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SIMPLICIAL CURRENTS!

JOHAN L. DUPONT AND HENRIK JUST

0. Introduction

For a smooth manifold X, the deRham theorem provides a quasi-isomorphism
from the complex ©2*(X) of differential forms to the complex of (smooth) singular
cochains on X. Furthermore (under this isomorphism) the wedge-product in *(X)
induces the cup-product in cohomology; but *(X) has the advantage of being an
associative, graded commutative algebra already on the chain level.

In the dual case the deRham theorem gives a quasi-isomorphism from the complex
of (smooth) singular chains on X to the complex €2,(X) of compactly supported
currents on X. (We use this non-standard notation rather than D’(X) or D, (X).) The
dual of the wedge-product is a map

(where ® denotes the completed, projective tensor-product), and this is in the appro-
priate sense an associative and graded commutative coproduct. Furthermore there is
a commutative diagram

’

HQ(X) ——  HEOQX)®2%X))
Tg .1

coproduct
H(Q.(X)) — H(Q.(X)) @ H(Q.(X))

proving that A’ identifies with the usual coproduct in homology.

The deRham theorem has a natural and frequently used extension to the category
of simplicial manifolds, i.e., simplicial objects in the differentiable category. Here
the complex Q*|| X || of simplicial differential forms, as defined in [5], plays the role
of the differential forms on a manifold. That is, £2*|| X|| is an associative, graded
commutative algebra, and the cohomology identifies with the cohomology algebra of
the (fat) realization || X || (see Section 3 for the definitions).

The aim of the following is to introduce a complex 2, || X || of simplicial currents
on a simplicial manifold X, with properties similar to the complex of currents on
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a manifold. To define the simplicial currents we equip the space 2*||X| with a
natural Frechét topology, and as a first definition we let .|| X|| be the dual space.
This definition has the advantage that the “simplicial deRham theorem” for Q*|| X||
immediately gives the following corollary.

COROLLARY 0.2 (SIMPLICIAL DERHAM THEOREM FOR CURRENTS). Thereisanat-
ural isomorphism

H(Q X1 = H (XD
There is however another, more concrete definition of 2, || X|| given as follows:

THEOREM 0.3.  There is an isomorphism of chain complexes

QX = EBQ*(A" x Xy)/spanc{(e’ xid),T —(id x&),T | T € 2 (Ar_1 X Xp)}.
k

We proceed to prove that €2, || X || posesses a suitable coalgebra structure.
THEOREM 0.4. The dual of the wedge-product
A QXN = QX IQR X

identifies in homology with the coproduct.

Notice that this coproduct is again associative and graded commutative at the
chain level. This is of interest even for X a discrete simplicial set. In the proof of
this theorem, we shall generalize the constructions to bisimplicial manifolds, and in
passing we obtain Kiinneth formulas for the (co)homology of simplicial forms and
currents. These are used to establish the analogue of the diagram (0.1).

Another construction of a complex of simplicial currents is suggested in [7], in
the case of a discrete simplicial set. We conclude the treatment of simplicial currents
with a proof that this complex embeds in €2,||X|| as a dense subcomplex with the
same homology. More precisely we extend the complex in [7] to general simplicial
manifolds, which gives a complex

A (X) = PP (4 @ Qui(X),
k=0 =0

with differential

k
W) =(-D'do®S+ Y (-1)'E)0® €S+ (-0 ®ds,
i=0

and we prove:
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THEOREM 0.5.  There is a quasi-isomorphism A,(X) — Q.| X||, which embeds
A.(X) as a dense subspace.

Hence in particular our complex 2, || X || can be regarded as a completion of A, (X)
with a suitable topology.

In a subsequent paper we shall apply these constructions for the study of classifying
spaces.

Another kind of deRham theorem for currents on simplicial sets has been proved
by H. Scheerer, K. Schuch and E. Vogt in their preprint Tame homotopy theory via de
Rham currents, Freie Universitit Berlin, Preprint no. A91-20, Berlin 1991.

1. Some notation

This section is intended to fix the notation for the usual spaces of differential forms
and currents.

Forms and currents. Let M be a smooth manifold of dimension m. When nothing
else is stated, all manifolds will be second countable. Recall that the differential p-
forms on M are the smooth sections Q7 (M) = QO(/\” T*M), while the p-forms
of compact support are the sections with compact support Q7 (M) = QU(A? T*M).
In local coordinates xi, ..., x, over U € M, every p-form can be written in the
form ¢ = ), fidx;, where I = (i1, ..., i,) is a sequence with i; < --- < ip,
dx; = d)(,','l VANRRRIVAN dx,'p and f[ € COO(U)

Now (cf. [3, chap. 17]) 2P (M) is made into a separable Frechét space in a standard
fashion, and so are the spaces (K S M compact)

Qx (M) = (¢ € Q"(M) | supp(9) S K}.

Furthermore Q27 (M) is topologized as the strict inductive limit of the spaces Q% (M).
The p-currents with compact support is the (topological) dual Q,(M) = QP (M)’
and the p-currents (with general support) is the dual space ﬁp (M) = QF(M)'. The
canonical inclusion ©,(M) C 5,, (M) identifies Q,(M) with the compactly sup-
ported currents. The exterior differentials d in Q*(M) and (M), define dual differ-

entials 3 = d’ in 2,(M) and . (M). Note that in the notation of deRham/Schwartz
d = b and

Q*(M) = E(M) and (M) = D(M)

Q. (M) = E'(M) and Q. (M) = D'(M)

Unless otherwise specified, the spaces of currents carry the strong dual topology (see
[10, Chapter 19]). In this topology the spaces are locally convex, complete. By VW
we denote the completed, projective tensor product of V and W. (We will always use
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the projective topology on tensor products; see [10, Chapter 43]). There are wedge-
and cap-products
AL QP(IMYRQI (M) — QPT(M); A QM) (M) = Qp_g(M). (1.1)

Also there is a monomorphism (provided M is orientable)
T: Qu " (M) — Q,(M); T,(¢)= / o Nw. (1.2)
M

Here Q) (M) denotes the locally integrable forms on M. This map preserves the
differential up to a sign, a7, = (—1)PTy,. If w has compact support, so has T,.

