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FUNCTIONAL INEQUALITIES, JACOBI PRODUCTS, AND
QUASICONFORMAL MAPS

M.K. VAMANAMURTHY AND M. VUORINEN

1. Introduction

The special function (cf. (2.1))

(1.1) ex(r) = p~ (u(r)/K),

where K € (0,»), r €(0,1), is closely related to geometric properties of
quasiconformal mappings. Some examples of such geometric properties are
the quasiconformal Schwarz lemma [LV, p. 64] and the study of the
Beurling-Ahlfors extension of quasisymmetric functions [AH], [L], [LV]. We
first recall two earlier explicit estimates for the function ¢, (r) and then give
our main results, which yield new identities and inequalities for this fre-
quently occurring function. The basic inequality

(12) PVE < gp(r) < #-VEPUK

for K € (1,) and r € (0, 1), has been known for more than thirty years. This
inequality was recently sharpened [AVV3] to

(1.3) h( T 1 h( T )) < @g(r) < th(arthr + (K — 1)u(r")),
Cl I—<arc 7
for K € (1,»), r € (0,1) with ' = V1 — r2.

1.4. TueoreM. For K € (0,), let f: [0,1] — R, be defined by

f(r) = 1- ‘Pl/K(’)

W for0<r<1,

and f(1) = 8'~Y/K_ Then f is strictly increasing if K > 1 and strictly decreasing
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if K < 1. In particular, for K € (1,%), r € (0, 1),

(1) 1-(1-r)% <op(r) <1-8"%1 -r)¥,
(2) 1-8VEQ - ) < (r)<1-(1-r)%

This theorem answers affirmatively a question raised by R. Kiihnau (see
the remark in Section 2 following the proof of Theorem 1.4). Applying C.G.J.
Jacobi’s formulas we obtain an infinite product expansion for ¢, (r). This

expression for ¢, (r) follows immediately from Jacobi’s work, but has appar-
ently been overlooked in the literature.

1.5. THEOREM. For K > 0 and 0 < r < 1 we have

© 1 +q2n/K 4
(D @gl(r) = 4:*;xp(—ﬁt(r)/1<)nl:[1 (m) ’

(2) @i(r) = I:[l(th((Zn = DKu(r')*)

= \/1 - n]j(th((2n - l)u(r)/K)S),

where q = exp(—2u(r)).
The functional inequality
(1.6) ¢x(ab) < ox(a)px(b)

for K > 1,a,b € (0, 1) was proved in [AVV1, 3.13]. Our next theorem gives a
majorant for the right hand side of (1.6).

1.7. THEOREM. Let K > 1,a,b € (0,1). Then

(1) ox(ab) < ox(a)ox(b) < ox(Vab )’ < pxa(ab),
(2) ox(@) ek (b) < ex(a/X)pg(b)* < px2(ab),

with equality when K = 1.
1.8. THEOREM. For K > 1, r € (0,1) the function

f1(0,0) = (r/%,1)
defined by

£(p) = (ex(r?))"”,
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is strictly decreasing. In particular,

ex(r?) < (‘PK("))p, p=1,
ox(r?) = (ex(r))", p €(0,1].

Theorems 1.5, 1.7, and 1.8 together give interesting and perhaps new
inequalities for infinite products. We shall give various applications of the
function ¢ (r) to quasiconformal mappings. By the quasiconformal counter-
part of the Schwarz lemma [LV, p. 63] the function ¢x(r)—r measures the
deviation of a K—quasiconformal automorphism of the unit disk from the
identity map. For this function we obtain an explicit majorant in Section 3
and correct an error in an earlier result of the same kind in the literature.

The boundary correspondence of a quasiconformal mapping of the upper
half-plane onto itself can be characterized as a homeomorphism of the real
axis onto itself that satisfies the Beurling-Ahlfors p-condition [BA], [AH].
The p-condition is frequently used in the theory of Teichmiiller spaces [L]
and it has been extensively studied in its own right by W.K. Hayman and A.
Hinkkanen [HH], [HI].

P. Tukia [T] showed recently that such homeomorphisms, often called
quasisymmetric functions, can change the Hausdorff dimension of a set in a
very peculiar way. We show here with a quantitative estimate that quasisym-
metric functions approach linear maps when p — 1. This result improves the
qualitative estimate in [L, p. 32]. See also the interesting recent results of F.P.
Gardiner and D.P. Sullivan in [GS]. Our results also complement and
improve the earlier growth estimates of these maps in [HH] and [HI]. Our
proof makes use of the quasiconformal extension of such a map and the
function ¢ (r). For integer values of K the function ¢y (r) occurs also in
number theory, namely in the study of modular equations [BB, pp. 102-109],
[BE1], [BE2] and singular values associated with complete elliptic integrals.
Bounds for the function ¢g(r), such as those in Theorem 1.4, also yield

bounds for such singular values. An example is the following corollary to
Theorem 1.4 (2).

