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NATURALLY REDUCTIVE RIEMANNIAN S-MANIFOLDS

BY

A.J. LEDGER

1. Introduction

Riemannian k-symmetric spaces and, more generally, Riemannian regular
s-manifolds have been studied by several authors and the general theory is
now well established. All such manifolds are homogeneous and the associ-
ated canonical connection [5] is determined by the symmetry tensor field S of
type (1,1) which is derived from s. Riemannian locally regular s-manifolds
can then be defined either in terms of s or, more usefully for our purpose, in
terms of the invariance of certain tensor fields under the action of § as a field
of tangent space endomorphisms. Thus, as well as the first order condition
that VS should be S-invariant, where V is the Riemannian connection, one
requires the second order conditions that V2S and the curvature tensor field
R are S-invariant and then the third order condition that VR is S-invariant.

For a regular s-manifold, the homogeneous Riemannian structure can be
shown to be naturally reductive [5] if and only if S satisfies the additional first
order condition (V;_g)-1x5)S ~1X = 0 for all vector fields X. In turn, this
condition can be applied to define the notion of naturally reductive for
locally regular s-manifolds and one might then ask whether such a first order
condition can be used to simplify the higher order conditions given above.
The simplest example is afforded by a Riemannian locally symmetric space
which can be defined either by local 2-symmetries or by the single condition
VR = 0. In this case S = —1 so the above tensor conditions are trivial except
for VR being S-invariant, that is VR = 0. Moreover, this condition reduces to

(VyR)(X,JX,X,JX) =0

for the Hermitian case. A less trivial case arises with locally 3-symmetric
spaces. These are almost Hermitian with almost complex structure J satisfy-
ing

1. V3
S=—71+TJ
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NATURALLY REDUCTIVE RIEMANNIAN S-MANIFOLDS 559

and the naturally reductive condition reduces to the nearly Kihler property
(VxJ)X = 0 for all vector fields X. Then, as shown by Gray [3], [4], a nearly
Kihler manifold is locally 3-symmetric if and only if

(VyR)(X,JX, X,JX) =0

for all vector fields X, the latter condition being equivalent to the S-invari-
ance of VR. In particular, no second order conditions are required. An
analogous result is proved in [10] for naturally reductive locally 4-symmetric
spaces where again the second order conditions are redundant. We remark
that in this case S determines an f-structure [1], [8], [14] since —1 may be an
eigenvalue. The purpose of the present paper is to show that a similar
simplified characterisation holds for all Riemannian naturally reductive lo-
cally regular s-manifolds.

For general notational purposes we will normally use [5]. We write J_ 7 for
the algebra of smooth tensor fields with contravariant and covariant orders p
and g respectively; in particular, we write f = 97 and 9;" = J,. Tensor
fields A, B € ;' will often be considered as linear endomorphisms and
then composed in the usual way to give AB € Z,'. Also, for the curvature
tensor field R we use the same symbol to denote its covariant form given by

R(X,Y,Z,W) =g(R(Z,W)Y, X)

for a Riemannian metric g. Finally, for later use, we define V2§ by the
relation

(V3S)(X,Y,Z) = (VAZ,YS)Z =Vy((WS)Z) - (VVXYS)Z - (VyS)VyZ,
and then have the general formula

(V2yS)Z — (V3xS)Z = R(X,Y)SZ — SR(X,Y)Z.

2. Preliminaries and statement of theorem

We first recall some basic properties of Riemannian regular s-manifolds,
most details of which can be found in [6]. Let (M, g) be a smooth, connected,
finite-dimensional Riemannian manifold and let s = {s,: x € M} be a family
of isometries of (M, g) such that each x € M is an isolated fixed point of the
corresponding map s,. We call s, a symmetry at x and say (M, g) is a
Riemannian regular s-manifold with respect to the given s-structure if

Seo8, =58 °s, forallx,yeM.

Then M becomes a homogeneous space with respect to the group G
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generated by s. A tensor field S € Z;' is defined by the condition that, for
each x € M, §, is the differential of s, evaluated at x. We call S the
symmetry tensor field on M. It follows from the definition of s that I — S is
non-singular at each point of M and S is invariant under the action of
each s,.

A tensor field T € JF is said to be S-invariant if, for all w,,..., 0, € I,
and X,,..., X, € I,

T(0,S,...,0,8,X;,..., X)) =T(wy,...,0,,5X,,...,5X,)
where (0$)X = w(SX) for w € J; and X € I In particular P € 7!
and Q € J, are S-invariant if and only if, for all X,,...,X, € 1

SP(Xl, cens Xq) = P(SXl, e SXq)
and

o(Xy,..., Xq) = Q(8X,,...,8X,).
Thus it can be seen that the tensor fields g, R, VR, VS, VS~! and V?2S$ are
S-invariant. If we regard S as a field of endomorphisms on M then the
S-invariance of g is equivalent to S being orthogonal at each point of M.
Also we note that if any tensor field T is S-invariant then T is S*-invariant
for any k € Z.

Because of its regular s-structure, we may consider a Riemannian regular
s-manifold (M, g) as a reductive homogeneous space with respect to a group
of isometrigs preserving S and we write thg corresponding canonical connec-
tion [5] as V. Then as shown in [2], V and V are related by

(2.1) VyY = VY = (Vy_5-1x5)S7'Y forall X,Y e I

We note from [5] that the homogeneous space (M, g) is naturally reductive
with V as the natural torsion free connection if and only if V and V have the
same geodesics, that is, if and only if [10]

(2.2) (Vasy-1xS)S™'X =0 forall X e T

Next, we consider local analogues. Thus a Riemannian locally regular
s-manifold is a Riemannian manifold (M, g) together with a family s =
{s,: x € M} of local isometries such that each x € M is an isolated fixed
point of s, and the symmetry tensor field S, defined as above, is smooth and
locally invariant by each s,. For convenience of notation, we now make the
following definition.
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DEerFINITION. A Riemannian S-manifold, denoted by (M, g, S), is a Rie-
mannian manifold (M, g) together with a tensor field S € ;' such that g
and VS are S-invariant and I — S is non-singular. We call any such S a
symmetry tensor field on (M, g) and say (M, g, S) is naturally reductive if (2.2)
is satisfied.

Riemannian S-manifolds and (locally) regular s-manifolds are related as
follows.

Tueorem 2.1 [2). Let (M, g) be a Riemannian locally regular s-manifold
with symmetry tensor field S. Then (M, g, S) is a Riemannian S-manifold for
which VS, R and VR are S-invariant. Conversely, any (M, g, S) for which
V2S, R and VR are S-invariant is a locally regular s-manifold with symmetry
tensor field S. Moreover, any complete simply connected Riemannian locally
regular s-manifold is a Riemannian regular s-manifold.

As shown below, on any (M, g, S) distributions &, and 9, i = 1,...,r
are determined by the eigenspaces of S where 9, corresponds to the —1
eigenspace of S. Since S is orthogonal an almost complex structure J is
determined on M when —1 is not an eigenvalue of S; moreover, (M, g) is
then almost Hermitian. If —1 is an eigenvalue of S then J is defined
similarly but with JX, = 0 for any X, € &,. As remarked earlier, in this
latter case J may be regarded as an f-structure on (M, g) although this
notation is not used here. Our purpose is to prove the following theorem.

