be primes. Let A, be a primi-
tive quartic character mod p, and 7, and T, be the quadratic characters
mod g and ¢ respectively. Then the following hold.

(A For (£)=(2)=1and (£)=
(1) L, Ap’fq‘f() € 8Z,[i} if at least one of (%)4 and (;f)4 equals one,
@ LO,A7r,) € 401 + DZ,[i1/8Z,[i] otherwise.

(B) For (—‘)= (1)= 1 and (f)= -1,
@) LO, A7) € 8Zlilif (2), = 1= —(£),,
@ LOA7r,) € 40 + DZL/8L01if (4), = —1or (2), = (£), = 1.

© For ({)= -(2)= -1,

(5) LO, A7) € 4Z,[i1/40 + DZ[i1 if (2), = 1 and (£)= -1,
©) LO,Arr) € 40 + DLL) if (4), = 1 and (£)=1,

(D LO A7) =20 +(£) mod8Z,[i] i (2), = -1,

D) For (£)= (%)= -1,

®) LO,A7,m,) € 21 + DZ,[il/4Z,[il.

Proof. Let ¢ = (A, + (77,4 7, + 7,+ 1), considered as an imprimi-
tive function on (Z/pql Z)*. The analytlc formula, Equation (2.2), gives
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L(0, ¢) = 0 mod 8Z,[i]. But,
(2.3)
L(0,e) = L(0,A,7,;7,) + L(0,A,7,1,) + L(0,A,1,7,) + L(0,A,1,,)

4

= L(0, Arr,) + (1 - (;)4(5‘))1,(0, A
(1= (§)(9)ron0

#(1-(£))[1- (5) Jrenn.

where we temporarily admit a sign ambiguity in the case that either ¢ or q is
a non-square at p. We could now proceed case by case, via applications of
Corollary 2.1.

Part B. Results in quadratic subfields
B1. Character tables

We determine certain characters for k£ = Q(‘/}_)_ ), one of the quadratic
subfields of the F = Q(y/p , q) of Theorem II.

For j € {2,4} and P a prime of k, let F(P,j) be (O,/P)*/(O,/P)*).
For P one of the infinite places of k, let F(P,j) be {1, —1}. Also, let k¢,
denote the non-zero elements of k which are prime to the ideal f. Let P, be
the prime of k above p and let P, and P, be the primes above q. We

consider the homomorphism from k;“pq) to

F(P,,2) X F(P,,4) X F(P,,4) X F(P.,2) X F(E.,2).

Note that we do not use the usual identification of each of the two factors
related to g with

(Z/aZ)*/((Z/9Z)*)".

By Frohlich [F1], we know that there exists a complex quaternionic
extension N of Q containing F which is ramified at exactly p and g. Thus
there is an odd, order 4 ray class group character, y,, of primitive conductor
pq over k = Q(\/I_7 ). Indeed, let A be a generating character of the dual of
F(P,,4), and A its image under o, the non-trivial element of Gal(k/Q). Let
the symbol (—) represent the quadratic character on a group of order 2.
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TaBLE 2.1

k=Q(\/Z);pssmods,qsf;mods,(g) = 1,(5)4= —(%)4= -1

F(P,,2) F(P,4 F(P,4% F(P,,2) F(P,,2)
-1 1 2 &2
€t -1
X2: G
'8 1
X1
X1kt
X3t
X3k: (
X' 1 AT

(]

) (

—_—= ] ] > o
N N

~ ~ >l

-] e ] | ™

N N
-1 4+ |
-

—_ =

~ o~
|
N’ N’
>~
[
Ll
PN NN AN
|
N N N N N

Then y, may be represented as:

F(P,,2) F(P,4 F(P,4 FP,2 F(Q&,2
Xa: (-) A At (-) (-)

For o the non-trivial element of the Galois group of k/Q, x; ! = x§; as it
must, as y, represents a quaternionic extension over Q. Now, any class group
character evaluated at the image of a unit of k gives the value 1. Further-
more, we know that {—1, ¢,} is a generating set for the units of k, where ¢,
is a fundamental unit. By genus theory, ¢, is of norm —1. Genus theory also
tells us that the class number h, is odd and, as we have chosen our
biquadraic field to have odd class number, that ¢, is a non-square at both P,
and P,. Thus we have

£y B £ (@™ + -

Here ¢ is the image of ¢, in F(P,4), and & is in {1, —1}. Now, the
product A(e)A~1(—=1(8)~1) is A(—1) times —1. Since ¢ = 5 mod 8, and has
residue degree one to k, —1 is a square, but not a fourth power, at both P,
and P,. Therefore, A(—1) = —1. Since x,(g,) = 1, we see that § must be
-1.

We now list all of the characters of conductor dividing pg and of order 2
or 4.

Note that u = (x,)* = (x,)* and x, = x;x,x3, both of which correspond
to extensions of k which are abelian over Q.

Consider the characters of conductor dividing ¢. By genus theory,

B[(F(P,,2) @ F(P,,2)/¢ - 1,,)] divides 2k, /.
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TABLE 2.2
k=QGpr)p=r= —q53m0d4,(%)='(g)= -1

F(P,2) F(P,2) F(P,4 F(P,4 F(P,2 F(E,2)

_Q

-1 -1 -1 &7 e" - -
Epy ) -8 € - + +
X2 ) =) A -t ) )
X1 1 1 1 1 ) )
X3t =) (=) =) 1 ) =)
Xqt 1 1 A7t At =) (=)

Since /=1 mod4, —1 is a square at P, and P By Galois action, ¢, is a
square at P, if and only if it is at P( Hence, hQ( D is even if and only if
£, is a square at these primes. But, by Frohlich [2; Theorem 5.7], h /7 V2 is
even if and only if ( ) 4(p) = 1. Hence, in the setting of Theorem II, ¢, is a

square at P, and P,, the two primes of k above ¢. Let
S/= {1/’ l/’l(7 ’{lv l/’z},

where the elements of S, are quadratic characters of primitive conductor 1,
P,, P, PP, respectively.
We now give the characters used in our proof of Theorem I. We reproduce
a table of Chinburg’s [Ch2], established by similar methods as above.
Since ¢,,, the fundamental unit of k = Q(\/g—r r), has norm 1, the images of
, at conjugate places are either both squares, or both non-squares. If ¢ is a

ratlonal integer with (—)— 1, then let P, and 13 be the two primes of k

above ¢. Let ¢, be the quadratic character of primitive conductor P, P Since
the images of the units vanish under ¢,, it is indeed a ray class character of
k. Thus we define the ray class characters ¢,, for the m; of the hypotheses of
Theorem 1. Let 1, be the trivial character of conductor t. We define

Sp,={1,,,¥,) and S, = ]_[Smi.
i=1

We now discuss characters whose conductors are divided by P, or P,. We
have ¢, as above. If (—) = 1, then Chinburg [2] shows ¢,, to be a square at

both P, and P,. We then have ray class characters y/, and ¢ of primitive
conductor P, and P,, respectively. We define

S,= {11’ sy, ‘/’z}

If (;‘)= —1, then the primes P, and P, remain inert to k(;/—p)=
k(‘/— g,.). Hence —¢,, is a non-square at both P, and P,. Since ¢=
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TaBLE 2.3
K=y, (£) = -1

F(P,2) F(P,,2) F(F,2 F(P,2 F(P,2) F(P,2) F(P,2) F(P,2)

-1 -1 -1 1 1 1 1 - -
et 0 -5 -1 -1 -1 -1 + +
Ve o1 1 =) 1 =) 1 1 1
Vi1 1 1 =) 1 () 1 1

1 mod4, ¢, itself is a non-square at these primes. Thus there is no even ray
class character of primitive conductor P, or P,. We now define v/, and », as
below.