1.9. CoroLLARY. The pth singular value k, ( for definition see 3.18 below)
admits the estimate

1 -1/V2) P <1 -k, <81 - 1//2)"F

forp =1,2,3,....

Some conjectures concerning the function ¢g(r) are given at the end of
Section 2.
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2. Proofs

The notation and terminology will be as in [LV]. The hyperbolic cosine and
tangent and their inverse functions are denoted by ch, th, arch, and arth,
respectively. The function u(r), 0 < r < 1, in (1.1) is given by [LV, (2.2), p.
60]

HK'(r)

@) wr) =G5 #0) - .

1
k V(=221 - r?)

where
K'(ry=x(r), r=vVvi-r2.
We shall need the following differentiation formula from [AVV1, 3.27]

ds _ . s(s)’ H2(s)
(2.2) 7 Kr(r’)2.)£/2(r)’

where s = @, £(r), K€ (0,%), r € (0,1), ¥ = V1 = r?, s = V1 — 5%,

2.3. Proof of Theorem 1.4. We need only prove the result for K € (1, ),
since the other case follows by inversion. Differentiating and using (2.1) and
(2.2), we obtain

s(1 + 5) ¥"%(s)
r(l+r)x*(r) |

K-(1=-r)""% . f(r)y=Q1-s)|1 -

which is positive since ¢t.%"*(¢) is an increasing function of ¢ on (0,1) and
0 <s <r < 1[AVV2, 2.2(3)]. Finally, it follows from [LV, p. 65] and [AVV1,
(3.4)] that lim, _,, f(r) = f(1). O
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Theorem 1.4 is related to the conjecture [LV, p. 68] that a K-quasiconfor-
mal automorphism of B? with f(0) = 0 satisfies

(*) |£(x) = f(»)| < 167/ K|x — y| VX,

For K > 1, r € (0,1) let g be the extremal K-quasiconformal mapping [LV,
p. 65] with gB> = B2 g(0) =0, and g(r) = ¢, x(r), g =1 If x=r,
y = 1, then

lg(x) —g(¥)| =1—0,,x(r) <87V — x|V/X,

Hence in this case (*) holds even with a smaller constant.

2.4. Proof of Theorem 1.7. (1) The first inequality is (1.6). To prove the
second one we show that for a fixed a € (0, 1) the function

f(x) = log px(a®) + log x(x?) — 2log g (ax)

is increasing on (0, a) and decreasing on (a, 1), so that f(x) < f(a) = 0 for all
x € (0,a) U (a,1). If we write s = gg(x?), t = gglax), u = px(x) and use
the differentiation formula in [AVV2, Lemma 2.1] we get

F(x) = 2 (8(x?) - g(ax))

with g(x) = (1 — u®)#W)?/(A — x?)H#(x)?). Since g(x) is decreasing by
[AVV1, Lemma 3.12] it follows that f'(x) > 0 for x € (0,a) and f'(x) <0
for x € (a,1). The third inequality follows from (2).

(2) The proof of part (2) will follow from Theorem 2.22. O

In connection with the study of quasisymmetric functions of the real line
and their extension to quasiconformal mappings of the plane [BA], the
function

of3) |

(2.5) AK) = %/K(%) ,

K>0,

has found many applications [L], [LV]. We now consider the following
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generalization of A(K):

2
(2.6) nx(¥) = MK, r) = [f/"l(—((i;),—)- ;

for 0<K<w, 0<r<1, =v1-r? and x=(r/r')%. S. Agard [A]
introduced this function in the study of quasisymmetric functions of the real
axis.

2.7. TueorRem. (1) ForK € [1,®), and r € [1/V2,1), ' = V1 — r2,

A(K)(;;)Z <MK,r) < A(K)(%)ZK,

with equality if and only if K =1 orr =1 V2.
) ForK €[1,), r€(0,1), r = V1 — r2,
r\2
MK, r) 2 KY(5)
with equality if and only if K = 1.

(3) For K [1,0), re(0,1) let s =¢x(r), r =V1—r2, and f(r) =
rs' /(r's).

Then f, is decreasing from (1/v2,1) onto 0,1/ VA(K)).
(4) ForKe[l,0), t €[l,0) letr=+t/(1+1),s=@g(r), let

1o\2
£1) = () = 1) /1= (55) - 1,
Then f, is increasing from (1,®) onto (M(K) — 1, ). In particular,
ng(t) = AMK)t.

(5) For K €[1,), t € (0,) let fi(t) = ng(t)/tX. Then f, is decreasing
from (0, ) onto (165~ ). In particular,

ne(t) = 1657 1tK,
for all t € (0, ).