THEOREM 2.2. Let (M, g, S) be a naturally reductive Riemannian S-mani-
fold with associated eigenspace distributions 9, and 9;,i = 1,...,r as above.
Then (M, g, S) is a locally regular s-manifold with associated symmetry tensor
field S if and only if

(VVOR)(XO, Yy, Zy,Wy) =0 forall X,,,Y,,Z,,W,,V, € 9,
and
(VXiR)(X,., JX;, X;,JX;) =0 foreach X, € Z,,i=1,...,r.

From now on we consider an arbitrary naturally reductive Riemannian
S-manifold (M, g, S). The proof of the theorem depends largely on a case by
case study of the curvature tensor field restricted to eigenspace distributions
of S. In the remainder of this section we describe these distributions and

prove some lemmas for later use.
For any Q € 9, we define Q € I, by

O(Xy,....X,) = O(SX,,...,8X%,) — Q(X,,..., X,)
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for all Xy,..., X, € I 1. Thus, Q is S-invariant if and only if O = 0. Then
we prove:

Lemma 2.3. Let Q € , and suppose Xy,..., X, € I L such that for all
positive integers m,
o(8™X,,...,8"X,) = O(Xy,..., X,).
Then Q(X,,...,X,) =0

Proof. For each m > 1,

O(S™'Xy,..., 8" X)) — Q(S"X,,...,8"X,)
= 0(8X,,...,8X,) — O(Xy,..., X,)

and by adding the first n of these equations we have

(8" 'X,,..., 8" X, ) — Q(8X,, ..., X,)
=nQ(8X,,...,8X,) — nQ(X,,..., X,).

Since g is S-invariant, S is orthogonal at each point so the left hand side of
the above equation is pointwise bounded as n — o« and the lemma follows
immediately.

We remark that this lemma will be applied usually to the case when Q and
O are replaced by R and R. Next, define the connection V on M as in (2.1).
Then for all X,Y € 97},

(VxS)Y = (VxS)Y = (Vy_5)-xS)Y + S(Viyg)-1x5)S ™'Y = 0

since VS is S-invariant. Thus S is parallel on M with respect to V and it
follows that the eigenvalues of S, x € M, and their multiplicities are
independent of x. Since S is orthogonal its distinct non-real eigenvalues have
the form

0, . o .
et =c +is,...,e"% =c¢c, tis,,

where 0 < 6y,...,6, <7 and, for brevity of notation, we write cos 6,, sin 6;

as ¢;,s; for j =1,...,r. Also, —1 is the only possible real eigenvalue since

S — I is non-singular. Then smooth disjoint S-invariant distributions
Dy, D, ..., 2, are defined on M by

D, =ker(S +1),
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and
9, = ker(S2 —2¢;S + I) for j € [r]

where, from now on, we write {1,2,...,r} as[r]. Clearlyany X € 9! hasa
unique decomposition into a sum of distribution vector fields, that is X = X,
+ X, + -+ +X, where X, € 9, and X; € Z, for j € [r]. We remark that
the possibilities of Z, or all Z,, j € [7] being vacuous are not excluded. To
avoid needless repetition, we indicate distribution vector fields by their
appropriate suffixes such as X, or X; often without reference to the
corresponding P, or Z,. Next define S, S; € ;' by §)X = 5X,, §,X =
SX; for j € [r] Then define I,J;, by S;=c;I; +s;J; where [[X =X,
Clearly

JX;= -X, and L[ X,=IX,=JX,=J]X,=0

for i, j €[rl, i #j. Now write J =J, + --- +J, and note that J> +J =0
and g(JX;, JX;) = g(X,, X;) for i, j € [r]. Since the eigenvalues of § are
constant, it follows that each I; and J; is a polynomial in § and § ~1 with
constant coefficients. Hence each I;, J;, VI, and VJ; is smooth and S-
invariant. The same properties hold for S, and VS,. We also define I, = — S,
since then [, X, = X, for all X,

Lemma 24. () Leti,je([rlandlet T € 9, If
T(SX,,SY)) = T(X,,Y,) forall XY,

then
(@ T(X,Y)=0 ifi+]j,
(b TUX,Y)+ T(X,JY) =0ifi=j

Similarly, if
T(SXi,SYj) = —T(X,.,Yj) forall X, Y,
then
(© T(X,Y)=0ifc;+c;#0

ity

(d) TUX,Y) - T(X,,JY) =0 ifc;+c; = 0.

12 )

(ii) Let i € [r] and suppose given P € 7, and X,;, X,;, ..., X,,; € D; such
that

P(JXIl’ XZi""’Xmi) +P(Xll’ JX2i””’Xmi) + -
+ P( Xy Xpis -5 I X)) = 0.

Then P(X,;, Xy, .-+ > X,,)) = O.
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Proof. (i) We have
T(SX, SY) = £T(X,,%) = (57X, §7'Y))
which implies
(cic; F DT(X,,Y;) + 5;5,T(JX;, JY;) =0

and

Then (i) follows easily.
(ii) The assumption on P implies that the function

R - R;t~ P(e”X,;,e"X,,...,e"X,,)
is constant. Hence,
P(e“X,,e"X,;,...,e" X)) = P(Xy;, Xy, ..., X,)
and (ii) follows by choosing ¢ = 6; in this equation.

Next, we consider VS which, by assumption, is S-invariant and hence
§~!-invariant. Then for i, j, k € [r] and for all X,,Y,,

(2.3) (¢;1; + s,-J,.)(VYkS)Xj = I,.(V(ck,+sk,)YkS)(ch +s5,.J)X;,
(2.4) (¢c;1; — s,.J,-)(VYkS)Xj = Ii(V(ckl_skJ)ykS)(ch - st)Xj.
Addition gives
(2.5) (¢i = cic) (Vg S) X, = 5,5, 1,(V,y,5)IX;,
hence

(¢; = ;) L(Vyy,S)X; = 5,5, 1,(Vy,S) Xj

from which

Now

2 2.2 A2 2 2 _ _
(c;—cjep) = sisp=ci +c;+ci—2ccic, — 1
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so is symmetric in i, j, k. If (¢; — ¢;¢,)* — sPsi = 0 then cos 8, = cos(6; + 6))

for any permutation of i, j, k. In this case we define a;; = 1if 6, + 6, + 6,
=2mor 0,=6,+06; and o;;, = —1if 6, =0, + 6, or 6, =6, + 6;; these
are the only possible relations between 6,,0;,0,. Then cos 6, = cos(6; +

i

a; jkoj) for any permutation of i, j, k, where we recall that 0 < 6, < 7 for all
I € [r]. From its definition, a;; can be seen to satisfy

® Ujjk = Rjiks

(ii) aijkakijajki = ].,

(i) a;; = s;(c; — c;c)/5:(c; — c;cp).
Next, by subtracting (2.4) from (2.3) we have
(2.7) 5,:0i(Vy,S)X; = s;¢, L,(Vy S)IX; + s,.¢;1,(V,y,S) X;
and from (2.5) and (2.7),
(2.8) s;(¢; — ¢;ic ) (Y S) X, + 5;(c; — c,¢;) I(Vy,S)JX; = 0.
Then from (2.6) and (2.8) we obtain:

Lemma 2.5. For any i, j, k € [r] either I[(Vy S)X; =0 for all X;,Y; or
cos 0, = cos(6; + a;;,0;). Moreover, if cos 0, = cos(8; + a;;,6,) then

J{(Vy,S)X; + @y i(Vy,S)JX; = 0

for all X, Y.

