LINEAR SYSTEMS OF FIRST AND SECOND ORDER DIFFERENTIAL
EQUATIONS WITH PERIODIC COEFFICIENTS

BY
J. K. HaLe

Consider the system of linear differential equations
w” 4+ Ai(MNu = Mi(y, v, w, v, v/, £, M),
(1) v” + A2(A)I) = )‘fQ(ua v, w, uly 7)/’ I )‘))
’

w= A]03('“7 v, W, u/s 0’7 t7 )‘);

where \ is a real parameter,

U= W, W), V=Y, U)W = Yusr, o, Yn)s
fl=(f;:7"'af:<)) f2=(f:‘+l,"'7f:), f3=(f:+1:"')f:)r
A;(\) = diag (o1, -+, o3), As(\) = diag (o541, -+, 0.), and the vector

functions fi , f2, fs are linear functions of u, v, w, ', v'. The coefficients in
these linear functions are real, periodic functions of ¢ of period T = 27/w,
L-integrable in [0, T, analytic in A, and have mean value zero. Further,

suppose that each o;(A),j = 1, 2, - -+, p, is a real positive analytic function
of X with ¢;(0) & a4(0) # mw, j# h, 7,h=1,2,---,pu on0) # mw,
h=1,2-,u m=12 ... Systems of type (1) for | A | small have

recently been extensively investigated by a method which has been suc-
cessively developed by L. Cesari, J. K. Hale and R. A. Gambill for both
linear [1, 3, 4, 6, 8] and weakly nonlinear differential systems [2, 5, 7]. Most
of the previous work has been concerned with systems of type (1) without
the third vector equation, i.e., with systems of second order equations. The
aim of the present paper is to prove a theorem concerning the boundedness
of the AC (absolutely continuous) solutions of (1). By applying the same
methods, the following theorem is proved:

TaeoreEMm. If

(o) filu, —v, w, —u', v, —t, N) = fi(u, v, w, u', o', {, \),

B) folu, —v, w, —u’, 0", —t, \) = —fo(u, v, w, v, V', {, N), and

() fa(u, —v, w, —u', 0", —t, \) = —fa(u, v, w, v, V', {, N),
then for | N | sufficiently small, all the AC solutions of (1) are bounded in
(=, ).

This theorem generalizes some previous results of the author [8] for sys-
tems of linear equations of type (1) where the third vector equation did not
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appear. A different notation is used in this paper to simplify the presenta-
tion.

This theorem is proved by showing there is a fundamental system of AC
solutions of (1) which are bounded for all values of £, More specifically,
it is shown that the first 2u characteristic exponents of (1) are purely imagi-
nary and the remaining n — u are zero.

By the transformation of variables

(2) Yi = (1/21:01)(22]—] + z2j), y; = ‘2]‘(22]'_1 —_— z2]~)’ j = ]_’ 2, EEEENTH

Y = Zutk k=”+17"°7n7

system (1) is equivalent to the first order system

3) ? = Az + M 1, N),

where z = (21, -, Znu), A = diag (‘731" y "t U:+H)7 U;kj—l = 10j,
a’;i:_iai’ j=1,2)"'7ﬂ¥ U;k#+i=07 j=1,2,~~,n—u,and
g = (gl y Ty gn+M)a J2j—1 = f.i [(1/220’1)(21 + 22), Tt (I/Qiun)(z%—l -+ 32;4)’
Zoutly "ty Bndp s %(21 - z22‘7 R %(ZZM—I - 22#): A >‘]) goj = 021,
j=1’27’°',l"; g2u+f=fu+j, .7=1,27"':n_11~

By considering an auxiliary equation of (3),
4) ¢ = Bz + M(2, £, N),

transforming it into an integral equation, and employing the method men-
tioned above, we obtain AC solutions of the equation

(5) ¢ = (B — AD)z + Mz, t, N),

where D is a constant diagonal matrix which depends on B, g and . Then,
by determining B so that

(6) B— D =4,

the obtained solutions of (5) become solutions of (3).

In the following, let C, denote the family of all functions which are finite
sums of functions of the form f(f) = e*¢(t), — © <t < + o, where «
is any complex number and ¢(t) is any complex-valued function of the real
variable t, periodic of period T = 2r/w, L-integrable in [0, T]. If ¢(¢) has a
Fourier series, ¢(f) ~ 212 o C,emet, then the series

) f@t) = extp(t) & DI o C,etinetart

is the series associated with f(¢). Moreover, in harmony with [1] and [6],
the mean value M[f] of f() is the number M[f] = 0 if inw + o # 0 for all
n, M[f] = C, if inw + « = 0 for some n. It is known [1, 6] that if f(¢) ¢ C.,
and M[f] = 0, then there is one and only one primitive of f(¢), say F(¢),
which belongs to C, and such that M[F] = 0.