Proof. Since the cases of equality in (1) and (2) are obvious, we only need
to prove the strict inequalities. With s = (), using (2.1) and (2.2), we
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obtain
ds _ 1 s(s)° H%(s) Ks(s')z.)i/'z(s)
ar Kr(y?xi(n) () x(n)’
whence
ds _ .s(s)
& <y

for1<K<w, 0<r<1 Nowlet1l/vV2<r <1 Then p~'(w/2K) <s <
1. Hence

J s—« )t(‘ft) ) fl/ﬁ t(‘jf)z’
which yields
tog( %) - l1og MK) < K log( %),
so that
5 <y (5

and the upper bound in (1) follows.

Next, for the lower bound in (1), let f(r) = (s#')/(s'r). Then differentia-
tion gives

eyl ) _I%[(s')%ﬂ(s) + M«nl _

f(r) H2(r) K2(r)
- F()F'(s) _
7w 170

since #(x).%"(x) is increasingon [1/v2,1]and 1/V2 < r <s < 1[AVV2,
Theorem 2.2(8)]. Hence f(r) > f(1/v2) = y/A(K), and the lower bound in
(1) follows.

For (2), from the above argument, using the facts that x'%(x)? is decreas-
ing and x.%"(x)? is increasing on (0, 1) [AVV2, Theorem 2.2 (3)], we get

s\ ds 1 s¢'
K(7) <7 <xw-
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Hence
MK, r) = (i) > K4(§)2.
For (3) we obtain

flr) L r (s, lld
OIS ((s')2 " )d'
1 11 s(s)’x(s)°
r("Y s Kr(r) ()
I S S (O s
r(r')’K x(r)?

_ 1 |x0nx(s)  x(s)
() k| F ()X (s) .;z/(r)z]
K(s)
r(r') KX (s)¥(r)

[ K ()X (r) - Z(s)H'(s)].

Since s > r it follows from [AVV2, 2.2 (8)] that f}(r) < 0 on (1/vV2,1). The
limiting values of f; are clear.

Part (4) follows easily from (3).

Finally, for the proof of part (5), let g(r) = (+')Xs /(rXs’). Then

g(r) _ 1 ()sx(s) K
g(r) () Kr(r)Y’ () r(r)?

L HO) | <o)
Kr(r')* | #(r)?

Thus f, is decreasing from (0, ) onto (16X~ 1,0). O

The second inequality (1) in Theorem 2.7 is reversed if r € (0,1/ V21
Moreover, since A(1/K, r')A(K, r) = 1, one can obtain an analog of 2.7 for
K (0,1].

In terms of the notation 7(s) = w/u(l/V1 +s), s> 0, the function
A(K, r) can also be written as

MK, r) = l—f%r—)—z -] =y
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This alternate form of the function A(K, r) is sometimes used in the litera-
ture.

2.8. CoroLLARY. For 1 < K < « we have

(1) MK)s < 7-1(%70)) < A(K)sK forl<s <o,
(2)  MK)(1/s) <1/77Y(Kr(s)) < MK)(1/5)% for0<s <1,
3 K* < T_l(%‘r(t)) for 0 <t <o,

Proof. The result follows immediately from Theorem 2.7. O

2.9. THEOREM. For each r € (0,1), let f: [1,0) — R be defined by

. (CUYZ

if K> 1 and
4 )
(1) = =X ()X (r).
Then f is strictly decreasing and

i) = (28 Ly )|

In particular, for K € [1,%), r € (0,1),
(2.10)  exp(m(K - 1)x(r)/X"(r))

<MK,r) - (%,)2 < em(MX(r)%’(r)),

w
with equality if and only if K = 1.
Proof. From (2.1) and (2.2), with s = ¢,(r), we obtain

ds 4 ,
& = gat(r)s(s )2 X (s),
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and
ds’' 4 ,
EK‘ = —mu(r)s%.}i’z(s).
Hence
K 1 ds 1 ds'
dK(lOg(?)) =Sd& “ T
_ (N H(s) _ H(s)
K w(r)

Thus (d /dK Xlog(s /s')) is positive and decreasing on [1, »), hence log(A(K, r))
is increasing and concave on [1, ©). Hence by the Monotone I’'Hopital’s Rule
[AVV3, Lemma 2.2] f(K) is decreasing. Finally,

12
lim £(K) = tim 22268 — L (r)(r),

and

2.%”2(s) _ 7 X (r)
u(r) X'(r)

2.11. CoroLLary (cf. [BA], [AVV1, Theorem 1.1]). The function

log M(K) /(K — 1) is strictly decreasing from (1,) onto (w,a), where a =
@4/m)x%*1/V2) = X(1) = 4.37688... In particular,

li K) =1 O
Kl—I>n°°f( ) sl—->ni

e‘rr(K—l) < A(K) < ea(K—l)’

for 1 <K < o,
Proof. Putr=1/v2 in(210). O

The constant a in Corollary 2.11 can also be written as I'(;)*/(472). This
constant occurs also in connection with the sharp form of the Schottky
theorem due to J. Hempel [HA, p. 702].