Next, we write (2.2) as
(2.9) (VxS (I =S )X =0 forall Xe I
Then for all i, j, k € [r] and for all X, Y,
(210)  L(VyS)((1 = ¢))I +5,7) X; + L(Vx,S)((1 = ¢ )T + 5T )Y, = 0.
Also, the relation g(SY, SY) = g(Y,Y) implies
(2.11) g(VxS)Y,SY) =0 forall X,Ye I
Hence, for all X,,Y,, Z,,

(2.12) g((V29)Y;, 8X;) + &((V,,5) X, SY;) = 0.
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Then as a consequence of (2.10) and (2.12) we have:

LemmA 2.6. Let i, j, k €[r] and suppose g(VZkS)Yj, X)) =0 for all
X;, Y}, Zy. Then this equation holds for any permutation of X;,Y;, Z.

The remaining lemmas in this section provide information on the S-invari-
ance of the curvature tensor field R. We use, throughout, the associated
tensor field R defined above.

Lemma 2.7. Let i, j, k, I € [r). Then the following relations hold.

O If (VX =I(V,X; =0 for all X;,Y,,Z, then, for all
I'V[’ X J Yk; ZI’
E(u/hX'j,Yk’Zl):O lfl4=]
and
R(JVVi:‘XIj’Yk’Zl) +§(I/V;'aJXj,Yk’ZI) =0 lfl=.l

() R(X;, X, X;,JX) =0 for all X;, X,.
Gii) Ifi #j and I(Vy S)X; = O for all X;, X; then

R(Y;, X;, X;, X;) = R(Y;, JX;, X;, X;) =0 forall X;, X,,Y,.
Proof. () Since I(Vy,S)X; = 0 for all X;,Y, then
I(VZ2yS) X, + (V1) (Vi S) X; + LV 0% S) X + L(Vy,S) (Ve 1) X; = 0
from which it follows that
SI(V25,8)X; = I(Vézsv,S ) SX;.
A corresponding property holds for I,-(V,nglS)Xj so, from the relation
g((Vlng,S)Xj - (VZZ,YkS))(j’ SWi) = R(SW,, 85X, Y, Z,) = R(W,, X, Yy, Z;)
we see immediately that, for all W, X,Y;, Z,,
R(SW,, $X,,Y,,Z,) — R(W,, X;,Y,, Z)) = 0.

By fixing Y, and Z, we can apply Lemma 2.2 and then (i) follows.
(i) We see from (2.9) and Lemma 2.5 that

L(Vx,S)X, = (V5 S)X, = 0 forall X,.
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Then the same proof as above shows that for all X, X;.
(2.13) R(S8X;, SX;, X;,JX;) — R(X;, X, X;, JX;) = 0.
We have also
Ij(VXiS'l)X,- = —S’IIj(VXiS)S‘lX,. = —S‘IIj(VXiS)(ciI -s5;J)X; =0
and, similarly, 1,(V,y S~ X; = 0. Hence, as in the proof of (i),
(2.14) R(S7'X;,87'X,, X,, JX,) — R(X;, X;, X, JX;) = 0

and (ii) is an easy consequence of (2.13) and (2.14).
(iii) This follows by the argument used for (ii).

Lemma 2.8. () Let i, j, k, I € [r] and suppose for all X;,Y,, Z, and for
some non-zero a € R,

T(Vy,S)X; + al,(VyS)JX; = 0
and
T(V2,8) X, + alI(V,,S)JX; = 0.
Then for al W, X;,Y,, Z,,
R(JW,,X,,Y,,Z)) — aR(W,,JX,,Y,, Z,) = 0

ifi#jorifi=jand a = —1.
(i) Let i, j, k € [r] and suppose for all X;, Z, and for some a € R,

T(VS) X, + al(V,,S)JX, = 0.
Then for all X;,Y;, Z,,
R(JY,, X;, X;, Z,) — aR(Y;, JX;, X;,Z,) = 0
ifi#jorifi=jand a # 1.
Proof. (i) One easily proves, as in Lemma 2.7, that
S(T(V2 2,8)X; + al(VE ,,S)IX;)
= Ji(Vv,s2,5)SX; + al(Vy,s2,5)ISX;
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with the corresponding relation also holding when Y, Z, are exchanged. It
then follows that

R(SIW;,SX,,Y,,Z)) — aR(SW,, SIX,,Y,, Z))
= R(JW,, X;,Y,, Z,) — aR(W,, JX,, Y, Z)).

By fixing Y, and Z, and applying Lemma 2.4 (i) to this equation we obtain (i).
(ii) For all X, Z,, we have

J(Vz8)X; + ali(V,S)JX; =0
and
J(Vx,S)X; + al (Y S)JX; =0
with the same equations holding for ™! in place of S. We then obtain
R(SIY;, SX;, X;, Z,) — aR(SY;, SIX;, X, Z,)
= R(JY,, X, X;, Z,) — aR(Y;, JX;, X;, Z,.)

and the corresponding equation with ™! in place of S. Then (ii) follows as
before.

LemMa 29. Forall X,Y e T,
R((I-$)X,(I-8)Y,X,Y) —R((I-S"Y)X,(I-8 1Y, X,Y)=0.

In particular,
r
Y s5;(1-c)(R(X,, 1Y, X,Y) + R(JX,,Y,, X,Y)) = 0
i, j=1

where X =X, + X, + - +X,and Y=Y, + Y, + -+ +Y,.
Proof. Let X,Y, Z € ' Then (2.11) implies
g((V2yS)Z, SZ) + g((VyS)Z,(VxS)Z) = 0
Also, from (2.9) we have

(VExS)(I = S71) X — (V4 S)(VyS~1)X = 0.
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Since
g((VEyS)I = 87 HY = (V3 S)(I = S7HY,S(1 - ST X)
=R(S(I-8S"1HX,8(1-S"Y,X,Y)
- R((I - S“I)X,(I - S")Y, X,Y),

the lemma follows easily.
Next, we show that Lemma 2.9 can be extended to higher powers of S.

Lemma 2.10. Forall X,Y € I and all positive integers m,
R((I-S8S™)X,(I—-8™)Y,X,Y)
—R((I-$S"™X,(I-S"™)Y,X,Y) =0.

In particular,
r
Y. sinm6,(1 — cos m8,)(R(X,,JY;, X,Y) + R(JX;,Y;, X,Y)) = 0
i,j=1

where X =X, + X, + - +X,and Y=Y, + Y, + -+ +Y,.

r

Proof. We first show that (V,S™XI — S ™)X =0 for all X € ! and
for any positive integer m. Thus, by induction on m we obtain

m—1
VyS™ = Y SK(VyS)Sm—17%,
k=0
Then from (2.9) and the S-invariance of VS,
(VS™)(I = S7™) X = (Vguss oo 2smnxS)S™ NI = §7) X

= (V(1+S+ +sm—1)XS)(I —_ S—l)
X(I+S+ +Sm—1)X
= 0.