Put B = diag (o1, - **, patu) Where ppia(N) = d7; (N), p2; (\) = —i7; (A),
=12, 8 puwx=0 k=12 -, n— p;each 7;is a real posi-
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tive analytic function of N with 7;(0) &= 7,(0) = mw, 7 = h, 7, h =1,
2, -, m O #Fmw, h=1 2 -+, u m=1 2 ---. Let

(8) z(m) —_ x(O) + )\x(l) + e + Amx(m)

denote the m® approximation to a solution of (4), and define the method of
successive approximations as follows:

29 = (@ e, -, Apyu ™)

© 2™ = ¢ f @™ a,\) — (D2 4 .. + D™30)] da,

m=1,2,---,

where ¢”' = diag ("', ---, '), @y, - -+, @nyu are complex numbers, and
the matrix D is defined by

a;di” = Mle ™'z, 1, V)], if a; # 0,

(10) d’ =0 for any a; if M[---] = 0,

D" = diag (d§r)7 R dft’:l)'u)’

and the integrations are performed so as to obtain the unique primitive
of mean value zero. In definition (10), it is to be understood that if
Mle*g,(z" >, t,\)] # 0 for any r, then the corresponding a; is chosen = 0.
It is clear that the integrand belongs to the class C, of functions and has
mean value zero; consequently, there is a unique primitive of mean value
zero. This method of successive approximations is exactly the same as the
one defined by L. Cesari [1] except in his paper none of the p’s were allowed
to be zero. The proof of convergence of the method to a solution of an
equation of the form (5) may be supplied in the same way as described in
[1] or [6].

It is first shown that by a proper choice of the constants a;, - -, Gnis
the numbers d;” are such that di’y = dii), h = 1,2, -+, u (the overbar
denotes the complex conjugate), di’ = d\”, h=2u4+1,---, n+p,
r=1, 2, ... for every system of type (4). Under the conditions of the
theorem and some additional restrictions on a;, « -, @nyu, it is then shown
that diy = —dii), h=1,2, -, 4, di’ =0, h=2u+1,--,n+py,
r=1,2,--.. Consequently, the system of n 4+ u equations (6) reduces
to the u equations

iTh“)\dzh_1=idh, h=l,2,"',[.l,,
where each dyy = D v a NSy, h=1,2, -+, p,is purely imaginary.
From the implicit function theorem, there exist real numbers 7,, ---, 7,

analytic in N for |\ | sufficiently small satisfying the above system of equa-
tions and 7, = o, + O(\). Consequently, there will be a solution of (3)
m, (m) (m)

with components z; of the form D _m—; \"z;™ (£), where ;™ is given by (9).
It is clear that such a solution is bounded in (— %, +®) and AC. The final
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step in the proof of the theorem is to show that the above solutions yield
n + w linearly independent bounded AC solutions of (1).

By induction, it is very easy to prove the following (which assumes only
that system (1) is real):

Lemma 1. If the algorithm (9) s applied to system (4) with as;1 = b;,
a2i=—'bi’ j=1’ 2;"'7 My a2u+k=b#+k, bu+k real, k=1’ 2, .-,
n — p, then

xé.:z-l = —-.’I-Jé;), dé;')—l = &§;)7 .7 =12 ,u
xé;‘)l'k = i"é;z"k ’ d2u+k = déﬁ?l—k: k= 17 2} L, N TN,
r=12 -

LemMma 2. If fi, f2, fs satisfy the conditions of the theorem and if the numbers
b; of Lemma 1 satisfy b; = ic;, c¢; real, j=1, 2,---, v, b; = ¢;,
cireal, j=v+1,---,n 4+ u, then

xé;ll (_t) $2])(t), d2(;')-1 = _dig;)y .7 = 1) 27 IR )

xé;)—l _t) _x21)(t)7 dé;-)-l = _dé;)) .7 =v+ 1) Tty My

xjr)(_t) — xjr)(t), d](r) = 0’ .7 = 2”+ ]_’ ee + My
r=20,1,2 ---

Proof. We first prove by induction that xé}’_l( —t) = 2P, j=1,
2,5, xé?_,( )= =P, G=r L, w28 = 20,

=2u+1,---, n and all . From the ch01ce of the numbers a;,

the assertion is true for r = 0. Assume the assertion true for r = 0, 1, 2,
-«+, v—1 and all 5. Then

Sy (=) + o (=8 = a5 (0) + 25 @),

ol (—t) — o7 (=) = —[wsia (1) — @57 @), i=1
wils (=) + 257 (1) = —[wsia () + @37 (),

mia (—8) — @57 (=) = @il () — 257 (), i=v+1
o (—1) = z" (@), j=2u+1 -, n+pandr=20,1,---,v— 1.