Forms and currents on a product space. Let M and N denote smooth manifolds of
dimension m and n respectively. A form¢ € Q*¥(M x N)iscalleda (p, g)-form (with
p+q = k)ifinlocal coordinates {x; } and {y;} itis of theform¢ = ) 1y fridxindy;.
The space of (p, g)-forms is denoted 279(M x N), and is a closed subspace of
QK (M x M), which in fact is the direct sum

Q¥(M x N) = @ QPY(M x N). (1.3)
pH+q=k
The cross-product

x: QP(M)®QI(N) = QPI(M x N); dx Y =au@Ary@) (1.4)

is a topological isomorphism. We obtain from (1.3) a bicomplex structure on * (M x
N) with (continuous) differentials defined by dp (¢ x V) = (d¢) x ¢ anddy (px ) =
(—1)?¢ x dy. Also from (1.3) we get a corresponding decomposition of currents

QUM x N) = P QM x N), (1.5)
p+q=k
where
Qpg(M x N) = QPI(M x N)
= {T € QM x N) | T|Q" (M x N) =0 unless (r,s) = (p,q)}.
We let 9y = dy, and 9y = dy,, imposing a bicomplex structure on Q,.(M x N) as
well. Using the tensor-product of distributions, one can define the cross-product of
currents, which is the topological isomorphism characterized by
x: Q2,(M)®Q,(N) —> Q,,(M x N)
(§xT,¢pxy)=(S,¢) (T, ¥). (1.6)
The monomorphism (1.2) preserves the cross-product up to asign, 7, x T, = (—1)P4.
T, . Finally we have the slant product between forms and currents defined by
/: QPI(M x N)®Q,(M) — QI(N)

(@ x¥)/T = (T, ¢)- . (1.7
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2. Forms and currents on a geometric simplex

Before giving the definition of simplicial currents in the next section, we need to
study the topological vector spaces of forms and currents on the product of a manifold
and a geometric simplex.

The symbol A will denote (a version of) the standard simplex

Ak={x eRk|Zx,~ <1 x zO‘v’i},
i

that is, the convex hull of the set {eg, 1, . .., ex} € R¥, where ey = O and {ey, . .., e}
is the standard basis.
In the following, M is a smooth manifold.

Differential forms on A* x M. The smooth p-forms on A¥ x M is the quotient
space

QF (A% x M) = QP(R* x M)/{¢p € Q" R* x M) | pla* x M =0} (2.1

with the quotient topology derived from the usual Frechét topology on Q7 (R¥ x M).
We shall give a different definition of this topology. First notice:

LEMMA 2.2. QP(A* x M) is a separable Frechét space. Furthermore it is nu-
clear, Montel and in particular reflexive.

Proof. We divide by a closed subspace (it is an intersection of kernels of Dirac
p-currents), hence the first statement follows. Since 7 (R* x M) is nuclear, this also
implies that Q7 (A* x M) is nuclear [10, Prop. 50.1]. Finally [10, Prop. 50.2, Cor. 3]
and [10, Prop. 33.2, Cor. 1] implies that Q7 (A¥ x M) is a Montel space. [

Next there is a canonical identification of QP (A x M) as a vector space with

QP (A xM)={¢: AFxM — APR*XTM)* | 3 € Q*(R*xM): ¢ = ¢|A*xM},
(2.3)

that is the space of extendable p-forms on Z" x M. We shall give Q7 (A% x M) the
topology defined by the separating family of semi-norms

()
Phoxk(@ =) sup sup |D*(mionodoh™) (2.4)
i=0 l¢|=N A*xh(K)
Hereh: U C M — R"isachartfor M,and K C U iscompact. Alson: A\? T*M|U —

U x CG) is a trivialization of N’ T*M over U, and 7;: U x () — C denotes the
i-th projection.
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PROPOSITION 2.5.  QP(A* x M) is a Frechét space and the canonical linear
isomorphism QP (AF x M) —> QP (A* x M) is a homeomorphism.

Proof. To prove that Q7 (A* x M) is metrizable, we observe that the topology can
be defined by countably many semi-norms if we proceed as in [3, Chapter 17.1-17.2].

In order to demonstrate completeness, let us assume for simplicity that p = 0 and
M is a point. Note that the topology on Q°(AF) is defined by the norms

Iy =Y ID* fllco

le|<N

where || - || denotes the co-norm on C(AF), and that the topology is characterized
by the property

f» = f & D%f, — D°f uniformly on A* for any multi-index .

If (f,) is a Cauchy sequence in QoAb it is easy to construct a limit function. In
fact each sequence (D¢ f,) is Cauchy in Q%(A*), and in particular is convergent. Put

g« = lim D"f, € c(Ah).

o
k . K] o .
Now g, = D%go on A", since 5-- D* f, converge uniformly, hence

9 a a °
— gy = — lim Df, = lim —D%f, on Ak,
ax; dx; n—00 n—00 9x;

whence the assertion follows by induction. We conclude, that D f, — g, = D%gy

(o] ~
on A¥, and it remains to show, that go € Q0(A¥), that is gy extends to a smooth
function on R¥. Now Whitney’s extension theorem [3, 16.4, Prop. 6] states that, if
we write

— xn)P
8a(x) = Z 8a+p(x0) - M

7 + Ro,n(x, X0),
la+BI<N :

then go extends if we can show
Ro.n(x, x0)/|x — xo|N — 0for x — xoin A¥.