It follows that for all X, Y, e 9!
(2.15) S(V,%XS’”)(I -STMX = (VszysxS’")(I - §7")SX.
Next, we have

g(8™Z,8™Z) =g(Z,Z) forall Ze I
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SO

g((Vy8™Z,8mZ) =0 forallY,Z,e I
Hence
(2.16) g((ViyS™)Z, S'"Z) =g((Véx syS™)SZ,8™'Z).

The remainder of the proof depends only on (2.15) and (2.16) and is
analogous to that for Lemma 2.9.

3. S-invariance of R and V¢

We show that the curvature tensor field R satisfies R = 0 by considering
the restriction of R to all possible combinations of distributions 2, and Z,,
i € [r]. Combinations which include 9, are easier to study and are left until
the end of each case. The S-invariance of V2S is proved at the end of the
section. It should be noted that R satisfies the same standard algebraic
identities as those of R, including the first Bianchi identity.

Case 1. R(2,,9,,9,,2,) = 0.
Let X}, Y; € Z,. Then from Lemma 2.9,

R(JX,,Y;, X,,Y)) + R(X,,JY;, X,,Y;) + R(X,,Y;,]X,,Y,)
+R(X,,Y;, X;,JY,) = 0.
Hence, from Lemma 2.4 (ii),
ﬁ(SXi’ SY;, $X;,8Y;) = R(Xi’Yi5 X, Y)
and then
R(X,Y, X, Y,) =0
from Lemma 2.3. It follows easily that R(Z,, 9, 9,, Z,) = 0.

Case I. R(2,, 2,, 2,, 2,) = 0.
This is obvious since SX, = —X, for X, € Z,.

Case 2. R(9,,9,, 2, D) =0;i+#].

Suppose cos §; # cos 26,. Then from Lemma 2.5, [(Vy $)X; =0 for all
X, X; so, from Lemma 2.7(), R(Z;, 9;, 2;, Z;) = 0. Next, suppose cos §; =
cos 26;. Then 6; = 26, or 2 — 26, and, by applying Lemmas 2.5 and 2.8 to
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the pair (I(Vy $)X;, I(Vy. $)X,), we obtain for all X,,Y,, W, X,
(3.1) R(JW,, X;, X;,Y;) — a;;R(W;, JX;, X, Y;) =

Also, by writing X = X; and Y = aY; + bY; in Lemma 2.9 and equating to
zero the coefficient of ab we have

s{(1 — ¢ )R(X;,JY;, X;,Y;) + 5;(1 — ¢,)R(X, X,,Y)
+5;(1 - c)R(J LY, X, ])+s(1—cJ)R(J Y, X, Y) =0.
From (3.1) and the relations cos §; = cos 26 and sin §; = —a,;; sin 26;, this

equation reduces to
(32) R-(Xi’JYi’ i j)+R(J i z’ z’ ])+2R( i t’ i’Yj)=0

Next, from Lemma 2.7(ii), we have R(X, X;, X;, JX;) = 0 for all X, X, and
linearisation gives

(33) R(JX;, X,,Y,, X;) + R(JX,,Y;, X,, X;) + R(JY,, X, X, X;) = 0.
Also, from (3.2) and the first Bianchi identity,
R(JY, X,, X;, X;) + 2R(JX;, X,,Y;, X;) — 3R(JX,,Y;, X;, X;) = 0.
This equation and (3.3) imply
R(Y;, X;,JX;, X;) + 4R(Y;, JX;, X;, X;) = 0

and by replacing X; by JX,; we have R(Y,, X,, JX,, X;) = 0. It then follows
from (3.3) that R(Y X;, X;, X;) = 0 for all X,,Y,,X} From this equation
and the first Bianchi ldentlty we see that R(9,, 9,, D, 9;) = 0 as required.

Case 2. R(.@O, Dy, Dy, D) =
Since VS is S-invariant we have IO(V S$)X; =0 for all X, X;,ie[r] It
follows that R(SX,, $X;,Y,, Z,) = R(XO, X, Yy, Zy) s0

R(Xo’ (S + I)Xi’ Yoy Zo) =0
for all X,,Y,, Z,, X;; hence R(Z,, D,, Dy, Z;) =0
Case 3. R(Z, 2,9,2)=0;i+].
First, suppose cos 6; # cos 26, and cos 6; # cos 26,. Then from Lemma 2.5,

we have I,(Vy S)Y I(V S)Y = ( for all X;, X;,Y; so, from Lemma 2.7G),
R(2, 9, 9, .@) =
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Next, suppose cos §; # cos26; and cos 6; = cos 28;. Then I(Vy S)X; =0
for all X;, X; so, from Lemma 2.7(iii),

R(Y;, X;, X,X;) = R(Y,, JX,, X;, X;) = 0

for all X, X;,Y;. Hence

(34) R(Y, X,,Y,, X;) + R(Y,,Y,, X,, X;) = 0

and

(3.5) R(Y;,JX,,Y,, X;) + R(Y;, JY;, X;, X;) = 0

for all X,,Y,, X;,Y,. Also, since [(VyxS)X;=0 then, from Lemma 2.6,
I(Vy $)X; = 0 for all X, X; and it follows from Lemma 2.7(i) that for all
‘X;7)13 ;X;B l?;

(36)  R(Y, X, X,Y)+R(Y,,JX;, X,.Y;) = 0.

Next, we apply Lemma 2.9 by writing X = o, X; + o, X}, Y = B,Y; + B;Y; and
equating to zero the coefficient of «,a;8;8;. This gives
37 1- Ci)si(E(Xi’ JY,, X;,Y;) + R(JX,, Y, XI’YI))

+(1 - ¢;)s;(R(X,, IY;, X, Y;) + R(JX,,Y,, X,,Y}))

+(1 - ¢;)s(R(X;, JY;, X, Y)) + R(JX,. Y, X;, Y,))

i’ j’ Jj? i

+(1 - ¢;)s;(R(X;, Y, X,,Y,) + R(JX,,Y;, X,,Y;)) =0.

Jjorje it
After simplification using (3.4), (3.5) and (3.6) it follows that

5;(3 —¢; — ¢;)R(X;, X,,Y,,Y;) =0 forall X,,Y;, X,,Y;

j*

Then R(Z;, 9;, D, ;) = 0 since 53 — ¢, — ¢;) = 25{1 — ¢ )2 +¢,) # 0.
Finally, suppose cos 6, = cos 26, and cos 6; = cos 26,. Equivalently, sup-

pose 20, = 6; = 4m /5, since Case 3 is symmetric in i and j. It follows that

a;; = —a;; = —1so, for all X, X,

and

J,(Vx,S)X; + I(Vy S)JX, = 0.
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Then it results from Lemma 2.8 (ii) that

(3.8) R(JX;, X;, X,,Y;) + R(X, X;,Y) =
and
(3'9) R_(JXJ" t’ J) R( t’ 1)

For all X;,Y,, X;,Y,. Next we consider Lemma 2.9 with X = X; and Y = Y; to
obtain

(310)  ¢R(X, )Y, X,,Y;) + (1 + ¢;)R(JX,,Y;, X,,Y;) = 0.