We define S, = {1,,v, V), uy ).

B2. Auxiliary congruence results

It will be useful to have the following lemmas, both generalizations of
techniques of Chinburg ([Ch3] and [Ch2], respectively.)

LemMA 2.2. Let k be a real quadratic extension of Q, with odd class
number and odd discriminant. Let f be a conductor of k, co-prime to 2. Let a
be an odd quadratic character of k of (possibly imprimitive) conductor f. Let
ﬂ f be the number of distinct finite primes of k dividing f. Furthermore, let
L(s, () be the Artin L-function for the (possibly imprimitive) character [(a)
which a induces on G;. Then L(0, [(a)) € Xz,

Proof. Let ¢ be the primitive character associated to a and L be the
quadratic extension of k corresponding to £. For a number field K, let {;(s)
be the usual zeta-function, 4y be the class number of K, Reg(K) the
regulator of K, and wy be the number of roots of unity in K. Then

¢u(s) _ i Reg(L)w,
i(s) o P Reg(k)w,

L(O’g) =

Since a is odd, L/k has complex multiplication. As L /k is unramified over
two, L and k have the same units up to torsion. Thus Reg(L) = 2 Reg(k). If
w, is unequal to w,, then for some root of unity u, L = k(u). Since f is
co-prime to 2, this u could only be a third root of unity. Therefore, either w,
and w, are equal, or they differ by an odd factor. Thus

hy
L(0,¢) =27="-u"},
(0,¢) Ry u

u a unit in Z, (intersected with Q).
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Let 6 be the number of primes of k dividing the conductor of ¢&. L /k is
ramified at these & primes as well as at the two infinite places. Therefore, as
h, is odd and Of has two generators, whose images are distinct in F(P,,2)
X F(P,,2), we find

e
ie.,

L(0,¢) € 2°Z,.
But

L(0,,(a)) = [ M - a(Q))]L(O,f)

Q1(f\cond(¢))
€ 20/-987, = 2z,

Lemma 2.3. Let a be a non-trivial quadratic character of a real quadratic
extension k = Q(/d ) of Q with discriminant D. Suppose that o is non-Galois
over Q, i.e. the field corresponding to « is not Galois over Q. Let f be the
primitive conductor of «, and suppose that D and f are co-prime. Let
P, P,,..., P, be distinct primes of k lying over p,, p,, ..., p,, distinct rational
primes. For A in Q, let |A| be the product of the prime divisors of A, each
taken to the first power. Let o be the non-trivial element of the Galois group of
k/Q. Suppose that |\Dff°| divides the product p,p, -+ p, and aa’(P;) =1
for all P, which do not divide f°. Then,

_ 1 if aiseven,
(PP, E) { —1 otherwise.

Proof. Let L' and L’ be the extensions of k corresponding to @ and to
a? respectively. Let L be the compositum of L' and L’. Then L /Q is Galois
of degree 8, with non-Galois subextensions and more than one subextension
of index 2, thus the Galois group of L /Q is isomorphic to Dy, the dihedral
group of order 8. Now, Dy has a unique cyclic subgroup of order 4. L /k is
clearly not cyclic. There are two other quadratic subextensions of L/Q. One
is Q(/p; * -+ p,); let us call the other k'. At least one of the p; does not
ramify to k'. Let Q be a prime of k' above such a p;. The inertia group of Q
to L fixes a subfield of L to which Q is unramified. Since Q is ramified to
k(y/py --* p,), but L is unramified (except possibly at the infinite places)
over k(/p, *** p,), L/k’ must not be cyclic. Thus, L/Q(y/p; - -+ p,) is the
cyclic extension.

If « is even, then L/ Q(‘/Pl -++ p,) is unramified. Otherwise, it is
unramified except at the infinite places. In this latter case, the very existence
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of L implies that the narrow Hilbert class field of Q(‘/ Py pp), H,, is not
equal to the Hilbert class field of Q(y/p; --- p,), H. But, for a quadratic
extension of Q, [H,: H] < 2. Therefore, [H,: Hl=2 and H, is the
compositum of H and L. Letting B; be the unique prime of Q(‘/ D1 " D)
above each p;, we have [1,B; = (‘/ Dy *** D,)is principle, hence trivial in the
class group.

But, for a non-even, (\/ Dy ** D, ) is non-trivial in the narrow class group.
As the Artin map gives an isomorphism between the narrow class group and
Gal(H,/QG/p, *** ), (Jp, - p,) has for its image an element of
order two. We know that H_ is the compositum of L and H, and the Artin
map for the extension H/Q(y/p, ‘- p,) is trivial on (y/p, - -+ p,). There-

fore, the Artin map for L/Q(y/p, ‘- p,) must take (;/p, -*- p,) to an

element of order two. Thus, we find that the Artin map for the extension
L/Q(\/py *** p,) takes I1,;B;, = (y/p, ‘- p,) to an element of order one or
two, depending on whether a is even or not. But, all of the B; are split to
k(\/p1 -+ p,), by our assumptions. Thus, B; splits to L if and only if
a(P;) = 1. Equivalently, the image of B; under the Artin map corresponding
to L/Q(/p, -** p,) is trivial if a(P,) =1 and has order two otherwise.
Hence, a(P, --- P,) = 1if and only if a is even.

Throughout the remainder of this paper, we use the results of Deligne and
Ribet in the following form.

Tueorem 2.1 (Deligne and Ribet). Let k be a totally real field to which 2
is unramified. Let r = [k: Ql. Let f be an ideal of k prime to 2 and G; the ray
class group of conductor f of k. Let L be a finite extension of Q,. Let F be the
set of odd functions on G, with values in Oy, the ring of integers of L. For any
c in Gy, there is an additive functional on F, denoted A (0, —), with values in
2'0,. When ¢ is an odd character of G;, A (0, &) = (1 — &(c))L(0, ¢).

The above version of the theorem is virtually that in [Ch3], but see also [R]:
remarks (1) and (2) to (2.1) as well as (3.1); also confer [DR].

3. Generation of the 2-Sylow subgroup of the ideal class group

In the cases which we consider, N/Q is a tame extension with Galois
group isomorphic to Hy, the quaternion group of order 8. Let F be the
unique biquadratic subextension. Assume that the class number of F, A, is
odd. Further, assume N is totally complex, while F is totally real. Let the
number of finite primes which ramify from F to N be t. Let the ¢ primes of
N lying above these be called A, through A,. By Kummer theory (cf. [Ch2;
pp 40-41}, under our hypotheses the set of the A?F generates a subset of the
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ideal class group of N isomorphic to (Z/2Z)'~!. Is this the full 2-Sylow
subgroup of the ideal class group of N?