We already know, that this is true for xq in the interior by Taylor’s theorem. In general
we can adapt the proof of Taylor’s theorem to this situation. With xo € A*¥ and x €

2", define y: [0,1]1 > AF, y(t)=(1—=1)-x0+1-x. Put G, = ggy, then

k!
GPn= Y TRRAZRE A ()
lat+Bl<k ©°
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In fact this is true for ¢ € ]0, 1] by the chain rule, and in general by continuity. By
the Taylor Theorem in one variable,

N

1 1 !
G, (1) = k‘éo 7 0@+ FDi f A =" G @) - G (e)) dr.

By continuity this is also true if ¢ = 0. Using this formula together with (*) we find

Ron(x, x0)/1x — %ol < )

la+B|=N

!
ﬂ—i max, 18a+8(Y (1)) — 8a+p(X0)|,
which finally (using continuity) yields the desired property.

For the second claim of the proposition, notice that i is trivially continuous: Indeed
it follows readily from the definitions of the seminorms that the restriction map
QP (RF x M) — QP(AF x M) is continuous, and i is the induced map QP (A% x M)
— QP(AF x M). Finally the open mapping theorem implies, that i is a homeomor-
phism. [

In the following we will identify Q7 (A* x M) and QP (A* x M).

Currents on A*¥ x M. The p-currents (with compact support) on AF x M is
defined as the dual space

Q,(AF x M) = QP (AF x MY, (2.6)
with the strong dual topology.

LEMMA 2.7. QP(A" X M) is a complete, nuclear, Montel and in particular a
reflexive vector space.

Proof. [10, Theorem 32.2, Cor. 2], [10, Prop. 50.6] and [10, Prop. 36.10]. 0O

The currents on A*¥ x M are more conveniently described by the following propo-
sition, which gives an alternative definition of SZ,,(A" x M).

PROPOSITION 2.8.  There is a natural isomorphism of vector spaces

Q,(AF x M) = {T € Q,(R* x M) | supp(T) S A* x M}.

Proof. The projection Q7 (R* x M) — QP(A* x M) induces by transposition
a (continuous), injective map ®: Q,(A* x M) — ,(RF x M), which satisfies
supp ®(T) € A* x M. On the other hand consider T € Q) (R* x M) with supp(T) <
A* x M and ¢ € QP (R* x M) with ¢|A* x M = 0. We claim that (T, ¢) = 0. Using
a suitable partition of unity, we can assume that M = R". Writing¢ = ), fidx; we
get D® f;| Ak x M = 0 for all multi-indices o, and this implies [8, Theorem 2.3.3] that
(T, frdx;) = (T Adxy, fi) =0. So (T, ¢) = 0 as we claimed, and consequently T
defines an element T € Q,(A* x M), with ®(T)=T. O



SIMPLICIAL CURRENTS 361

The properties of forms and currents on A* x M. We observe that Q*(A* x M)
and Q,(AF x M) has natural structures of bicomplexes. The differentials will be
denoted d, and dy, respectively da and dx. The total differentials are d = d + dx
and @ = 0 + dx. The isomorphisms in Proposition 2.5 and Proposition 2.8 provides
two alternative definitions of these bicomplex structures.

A map f: A¥ x M — A! x N which extends to a smooth map f: R* x M —
R’ x N induces the maps of forms and currents

fQP(A'xN) - QP(A*x M) and  f.: Q,(AFx M) — Q,(A x N), (2.9)

which are independent of the extension f. Also there are well-defined wedge- and
cap-products

A QP (AR x M) @ QI(A* x M) > QPHI(AF x M)

A Q2,(AF x M) ® QI(AF x M) > Q,_, (A% x M), (2.10)
as well as cross-products
x: QP(AR) ® QI(M) — QPTI(A* x M) @11

x: 2,(AF) ® Q4(M) = Qpiy(AF x M).

(For the second one use Proposition 2.8 together with the property that supp(S x T) €
supp(S) x supp(T).)

LEMMA 2.12. The cross-products (2.11) induce topological isomorphisms
x: QP(AHRQI(M) —> QPI(A* x M),
x: Q,(AN®Q, (M) > Q, ,(AF x M).

Proof. We already know that Q7 (A¥) and Q7(M) are nuclear. The map
x: QF(A%) x QI(M) — QPI(A* x M)

is continuous, because x: Q7 (R¥) x Q4(M) — QP4(R* x M) is continuous. Pro-
ceeding as in the proof of [10, theorem 51.6] it remains to show that

x: QP (AR @ QI(M) —» QPI(A* x M)

is injective with a dense image. The image is dense because x: QP (R*) ® Q4(M) —
QP4(R*F x M) has a dense image. To prove injectivity we refer to Proposition 2.5,
which implies that x can be identified with a restriction of the cross-product

x: QP(AF) ® QI(M) — QPI(A* x M),

which is injective.
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By duality we get a topological isomorphism
x": @, 4(AF x M) > Q,(AHSRQ, (M).