2.12. THEOREM. For each K € (1,®), let s = ¢ (r), 0 < r < 1. Then the
function

S r
o T

TORE S

is strictly increasing from (0, 1) onto (0, ), where r' = V1 — r?, s’ = V1 — 52,
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Proof. Differentiation with respect to r yields

1 s(s)’H*(s) 1
(VK r(rYx(r) (¢
1 sK(s)X'(s) ¢

G AGrAC I

g'(r) =

since 0 < r <s <1 and since the function x.%"(x) is increasing on (0, 1)
[AVV2, Theorem 2.2(3)]. Finally, the limiting values are obvious. 0O

2.13. CoroLLARY. For each K € (1,%), with notation as in (2.6), the
function h(x) = ng(x) — x is strictly increasing from (0, ) onto (0, ).

Proof. With x = (r/r')?, s = ¢g(r), we have

s ri[rs r
hx =[5+ 7lly -7l
hence the result follows from Theorem 2.12. O

In a recent work [VVW] on quasiconformal maps in R”", n > 2, certain
special functions have found application to the geometric study of quasicon-

formal mappings. In the plane case these functions coincide with the one in
Corollary 2.13.

2.14. Proof of Theorem 1.5. For the proof of part (1) we use Jacobi’s
product formula [J, p. 146]

k=g T

1+q ¢
1+q2n 1

with g = exp(—7 %" (k)/X*(k)) = exp(—2u(k)) and 0 < k < 1. If we write
y = u(k), this identity yields

= 1 + exp(—4ny) !
(y) = 4exp(—y) 1_[ (1 + exp(—(4n — 2)y))

Part (1) follows on putting y = u(r)/K.
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For the proof of part (2) we use another formula of Jacobi [J, p. 146],
namely

© _ 42n-1 4 *®
v (#) = T1 (th((2n - Du(k)))’

n=1

so that with u(k) =y we have

K=v1-(u"4() = nlojl th*((2n - 1)y).

Since @x(r)* + @, ,x(r')* = 1 both equalities in 1.5 (2) have been estab-
lished. O

In view of the definition (1.1) of ¢k(r) a remarkable feature about
Theorem 1.5 is that the infinite products involve only the function u(r) and
not its inverse. Theorems 1.4, 1.5, and 1.7 together with (1.2), (1.3) yield an
interesting series of sharp inequalities for infinite products. We can derive
further functional inequalities for ¢, (r) if we use the sharp inequality

B(¢’1/K(’): ¢1/K(s))
r+s

< ox(B(r,5)) < B(ox(r), ¢x(5)), B(r,s) = T2,

for K> 1,r,s € (0,1), or other inequalities from [AVV1]. The composition
property ¢ (¢g(r)) = ¢,5(r), A, B > 0, together with the fact that ¢,(r) =
2Vr /(1 + r) enables one to evaluate ¢,.(r) by recursion. Thus for K = 2"
we obtain explicit evaluations of the infinite products in 1.5(1) and (2) in
terms of algebraic functions. We give such a formula for n = 1 at the end of
Section 3 in 3.17.

Theorem 1.5 immediately yields

(215 Y1 - (th(p(r)/K))® < ex(r) < (th(Ku(r)))*

for K > 0,0 < r < 1, which seems to be a new inequality. Note that (2.15) is
not sharp when K =1, whereas (1.3) is sharp in this case. Computer

experiments together with (2.15) when K = 1 yield the approximate identity
for r € (0,1)

1 < (th(u(r)))® + (th(u(r)))® < 1.006.
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For our next result we recall from [AVV3, Theorem 1.11(1)] that

(216)  @x(r) < th(2arth(2'-V/K4(r)/¥)),  A(r) = 75>
for K > 1 and for r € (0, r) with rp = 227X /(1 + 417X),
2.17. THEOREM. For K € (1,»), r € (0, 1),
(1) o (r) < th(K?4'-1/ arth(r1/K)),
(2) ¢1/k(r) > (th(K~24/%~Larth r))*.

