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DENSITY UNBIASED POINT ESTIMATES

By Raymonp P. PrTERSON
University of Washington avd University of California, Riverside

1. Summary. A new concept of unbiasedness (density unbiasedness) for point
estimates is introduced and the ‘“‘best” density unbiased point estimate for the
mean of any normal distribution is proved to be the ordinary sample mean
& = D_i= x;/n. Under certain conditions on the form of the characteristic func-
tion of a family of probability density functions involving an unknown location
parameter, ¥ is shown to be a density unbiased point estimate of the location
parameter.

2. Introduction. Let z,, ---, 2z, denote n (not necessarily independent)
random variables each of which is distributed over a space M according to a dis-
tribution function P(x, 6, 6,, - -+, 6,). It is assumed that P(x, 8, 6., --- , 6,)

is completely specified except for the s + 1 parameters 6, 6,, ---, 6,. These
parameters may be represented by a point (6, ¢) in the (s + 1)-dimensional
parameter space 2,41 where ¢ = (61, -+, 6,). Also X, = (21, - -+, @,) is & point
in the n-dimensional sample space M, . We shall assume here that P(z, 6, o) is
absolutely continuous and denote the corresponding probability density func-
tion by p(z, 0, ¢). Let p.(X., 0, 0) = pu(x1, - -+ , 2., 6, ¢) denote the joint prob-
ability density function at the point X, & M, .

A statistical point estimate of the parameter 6, which ranges over a subset
w of the real line, is a function f(X,) of the sample values x;, - -- , ., whose
range is the same subset w.

Let & be the (s + 1)-parameter family of probability density functions

p(:t, o, ‘7) = p(it, 0, 6, y Ty 08)'

The mean probability density function of F generated by f(X,) relative to 6 is given
by

(2.1) 0,0, 6) = [M p@, £(X.), 0) pa(Xn, 0, o) dX..

It is readily seen that ¢s(x, 6, o) is a probability density function provided
p(x, f(X,), o) is measurable in X, over M, .
A point estimate f(X,) of 8 will be called density unbiased if

¢f(:v’ 0) 0) = p(x7 0’ UI))

where ¢’ is some value of ¢. There are various criteria by which we might choose
a “best” density unbiased estimate from the class of all density unbiased esti-
mates, provided this class is not empty. We shall call an estimate f(X,.) of 8
a best density unbiased estimate if

« 1) f(X,) is a density unbiased point estimate of 6, and
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i) (¢ — o)’ = D i (6; — 6,)"is minimized by f(X,) with respect to all den-

sity unbiased estimates of 6.
3. The best density unbiased point estimate for the mean of a normal popula-
tion. et ¥ denote the two-parameter family of probability density functions
1

—(e—0/0)2/2
— ¢
o\ 2w

p(x, 6,0) =

and let f(X,) be any point estimate of § where 2, --- , x, are n independent
sample values of . Now f(X,) will be density unbiased if and only if ¢,(z, 6, &)
possesses a characteristic function of the form

3.1) M,

TaEOREM 3.1. An estimate f(X,) is a density unbigsed estimale of the mean 0
of a normal distribution if and only if f(X.) is itself normally distributed with
mean 6.

Proor. Taking the characteristic function of both sides of the identity (2.1)
we have

)

¥,(,,0,0) = f e, 0, o) dx
=f e”’”f p(, [(X.), 0) pa(Xa, 8, o) dX, dx
— o0 My

{ —1242
—_ ettf(Xn) t2¢ mpn(X,., 0’ d) dX,..

My

However, y,(t, 6, ¢) must be of the form (3.1). Therefore
3.2) fu eiu‘(x,,)pn(X", 6, 0) dX, = gt 2o 12

On the other hand

(33) [ (X, 0,0) aXo = [ eg(s,0,0) df
My )

where ¢(f, 8, o) is the probability density function of f(X,). Since the right-
hand side of equation (3.3) is the characteristic function of f(X,), it follows
from (3.2); (3.3) and the uniqueness theorem for characteristic functions [1] that
f(X,) must be normally distributed with mean ¢ and variance o — o

Tt follows from Theorem 3.1 that in looking for a best density unbiased es-
timate of 6§ we can restrict ourselves to the class Ny of normally distributed
estimates with mean 6. Now, the ordinary sample mean & is known to be normally
distributed with mean 6 and minimum variance ¢’/n among all estimates with
mean 6, subject to certain regularity conditions which are satisfied by all es-
‘ timates in Ny . Therefore ¢’° — ¢ is a minimum for /(X,) = Z.
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Since ¢/ > o, and £ minimizes ¢’ ' — &% it immediately follows that & mini-
mizes (¢/ — o)’ with respect to the class of all density unbiased estimates of 6.
Hence Z is the best density unbiased estimate of the mean 6.