It follows (using the proof of proposition 2.8) that x’ o x = id, and thus also x is a
topological isomorphism. O

Finally let us recall the monomorphism
T: Q"R — Q,®RY, T,(¢) = ka ¢ N,
and consider the canonical inclusion
QP (A% > PR, [0] - a0
Proposition 2.8 implies, that the composed mapping yields a monomorphism
T: QP (Ak) — Q,(A%). (2.13)

In particular the constant function 1 A« is regarded as a k-current, and is just integration
over A, This map does not preserve the differential, an explicit formula (which will
enter in Section 5) can be derived from Stokes’ theorem:

LEMMA 2.14.

k
T, = (—1)PTy, + Z =D T iy
i=0

Proof. With w € QK-P(AF) and ¢ € QP! (A¥) we have
(8T,, ) = / d¢/\w=f d(¢/\w)+(——1)”/ ¢ Adw
Ak Ak Ak

k

= (=D (T4o, ¢) + Z (—1)"/A (CONINCOW
i=0 -
k

= (=D"(Tuo, $) + ), (=1 ()T (eiyrarr B)- m
i=0

Remarks 2.15.

(1) Notice that all the preceding immediately generalize to the case, where A is
replaced by the convex hull of k + 1 points {xo, ..., x;} in general position.
Once a bijection {eg, ..., ex} — {xo,...,xx} is chosen, this yields spaces
which are canonically isomorphic to the above .
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(2) Observe that the “Poincaré lemma” operators
b QYA x M) - @l (A x M), i=0,...,k, (2.16)

as defined in [5] for example, are continuous; in particular Q, (A* x M) is chain
homotopic to 2, (M), and thus has the correct homology groups.

3. Simplicial deRham theory

With the definitions of Section 2, we are ready to introduce the extended sim-
plicial deRham theory. Let A denote the simplicial category of ordered sequences
[n] = {0, 1,2,..., n} with weakly increasing functions f: [n] — [m] as morphisms.
Also let A denote the category with morphisms restricted to the strictly increasing
functions. A simplicial manifold is a functor X: A°P — M, where M is the cate-
gory of smooth manifolds, while a A-manifold is a functor X: AOOP — M. In both
cases X is determined by a sequence Xy, X, X», . .. of manifolds together with face
maps &;: Xy — X1, and, in the case of a simplicial manifold, also degeneracy
maps 9;: Xy — Xy satisfying the usual relations (see e.g. [6, Def. 2.5]).

In the following X will denote a A-manifold (or the underlying A-manifold of a
simplicial manifold), but the constructions, except when otherwise stated, has “nor-
mal” (in the phraseology of [6]) counterparts for simplicial manifolds.

Simplicial forms and currents. As in [5] (with a minor change of notation) define
the simplicial n-forms as the space

Q"X ={o e ]'[Q"(Ak x X | (¢ x id)*¢® = ddxe)*¢* ). 3.1
k

This should be thought of as the space of forms on the (fat) realization

11 =] A% x X/ 0), %) ~ (2, &:(x)).
k

If X is a simplicial manifold, the corresponding “normal” space is to be denoted
"] X|, and can be regarded as the space of forms on the “geometric” realization | X|
of X. We endow Q" || X || with the topology induced from the product topology on the
space [], Q" (A x Xy).

LEMMA 3.2. Q"||X|| is a separable Frechét space, which is also nuclear, Montel
and hence reflexive.

Proof. ThatQ"|| X || is a Frechét space follows from Lemma 2.2, since a countable
product of Frechét spaces is a Frechét space, and ")/ X|| is a closed subspace of
Ik Q" (A% x X) (it is the intersection of the kernels of the operators (¢ x id)* —
(id x¢&;)*). The other properties follows as in the proof of Lemma 2.2. O
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Definition 3.3. The space of simplicial n-currents is the dual space Q,| X|| =
Q|| X||" with the strong dual topology.

LEMMA 3.4. Q, | X| is complete, nuclear Montel space; in particular it is reflex-
ive.

Proof. AsforLemma2.7. O

Clearly Q"] - || and €2, || - || are functorial with respect to smooth simplicial maps.
Also observe that the Hahn-Banach theorem implies that the evaluation pairing

() QlXlI@QFIX|| —> C (3.5

is non-degenerate.

We now give an alternative, more suggestive definition of €2, || X || as the following
quotient space.

DEFINITION 3.6.

Qull X1l = @D (8% x Xp) /Panc((s' xid)uT = (id x)uT | T € (Aot x X0}
k

with the quotient topology.

Here we can take the weak or strong closure indifferently, since @@, 2, (A% x X;)

is reflexive; see [10, Prop. 36.2]. We shall now see, that ©2,| X || and €2,]|X|| can be
identified.

[~

THEOREM 3.7. There is a natural, continuous isomorphism QX — QX

Proof. Considertheinclusioni: Q"[|X| — [], Q”(A"xXk),andthetransposed
map i": @, Q. (AF x Xi) - Q,[X||. This map is onto (by the Hahn-Banach
theorem), while keri’ = Q"|| X||°, the polar of Q"| X|| (cf. [10, Chap. 19]). Put

N\ X || = spafic((e’ x id).T — (id x&:).T | T € Qu(De-1 X Xi)}.