Then by comparing (3.9) and (3.10) with X; =Y, it follows that

(3.11) R(X;,JX;, X;, X;) = R(X;,JX;, X;, X;) = 0

for all X;, X;. Thus from (3.8), (3.9) and (3.11),

(312) R(IX,, X, X, Y)) = R(X,, IX,, X,,%) = ~R(JY,, X,, X,, X,)
and

(3.13) R(JX,, X;, X,,Y;) = —R(X,,JX;, X,,Y;) = ~R(JY,, X, X,, X,)

for all X,,Y,, X;,Y,. By applying (3.12) and (3.13) to (3.7) we obtain, after
some calculatlon

(3.14) (¢;+2)A +ci(4c; +5)B=0
where

A =R(X,,Y,,JX,,Y;) + R(X;,JY,, X,, Y;)
and

B R( J’ l’ JY)+R(J Jj? l’ l’ ])

Also, by Lemma 2.10, we may replace 6,, 6, by 26,,26; in (3.7) which implies

i 1
(3.15) (c; +2)A +cj(4c; + 5)B = 0.

It results from (3.14) and (3.15) that 4 = B = 0. Hence, we see from Lemma
2.4(ii) that for all X,,Y, X.,Y;

i Lis s Ly

R( SYHS i 1) R(S I’Xt’SY) R( j? l’ ” J)
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This clearly implies R(SX,, SY;, SX;, SY) = R(X], s Xis J) or, equivalently,

R(S’”X S"Y, S"X,, S'"Y)—R(XJ,Y,, X,,Y]) for all positive integers m.

Consequently, from Lemma 2.1, we have R(Z;, Z;, 9;, ;) = 0 and the proof
for Case 3 is complete.

Case 3. R(2,, 9, Dy, D) =0 _
Write X = X, and Y =Y, in Lemma 2.9 to obtain R(X,, JY;, X,,,Y;) =0

from which it follows that

R(X,,JX;,Y,,Y,) + R(Xo, JY;, X;,Y) + R(Xy, X;, JY,, Yy)
+ R(XO,Y,-,JX,-,YO)=0
for all X,,Y,, X;, Y, Similarly, write X =aX, + bX;, Y =cY, +dY, in

Lemma 2.9 and equate to zero the coefficient of abcd to obtain, after
simplification,

(3 — ¢,)R(X,,JY;, X;,Y,) + (3 — ¢;)R(X,,Y,, JX,, Yy)
-(1- ci)R(XO’Xi’JYi’YO) 1 -g )R(Xo» Y, Y) = 0.
From these two equations we have

R(X,, X;,JY;,Yy) + R(X,,JX,,Y,,Y,) =0

1]

and then from Lemma 2.4 (ii),
R(SX,, SX,, SY;, SY,, SY,) = R(X,, X,,Y,,Y,).

But this implies R(X,, X;,Y,,Y,) = 0 from Lemma 2.3. Hence
R(Dy, D, Dy, D,) = 0 as requlred

Case 4. R(Z,9,,9,2,) =0; i,j, k distinct.

Suppose I(Vy, S)X I(Vx8)X; = 0 for all X;, X}, X;. Then by Lemma
2.9, R(.@ 9, ,,.@k) = 0. Thus by Lemma 2.5, we may assume cos 6; =
cos 26; or cos 0; = cos(§; + a;;;0,). Similarly, we may assume cos 6, = cos 20
or cos 6, = cos(0 + alk,ak) Now since cos 6, # cos 6, then we must have
cos 6, = cos(0 + ajk,ﬂk) Also, by Lemma 2.5, ' either I(Vx $)X; = I(Vx,S)X,
=0 for all X X;, X or cos §; = cos26; or cos 6, = cos 20 1t follows that
we may assume elther

(@ cos 6; = cos(6; + a;,;0,) and I(VyS)X; = [(VxS)X; = 0 for all
X, Xj, Xy, or
(ii) cos §; = cos(8; + a;;,0,) and cos 6, = cos 2,

since Case 4 is symmetric in j and k.
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We first consider (i) and note that from Lemma 2.7 (i),
(3.16) R(JX,.Y;, X;, X,) + R(X;,JY;, X;, X;)) = 0
for all X,Y,, X;, X,. Also, by applying Lemmas 2.5 and 2.8 (i) to the pairs

(5(Vx,8) Xe» L(Vy,S) X¢), (1(Vx,S) Xe, (i, S) X, )

and

(IL(Vx,S) X;, I,(Vx,S) X;)
we have
(3.17) R(JX;, X;., X, V7)) — a;R(X;, IX), X, Y;) = 0,
(3.18) R(IX;, Xi.,Y;, X;) — ay;R(X;, JX,, Vi, X;) = 0
and
(3.19) R(JX,, X;.Y;, X,) — a3 R(X,, JX,, Y, X)) = 0.

We apply the first Bianchi identity to (3.17) and use (3.18) and (3.19) to
obtain

E(ij JY:’, Xi: Xk) - R(le, ]X~,Yi, Xk)

- R(X,,Y;,JX,;, X,) + R(X;, X,,JY;,Y;)) = 0.
Then from (3.16), this reduces to
(3.20) R(X,,Y,,JX,, X,) = R(X;, X, JY,;, X,
and from (3.18) we also have
(3.21) R(X;, X;,Y;, X,) = R(X;,Y;, X;, X,.)
for all X;,Y}, X;, X,. Clearly (3.21) implies

(322) E('@;’-@t”gj’gk) =0.

Next, we write X = o, X; + ¢;X; and Y = B,Y; + B,Y, in Lemma 2.9 and
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equate to zero the coefficient of a;a;B;8,. This gives
(1 - ¢))seR(X;, IX,, X, Y;) + (1 — ¢)s;R(JX,, Y;, X;, X))

+(1 = ¢ )s;R(JX;, X, X;,Y)) + (1 — ¢;)s,R(X,, JY;, X;, X)) = 0,

where we have used (3.22). A further simplification follows using (3.18)—(3.22)
to give

((1 —cj)s; (1 —c)s; + (1 —cp)s; + ay(1 - ci)sk)
R(X;,JY,, X;, X,) = 0
and this in turn reduces to
(sing (6 + 6;)sin 36, + sin 5(8,a;; + 6, )sin 36, )
R(X;,JY;, X;, X)) = 0.