4. Density unbiased point estimates of a location parameter. Let § denote
the two-parameter family of probability density functions

p(xyoya'):%p(x-o), >0

g

and let 2y, - -+ , , denote n independent observed values of x. In this case 6
is called a location parameter and o a scale parameter.

LumMA 4.1. The characteristic function ¥(, 0, o) of p(x, 0, o) is of the form
v(t, 0, o) = ¢®h(te), where h(ts) = Y(to, 0, 1).

Proor.

l//(t, 0’ 0’) — %‘/—‘ eita:p(ﬁ: ;‘ 0> do = em[ eitazp(z) dz

where z = (x — 60)/o. If we let h(te) = [ ¢""*p(2) dz, the lemma follows.

TueoreM 4.1. If h(te)h(tes) = h(tos), where o1, o2, and o3 are values of o
independent of t, then & 1s distributed according to a member of F.
Proor.

E(eitj) =f 6“5 pn(Xn) 0’ 0') an = H f e“zi/np(xiy 0’ 0') dij
Y j=1 J=ew

= ¢"[hta/n)]" = e “hlta").

Hence by Lemma, 4.1 the probability density function of £ belongs to &.
TaroreMm 4.2. If h(te)h(to:) = h(tos), where o1, o2, and o3 are values of o

independent of t, then & is a density unbiased estimate of the location parameter 6.
Proor.

0t 6, 0) = f sz, 0, o) dv = [ ot [ (&, 7, O)pa(Xs, 6, @) dX do
I—c0 © My

4.1)

- f ¢ (t0) pa(Xn, 6, @) dXn = h(te)E(e**).
My

From (4.1) we have E(¢®) = ¢“h(to’) and so
vt 6, o) = ¢'"h(to) hite’) = ¢’h(ta”).
Therefore ¢;(z, 0, o) € F and the theorem follows directly.
ExampLe. Let & denote the two-parameter family of Cauchy distributions
given by
- 1 1

p(,0,0) = =T s> 0.
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In this case the characteristic function y(, 6, ¢) = ¢ so that h(te) =
' = 1M Tt is immediately verified that h(te1) h(to:) = h(los), where o3 =
1(oy + 02). Therefore, by Theorem 4.1, £ has a Cauchy distribution. In fact,
since in this case E(¢**®) = [h(te/n)]" = h(fs),  has exactly the same distribu-
tion as does z itself, namely p(z,%0, o). It follows from Theorem 4.2 that Z is a
density unbiased point estimate of the location parameter 6.

It is readily seen that Theorems 4.1 and 4.2 are valid also when Z is replaced
by any linear homogeneous estimate Z._l ax; , where Z,_l a; = 1.
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SOME PROPERTIES OF BETA AND GAMMA DISTRIBUTIONS

By M. V. JAMBUNATHAN
Unaversity of Mysore
1. Summary and Introduction. The object of this paper is to present certain
important properties of the Gamma distribution and the two kinds of Beta
distributions, and to indicate certain useful applications of these two to sampling

problems. The distribution of the Studentised D>statistic under the null hy-
pothesis is obtained in two different ways.

2. The Gamma distribution. If a random variable 2 has probability density

1 —z g—1 < .
(2.1) mex y 0=x<°°,
then z is said to have a Gamma distribution; furthermore, z is called a Gamma
variate with parameter a, and is symbolically written v(a). The Gamma dis-
tribution is known to possess, among others, the mean conserving property
(m.c.p.), provided the variates are independent.' Symbolically

v(@) + v(®) = v(a + b).

If z is a Gamma variate with parameter a, then 2z is distributed as x* with 2a
degrees of freedom.

3. Beta distribution of the first kind. A random variable having the proba-
bility density

1
3.1 —_
@D B(a, b)
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