We want to prove, that M, || X|| = keri’. Since N, || X| € keri’, there is an induced
map

it @ (A% x X /Nl XIl = QulI X
k

We have to show that i’ is one-to-one. For this proof let us put the weak topology
on the dual spaces. It suffices to prove, that the weak transposed i” is onto [10,



SIMPLICIAL CURRENTS 365

Prop. 35.4]. There is a commutative diagram

QXN —— (D, (A* x Xo)/N,IX1)'

iT= v|=

Qx| —Ji—> N, IX |
1

Here j is the canonical isomorphism defined by j (¢)(T) = (T, ¢), and j; is induced

by the similar isomorphism ji: [], Q"(AF x Xi) — (D, Qu(A* x Xx))'; in fact
the induced map is clearly well defined and injective. It is also surjective, indeed let
& € N,|IX||°, then there exists a form ¢ € [, Q" (A x X;) with ji(¢) = £. This is
actually a simplicial form since

(T, (" x id)*¢ — (id x&:)* @) = (j1(@), (' x id).T — (id x&;).T) = 0

and 2, (A*~! x X;) separates points in Q" (A*~! x X;). Finally 7’ is induced by the
projection

m: P (A* x Xi) > P Qn(A* x X /NI Xl
k k
7t/ is an isomorphism by [10, prop. 35.5]. That " 0" o j = jj is seen as follows:

(m'o0i"c j@),T)={(j(@),i'on(T)) = (i'on(T), ¢) = (T, ¢) = (j(¢), T).

We conclude that i”, and hence also i’ is an isomorphism. [

Next observe, that the bigradings pass to the simplicial forms and currents, pre-
cisely let

Qr|X| = (]‘[ QP (AF x Xk)) ne"|IX|,
k

Qp IXI = QPX| = {T € QIXIl | T(Q"||X||) = O unless (r,s) = (p, )}

These are closed subspaces. Itis easy to see, that we get bicomplexes (2**|| X ||, da, dx)
and (2, || X ||, 9a, 3x) with total complexes (2*|| X ||, d) and (Q2.(/X||, d). We can
also define a bicomplex structure on Q. XI, compatible with the isomorphism in
Theorem 3.7. Finally there are well-defined wedge- and cap products

A QX ®QIX I — QPFIXI|; A Q| X @QI X — QI X[ (3.8)

obeying the usual relations.
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Homology. We proceed to observe that our complex .|| X|| has the desired
homology groups. This is in fact an easy corollary to the simplicial deRham theorem
in [5].

There is another kind of deRham double complex (A**(X), §, dx) associated with
X. Namely A?4(X) = Q4(X,) withdy = (—1)Pd and § = ?:3(—1)%;‘. The
total complex is denoted by (A*(X), d). Let (A.(X), 8, 0x) denote the dual double
complex with total complex (A.(X), ).

PROPOSITION 3.9. There are natural isomorphisms H(A*(X),d) = H*(|| X))
and dually H(A.(X),d) = H,(|X|)). Under these identifications, the evaluation
pairing A,(X) ® A*(X) — C induces the Kronecker product H,(|| X||) ® H*(|| X||)
— C.

Proof. This is a standard fact with forms and currents on X, replaced by the
singular cochains and chains. Hence this version follows from the deRham theo-
rem(s). O

We quote from [5]:

THEOREM 3.10 (SIMPLICIAL DERHAM THEOREM). For each q the chain complexes
(%91 X, dp) and (A*9(X), 8) are naturally chain homotopy equivalent. In fact
there are natural maps of bicomplexes

J: @ X| - A™(X), & A™(X) > Q7||X|
such that J o € = id, and chain homotopies s: QP9 X|| — QP~19||X|| such that
EoJ —id = sdp + das, sdy = dxs.
These maps are defined by
T(@) = ¢P/1as; ¢ € QP X||
E@® =p!- Y arxuj@;  weAPIX)  (k=p)
H|=p

s@P = > t-arnhi($); ¢ e QX

0<|Il<p

Here I = (i, i1, ..., i;;;) denotes a sequence of integers such that 0 < ip < i; <
.. ~i|]| < k. Also

h[ = hilll (eI Ohio andu, =&j_ O 0¢&j,
where 0 < ji_j;) < -+ < ji < kis the complementary sequence to /. Finally o; is
the form
1]

ar =Y (=Dtydtiy Ao Adly A Ay,
=
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The notation is from [5]. We now observe, that all the operators J, £ and s are
continuous, so by the first definition (3.3) of simplicial currents we immediately get

COROLLARY 3.11 (SIMPLICIAL DERHAM THEOREM FOR CURRENTS). For each q
the chain complexes (2411 X ||, 0o) and (A, 4(X), 8) are naturally chain homotopy
equivalent. In fact there are natural maps of bicomplexes

J": A (X) = Qull X, & QoI X || = A (X)
such that £' o J' = id, and chain homotopies s': Qp 4| X|| = Qp41,4 X || such that

J o0& —id =s5'0p + 0as’, s'dy = dxs’.
Proof. The pairing (3.5) is non-degenerate. O

In terms of the second definition of simplicial currents (3.6) these maps are defined
by

T(T)=1ar xT; T € Apy(X)

EM) =p!- Y DT Aap);  TeQuA xXy) (k= p)
|I\=p

S(Ty= Y Utk (T Aap); T € Q,,(AF x X)).
0<|I|<p

ADDENDUM 3.12.  Under the resulting isomorphisms H*(|| X ||) = H*(Q*|| X||, d)
and H, (|| X||) = H, (2| X ||, 3) the cup- and cap-products are induced by the wedge-
product as in (3.8).

Proof. That the cohomology isomorphism is multiplicative is shown in [5]. This
implies, that also the cap-product is preserved, as follows from Proposition 3.9. O

Remarks 3.13.

(1) In the next section we shall prove a similar result for the coproduct.
(2) Inspired by the above one might consider using the complex .|| X ||o defined
by

P QA% x X0)/ spanc{(e’ x id), T — (id xe)uT | T € Qu(Aror x Xp)}.
k

as a definition of simplicial currents. There is a projection Q.l1X lo = Q.l1X Il
We do not know if this is an isomorphism, but at least it is a quasi-isomorphism.
Indeed there are well-defined maps J": A.(X) — X0, £ Sl Xllo =
A (X)ands’: Q.1 Xllo = S/ X0, defined as the maps above; and one proves
directly that £’ o J' = id, J' 0 &' — id = s'9a + 9as’ and s'3x = 3xs’.
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(3) Consider in particular a discrete simplicial set S. If S is uncountable, e.g.,
as the singular complex S, = Map(A?; X) of a space X, then the properties
of Lemma 3.2 fails. However we still have local convexity, and this means

that Corollary 3.11 is still valid, because we only need that the pairing (3.5) is
non-degenerate.