Our approach is as follows. We choose a quadratic subfield of F, say k,
which has odd class number. As N is cyclic over each of the quadratic fields,
N/k corresponds to a ray class group character of k, say x,. The induction
of x, to Q, Ind2x,, is the character of the unique irreducible 2-dimensional
representation, say V, of the Galois group Hg. Thus, L(s, x,) = L(s, V).

It is well known that the L-function of the regular representation of a
Galois extension is the zeta-function of the upper field. In the case of N/Q,
we find that this regular representation decomposes into the direct sum of
the regular representation of Gal(F/Q) with two copies of V. Hence,
L(s, x,)* = {n(5)/{s(s). But, the leading coefficient of the expansion of a
¢{-function of a field E at s = 0 is —hgReg(E)/wg. From our choice of N
and F, the image of the units of F in N generate the units of N and we find
that

(3.1) L(0, x,)* = 2%hy/hp.

Now, since N/F is a ramified extension of degree two, h; divides hy.
Since y, is a quartic character, from Siegel [Si] we know that L(0, x,) is in
Q(i). As it squares to a positive rational integer, L(0, x,) is itself a rational
integer.

From Equation (3.1), the 4”F generate all of the 2-Sylow subgroup of the
ideal class group of N (and hence if § includes all of the A;, then the order
of the S-class group of N is odd) if and only if 23*¢~D||L(0, x,)?. Thus, we
need study L(0, x,) mod 22+1*/21Z,

The study of this congruence is carried out via the use of the reduction-of-
level technique combined with the results of Deligne and Ribet.

Example 3.1. Let us take F and N[m,] as in Theorem I. Note that here ¢
equals 4 + 2n. Let k = Q(@?), and

f=prqm=PpP,P13P PP

q-q-mymy mann'

We use the notation of Table 2.2 and let

S = {X20 X3 Y X X375 X1> Xts X35 X3t} Sy, = {1 U }

and

n
Sp =TT,
i=1



QUATERNION L-VALUE CONGRUENCES 657

By the Deligne and Ribet theorem, for any ¢ € Gy,

(32) : £ T a(0,(x¥) e 220,

We choose ¢ such that y,(c) € {+i}. Since y, corresponds to a quaternion

extension, the non-trivial element of Gal(k/Q) sends x, to x5!, but leaves
the ¥ fixed, and thus

L(0,f(x2%)) = L(0, f(x7'¥)).

From this,

1
(33) 7 L X A(0(xP)= ¥ L(0,;(x2¥)).
x€x2, x5 YESm Yes,
By Lemma 2.2, we have

Yy Y Ac(O,f(X\I')) € 24*rZ,.

x€{x1, X1 X3, x3n} Y €Sy

N =

(34)

Now, let

By = %(1 - Xq\l'(c))(l - qu,(Pp))(l - Xq\I’(Pr))L(O’qM(qu’))'

By our Lemma 4.1 (whose proof is independent of this section), L(0, ,,,(x,¥))
has value in

2"*F2Z,[i1\2"*2(1 + i)Z,[i].
Our choice of ¢ gives x,(c) € {£i}. Thus
TraceQ[i]/Q(B\l') € 2"3Z,\ 2" L,

and we have

(3.5q) % Y A(0,4(x))=2° mod2‘Z, ifn=0,

x€{xg x7

and, since there are an even number of the B¢ when n > 0,

(3.5b) -12- Y T A(0,,(xV)) €2z, ifn>0.

x€{xg X7 Y ESm
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Combining (3.2) through (3.5), we find that L(0,V) = 2* mod2*Z,, and,
with an easy complete induction argument, that

L(0,V[m]) = 23" mod 24*Z,.
Hence L(0,V) = 23 mod2*Z and L(0,V[m]) = 23*" mod2**"Z. We con-

clude that the A?F generate all of 2-Sylow subgroup of the ideal class group
of the N[m].

Example 3.2. Let us take F and N as in Theorem II. Note that here ¢

equals 4. Let k = Q(\/}; ), and f=pg = Pqu}_’q. We use the notation of
Table 2.1 and let

S = {X2o X35 X X355 X1 Xats X35 X314}

By the Deligne and Ribet theorem, for any ¢ € Gf,

(3.6) 2 T A[0,,(0) € 2°Z,i].

XES

By choosing ¢ such that y,(c) € {+i} (which forces u(c) = —1), we find
that

Z Ac(o’f(X)) =L(0’X2)'

x€lx2,x2 "

[ ST

(3.7)

Unfortunately, our Lemma 2.2 is insufficient to ensure that the L-values of
the quadratic characters are all congruent to zero. However, we may choose
¢ such that x,(c) = 1. Since x,(P,) = x;u(P,) =1, we need only study
L(0, x31). Now, as ysu corresponds to a fourth degree Galois extension of Q
to which only p, g and « ramify (p totally ramified), this field must be the
cyclic extension of Q corresponding to A,r,. Thus, L(0, x;u) =
L(0, A7) L(0, )ti;rq). We apply Corollary 2.2 to conclude that L(0, y;u) €
2%Z,. Note that here we have used the results of Gras. Thus,

(3.8) Y A(0,4(x)) € 2Z,.

X €{x1, X11» X35 X344}

N1

Now, let
B =7(1 = xq())(1 = x4(B,))L(0, x,)-
Since x induces down to Q as the product A7, * A, Corollary 2.3 gives

L(0, x,) € 4Z,[i]\4(1 + i)Z,[i].
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(This is the significant use of Gras’s results.) Now,

x(B) = (5),= -1

By our choice of ¢, x,(c) € {+i). Thus, Traceqy;;,o(B') € 2°Z, and we have

(3.9) % Y A(0,4(x)) =2 mod2*Z,.

x<€{xg x7 Y

Combining (3.6) through (3.9), we find that L(0,V) = 2> mod 2*Z,. Since
L(0,V) is a rational integer, L(0,V) = 23 mod 2*Z. We conclude that the
A?F generate all of the 2-Sylow subgroup of the ideal class group of N in this
example.

Example 3.3 (Proof of Proposition I). Let us take

F = Q(Vpa , Vpr ,Var),

with p = g = r = 3 mod 4 primes such that

5)-(3)- () =0

By Frohlich [F2; Theorem 5.7], F has odd class number. By Frohlich [F1],
there is a unique complex quaternion extension N of Q containing F which
is ramified only above the rational primes p, g and r. There is exactly one
prime of F above each of these primes. Therefore, ¢t = 3 and we have an
order 4 subgroup of the ideal class group of N generated by the image of the
ramified primes.