From the definition of e;; and a;;, the left hand side of this equation is just
+2sin1/20;sin1/26, R(X,, JY,, X;, X,) so it follows that

R(X,,JY,, X;, X,)) = 0.
Thus R(Z;, D;, D,, 2,) = 0 as required.
Next, we consider (ii) above and note from its conditions that cos 8, =

cos 30;. Thus I(Vy )X, =0 for all X,, X,. Then by applying Lemmas 2.5
and 2.8 to each of the pairs

(L(Vx,S) Xe» L(Vx,S) X ), (1 Vi, S) Xi» [j(V,8) X,

and

(L;(Vx,S) X;, I(Vx,S) X;)
we have
(3.23) R(JY;, X, X;, X;) — o ;R(Y;, JX,., X, X;) = 0,
(3:24) R(IX;, Xy, X, Y;) = euiR(X;, IX,, X, ;) = 0,
and

(3.25) R(JX;, X;, X;, X)) — o, R(X,, JX;, X;, X)) = 0
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for all X,,Y;, X;, X,. Clearly (3.24) and (3.25) imply

(3 26) R(J l’ l’Xk) R(J
-y R(

Y, X, X))
X,,Y,,JX,) + a;,R(X;,Y;, X;,JX,) = 0
and
(3.27) R(J X;, ,,Xk)+R(J is Y, X;, X;)
a; R(X,, JX,, Y, X)) — a3 R(X,, JY,, X, X)) = 0.
By adding (3.26) and (3.27) and using (3.23) we obtain
(328)  2R(JX;, X,,Y,, X)) — o, R(X;, X, JY;, X,
+a”kR( is ,,JX,,Xk) iij(X JX;, Y, k)
@ R(X;, JY,, X;, X)) =0.

Now write X = @, X; + a;X; and Y = B,Y, + B, Y, in Lemma 2.9 and equate
to zero the coefficient of a;a;B,8, to obtain

(3.29)
(1= ¢)s;R(X;, IY;, X;, X)) + (1 — ¢;)s;R(JX,;, Yy, X;, X,
+(1 = ¢))s;R(X;, IY;, X;, X)) + (1 — ¢;)s;R(JX,,Y;, X;, X,)
+(1 = ¢;)s R(X;, IX,., X;, V) + (1 = ¢)s;R(IX;, X, X, V)
+(1 = ¢;)sR(X;,IX,., X;, ;) + (1 — ¢,)s;R(JX;, X, X;,Y;)=0.

By choosing Y; = X; in (3.29) and using (3.23), (3.25) and the first Bianchi
identity we have

(330) ((1 = ¢;)si + (1 = ¢;)s;0 ) R(X;, IX,, X;, X))
+((1=cp)s; + (1= ¢)) s, )R(X;, X, X, X)) = 0.

It is easily verified that if any 6,,6,,0, are related by cos 8, = cos(6, +
6,) then

I)Wu
331) (1-¢)s,+ (1 —-c,)s,a,,, =4\rsin 3 0, sin 30, sin 36,,

where A = —1if 6, = 6, + 6, and A = 1 otherwise. Hence, (3.30) simplifies
to

R(X;,IX,, X;, X,) + R(X;, X;,JX;, X,) = 0,
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or equivalently,

(3.32) R(X;,JX,,Y;, X,) +R(X;,JY, X;, X,) + R(X;, X;,]Y,, X},)
+R(X;,Y,,JX;, X,) = 0.

Then from (3.28) and (3.32) we obtain

(3.33) R(JX;, X,,Y;, X)) + &, R(X;,Y;, JX;, X)) = 0

s Lo

for all X;,Y;, X;, X,.

Next, we use Lemma 2.10 which implies that (3.29) remains valid with
0,,9,,0, replaced by m#;, mb;,, mf, for any positive integer m. Then it
follows from (3.23), (3.32) and (3.33) that the generalised form of (3.29)
reduces to

(3.34) A,R(X,, 1Y, X,, X,) + B, R(X,,Y,, X,, X,)
- CmR(Xj’ X, JY,, X,) =0
where
A,, = 2(1 - cos m8;)sin m; + (1 — cos m8,)sin mé,,
B,, = 2(1 — cos m#@,)sin m6, + (1 — cos m8, )sin mo;
+ a;;;(1 — cos m@;)sin mo, + a;;(1 — cos mb;)sin mé,
+ a;;;(1 — cos mb, )sin m#;,
C,, = a;;(1 — cos mb,)sin mo, + a,;;, (1 — cos m0, )sin mo;
+ a1 (1 — cos m@,)sin mé,.

We note that for any 6,, 8,, ., the relation cos 6, = cos(8, + «,.,0.) implies
that, for m as above, cos m8, = cos(mb, + a,.,m6,) and then

(1 — cos m8,)sin mo, + a,,.(1 — cos mb,)sin mo,
= 4),, sin 3m0, sin M8, sin 1m0,
where A, = —1if , = 6, + 6. or if 6, + 6, + 6, = 27 and m is even, and

otherwise A,, = 1. From this, it follows that 4,, = B,, — C,, for all m so
(3.34) becomes

(335) B,(R(X,.Y, JX,, X,) + R(X,,]Y,, X,, X))
- Cm(R(X]7 Xi’ JYi7Xk) + R(X,, J}’i, X,’, Xk) = 0.
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Also, by writing X;,Y; as JX,, JY; in (3.35) and using (3.32) we obtain
(336) B,(R(X,.Y,JX,, X,) + R(X,,]Y,, X,, X))

+ C,(R(X;, X;, JY,, X)) + R(X;, JY;, X;, X,) = 0.

Now it is easy to verify that
(3.37) B,, =2(1 — cos m8,)sin m6, + 8A,, sin %mo,. sin 3m; sin ;m0,
and
(3.38) C,, = a;;(1 — cos m8,)sin me; + 4A,, sin %me,. sin %mOj sin %mok

where A, = —1if 6,=6,+ 6, or 6, + 6, + 6, =27 and m is even, and
otherwise A, = 1. Then B1 = 0 only 1f Ay = —1in which case 6, = 27 — 26,
and 6, = 360, — 2. It follows from (3.37) that B; = 0 only if cos §, = —3 /4.
In particular, 7/2 < 6; < . Hence if B, = B, =0 then A, =1 which is
impossible since 6, = 6, + 6,. Similarly, C; = 0 only if 6, = 6, + 6, and then
cos§; = —1/3. Hence /2 <6, <7 and C, =C, =0 only if a;3A,=1
which is impossible since 0; = 6, + 6,. It now follows from (3.35) and (3.36)
that for all XY, X}, X,

(3.39) R(X;,Y,,JX;, X,) + R(X;,JY;, X;, X;,) = 0
and
(3.40) R(X;, X, Y;, X)) + R(X,,Y,, X;, X;.) = 0.

Then from (3.27), (3.39) and (3.40) we obtain
(3.41) R( X;, ,,Xk) R( Y, i’Xk) =0

and (3.40), (3.41) imply R(Z,, 9;, 2, 9,) = 0. This completes the proof for
Case 4.

Case 4. R(2Dy, D, Dy, D) = 0;i +j.

First suppose c; + c # 0. Then IO(VX $)X, = 0 from Lemma 2.4(i). Also,
I(Vy, $)X; = 0 and it follows easily that R(Z,, Z,, D,, 9;) = 0. Next, sup-
pose ¢; + ¢; = 0. By Lemma 2.4(d),

Iy(Vy,8)JX; = 1y(V,y,S) X, = 0.
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Also, 1y(Vy, $)JX; = I,(Vy, $)X; = 0 which gives us
R(SX,, SIX;,Y,,Y,) — R(X,, JX;,Y,,Y,) — R(SX,, $X;, JY;,Y;)
+ R(X,, X;,JY;,Y,) = 0
for all X, Y, X;,Y;. This implies
R(Xy, X;,JY,,Yy) = R(X,,JX,,Y,,Y,).