4. Kiinneth Theorems and the coproduct
‘We now turn to the material needed for Theorem 0.4.

Bisimplicial manifolds. The theory in Section 3 easily extends to bisimplicial
manifolds. We leave the details to the reader, but let us briefly describe the construc-
tions. If (X.«, &/, e]’.’) is a bisimplicial manifold, the proper definitions are

Q"X = l¢ e [T a* x Al x Xu) |
k,l
(e x id x id)*¢*) = (id x id x&])*¢*~" and

(id x&/ x id)*¢® = (id x id x£})*¢*'~V ] NENCRY

QX = 1XI' = @D (A" x A x Xu)/
k,

spanc{(e’ x id x id),T — (id x id x&)),T | T € Q,(A*"' x Al x X))}
U{Gd x&/ x id). T — (id x id x£]),T | T € Qu(A* x A" x X)), (4.2)

These spaces are graded over Z3 with differentials d,,dy and dx in Q*|| X|| respec-
tively 9, 9 and 8y in €2,]X||, with the obvious notation. The simplicial deRham
theorems generalizes to show, that the (co)homology of these groups is the singular
(co)homology of the realization || X||. As in Section 3, this goes through a suitable
complex A*(X).

This extension is useful for studying products. Thus if X and Y are simplicial
manifolds, X x Y denotes the bisimplicial product. For a bisimplicial manifold Z,
the corresponding (diagonal) simplicial manifold is denoted §Z. There is a natural
continuous map

8: NZ|| = Q8ZII;  S(@P = (8 (%N, (4.3)

where 8%: A% x Z;, — A¥ x A x Z; is the obvious map. The latter also induces
amap &: ||6Z|| — ||Z||, and it is standard, that this induce an isomorphism in
homology. Furthermore these maps are compatible with the deRham isomorphisms.
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(To see this, use the description of the deRham isomorphism on the chain level used
in [5, proof of Theorem 2.14]; see also [1].) For technical reasons we also need the
following construction: From the simplicial manifold X we can construct bisimplicial
manifolds LX = X x xand RX = * x X, where * denotes the simplicial manifold
with x; = point for all k. There are natural continuous maps 7, ||LX|| — || X| and

wg: |RX]|| — | X]||, and these induce isomorphisms in homology. Clearly we also
have natural continuous maps

arr QX - Q*|LX| and mg: QF||X]| — Q||RX]|, 4.4)

and again the maps are compatible under the deRham isomorphisms. All this applies
to A-manifolds as well, except that for these it may not be true, that §, 7z and mg
induce isomorphisms in homology.

Cross-products and Kiinneth formulas. We shall now prove suitable Kiinneth
formulas for simplicial manifolds. To this end we introduce the cross-products
x: Q" X|| @ QY| - Q"X x Y|, 4.5)
x5t QX @ QY| > @ FIS(X x V)| (4.6)
defined by
@ x Y*D =9¢® xyO; ¢ x5 ¥ =73@) AT

Here x and y denotes the obvious projections (note that these are simplicial maps).
With A: X — §(X x X) denoting the diagonal map of X, we obtain the usual relation

dAY =A% x5 ¥). 4.7
The two cross-products are related by
8 X V) =0 x5 V. @38

There is a cross-product of currents, defined similar to (4.5):
X: Qul| XN ® 2ullY | = QunllX x Y. 4.9)
Indeed it follows from (4.2) that the cross-product

x: (@ Qn(AF x X)) ® (QIB Q. (A x V) - QIPQ,,,M(A" x Al x Xy x 1)

induces a map as in (4.9). The analogue of (4.7) for currents is the commutative
diagram

A N
Q|1 X —— D UNXN Q| X

lm l (4.10)

8/
218X x X)|| —— QX x X|.



370 JOHAN L. DUPONT AND HENRIK JUST

Here &' and, as we shall see, also x are quasi-isomorphisms, and this will lead to
Theorem 0.4. First we need the following Kiinneth formulas:

PROPOSITION 4.11.  For A-manifolds X, Y there are commutative diagrams

HQXI)® H@QY]) —— HE@X x Y])

l; F (%)

H*(IXI)® H* (1Y) ——> H*(IX x Y])

and

HQXI) ® HQYI) ——> H(Q:IX x Y]

Tg T':v (x%)

HAXD® HAYI) —— H(X x Y]).

In particular the cross-products (4.5) and (4.9) are quasi-isomorphisms, where in the
case of (4.5) it is assumed that either H, (|| X ||) or H,(||Y ||) is of finite type.

Proof. We observe, that the diagram (*) can be composed of two diagrams as
follows:

* *

Q. X
HQ | XNQHQ*Y]) —> HQILX)®HQ*|RY|) ——> H(Q*|X x Y|)

l l |

* *

H*(IXD®H*(IYI) ——> H*(ILXID®H*(IRY|) —— H*(IX x Y|

where the cross-products are defined by

¢ x ¥ =mx(9) Amy(¥),
a xb=|nxl*(@ VU llmy|*(®).

and where mx: X x Y — LX and my: X x Y — RY are the projections (note that
these are in fact bisimplicial maps). We already know, that the left square commutes.
The right square commutes by naturality and multiplicativity of the simplicial deRham
isomorphisms.