Let k = Q(\/;J ). N/k is cyclic of degree four, corresponding to, say x,.
f=P,P,P, is the conductor of x,. By genus theory, the fundamental unit of
k, €,,, is totally positive. Since x2 corresponds to F/k,x? is an even
quadratic character of primitive conductor P,. Therefore, both —1 and ¢,
are squares at P,. We know that —1 is not a square at either P, or P, thus
since y,(—1) must be trivial, —1 is a fourth power at P,. We now show that
&,, is a square at exactly one of P, or P,. If not, then there would exist an
even quadratic character a, of primitive conductor P, P,. By its construction,
a would be Galois over Q and P, would be inert in the corresponding
extension K,/k. Thus K_,/Q would be cyclic of degree 4 and ramified at
exactly p and q. But, for p = g = 3 mod 4, there exists no such extension of
Q. Thus ¢,, has the image asserted above. Since xz(qu) must be trivial, we
find that €,4 18 a square, but not a fourth power at P,. We may now construct
the following table.
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TaBLE 3.1

k = Q(/pq) when F = Q(/pq , pr , ar)

F(P,2)  F(P,2  F(P,4  F(,2  FQ&,2

-1 -1 -1 1 - —
£t ) -6 y? + +
X2 (-) -) A (-) (-)
X3 1 1 =) 1 1
0: 1 1 1 (=) (=)
B: 1 1 (-) (-) -)

Let S = {x,, x5 ', 0, B}. By the Deligne and Ribet theorem, for any ¢ € Gy,
1 .
(3.10) 2 T A0,4(x)) € 2Z,[i].
XES

By choosing ¢ such that y,(c) € {+i}, we find that

N =

(3.11) L A(0,:(x) =L(0, xz).

x&lx2, x7"
By Lemma 2.2, we have
1 ,
(3.12) 7 T A0.4(x) € 2L,
x <16, B}
Therefore, L(0, x,) € 2°Z,[i] (indeed, L(0, x,) € 2°Z) and the ramified

primes of N do not generate the 2-Sylow subgroup of the ideal class group
of N.

4. The Proof of Theorem I

As Chinburg [Ch3] obtains the result we desire in the case when n = 0 and
(;‘) = 1, we consider only the remaining cases. Let

fn=P,P.PPP,P, - P,P, PP,
be a conductor for k = Q(\/p_r ). From Section 2, we have S, our set of odd
characters of conductor dividing prgO,, as well as the sets of even characters

Sm, = {lm‘_, ¢mi} and
l
Su= (Lo W) when (5] = 1
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and

S,/= {1{’ V'{s V’}"“//{} when (g) = —1.
Let S, = IS, Let T, be either of S, or §, with clarification provided
as necessary. We also set the ordered set (¢, ¢, ¢,) to be (¥}, ¥, ¢,) if
(é) = 1land (V'z, V/Z’ l-“/f{) when (’;) = —1.
Let

h=

Y X X (xvy).

XES YeS,, YT,

N =

Then by the Deligne and Ribet theorem,
(4.1) A(0,h) € (271232722)22Z,[i] = 28*"Z,[i], forx € Gy,

The freedom in this approach lies in the choice of ¢ and in the use of the
reduction-of-level techniques. First, as we want to isolate L(0, x,¥,,¢,), we
choose ¢ such that x,(c) =i. Thus, u(c) = —1 and x,(c) € {£i}. Let
x,(c)=1i and x,(c) =1 Thus x(c) is now determined for xy € S. Let
Y(e) = 1for all § €S, Let y,(c) = (£).

ProrosiTION 4.1.

N =

L T A0 - Zerfor|%)

x€l,x; Y YES vl 0 diml
where w(d) is the number of distinct prime divisors of d.
Proof. Consider
(42)  3A.(0,5,(X2¥m, ** YUm$.))
= %(1 = X2¥m, """ '//m,,‘f’z(c))L(O’le//m, l//m,,d’z)
=3(1 = x2¥m, ** U .(c))L(O,V[mi]);

note that for ¢,= pi,, we have x,¢,= x5 '¥,.
Now,

(XZ'/’ml ‘pm,,d)l)o.:XZ_l'pml 'l'm,,d’l’ and (fm)”=fm‘
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Thus,
L(O’fm(/\’z—l‘l’ml T ¢mn¢{)) = L(Oafm(xz'l’ml e ¢mn¢i))'

Furthermore, x,(c) = +i and the ¢(c) = +1. Therefore,
1
43 5 X A0, (XUm, ~* ¥m.)) = L(0,V[m<]).

x€{x2, x3"

For the remaining summands, we use induction via

(4.4) L0y (XVm, *** Yy Ly $2))
= T (1= X¥m, = Yy ¥, 94(Q))s
QIP’":P'”:

L(O’fm/mi(xz"bml o J”: o tII"'”¢/))
= 2L(O’fm/m1(X2¢m1 o l/IA”‘i o lllm"¢‘))’

as x7 = p and as (%)= -1 gives u(Q) = —1.
ProrosiTION 4.2.

% r T T A0, (x¥¥))) =0 mod25+z,[i].

x€{xz, x3t, x1, X1} YES, YT,

Proof. All of the characters in the equation are quadratic and the result
follows immediately from Lemma 2.2.

ProrosiTION 4.3.

2T L T A0 (x¥))) =0 mod25Z,[i].

x€{xgx7 "V YESm YET,

Lemma 4.1, The value LO, X, “** ) is in 2"V2Z,[iI\2"*2(1 +
DZ,li].

Proof. Case 1. g = 1 mod8.
Now, Ind,?xq = 7t, + 7t,, where 7 is a primitive even quartic Dirichlet
character of conductor g and where ¢, are the Legendre symbols mod p and
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mod r, respectively. For z in Z, let 2’ =z if z=1 mod4 and z' =pz if
z = 1 mod 4. Now let ¢, be the quadratic Dirichlet character of conductor z'.
Then

(4.5) L0, X, *** ¥m,) =L(0, 7,1, =" t,).

Let

n
(4.6) &,=(7—1,)(¢t, + 11,)(t,,,,l oty X (b o )

i
i=1m’

n
+ Z Z (tm’l fm’,~ i\m’~ tm',,)+ +lm”

i=1j>ipy

where & means «a is omitted from a sum, and ¢, is as above.

Since r is a quartic character, the (r — 1,) factor takes values in (1 +
i)Z,[i]. The next factor clearly takes values in 2Z,. The final factor is the sum
over all characters in the group generated by the ¢,,, thus takes values in
2"Z. Therefore, ¢, takes values in (i — 1)2"*1Z,[i].

We use the analytic formula to determine

pamy - m,

(47) L(0,¢,) = —é(pam, -+ m,)/2~ Y. &,())i/vam, -+ m,
j=1

=—(p-D(@-HY(m -1)---(m~-1)/2-T

where
T=0 mod2"*!(i + 1)Z,[i].
Therefore,
L(0,e,) =0 mod2"+'(i + 1)Z,[i] (n>0),
as the m; =g = —p =1 mod4. Since L(0,¢,) = 0 for a an even Dirichlet

character, one has
(48) L(0,8,) = L(0,7t,tyy *** tyy) + -+ * +L(0,7,,(2,))

- [L(O’pqm(tptrn’x e tM’..)) +oee +L(0’pqm(tp))] .
Note that

n

49 L0upantsy) = (1= (@) I1(1 - 10m) 205

i=1
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Let L be the extension of Q corresponding to Lol " e Then

(4.10)

h;Reg(L
£(0) = —%_). = LQ(O)L(0, tptyy =+ tw) = —FL(0, s = ty).

As L is imaginary, Reg(L) = 1.