Proof. We need only prove (1) since (2) follows from (1) by inversion.
Denoting c(K) = K241 ~VK s = ¢ (r), let

f(r) = arth(s) — c(K)arth(r'/X).
Then f(0) =0and for0 <r <1,

s¥3(s)  c(K)ri/k

f’(r) = Kr(r’)zfifz(r) Kr(l _ r2/K)

<0

iff

s K'%(s) 1—r¥K
K) > K? ;
C( ) rl/K '%/12('.) 1 — r2

which is true by (1.2). Thus f is strictly decreasing and f(r) < f(0), hence (1)
follows. 0O

2.18. Proof of Theorem 1.8. The limiting values follow from 'Hopital’s
rule. Let s = f(p), u = r?, v = s?. Then w(v) = u(uw)/K, v > u, and

dv _ v(v)’H#(v) du
ap  Ku(uw) ¥ (u) W

Now
lu =ulogr
___d = ,

v _, ds ds
o = 5" logs + ps” 13; =v(logs+ %-‘E)
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Hence,
pds _ (V) H*(v)logr _ 2., p(v)log r
S B T ek T O @
_ (W)X ()X (v)logr
(W)’ H(u)yx'(u)

Writing m(r) = Q/7Xr')2%(r).%"(r) this yields
p ds

- m(u) [m(u)log(l) _m(v)log(—})],
so that

4 - siglonalt] - mom(2] <o

since m(x)/log(1/x) is increasing on (0,1) [AVV2, Lemma 4.2 2)l. O
2.19. Conjectures. For K € [1,%) and r € (0, 1), the inequality
(2.20)  th(c(K)arth(r'/%)) = g (r) = th(d(K)arth(r'/¥)),
where
c¢(K) = max{K,4' "X} d(K) = min{K, 4!~ VK},
holds, with equality iff K = 1 or K = 2. The two particular cases K =1 or

K = 2 are clear with equality in (2.20) for all r € (0, 1). Our computational
experiments suggest that

(2.21) ex(r) = th(227 K arth(A(r)"¥)),

for K> 1 and r € (0,1) where A(r) =r/(1 +r') is as in (2.16). If (2.21)
indeed holds, then it is very close to the upper bound in (2.16).

2.22. Tueorem. For K,L > 1, a,b € (0,1),
(1) ex(a/F)(e(0))* < ox(a (b)) < ox(p(ab)) = px.(ab),

@) rll ox(;) < ox(a),

wherea = a,...a,, K=K,...K,,a,€ (0,1, K, > 1.
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Proof. The inequalities in (1) follow from the fact that ¢y (a)/a'/X is
decreasing [H] while (2) follows by induction. O

The next theorem shows that the inequality (2.20) holds for certain values
of K.

2.23. Tueorem. Forp = 1,2,...,K = 2%, and for all r € [0, 1],
(1) ex(r) < th(K arth(r'/X)).
For K > 2, and for all r,u € (0,1) we have

(2) ox(r) < exa(r?),

(3) ex(r)eg(u) < ¢K2(m)2'

Proof. For (1) recall first that ¢ 5(r) = ¢ (¢g(r)) and that [LV, p. 64]

o,(r) = %ﬁ—'——r = th(2arth(Vr)),

so that the result is true for p = 1. Next, suppose that the result holds for a
certain integer p. Then

@ar+1(r) = @5(@a20(r)) = th(2 arth(‘/q:zp(r) )) < th(2arth(p,,(Vr)))

< th(27*Larth(r277")),
as desired. In the second last step the inequality (1.6) was applied.
For (2), let s = @g(r), t = @g2(r?). Then u(s) = u(r)/K and u(t) =

w(r?)/K?. By [AVV2, 4.3 (4)] the function wu(r)/log(1/r) in increasing, and
thus u(r?) < 2u(r). Hence

p(t) <2u(r)/K? =2p(s)/K < u(s),

and thus ¢ > s as desired.
For (3) from Theorem 1.7 and (2) we have

ex(r)ex(u) < <PK(\/r7)2 < ox2(ru)’. O
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2.24. Remark. From the proof of Theorem 1.5 one can read off various

identities and inequalities for u~(y) and u(r). For instance we see that for
y >0,

(2.25) wi(y) = \ﬁ - ﬁl th((2n — 1)y) .

The identities

() =w2/4 and w(r)e(5r) = 7*/2

imply that
(2.26) (r™'(¥))" + (M‘I(Z—;))Z =1,

for y > 0. Now (2.25) and (2.26) yield the following Pythagorean type identity
for y > 0,

2] =] 2
(2.28) IT té(2n-1)y) + 1 ths((Zn - 1)Z—y) =1,
n=1 n=1
whereas (2.25) and (2.27) yield

I, th®((2n — Dy)

= y
(2.29) =11 thé((2n - 1)3).
(1 + 115, th4((2n - 1)5))
We also get
- w?
(2.30) V1—thdy <pu~i(y) < th“(w),
and

(thu(r))* > 7
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which yields

2

. th(r''/*) < <—7 .
(2.31) arth(r" /") < u(r) 4arth(r/%)

3. Some applications

3.1. CoroLLARY. Let f be a K-quasiconformal mapping of the unit disk B>
onto itself with f(0) = 0 and let x € B2. Then

(1) @1k (Ix1) <|f(%)] < ex(lxl),
) 817K(1 - Ix) < 1 —|f(x)| < 877X (1 — Ix])"/".