If we assume that H, (]| X)) is of finite type, so that the horizontal maps in (*) are
isomorphisms, we can easily show the commutativity of (**). Indeed we have the
relation

(§xT,¢x9)=(S,¢)-(T,¥),

and since the Kronecker pairing is preserved by the simplicial deRham isomorphisms,
the commutativity of (*) implies, that also (**) is commutative.
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In the general case, we apply Lemma 4.12 below, and use the fact that homology
commutes with direct limits. O

LEMMA 4.12. We have isomorphisms of chain complexes:
(1) QulIX]| =lim Q[|U|| and Q.|| X x Y| = lim Q.U x Y.

1% U
@ CGAxH = h_:’l C.(IUD) and Ci(I1X x Y||) = ll_llll)l C.(IU x Y.

Here the direct limit is taken over the open, A-submanifolds of finite type, ordered by
inclusion. (C, denotes the singular chain complex functor.)

Proof. Since the other statements are completely analogous, we shall restrict
ourselves to prove that Q.| X || = ll_n)l Q.U . This will follow, if we can show, that

every T € Q,||X| is in the image ogone of the injective maps i,: Q,||U|| = 2, || X||

where i: U — X is the inclusion and U is a A-submanifold of the above type.
Consider T € Q,[X]||, represented by T, € Q. (A% x Xi); k > 0. We use the

identification in Proposition 2.8. Define the compact sets Cy = m (supp(7%)), where

m: A% x X — Xy is the projection. We shall apply the following property of a
manifold M:

For any compact K S M there is an open neighborhood V.S M of K
such that V is a compact manifold with boundary in X.

This follows from a small variation of [2, Lemma 7.11]; indeed one can easily adapt
the proof to construct a smooth, proper map f: M — R, such that f|K = 0. We
can then choose V = f~!([0, a[), where a is a regular value. We can now construct
a suitable A-submanifold U C X as follows: Since C; = @ if k is greater than, say,
N, we choose U, = @ if k > N. Now choose a neighborhood Uy 2 Cy of the above
type. Then Uy is defined inductively as similar neighborhoods:

Ui 2 eg(Uig) U+ - U i1 (Uig) U Ci; k=N-1,...,0.

Clearly U = {U,} is a A-submanifold.
Since supp(Ty) € A* x Cy € Ak x Uy, there are well-defined restrictions

Ti| A% x Uy € Qu(A% x Up),

with supp(Tk|A" x Uy) = supp T;. It follows readily, that L (T | A% x Uy) = Tq.
To see this choose a smooth function ¢¥: X; — [0, 1] with supp(y) € Uy, but
V¥|Cy = 1, and use (Ty| A% x Uy, ¢) = (Tx, (¥ o i) - @) for all ¢ € Q"(A* x Up).
It remains to show that H, (J|U||) is of finite type. By the construction, H,(Uy) is of
finite type. Consider the double complex A..(U); for one of the spectral sequences we
have E 1 g = = H,(Up), and since this is finite dimensional, E ,’, q is finite dimensional
forallr > 1. Slnce the spectral sequence converges to H,(||U||), we are done. O
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Remark 4.13. Thereis no obvious way to construct U in this proof in the “normal”
case, i.e., such that U is stable with respect to the degeneracy maps, and it may not be
true that 2, | X| = llr_)n Q,|U|. Nevertheless the analogue of Proposition 4.11 is valid,

U
because the cross-products are compatible with the projections Q| - | = Q] - |,
respectively || - || = | - |.

Coproduct. 'We shall see that the dual to the wedge-product
A QX = QX9 IX]
induces the coproduct in homology in the following sense:

THEOREM 4.14. There is a commutative diagram

’

A A
HQ, | XI) —— H(Q I X[1®2]X1)

coproduct
HQu|IX]) ———— HEuIXI) @ H(Q.|IXID.

Proof. Consider the diagram

’

A n x
HEQNXI) —— HQIXI®RIX]) ——— HELIX x X])

H [ H

H(Q.|IX1) H QX1 ® H (XD —:> H(Q. |1 X x X]))

coproduct x
H (X1 ————  HIXD @ KX ——— H(X x X]D.

The upper right square commutes by definition. The lower right square commutes
by prop. 4.11. The “exterior” diagram commutes by (4.10) and the definition of the
coproduct. Lemma 4.15 below implies that x: H Q)X II®QUIXID) = H(S%IIX x
X||) is an isomorphism.

We conclude that the rectangle on the left commutes, and this ends the proof. O

LEMMA 4.15. The maps

x: QXNQQAY [ — QX x Y],
X! QAXNOUIY || — Q)X x Y|

are quasi-isomorphisms.
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Proof. This follows from a comparison with the complexes A*(-). Indeed there
is a commutative diagram

QX I®QHY | —— QX x Y|

lJ ®T lj

A*(X)BA*(Y) —— A*(X x V).

(It is clear how to define the cross-product between the spaces A*(-), and also that

this is a topological isomorphism.) Since J®.7 and J are quasi-isomorphisms we
are done.

The proof for currents is similar. [

Remark 4.16. Itis very likely, that the maps in Lemma 4.15 are in fact (topolog-
ical) isomorphisms, but we can only prove, that they are injective (which is trivial).

5. Another complex of simplicial currents

In [7], another complex of simplicial currents is defined. A straightforward gen-
eralization to arbitrary A-manifolds is the complex

AX) = PP (a4 ® (X, .1

k=0 =0
with differential

k
Hw®S) = (—D'do® S+ ) (D)o@ EN:S + (-)'w®ds.  (5.2)
i=0

We are going to compare A, (X) to Q.| X||. There are maps
I: Ay (X) — Au(X); I(S) =1 ®S, §e€Qn(Xe)
P A, (X) - . 0X]I; Pw®S)=T, xS.
Clearly ® o I = Z, and furthermore / and & are chain maps, as follows from

straightforward calculations (use 2.14 for ®).