WLIWQ iy = 2PM + ), thus 21I|wL By genus theory, 2/|h;.
Therefore, 2/~ f|§L(0) hence 27|L(0, Eol " by ) Now, each inverse Euler
factor has a value in {0, 2}, so induction on j glves

(411) L0, 7ty -+ tyy) + o0 +L(0,7,(8,)) = 2""'Z[i],
L0, 7t by o+ 1) € (1 +0)" 2 Z[II\ (1 +i)"Z,[i].

Chinburg [Ch3; Equation 4.9] shows L(0,7¢,) € 222[11\2(1 + Z,[i]. We
use complete induction on n to show L(0, 7, t “ ) € (L+ i) 2Z[1]
\@ + )"+3Z,[il.

Suppose we know our claim for all n <j — 1. We want to show our claim
for n = j. We have

i
(412)  L(0,7tyt, = tyy) + - +E(1 - 7t,(m;))L(0,7t,)
=0 mod2/*1Z,[i].

Since the 7¢,(m;) € (+i}, all summands other than L(0,7t,t,; = t,)
are in

(1 +i) 2 Z,[i1\ (1 + i) °Z,[i].

The total number of summands is Ef,o (), a power of two.

Summlng in pairs, we find each pair other than that including L(0, 7¢,¢,,,
b)) is in (1 + 2Ll I L, 71, - t,,) itself were in (1 +
z)’+322[z] then its partner would also be, as the'total sum is in (1 +

i)%*2Z i, by Equation 4.12. Thus

L(0, 7ty -+ 1) & (1 +0)7%Z,[i].

On the other hand, as all other summands as well as the sum itself are in
A + i)+2Z,[i],

L(0, )ty =+ tyy) € (1 +) 722, i].
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By symmetry, L(0, 7¢, N ) ) also has the above property, hence

L(O, qupml e '/Imn = L(O, Ttptm,l e tm,”)L(O’ Ttrtm’l N tm’,,)
€ 2" 2Z,[i1\2"*3(1 + i) Z,[i].

Case 2. g =5 mod8.

Now, IndX( X,) = A + At,,, for A a primitive odd quartic Dirichlet charac-
ter of conductor g. Hence,

L0, XgWm, *** $m,) = L(0, Aty =+ b JL(O, AL, 0 o 1,y ).

We will work with the first factor, the determination of the second factor is
virtually the same.
Let

n
(4.13) Yn = (A - lq)[(tmrl e tmln + Eml(tmll e ?mli et tmln)
=1

n
+ Z Em’(tm’l tm’, tm'j tm’,,)+ ...+1m .
i=1j>i

Thus, vy, has values in 2"(1 + i)Z,[i].

(4'14) L(O,‘Yn) = "'d’([P]qml e mn)/2
[plamy---m,

- X yvDi/lplam, --- m,

i=1
-[p-1g-V)Y(m -1 (m-1)/2-U
(where U € 2"(i + 1)Z,[i])

I

0 mod 2"(i + 1)Z,[i],

where factors in square brackets need be considered only when one of the m;
is congruent to 3 mod 4Z.
But,

(4.15) L(0,7,) =L(0,At,,; " t,) + - +L(O,Am[p](1))

—'[L(Oq(tm'l t'n'n)) + e +L(0’qm[p](l))]
=L(0, Aty tyy) + - +L(0,A,,,(1)),

as the ¢, are all even characters.
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Claim. L0, Aty +++ ty) € (1 + D ZLIN (L + D) +1Z,0i).

The proof for n = 0 we have seen via Gras’s method in Corollary 2.2. Thus
we use complete induction on n as above.
Chinburg [Ch3; Equation 4.14] shows that

L(0,1,,) € (1 +i)°Z,[i]\ (1 + i)*Z,[i].
Complete induction again gives
L(0, Aty t,y -+ ty) € (1+ )" Z,[iIN (1 + i) Z,[d].
Hence

L(0, Xg¥m, *** ¥m,) € 2" L[IIN2"TH(1 + D) Z,[d].

Proof of Proposition 43. Let 8 = 0if x,(P,P,)) = 1and § = 1 otherwise.
Let f' = f,,/P,P,.

Case 1. ¢',(P,P) = 1.

X X XA, (xTy))

x€lxg, x; Y YES, yeT,

N =

(4.16)

= T L T (~xV(P)) A0, (x¥¥))

X€ g x7 ) YESm YET,

(as x ¥y (P,) = +i)

Y X X (—x¥e(P)) A0, /(x¥))

Xe{XthP') Yes, yeT,

mod 2"*7Z,[i],

this last from the Deligne and Ribet Theorem.
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Now, this is in 22"*5Z,[i], by Lemma 2.2. If n > 0, we are done. If n = 0,
we are interested in only the case of (;‘) = —1 and note that v/,(¢) = v")(c);
v (P)=up(P)=1 () =vy (f)°=f and x"=x for x €
{x1> x11}-

Thus,
5
(4.17) )> Y (=x¥(P,)) A0, #(x¥))
XG{XI’XIF") ‘/’G(V'J’V@}
! 8 ’
= Y 2( —XVJ(PP)) Ac(O,f,()(v,))
x€{x1, x10}
=0 mod 2%Z, (by Lemma 2.2).
Therefore,
1
(4'18) 7 E Z Ac(09f(X'1’))
x€lx,x; Y YES,
&
= X Y (—x¢(P,)) A0, 4(x¥))
x€{x, xipm} velly,, ny,}
mod 25Z,[].
But,
1-xc) =0, 1= xpy,(c) =0,
1=xm(P,)=1-(-1)(-1)=0
and
1= (xi0)(ui,)(P,) = 0.
Therefore,

2L T A0,,(x¥)) € 2°,[i]

x€{xg x; Y ¥ES,
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in this case and we proceed with:

Case 2. ¢,(P,P)= —1.
Let &' = 0 if x,¢",(P,P,) = 1 and & = 1 otherwise.
(4.19)

7 L T T AL

XG(X.,,Xq_l) ves, yeT,

Y X - (xwu(B) A0, (x YY)

x€{xg: x7 ) YES, ¥ (4, 7

+ T X X - (xu(B) A 0.4(x¥¥))

Xe{Xq’Xq—l) WES we{lw¢1)

Y ¥ T [ (xwu(B)” - (xwu(5,)]
x€{xgs x7 Y YESm weldl,
XAc(O’f’(X\P‘I’))

- L L T -(x%s(B)A0,F(x¥y))

x€{x, xip} YES, YT,

(by the Deligne and Ribet Theorem)

T T T [-(evw) - (xeuz)]

x€{xgx; 1 YESm yld, o7
X Ac(o’f’(X\F!p))a

by the work in Case 1. Now, ¢,(P,) = ¢/,(P,), ¢',(c) = ¢/,(c) and (¢,)" = ¢/,
gives
(4.20)

2 T T T A0 (x¥)

x€{xg: X7t YESm ¥ET,

T X 2-1)7(1+x¥H.(P,))A0,(xVH,))

x€{xg x5} YESm

- ¥ T 2(-1)%(1 + x¥1,(P,))A(0,(x¥1,))

x€{xgs X7} YESm

- X L I 2A-)7(t+x¥u(P))

x€{xp, xiu} YES, {1, ¢}
XA (0,(xTY)),
- L T 2-17(1+x¥1,(P,))A(0,,(x¥1,))

x€lxg x7 Y YESm

mod 2°+"Z,[i] (by Lemma 2.2).
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Let

v =2 “1)81(1 + Xq\p(Pp))(l - Xq\p(c))(l - Xq\F(Pl))
X(1 = x¥(P,))L(0, gm(X.¥))-

Recalling that L(0, x,¥) is in 2"*2Z,[i]1\ 2"*2(1 + i)Z,[i], we find that
By € 2"+5Z2[z]\2”+5(1 + i)Z,[i]. Therefore,

(4.21) XX X A0, (x¥y))

x€{xgx; 1} YESH YET,

- ¥ T 2(-1)%(1 + x¥1,(P,))A(0,(x¥1,))

x€{xg: x3 ") YESm

Y Traceq;) o(BY)
ves,

0 mod2"*SZ,[i].