Consequently, from conditions (), (8), and (y) of the theorem and the defi-
nition of the g;’s in (3), it follows that

Goi1 [27(=1), =4, N] = g2;a £V D), £, N, i=12,

(1) gojoa [87(=2), =8, N = —gaja 27 (), 4, A, J=rv+1

gile” (=), =, Nl = —g; 7@, ,N,  F=2+ 1, -, n+up
r=20,1,2---,v— 1.
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Furthermore, since quj1 = —qej, J = 1,2, ---, uwand M[f(—8)] = M[f(@®)],
it follows from (11) that

Mle " 'gaia (@), £, N] = Mle" 250 @7 (=), —1, N)] =
Mle™ "gaja (27 (®), £, )] = —Mle" "gs; (27 (@), 1, M), J=12 -

Now, if ¢; # 0, it follows from (10) that di7; = —d57 and if ¢; = 0, then

from our assumptions on the o; concerning congruence, the above mean value

will always be zero. Consequently, in any case, dsity = —dsp, Jj=1,2,

.~,vandr=1,2, ---,v. Inthe same way, dify = —d$, j=»+1,
ceeypand r=1,2,--- ) 0. From (11),

M[gi(x(r)(t)’ Z, >‘)] = _M[gj(x(r)(t)v A A)] fOI‘j = 2u + la SERIA e A

and, therefore, d\” =0 for j=2u+1,---,n+pandr=1,2 ---, v
From (9),

xégll _t) — _e—if,'t / e’i‘fjt
i@V (=), = 4, N) — (A5 asT (=) + -+ i (—0)}] dt

_ e-—'i‘rjtf it [g ,(x(”—l)(t) t, )\) — { (1) é;’_l)(t) 4+ e 4 dég)xZJ)(t)}] dt

xég)(t)’ .7 =1,2,--,v

In a similar manner, xé’,’-)_l (—8) = —a2@), j=v+1,-,p a(=t)=

@), j=2u+1, -+ ,n + pu and the 1nduct10n on the 2" is completed.
If the assertion is true for x{” for all r, then the other relations must hold for
all » and the lemma is proved.

Thus, from the remarks preceding Lemma, 1, it remains only to show that
n -+ u linearly independent bounded AC solutions of (1) can be obtained from
these solutions. Suppose one of the ¢’s of Lemma 2, say ¢; , is chosen 0 and
all other ¢; , k # j, are chosen = 0.

By taking j to be successively 1, 2, - -+, n and using the transformation
formulas (2), the above method of successive approximations leads to n + u
bounded solutions, (4, ), h = 1,2, --+,n + u, of the form

y’gzj—l)(h 0) = 0’ k= j’ yJQj_I)(t; 0) = (Cj /Ui) CO8 7; t)

' (6,0) =0, k#j, y0L0) = —cisinrit, j=1,2,;
Y, 0) =0, k=g, y(t0) = (¢;/oy) sin 75,

@0 =0, k=35,  y0) =cijcostit, j=vH1 e, u
P, 0) =0, k=g, y* V00 =i, G=12 0w

It is clear that these n + u functions also form a fundamental system of AC
solutions of (1) and the theorem is proved.
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Ezample 1. Consider the system
Yy’ 4+ o'y = —\cos t-w,
w = Nsinf-y + A sin ¢-w,

where ¢ # 0 (mod 1). This system satisfies the conditions of the preceding
theorem with » = 1, u = 0, n = 2. Therefore, all the solutions of this equa-
tion are bounded for |\ | sufficiently small. The following example illus-
trates how a change in only one of the periodic coefficients can lead to un-
bounded solutions.

Ezxample 2. Consider the system

Yy’ + o'y = —\ cos t-w,
(12)

w = \cosiy + Asinfow.

By the transformation y = (1/20)(z1 + 22), ¥ = 2(z1 — 22), w= 23,
the above system is equivalent to the system

’ .

21 = 1021 — N cOS }-23,

’ .

29 = —ioZs + AN cCosi-z;,

!
23

(\ cos t/24a) (21 + 22) + Asin ¢z .

The characteristic exponent 7 which is close to zero may be obtained by
applying the method of successive approximations (9) to the auxiliary system
(4) with B = diag (ic, —%0, 7) and the 0" approximation as 2® = 25" = 0,
2 = a (see [1] or [6]). Carrying out this procedure, one finds that di® = 0,
d® = 1/2(1 — o). But r must satisfy the equation

T — Ads? + NP + 1) =0,

and therefore 7 = N[2(1 — )] + -+, and if | ¢ | < 1, 7 has a positive
real part, and at least one solution of (12) is unbounded no matter how small
RSB

The author has been able to obtain by a different method the above theo-
rems (and slightly more general ones) for the case in which system (1) for
A = 0 has only one zero characteristic root. This method involves a dis-
cussion of the characteristic exponents as a function of A without using suc-
cessive approximations and, therefore, does not aid in the calculation of the
solutions.
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