THEOREM 5.3. (1) ® is a quasi-isomorphism.
(2) @ is injective.
(3) Im® is a dense subset of 2,|| X ||.
(4) The pairing
A (X) @ Q|| Xl - C; (T, ¢) = (¥(T), ¢)

is non-degenerate.
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Proof. (1) We prove the equivalent statement that I is a quasi-isomorphism.
Introduce the following bicomplexes:

o0
Ay = POTOH®QQX):  p<0, g20
=0

Fwes) = (-H*dwe s
k

V@®S) = Y (D)0 S + (D" oS
i=0

and
4 [ A ifp=0
P10 otherwise
9 =0, 9’ =d.

Then I induces a map I: A,« — A, of bicomplexes. Let us recall that
H(Q*(A",d) = C

in degree 0, generated by 1,«. Using this, it is straightforward to see that the induced
map

I: H(Ayy, 3) > H(Ay, d)
identifies with the identity on A, (X), which by a spectral sequence argument proves
our claim.
(2) Assume that ®(3p_, i) = 0, where ¢, € @2, Q' (A%) ® 2,-1(Xy). Let
& € 2,(A* x Xy) denote the image of ¢, under the mapw ® S —> T, x S.
Assume inductively that ¢y = 0ifk > p. Weclaim thatalso ¢, = 0. Itis sufficient

to show that 5p|£l’ x X, = 0, since ¢, is smooth in A” (for this use the isomorphism
Q. (AP x Xp) = Q. (AP; Q4(X,)), which follows from Lemma 2.12 together with

[10, prop. 50.5]). Thus consider ¢ € Q"(AP x X,) with supp¢ < Z” x X,. We
can extend ¢ to a simplicial form ¢ by Lemma 5.5 below. Since "n_ & annihilates
Q"|| X || (cf. the proof of Prop. 3.7), we get

N N

0= <Z & ¢> =" 6%) = (6. ).
k=0 k=0

We conclude that ¢, = 0 and hence ¢, = 0 for all k.

(3) In fact A, (X) is dense in €, Q, (A% x X;). This follows easily, combining
the isomorphism Lemma 2.12 with the fact that the image of QF~/(A¥) is dense
in Q;(A¥). This implies that A,(X) is dense in Q. [IX||. But the surjective map
Qull Xl = S,11X| is continuous.

(4) Follows immediately from (2) and (3), since (3.5) is non-degenerate. O
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Remark 5.4.  Observe that we have proved that A, (X) is dense in 11X || as well
as in ©,]|X||. In particular we can regard 2,||X|| and €2,||X|| as completions of
A, || X|| in suitable topologies.

LEMMA 5.5.  Consider ¢ € Q"(A* x X;). If supp¢ < _&" x Xy, then ¢ extends
to a simplicial n-form ¢ € Q|| X || such that ® = ¢ and ¢¥ =0if p < k.

Proof. First some notation, following [6, Chapter 2]. For a sequence I =
(o, - - -, i) of integers satisfying 0 < iy < --- < i < p we introduce

My = €j...Ej. Xp—> Xk,

where p > j; > --- > j; > 0 is the complementary sequence to I. Also define (in
barycentric coordinates)
AV = {(t, ..., 1)) € AP | 3s: 1, > 0}
= AP —{(to,..., tp) € AP |ty =--- =1;, =0}.

That is, we subtract the I — 1 = p — k — 1-dimensional face opposite to the k-
dimensional face represented by /. We then define a projection

1
m AF = A% e, ty) = -Z—:—-(zio,...,t,,).

s “ls

Note that if ¢ € Q*(A*), the pullback 7} (¢) will usually not extend to a smooth
form on A”. To remedy this, we shall multiply 7} (¢) by a (suitably chosen) function
u; € C®°(AP), which is 0 near the face we subtract. To define u; consider a smooth
function ¢: [0, 1] — [0, 1] such that ¥ = 0 near 0, but (1) = 1. We define

wr(to, ..o 1) = YO _1,).
s
Putii; = u; x lx,; we may then define

P = Yo xu)te-id; ifp>k
1o if p < k.

It is easy to see that ¢ extends ¢; since ug;_x(to, ..., &) = v o ) =v() =1
we get

¢® = (o1..x X po1.K)*P - do1.k = 1d* (@) - 1 = ¢.
We shall verify that
(e" x id)*¢P = (id x&;)* PV,
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This is trivial if p < k, so assume p > k. We then have to prove that

D (e xid)* (G x ) - din) = Y _Gd xe)* () X py)*b - i),
1 J
which can be rewritten as

D (Grrog) x w)*e - (6 x id)i; =Y (rs x (g 0&))*¢ - (id x&)*ily.
1 J

To see this, we need some more notation: Foreachi = 0... p, let &' (I) denote the
sequence

)= (g, ...,05, 0501+ 1,..., 0+ 1); where iy < i < igy.

It is straightforward to verify the following relations:

) iy = pr o &i,
(2) 7y o' =my,
() mog' (AP CBAkifiel,
@ () ugiy = uy.

Using these, we can finish the proof. The point is that J + &'(J) gives a 1-
1 correspondence between the sequences J and the sequences I, which does not
contain i. Applying (1)—(4) then immediately gives the result (note in particular that
(3) implies ((7r; 0 &) x up)*¢ =0ifi € I).
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