N =
]

Thus we have completed the proof of Proposition 4.3.

ProrosiTION 4.4.

X X A0 (xvw)

x€{x2, x5} YESm yel¢,, &)

0 mod2"*%Z,[i] ifn>0,
2°  mod 29Z,[i] ifn=0 (and (-g) = —1).

N =

Proof.
(4.22)

3 T T T A0 (xTw)

x<€lxz, x3 Y YESn yeld,, &)

=_WZS [1 - x,%¢,(c) + 1 — x51¥¢%(c)|L(0,; (x2,¥))

+2sz [1 - x, %6 (c) + 1 — x5 19, ()| L(0,/,(x7'¥4)))

= E Z L(Oafm(X‘I'ff"z))-

x€{x2,x3"} Y ESm
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Letting f” = f,,/P,= P,P,P,P,P, P, - P, P, P, we find that

99" m

r X X A,Kvy)

x€{x2, x5} YES, yeid,, ¢}

= ¥ X (1-xY.(P,))L(0,p(x¥9,)).

x€{x2, x37} YESn

N =

(4.23)

Choose ¢’ € {c,c™!} such that yW¢',(P,) = x¥¢',(c'). We now have

(4.24) R VD M M (6% 75)

x€lx2, x7 1) YESm v ($, 07}

= X X A(0p(x¥4))

x€{x2,x3") YESn

But

Y X A0, p0(x¥Y)) €27Z,[i],

XS vell,, ¢

by the results of Deligne and Ribet. Now, Lemma 2.2 gives

(4.25) >z ) Y A0, 4(xPy¥)) € 227*°L,[i].

x€{x1, X115 X3, x3u} YES,, y{1,, ¢}
Therefore,

“2) 2 T T T A0.(¥)

x€{x2, x5} YES, i, 97}

=- X YA ( s fn X‘I’ll))

x€{x2, x5} YESp

- X X X ApKxTy))

xS{xg x; "V YESm YL, ¢}

LEMMA 4.2.

Z Z Ac’(o,f”()(‘l’lz))

XE{X29X{I) YES,

(ST

= 24+2"(1 + ¢;(1‘>,Fq)) mod 26*7Z,[i].
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Proof
(4.27) %xemz,m WE;SM A0, (x¥1,))
- I T A xE) -xHE)LOpana9)
= XE(EXZ_I) I [0 xa¥(@) - xa¥(P)
+(1 = X7 "% ()1 = X7 "C(P))]|L(0, prgm( x2¥))
But
X2 (¢) = xo(P,)¥(B,)¢,(P,) /#.(') (by our choice of ¢')

—x2(P)¥(P,)#,(P,)#.,(P,)

as ¢',(c’) € {£1} and by our initial choice of c. Therefore,

X X A(0,p(x¥L)))

x€{xz, x71) YES,

Z (2 + 24"{(?{)(1’,{(Fq))L(()’prqm(XZ‘P))

N =

(4.28)

I

ves,
_ {4\!5: L0 pram(x2¥))  if #,(P)#(P,) =
0 otherwise.
Since Example 3.1 shows that 2”*3||L(0, pramX2¥)), we have proved our
lemma.
LeEmMA 4.3.

- X X X Apkxvy)

x€lxg x7 ) YES w1, v}

=24+2"(1 + ¢/,(P,P,)) mod2%*"Z,[i].
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Proof. Case 1. ¢/,(P,P,) = _
Let fm =f”/PpP P P P P . Pm,,Pm Pl'

(429) - X X X AA0x(x¥¥)

x€lxgxy) YESn yell,, ¢)

- L T L 2-x%(B) A0, (x¥¥))

x€xgx7 Y YESm vl 4}

Y L L 2A-x%u(B,)) A0, m(xTP))

Xe(le XIM) ‘I'ES,,, ‘l’e{ll’ ¢Il)

mod 2°*"Z,[i],

by the Deligne and Ribet theorem. When n > 0, we may apply Lemma 2.2 to
conclude that this last is in 26*"Z,[i]. For the case of n = 0, we proceed,
noting that ¢, = v/,.

We have 1 — y,(¢) =0, and 1 — y;u(P,) =1 — (=1X—1) = 0. Thus,

(4.30)
- Z Z Ac’(O’f”(X',’))

x€{xg x7 Y vell,, v}

= X 2(=xvu(P)) Au(0,pm(xv,)) mod25+7Z,[i]

x€{x1, x11}
= 2(—xA(B,)) (1 = x1'())(1 = x1v(P,) ) L(0, o x1¥))
+2(=x:109,(P,)) (1 = xav,(¢)) (1 = xam¥s(P,)) L(0s pr( x172)

But, x,(c') = 1, u(c') = —1, XI(I_’q) = -1, u/,=y¢,v),and y,(P) = -1
Thus the above equals

2(=xv(P,))’ (1 = vA))(1 + Vo B) )L (0, i (1))
+ 2(=xuvi(B,)) (1 + V) (1 = V(P L(0, ol x172))

and now, by our choice of ¢, v//(c') = v’,(Fq), hence both of these summands
must be zero, and we have proved our lemma in this case.
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Case 2. ¢,(P,P,)= —1.

(4.31)
- X X X A(0p(xT¥)

Xl x; Y YES, vell,, ¢)

= — Y ) ) 2[("X\P14(Pp))5 - (_XWI‘(PP))SI]

XE(Xq’Xq_l) Yes, pe(l,, ¢}

<A (0,-(x¥)+ L L T 2(-x¥u(P))

x€lxp, xiu} YES, ye(l,, ¢}
XA (0, m(x¥P)) mod25+7Z,[i].

In Case 1, we showed that this second summand was congruent to zero.
Letting

oo x1 8 - x5
X(1 = x2(c)) (1 = x¥(P))L(0,4m(x,¥))

and noting that exactly one of & or & is zero and the other 1, with
x,¥1,(P,) € {£i}, we find that

8y € 2741 + i) Z,[i] \2"*5Z,[i].
But then
Traceqy;), o(0v) € 2"*°Z,.