Proof. Part (1) is the quasiconformal Schwarz lemma [LV, p. 64, (3.4)],
while (2) follows from Theorem 1.4. O

Our next application deals with the function ¢ (r) —r, K€ (1,), r €
(0, 1) for which P.P. Belinskii [B, p. 16, formula (19)] gives the inequality

(3.2) -
)

1 4 4
¢K(r)—r<r[(—r— -1 <(1—-7<—)rlog?<(K—-1)rlog7.

The first inequality in (3.2) follows from (1.2). But the second inequality is
false, since by [LV, p. 65]

. ex(r) 1-1/K
lim ===~ =41~ V/K
r—0 rl/K

We now obtain a corrected form of (3.2) which also sharpens a result of J.
Zajac in [Z].

3.3. THEOREM. For K € (1,»), t € (0,1), and t' = V1 — t?> we have

(1) _I?%_ (E+D/CK) 0g(1 /1)

<op(t) -t < min{t’, 71<-}(K — 1)4K-D/K41/K 1og(4 /1)

(2)
(K = 1)t® D2 log(1/t) <t - @1(t) < (K - 14 VK ()% - log(4/1).
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In particular, if 1 < K < (log8)/2, then
ex(t) — t < (K — 1)(log4) (41 ~1/K)p'¢1/GK),
Proof. We only prove (1), since the proof of (2) is similar. Fix ¢ € (0,1)

and let s = f(K) = @x(¢). Then u(s) = u(t)/K by (1.1), and by differentiat-
ing with respect to K we get

ds _ 4u(t)s(s¥(5))’
& - (zk)y

By the mean value theorem there exists a number K, € (1, K) such that

s =f(K) =f(1) + (K= 1f'(Kp)-

We now estimate f'(K,). We have

4u(1)so(sp X (55))*
(”"Ko)2

f'(Ko) =

ki

where s, = f(K,) and sj, = y/1 — s3. Note that ¢ < s, <.
Since x'¥(x) is decreasing [AVV2, Theorem 2.2 (3)], we get

’ 2 ' ’ 2
FRPRPE TIGH = 10V L7 X 0T 0) gy

miH(t)

say. Then

s =t = pe(t) =t = (K= 1)f'(Ko) < (K = )sm() < (K - 1)st' log +
by [AVV2, Lemma 4.2 (5)]. By (1.2) s < (41~ /K))t1/K hence the first upper
bound in (1) follows.
Now for the second upper bound in (1), we have
pr(t) —t < 4E-D/KA/K
£ \K-D/K
— 4(K—1)/Kt1/K(1 _ (Z) )

(K-1)/K
< 4D/ 0g 3

= 4x-v/x K - 11k log(

~|
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Next, for the lower bound in (1) we have

er(t) —t > tVEK -t = (/K] — ¢1-1/K)

K-1 1
1/K4(K-1)/2K)
>t/ X log( t)
K-1 1
— (K+1)/Q2K)
K¢ log( 7 )

Finally, if 1 < K < (log8)/2, then A(t) = (£3/#K)log(4/t) is increasing on
(0, 1], so that h(z) < log4, and the result follows. O

In [B, p. 80, Lemma 12], P.P. Belinskii gives the inequality
(3.4) AMK) <1+ 12(K-1)
for K > 1 close to 1. Because the incorrect part of the inequality (3.2) was
used in the proof of (3.4) the proof given in [B, pp. 80-82] for (3.4) is not

valid. We observe that Corollary 2.11 yields the following improved form of
(3.4).

3.5. CoroLLARY. Forall K € (1, ),
(3.6) 1+7(K—-1) <AK) <1+ a(K-1)exp(a(K - 1))

where a = 437688 ... is as in Corollary 2.11. In particular, if K € (1,1 +
1/(2a)), then

3.7) MK) <1+ 8(K-1).
3.8. THEOREM. Fort € (0,1), t' = V1 — t?, and K € (1, »), we have
ox(t) —t < ()’ th((K = Du(t')) < (K = 1)(¢)*log(4/1").
Proof. The first inequality follows immediately from the upper bound in
(1.3). Since (th x)/x is decreasing on (0,x), the second inequality is a
consequence of the well known property [LV, p. 64, (2.10)] that u(¢') <

log(4/¢'). A slightly different final estimate follows if we use the inequalities
in Remark 2.24. 0O