Next, write X = aX, + bX;, Y = cY;, + dX; in Lemma 2.9 and equate to zero
the coefficient of abcd to obtain

(3 — c)R(X,, JY;, X;,Yy) + (3 + ¢,)R(X,,Y;, JX;, Y,)
—(1+ ¢,)R(X,,JX,;,Y,,Yy) — (1 — ¢;)R(X,, X;,JY;,Y,) = 0.
From these two equations we have R(9,, 9, 9,, ;) = 0 as required.
Case 5. R(Z,, 2, D, 2,) = 0; i, ], k,1 distinct.
For any given i, j, k, [, we show that R(Z;, Z;, 9, 2,) = 0 for all permu-
tations of i, j, k, [; equivalently, we show that

E(*%: %’ gkagl) = E(-@i’gk’ -@j"@l) =0.

In this way the number of apparently different cases is considerably reduced.
First note that if

I(Vx,S) X; = I,(Vx,S) X = I;(Vx,S) X, = 0
for all X}, X;, X, then, by Lemma 2.7(i),
R(2, 2, D, D)) = R(Z, 2., 2;,2,) = 0.

On the other hand, if there exist X, Y, X,,Y;, Z;, X,,Y,, Z;, such that

s L)
I(Vy $)X;, I(VyS)X,, I(VyS)Y, and I(V,S)Z, are non-zero then, by
Lemma 2.5,

cos 0; = cos(8; + a;;;0,) = cos(8, + a,;0,) = cos(6, + a,;,6;)
and
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which is easily seen to be impossible. Thus, because of Lemma 2.5 and the
symmetry properties of R, we need consider only the two cases where

(i) cos 0, = cos(0; + a;;,6;) = cos(; + a;;0,)
and
L(Ve,S)X; = I(V5,S) X, = 0 forall X, X,, X,
or
(ii)  cos 6, = cos(8; + a,;,0;) = cos(8; + a;;,0,) = cos(6, + a;;6;)
and
I(Vx,S)X; =0 forall X;, X,.

We first assume (i) and note that R(.@i,_@k,_@j, 2,) =0, from Lemma
2.7(). Hence,

(3.42) R(X,, X;, X, X)) + R(X,, X;, X;, X;)) = 0
for all X;, X;, X, X;. Next, we apply Lemmas 2.5 and 2.8 to the pairs
(1(VxS) X 1(Vx,S) X;), (1(Vx,S) X, 1;(Vx,S) X )
(L(Vx,S) X, I(Vy, S)X,) and  (L(Vx,S) X, L(Vx;S) X,)

to obtain
R(JX;, X;, X,, X)) — a;;R(X;,JX;, X, X)) = 0,
R(JIX;, X,, X;, X)) — a;,R(X;,JX,, X;, X|) = 0,
R(JX;, X,, X;, X)) — a;;R(X;,JX,, X;, X)) = 0,
and

R(JX,, X;, X;, X;) — a;R(X,, JX,, X;, X;) = 0.
Then from (3.42) and the above four equations,
R(JX;, X;, X,., X)) = a;,;R(X;, IX;, X, X))
= a0, R(X;, X;, IX,, X))
= aijlajklakle(Xi’ X;, X, JX))
= aijlajklakljaile(JXi’ X, Xi., X))
= a0, R(IX;, X;, X, X)).
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It is easily seen by inspection that @ ;;a;, = —1 in all possible cases. Hence
RUX,, X;, X;,, X)) = 0 and R(Z;, D, D, D)) = 0 as required.

Next, consider (ii). We may assume 6; < 6; < 6, and it then follows from
the cosine equalities in (ii) that

(343)  6,+6,+6,=2m,0,=06,—0,,60,=06,+0,06, = —2—31

Also, by applying Lemmas 2.5 and 2.8 to the pairs

(1(Vx,S) X;, 1,(Vx,8) X;), (L(Vx,S) Xi» 1i(Vy,S) X, ) and
(£(Vx8) Xe» 1(Vx,S) Xi)

and using (3.43), we have

(3.44) R(JIX,, X;, X;, X}) — R(X,,JX;, X;., X)) = 0,
(3.45) R(JX,, X, X;, X,) + R(X,,JX,, X;, X,) = 0,
(3.46) R(JIX;, X, X;, X;) — R(X;, JX,, X;, X,) = 0.

We now use Lemma 2.10 by writing X = &, X; + ;X; and Y = a;, X; + , X,
and equating to zero the coefficient of a,a;a;a;. It follows that for all
X,‘a Xja Xka X]:

(3.47) (1 — cos m#,)sin m6, R(X;, JX,, X;, X;)
+(1 — cos mb,)sin m6,R(JX;, X, X;, X,)
+(1 — cos m,)sin m6,R(X;, JX,, X;, X,)
+(1 — cos m8,)sin m6,R(JX;, X,, X;, X)
+(1 — cos m#;)sin mOkE(X]-, X, X;, X))
+(1 — cos m8, )sin mO,R(JX;, X, X, X,)
+(1 — cos m8;)sin mo,R(X;, JX,, X;, X,)

+(1 — cos m8,)sin mo,R(JX;, X,, X;, X)) = 0.

Since 6, = 27 /3 we replace m by 3m + 1 in (3.47). Then, using (3.44)-(3.47)
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and the first Bianchi identity we obtain, after some calculation,

(3.48)
cos(3m + 1)0,.(21"2(Xi,JX,€, X;, X)) - 2R(X;,JX,, X;, X,.)

+4R(X,, JX,, X;, X)) + R(X,, JX,, X, X,
+3R(JX;, X,, X;, X))
— y3sin(3m + 1)6,(2R(X,, IX,, X;, X,) — 2R(JX,, X,, X;, X;.)
+R(X;,IX,, X;, X,)
~R(JX;, X;, X;, X))
—2(R(X,,JX,, X;, X))
—-R(X;,JX,, X;, X,

_R()(J’ ]Xk7 Xi’ XI) - I_Q(X']’ JX[: Xi’ Xk)) = 0-
We consider (3.48) for m = 0, 1,2 and note that

1 1 1
cos §; cos4f; cos76;| = 2sin30, — sin 66, # 0
sin@; sin46, sin76,

since if sin30, = 0 then 6, = m/3 or 27 /3 which is impossible by (3.43).
Hence, from (3.48), we have

(349) 2R(X,,JX,,X;, X)) — 2R(X,,JX,, X;, X)) + 4R(X;, JX,, X, X))
+R(X;,JX,, X;, X)) + 3R(JX,, X, X;, X,) = 0,

(350) 2R(X,,JX,,X;, X,) - 2R(JX,, X,, X;, X)) + R(X;, JX,, X;, X,.)
-R(JX;, X,, X;, X,) = 0,

and

(351) R(X,,JX,,X;, X)) - R(X,,JX,, X;, X,) — R(X;,IX,, X;, X))
-R(X,,JX,, X;, X;) = 0.
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Now replace X, X, by JX,, JX, in (3.51) to obtain

(3.52) R(X,, X,,X;,JX,) — R(X,, X,, X;,JX,) — R(X;, X,., X, JX,)
—-R(X;, X,, X;,JX,) = 0.