Therefore, either n > 0 and the sum of these Traceq;; o(fy) are then in
2"*5Z,, or we have n = 0 and find

432 - Y Y AL(0,p(x¥)) =2° mod2°Z,[i].

x<€{xg x7 Y vel,, v}

We can now complete the proof of Proposition 4.4. By combining Lemma
4.2 and Lemma 4.3 with Equation 4.26,

@3 3 T T L A0, (x¥)

x€x2, x3 1} YESm yld, ¢7)

= 2274(1 + ¢(B,P,)) + 22"+4(1 - 4,(P,P)))

= 22"+4(1 + ¢/,(P,P,P,P,))
=22"*5 mod2"*°Z,[i] (by Lemma 2.3).
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Combining Propositions 4.1 through 4.4, we find that

0= Y 2“""”L(O V[’”’]) +0+0+2%*5 mod2"*9Z,[i].
diml

Since Example 3.1 shows that all of the terms are rational integers, the

congruence holds true modulo 2”*%Z. As L(0,V) is exactly divisible by 2,
the case of n = 0 follows immediately. When n > 0, we solve for L(0,V[m<])

using
el 5) - enfo )

which follows from the divisibility results of Example 3.1.

5. The proof of Theorem II

Recall that we are now in the context of

=Q(\/;’\/E)’ D=

We also have /= 1 mod 4 such that

A_(4) - 4\ - 2) _
(4) - (P) 1 and (P)4 (%).-
Let us set k= Q(/p). Recall from Section 2 that we have S,=
{1,,¢, ¢}, ¢}, the set of even characters of conductor dividing ¢. We let S
be the set of odd characters of k of conductor pg and order at most 4, given

in Table 2.1. Let f=P,P,P P,P, Then for all ¢ € G;, the Deligne and
Ribet theorem gives.

(5.1) 2T T A0 (xw)) € 2°Z, ).

XES YES,
We will choose ¢ so as to achieve the proof of our theorem.

PROPOSITION 5.1.  Let ¢ € G; be such that x,(c) € {xi} and ¢ (c) = 1.
Then

7 LT A0Gw) =LOVI]) + 2L, V).

x€lxz, xs Y vell, v}
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Proof. The same techniques as in the proof of Proposition 4.1 may be
applied.

ProposITION 5.2.  For ¢ € G; as above and such that x(c) = 1,

> > Ac(O,f(X‘/’)) € 25Z,[i] \ 2°Z,][i].

x €{x1, X115 X35 X3u} $ES,

N =

Proof. Since P,=(yp), we find that x,(P,)=u(P,)=¢,P,) =1
Therefore,

(52) Ac(O?f(Xlll)) = Ac(O’f(Xl/"'ll))
= Ac(o’f(XI'l’l)) = Ac(o’f()ﬁ#'/fz)) =0.

Further, note that Lemma 2.3 implies that Xlu/:’{(Pp}—’qP}) = —1. Thus,

(1 - Xlll"z(Pp))(l - X1¢Q(Fq))(1 - X1¢'4(i51)) = 0.
Therefore,

A (0,(x1¥)) = 0.

Similarly,

(5'3) Ac(07f(XII'“/J'{)) = Ac(O’f(XI‘/’Z ) = Ac(o’f()(l#"/"{l)) =0.

We have ()7 = ¢; also, ¢ ,(c) = 1 gives ¢ ,(c) = ¢;(c). Combining this
with (x3)° = x5 and (u)? = u, we find that

GH 5 T T AO0,()= T AL

X €{x3, x3u} vy, v} x€{x3, xan}

which is in 29Z,, by Lemma 2.2.

Finally, recall that our choice of ¢ in Proposition 5.1 forced u(c) to be —1.
Thus, although (1 — x5(c)) = (1 — x3¥,(c)) = 0, we find that (1 — x;u(c)) =
(1 — x3u¢ (c)) = 2. Hence, we have now shown that

55 5 T T A0 ()

XE{x1, X114, X35 X3u} YES,
1

2 Z Z Ac(O’f(X‘I’))

x€{xs, x3n} v, v}

(1 - XalJ«(Pz))(l - Xsﬂv(ﬁz))L(O’XsM) + L(0, x3ud,).

Il

I
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Now, x;u corresponds to a fourth degree Galois extension of Q in which
only p, g, and « ramify (p totally ramified). This field must be the cyclic
extension of Q corresponding to A,7,. Thus,

L(0, x3u) = L(0, A,7,)L(0, X37,).

>p'q

We apply Corollary 2.3 to conclude that L(0, y;u) € 2°Z,. Since 4 divides
the value

(1 = xsu(P))(1 = x31(P,))s
we have
(1 = xs(P.))(1 = x31(P,))L(0, x31) € 2°Z,.
Similarly,
L0, x3u8,) = L(0, A,7,7,)L(0, Xr,7,).

Since (;‘) = - (f) = —1, we may use Corollary 2.3 to see that

L(0, x3uth,) € 2°Z,[i]\2°Z,[i],

as we have chosen our g such that (%) =L
Thus, we have proven our proposition.

ProrosiTion 5.3.  For ¢ € Gy as above,
1 ,
5 X L A0 (x¥)) €2°Z,[i].

x€{xgx; Y YES,

Proof. Llet f'=f/P,=P,P,P,P,. Now, using P,=(y/p), we find
x,(P,) = —1 and, for ¢ € S, y(P,) = 1. Thus,

56 3 L TAOw)= T ¥ A0Gw).

x€{xg xy Y WES, x<€{xg x7 "} WES,
By the Deligne and Ribet theorem,

D L A(0,p(x¥)) € 2°L,[i].

x€ g xg X x1m} WES,
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Therefore,
1
G753 L L A0()
xelxg x; I WES,
== Z Z Ac(O’f’(X¢)) m0d26Z[l]'
x<€x, 10} YES,
But,

XI(PJ)XI(P—/) = x1(P)xipn(P;) = p(P;) = - 1.
Similarly, x,u(P,)x,u(P,) = —1. Therefore,
L(O’f’(Xlll)) = L(O’f'(Xl/J'll)) = 0.
Now, x; is an odd quadratic character of k, non-Galois over Q. Thus,

Lemma 2.3 gives that XI(P P)) = —1. Since x(P,) =1, we find x(P) =
—1. This, and a/;z(P ) = —1, give

(1 "Xl'/‘z(Fq)) = (1 - Xl”'"[/{(l—)q)) =0.
Hence,
L(Oaf'(Xﬂ/’z)) = L(O’f'(hi“//z)) =0

By Lemma 23, x,¥,(P,P,P,)= —1. But, x,¥,(P,)=1. Therefore,
x1WAP,P,) = —1 and

(1 = % (B)) (1 = xwi(P)) = .

The same holds true for x,y)(P,) replacing x,¥,(P,), and similarly for
x1#¥(P,) and x,uy(P,). Hence,

L(O,f'()(lll"z)) = L(O,f'(XﬂVzl ) = L(O’f'(XIM(IJQ)) = L(Oaf'(Xll-“Vz')) =0.
Thus,

Y X A0 (x))
x<€xg x7 VY YES,

= - Z Ac(O’f’(Xllp)) mod26Z2[i],
yeSs,

N =

(5.7)

which is equal to zero. Therefore, we have proved our proposition.