3.9. The p-condition. In [BA] Beurling and Ahlfors characterized the
boundary correspondence of quasiconformal automorphisms of the upper
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half plane H? as those homeomorphisms f: R — R that satisfy the p-condi-
tion

1 _ fx+0) ~f(x)
(3.10) P F —fG-n <P

for all x € R, t > 0 and for some constant p € (1, ). The boundary values
of a K-quasiconformal map satisfy (3.10) with the constant p = A(K) which is
sharp for each K > 1 [L, p. 34]. For each p > 1 let us denote by K(p) the
smallest constant K such that each homeomorphism f: R — R satisfying
(3.10) has an extension to a K-quasiconformal mapping of the whole plane
R? which agrees with f on the real axis. It is well-known by [BA], [AH] and
by later results of M. Lehtinen [L, p. 34] that

K(p) <min{2p — 1, p*/?}.

It seems to be an open problem whether this inequality is sharp for any
p> 1.

W.K. Hayman and A. Hinkkanen have extensively studied functions satisfy-
ing (3.10) independent of quasiconformal extension [HH], [HI]. They ob-
tained sharp bounds for the growth of a function satisfying (3.10) and
normalized by the conditions f(0) = 0, f(1) = 1. That these conditions are
mere normalizations follow from the fact that along with f also Ao fog
satisfies (3.10) with the same p whenever &, g are similarity maps.

Alternatively, growth estimates for the functions satisfying (3.10) can also
be derived by using quasiconformal extension together with the result of
Agard [A] that a K-quasiconformal map f: R? — R? satisfies

2
|£(x) = f(»)] “’K(\/lIH)

- 1/_t_
G TF =)l = (T ) —/\(K, 1 +t)

for all distinct x,y,z € R?> with t = |x — y|/lx — z|. From (3.11) it also

follows that
Lf(x) —f)I t
[£(x) — £(2)] =4 ey )

3.12. TueoreM. Let f: R = R be a homeomorphism satisfying the p-con-
dition (3.10) and let K = K(p). If f(0) = 0 and f(1) = 1 then fory > 2,

) -1 <MK, V(y =1 /y) < MK)(y - DX

Proof. Apply (3.11) with z = 0, x = 1, and use Theorem 2.7. 0O
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As pointed out in [L, p. 32] it follows easily by normal family considera-
tions that normalized functions satisfying (3.10) approach the identity when
p — 1. We now show that a quantitative majorant for the “speed” of
convergence can be found if we use the Beurling-Ahlfors extension, the proof
of 3.12 and Corollary 2.13.

3.13. THEOREM. Let h: R — R be a homeomorphism satisfying the p-con-

dition (3.10) normalized by h(0) =0, h(1) = 1, and h(») = «. Then with
K = K(p) we have

(1) (1-K)4'~VEx/x —1 log(16x)
< h(x) —x < (K = 1)42K-1-1/KgK=1/CK)(x — 1)/@B) 100(16)
forallx = 1 and
(2) (1 -K)4 " VEx(1 - x)"/%®10g(16/x)
< <P1/K(\/;)2 —x<h(x)—x
= ¢K(‘/;)2 —x < (K — )41~ VVEKx1/@\1 — x log(16/x)

forx € (0,1) and

3 (k- )H(VRT T B H (VT B )<x - h(x)
< HEZD (16(1xl + 1)< (Ve /T + D))
x A (1/V1 + Ixl )lx| /¥
forx < 0.
Proof. (1) From the definition of K(p) it follows that f has an extension
to a K-quasiconformal mapping of R2. Using the fact that modulus of a curve

family is quasi-invariant under a quasiconformal mapping applied to the
family of all curves joining the segment [0, 1] with the set [x, ) we get

71<-1'(x -1) <7r(h(x) —1) <Kr(x—-1),

1+ (Kr(x - 1)) <h(x) <1+ T-l(flfq-(x - 1)).
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Thus
1/0%(1/Vx) < h(x) < 1/¢},k(1/Vx),
1/ok(r) —r 2 <h(x) —x <1/¢%x(r) —r7?,
where r?=1/x, 0 <r < 1. Now we estimate both the bounds by using

Theorem 3.3. First,

1/¢%/K(’) —r = 2 2( €°1/K(r))(r + €°1/K("))

r)r

e a e (K = DA (r) ¥ log(4/r)

A

(K — 1)42K- 1= VR K-1/CR)Y (5 — 1)1/ 10g(16x).

Next,

|

r?—1/ek(r) = (r)r2(¢x(r) r)(ex(r) +r)

< 2(52/;) 41- VK /K Jog(4 /1)

= (K — 1)4171/K [y = T xK+D/2K [og(16x)
< (K — 1)41"VEx/x — 1 log(16x).