Then from (3.51) and (3.52),

(3.53) R(X,, X, X;,JX,) + R(X,,JX,, X;, X;) = 0
and
(3.54) R(X;, X\, X;,JX,) = R(X,,JX,, X;, X,).

Using (3.53), (3.54) and the first Bianchi identity, (3.49) and (3.50) reduce to

(3.55) 3R(X,,JX,, X;, X)) - 2R(X;, X;,JX,, X)) + R(X;, X,., JX,, X))
=0

and

(3.56) SR(X;,JX,,X;, X)) + 2R(X;,JX;, X\, X)) — R(X;, X,., JX;, X))
=0.

We now replace X;, X, by JX;, JX, in (3.55) to obtain

(3.57) 3R(X;, X\, JX;, X)) — 2R(X;,JX;, X,., X,) + R(X;, IX,., X;, X))
=0

and then by adding (3.55) and (3.57) we have

(3.58) 3R(X,,JX,, X;, X)) + R(X;, X, JX,, X|) = 0.

But then from (3.58),

(3.59) 3R(X;, X\, JX;, X,) + R(X,,JX,, X;,X,) =0

so, from (3.58) and (3.59), R(Z,, 9,,9,, 2,) = 0. Hence, from (3.57),
R(2;, D;, D\, D)) = 0. This completes the proof of Case 5.

Case 5. R(2,, 9, 2,,9,) = 0; i, ], k distinct and # 0.
If I(Vy $)X, = Ij(Vx )X, = I(Vy,$) X, = 0 for all X, X}, X, then, fol-
lowing the proof of Lemma 2.7(i), we obtain

R(2,, 2., 2,,2,) = R(2,, 9, 9;, D,) = 0.
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Hence, from Lemma 2.4(c) and the S-invariance of VS, we must assume
¢; + ¢, = 0. Then

(3.60) I(Vx, ) X; = Iy(Vx,S)X; = 0 forall X;, X;, X,,
from which
(3.61) R(2,,92;,2;,2,) = 0.

We note that (3.60) is true for any permutation of i, j,0 or of i, k,0. Then if
I(Vy $)X, = 0 for all X, X, we use the relation I(Vy S)X, =0 and
Lemma 2.4() to obtain R(Z,, 9, Z;, 9,) = 0. Thus, we may assume
I(Vy $)X, # 0 for some X}, X, and then

cos 0, = cos(6, + a;;6,)

by Lemma 2.5. From this and the above relation c¢; + ¢, = 0, we may also
assume 0, = 26, — 7, 6, =7 — 0; and 6, > 7w /2. Next, we note that for all
A,j’ Xk’

where a;;, = —1 since 6, = 6, + 6,. Then, by following the proof of Lemma
2.8, we, obtain

R(JX;, X;, X,, Xo) + R(X;, JX;, X, X,) = 0.

Now write X = X,, + aX;, Y = bX; + cX; in Lemma 2.9 and equate to zero
the coeflicient of abc. After some calculation using the above relations, this
gives

R(X,, X;,IX,, X;) + ¢;R(X,, JX;, X, X;) = 0

for all X;, X;, X,. Since c? + 1, it follows that R(2,, 2}, D, Z,) = 0 and
this together with (3.61) proves Case 5.

The above five cases together with the first Bianchi identity are clearly
sufficient to establish that R = 0 so the proof that the curvature tensor field
R is S-invariant is complete.

Finally in this section we prove the S-invariance of V2S. Thus, from (2.9)
we have

(VexS)(I = S™HX — (VS)(VyS )X =0 forall X,Ye I
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Also, from the relation (VyxSXI — S™DY + (V. $XI — S~ X = 0 we obtain
(VixS)(IT = S7HY + (Y2, 8)(I = ST X — (VyxS)(VxSTY)Y
Hence
(V}XS)(I - S™HY + R(X,Y)(S — INX - SR(X,Y)(I - S‘l)X
+(VXS)(VYS‘1)X - (VXS)(VXS‘l)Y— (VYS)(VXS“l)X= 0.
By linearising this equation and noting that V2, S — V2,.§ can be expressed

in terms of R, it follows that V2$ is S-invariant.

4. Conditions for the S-invariance of VR

For convenience of notation, we define 4 € 7' by AxY =A(X,Y) =
(Vii—s)-1x$)S7'Y for X, Y€ ' Then from (2.1), VyY =V, ¥ —A,Y
where we regard Ay as a derivation. Since VS and VS are S-invariant, we
know that A~and YA are S-invariant so, from [2], VA = 0 and the curvature
tensor field R of V satisfies

(4.1) g(R(Z,W)Y,X):fR(X,Y,Z,W)

=R(X,Y,Z,W) + g(A(W,Y), A(Z, X))
— g(A(Z,Y), A(W, X))
+2g(A(Z,W), A(Y, X))

where we have used (2.2) and (2.11) for simplifications.
As noted in §2, VS = 0, so

R(SX,SY,Z,W) =R(X,Y,Z,W)
and
(VR)(Sx,8Y,Z,W) = (VR)(X,Y,Z,W)
forall X,Y, Z, W,V € . We now define P € 5 by
(42) P(X,Y,Z,W,V)
= (Vs R)(8X, SY, 82, 5W) - (V,R)(X,Y,Z,W)
= (Vs R)(SX, SY,SZ,SW) — (V,R)(X,Y,Z,W).
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Because of the S-invariance of R and A we also have

(4.3) P(X,Y,Z,W,V) = (Vs ,R)(SX, SY, SZ, SW)
—(V,R)(X,Y,Z,W).

Clearly P satisfies all the Riemannian curvature identities including the
second Bianchi identity. Moreover,

(4.4) P(SX,SY,Z,W,V) =P(X,Y,Z,W,V)
forall X,Y,Z, W,Ve !

and it follows easily that P(X,,Y;, Z;,W,,V)) =0 unless X,, Y,, Z;,, W,,
Vi€ Dyor X,Y, Z, W,V € 2, for some p € [r], where, for the latter case,
we use Lemma 2.4(a). Now suppose VR is S-invariant, that is P = 0. Then
clearly (Vo RX Dy, Dy, Dy, Z,) = 0. Also, since R and VR are S-invariant
then VR = 0 [2]. Hence V4R = A4 R for all X € . In particular, for all
i €[r] and for all X;

(VX,-R)(Xi7 JX;, X;,JX,) = (AXiR)(Xi, JX;, X;,JX;) =0
as follows from (2.2) and Lemma 2.5. Conversely, suppose
(V_%R)(.@O, Dy, 2y,9,) =0 and (VXiR)(X,., JX;, X;,JX;)) =0
for all i € [r] and all X,. From Lemma 2.4(b) and (4.4),
(4.5) P(JX;,JY;,Z,,W,,V}) = P(X,,Y;, Z;, W, V})

for all X,,Y;, Z;, W, V,. Also, by assumption,

(4.6) P(X,,JX,, X,,JX;, X;) =0 forall X,.

Then, as is well known, (4.5) and (4.6) imply P(2;, 9,, Z,, D;, ;) = 0 [11].
Hence P = 0 and VR is S-invariant. Theorem 2.2 now follows as an immedi-
ate consequence of Theorem 2.1.
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