678 THOMAS A. SCHMIDT

ProrosiTion 5.4.  For ¢ € Gy as above,

N =

Y Y A(0,;(x¥)) = —4L(0,V) mod2Z,[i].

x€{x, xzs Y vely,, v)

Proof. Let f” =f/P,=P,P,P,P,. Since x,(c) € {+i}, ¢,(c) = ¢)(c) €
{+1} and the action of the non-trivial element o of Gal(k/Q) takes y, to
x5! and ¢, to ¢, we have

(59) 7 T A0

x€lx2, xs Y vely,, v}
= X (- xvl(P))L(0, p(x¥L))

x€{xz2, x3 1

Now, let ¢” in G;» be such that x,¢(c") = x20,(P,) (note that this forces
w(c”) to be —1.) We will further restrict our choice of ¢” as we proceed with
our proof. Now,

Y X A0p(xw) € 2°2,d],

XES l/le(lzyilf‘(}

by the Deligne and Ribet theorem. Therefore,
1
(5.10) > Y A(0,:(x¥))

x€lx, xs Y vely,, ¥

= T A0 p(x¥))

x€{x2:x7

- X A.0..(1)

x€lx2, x5

- X Y A0, p(x¥))

x€{xg x7 Y v, v}

- z Y A0, p(x¥))

x €{x1> X114, X35 x3u} Yy {1, ¢}

But, the ¥(P,), x,(P,) and x,u(P,) are equal to 1. Since x, corresponds
to a cyclic order 4 character of Q of conductor p, we find that X3(Pq) =
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x3(P) = 1. Also, x3¢/,(P)xs¥'(P,)) = u(P,) = —1. Recall that L(0, xsu)
€ 2°Z,, hence

A (0, (x3u1,)) € 2°Z,. If we now restrict our choice of ¢” such that
x3u¥(c”) = 1, then

1) 3 £ L A0,(x)

x€xz2, xs Y welv,, ¥l}

= — Z Ac”(o’f"(XIZ))

x<€{x2,x3 Y

- X X As(0,4(x¥))

x€lxg, x7 Y vell,, v

- X Au(0,0(x1))

x€lxz, x3 Y

- X Y (1= x¥(B,))Ax(0, n(x¥))

x€lxg x7 Y vel,, v}

(for " = f"/P, = P,P,P,)
== X As(0p(x1)

XE(XZr XZ_I)

- ¥ Y 280(0, (x¥))

x<€lxg, x7 Y well,, v}

as x,(P) = —1= —y(P).

Since
Z Z ZACII(O,fIII(Xl!f)) (S 26Z2[i],
x€{xg x7h x1 xam} vE{l,, ¢}
we have
1
(5.12) 7 X Y A(0,4(x¥))

x€, xs Y velyy, v

= — Z Acﬂ(O,f"(Xlz))

x€{x2: x5

+ X Y 280(0,p(x¥)).

x€lx, xim} ve{1,, 47}
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By setting x,(c") = x4(P, )= —x,(P,)], one has (1 — x,(c")X1 — x«(P,) =0
That is,

Ac"(o’f'"(/\’llz)) = 0.

Since u(c") = —1and x;u(P,) = —x(P,), we also find A0, (x;u1,)) =
0. Now,

(1 = x¥ ()1 = xwi(B,)) = (1 = xi(P)wie))(1 — xw’(P,)

and Lemma 2.3 gives x,¥(P,P,P,) = —1, i.e. that x,¥,(P,P,) = —1. Let
us choose ¢” such that !//4(0") = ¢'(P,). Hence, A_(0, fm(,\/l:/f,)) =0. We
also find A (0, ;(x;u4y)) = 0. Therefore,

(5.13) % Y Y A0 (xv))

x€lxz, xs Y vely,, ¥;

- X As(0,0(x1))

x€{x2, x31
—[(1 = x2(e))(1 = x2(P.))

+(1 - x{l(c"))(l - Xfl(Pz))]L(O’ X2)-

We have chosen ¢” such that x,¥'(c") = x,¥,(P,) and ¢ (c") = ¢'(P).
Thus,

xa2(c") = Xz(}—)z) =x;'(P,).

Therefore,

r L A(0,,(x¥)) = —4L(0, x,) = —4L(0,V).

x€{x2, x3 Y vy, ¥7

N =

Combining Propositions 5.1-5.4 and using that L(0, V) is exactly divisible
by 23, we find that

L(0,V[¢]) =6L(0,V) mod2°Z,.

By example 3.2, both of the above L-values are rational integers, thus we
have proved our theorem.
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6. Governing fields

Let F be a biquadratic extension of Q with odd class number. Fix a
complex quaternion extension N of Q containing F. Let S be the set of
primes of N ramified over Q. Let S’ be the corresponding set of primes of F,
and §” that of Q.

Let A be the set of all rational primes with a given unramified splitting
configuration to F and of a given residue modulo 4Z. For ¢ in A, consider
Ni<¢], a complex quaternion extension of Q containing F and ramified at
S[¢], the set of primes dividing ¢ and S”. Let ¢ be the cardinality of S[¢]
and let T be 2 + [t/2], where [x] denotes the integer part of x. Let
L(s,V[¢] be the Artin L-function of the unique irreducible two-dimen-
sional representation of the Galois group of N[¢] over Q.

Let K be the maximal abelian unramified extension of F to which all of
the primes of $’ split. Let K’ be the fixed field of the maximal subgroup of
Gal(K /F) of order powers of primes congruent to 1 or 7 mod 8Z. Let Hg be
the field fixed by the unique subgroup of Gal(K’/Q) of order 4.

Let fg(¢) be the class of the S[¢]-Class group of NI[¢], Clg,N[¢], in
CI(Z[ Hg)), the finite torsion subgroup of the Grothendieck group of finitely
generated Z[ Hgl-modules of finite projective dimension.

ProrosiTiON 6.1. If

() L, N[¢D/27 is odd and

(i) L0, N[¢D /2T mod 4Z is a constant function of ¢,
then Hg is a minimal governing field for fi(£).

Proof. Let x. (respectively x_) be the non-trivial even (resp. odd)
quadratic Dirichlet character of conductor 8 (resp. 4). Let Wy, be the
Artin root number of the two-dimensional irreducible representation V[ ¢] of
Gal(N[¢]/Q). Furthermore, let Clg , F be the S'[¢]-Class group of F. Since
CI(Z[ Hg)) is a group of order 2, we identify it in the natural manner with
{1, —1). From our assumption (i), Chinburg [Ch2; Proposition 4.3.7] gives that
the image of the class of Clg,;N[¢]in CIZ[Hg)) is equal to

X+ (Clsg g F)x (L0, V1) /2" )Wyi01/0-

From our assumption that all ¢ in 4 have the same residue modulo 4Z,
results of Frohlich [F1] give that Wy, q is constant.

From our assumption (ii), x _(L(0, V[£1)/27) is constant.

Classfield theory gives that the image of the Artin map for K over F of the
primes of F above ¢ determines Clg, F. A restriction to K' over F
determines x(Clg ,,F). Standard density results show that K’ is minimal
for this property. However, for all ¢ in A, the splitting configuration of ¢ to
F is known. Since K’ is the composition of F and Hg, Hj is indeed a
minimal governing field for fg(¢).
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It is now clear that Corollary I and Corollary II follow from the above
results.
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