(2) The proof of (2) is similar to the proof of (1) and the details are
omitted.

(3) For (3) we argue as in (1) but with the curve family joining [x, 0] with
[1,«). Thus we get the following equivalent inequalities

1) =) =)
:(_%T(_lxim <h(x) < W

o1/k(r)’ o (1)’
VRN <\h _rr\")
oc(ry? M= O
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with r = y/|x| /(1 + |x|) . The last inequality can be rewritten as
(3.14) A(-}?,r) <|h(x)] < MK, 7).

To find more explicit estimates let f(K) = A(K,r) = (s/s')? and g(K) =
M1/K,r) = (¢/t')?, where s = @x(r), t = @, ,x(r). Then

(K 1 ds
(3.15) ff((T))_z[s a® " )2 dK]

2 (;‘:2_)S(S')2‘75/(S)2
<ty

s(s)sz () xz A
—g K (s ulr) < TH(NH'(r),

since % "'(s) < #'(r). Next,

"(K 1 dt t dt 2 dt
C10 o - %““ wfﬁyﬁﬁ?ﬁ

= = SH(u(r) = - FH (K,

Hence by (3.15)

r2/K

(r)**

FI(K) < Sf(K)H(r)H'(r) < 165K 2 ()

Then by (3.16)

2K

-g'(K) < ——%(r).)i"(r)g(K) < —Jif(r).)i/’(r)( )2/K

By the mean value theorem there exists K, € (1, K) such that

MK, r) = (r/r')* = f(K) = f(1) = (K = 1)f'(Ky)

< 4(_Kﬂ__‘_) 6K1—1/K135/(,)J£/'(r)

ki

(ry*™

r2/K

< MK D) ok )y (r)

4 (r)**
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Similarly, there exists K, € (1, K) such that

M1/K,r) = (r/r')? = g(K) — g(l) = (K- 1)g'(K,)

r2K2
2 —(K-1)— X(r)%’(r)( )2/1(2
4 (4
> —(K - 1);X(r).)£/(r)(:,)2.
Thus we get
——(K - 1)%/(r)~7f'(r)( w
<ln(x)] - Ixl < HEZ D jgx- YRR () Z;K
That is,
x—h(x) < 4(—K———)—16K 1/1<Jsf(\/|x|/(1 + |xl) )Ji’(l/\/l + Ixl)
X (Ix] + )5 K x| VK
4K-1) K-1/K o
= 222 (16(1 + ) VR (VIRT /(T F TR )
xH(1/V1 + Ixl )lx| X
and

x—h(x) > ZEZD (7@ R ) w1/ T+ ),
forall x < 0. O

3.17. Modular equations. For integer values of p, solutions of equations
of the form
H'(r) _ 2 '(s)
HK(r) P (s)’

are given by the function ¢, /p(s) = r. This equation is called the modular
equation of degree p. It has been extensively studied in number theory [BE1],
[BE2], [BB, pp. 103-109]. S. Ramanujan and others have found dozens of
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identities satisfied by the solutions of the modular equation of degree p with

p = 3,5,7,13,17 [BE1], [BE2], [BB]. Thus for instance the function ¢,(r)
satisfies the following identity for r € (0, 1), s = ¢4(r) [BB, pp. 103-109]:

Vrs + Vs =1
We can solve this equation for ¢,(r) if we use a symbolic computation

program, and thus we can obtain formulas for ¢;.(r), n = 1,2,... . Further,
using this formula together with the relations

2Vr .
0x(r) = T ex(r)’ + o1 /x(r) = 1

for K> 0,0 <r < 1, one can obtain formulas for instance for ¢; ,(r), pe(r).
This last relation together with 1.5 (2) yields, for r € (0,1),

2\/‘ o

3.18. Singular values. Given a positive integer p = 1,2,... there exists a
unique number k, € (0, 1) such that

(k) = T8 = 5.

The number &, is called the pth singular value (or also singular modulus)
[BB, p. 139, 296]. A. Selberg and S. Chowla have proved [SC] that for several
values of p, % (k ) can be expressed in terms of the Euler I'-function. Since
w@d/V2) =m/2 we see that

=u (Vo r(1/V2)) = ¢1,5(1/72)

and thus further by (2.5) we get

2

(3.19) (1/\/—)— -1/A(¢")

for p = 1,2,... The known values of k,, p = 1,2,...,9 [BB, p. 139] yield by
(3.19) algebralc expressions for )t(\/; ), p=1,2,...,9. The numbers A(p)
play also a crucial role in the multimillion decimal place calculation of
[BBB, Theorem 3, (5.13)] and [BB, Ch. 5].
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