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THE OUTLIERS OF A DEFORMED WIGNER MATRIX
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We derive the joint asymptotic distribution of the outlier eigenvalues of
an additively deformed Wigner matrix H. Our only assumptions on the de-
formation are that its rank be fixed and its norm bounded. Our results extend
those of [The isotropic semicircle law and deformation of Wigner matrices.
Preprint] by admitting overlapping outliers and by computing the joint dis-
tribution of all outliers. In particular, we give a complete description of the
failure of universality first observed in [Ann. Probab. 37 (2009) 1-47; Ann.
Inst. Henri Poincaré Probab. Stat. 48 (1013) 107-133; Free convolution with
a semi-circular distribution and eigenvalues of spiked deformations of Wigner
matrices. Preprint]. We also show that, under suitable conditions, outliers may
be strongly correlated even if they are far from each other. Our proof relies on
the isotropic local semicircle law established in [The isotropic semicircle law
and deformation of Wigner matrices. Preprint]. The main technical achieve-
ment of the current paper is the joint asymptotics of an arbitrary finite family
of random variables of the form (v, (H — z)flw).

1. Introduction. In this paper, we study a Wigner matrix H—a random
N x N matrix whose entries are independent up to symmetry constraints—that
has been deformed by the addition of a finite-rank matrix A belonging to the same
symmetry class as H. By Weyl’s eigenvalue interlacing inequalities, such a de-
formation does not influence the global statistics of the eigenvalues as N — oo.
Thus, the empirical eigenvalue densities of the deformed matrix H + A and the
undeformed matrix H have the same large-scale asymptotics, and are governed
by Wigner’s famous semicircle law. However, the behavior of individual eigenval-
ues may change dramatically under such a deformation. In particular, deformed
Wigner matrices may exhibit outliers—eigenvalues detached from the bulk spec-
trum. They were first investigated in [20] for a particular rank-one deformation.
Subsequently, much progress [2—4, 8-10, 19, 21, 24, 25] has been made in the un-
derstanding of the outliers of deformed Wigner matrices. We refer to [21, 24, 25]
for a more detailed review of recent developments.

We normalize H so that its spectrum is asymptotically given by the interval
[—2, 2]. The creation of an outlier is associated with a sharp transition, where the
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magnitude of an eigenvalue d; of A exceeds the threshold 1. As d; (resp., —d;)
becomes larger than 1, the largest (resp., smallest) nonoutlier eigenvalue of H 4 A
detaches itself from the bulk spectrum and becomes an outlier. This transition is
conjectured to take place on the scale |d;| — 1 ~ N~1/3. In fact, this scale was
established in [1, 6, 7, 23] for the special cases where H is Gaussian—the Gaus-
sian Orthogonal Ensemble (GOE) and the Gaussian Unitary Ensemble (GUE).
We sketch the results of [1, 6, 7, 23] in the case of additive deformations of
GOE/GUE. For simplicity, we consider rank-one deformations, although the re-
sults of [1, 6, 7, 23] cover arbitrary finite-rank deformations. Let the eigenvalue d
of A be of the form d = 1 + wN~!/3 for some fixed w € R. In [1, 6,7, 23], the
authors proved for any fixed w the weak convergence

N*BOANH+FA) =2) = Ay,

where Ay (H + A) denotes the largest eigenvalue of H + A. In particular, the
largest eigenvalue of H + A fluctuates on the scale N ~2/3. Moreover, the asymp-
totics in w of the law A, was analysed in [1, 5-7, 23]: as w — 400 (and after an
appropriate affine scaling), the law A, converges to a Gaussian; as w — —o00, the
law A, converges to the Tracy—Widom-p8 distribution (where 8 = 1 for GOE and
B =2 for GUE), which famously governs the distribution of the largest eigenvalue
of the underformed matrix H [28, 29].

The proofs of [1, 23] use an asymptotic analysis of Fredholm determinants,
while those of [5—7] use an explicit tridiagonal representation of H; both of these
approaches rely heavily on the Gaussian nature of H. In order to study the phase
transition for non-Gaussian matrix ensembles, and in particular address the ques-
tion of spectral universality, a different approach is needed. Interestingly, it was
observed in [8—10] that the distribution of the outliers is not universal, and may
depend on the law of H as well as the geometry of the eigenvectors of A. The
nonuniversality of the outliers was further investigated in [21, 24, 25].

In a recent paper [21], we considered finite-rank deformations of a Wigner ma-
trix whose entries have subexponential decay. The two main results of [21] may be
informally summarized as follows.

(a) We proved that the nonoutliers of H + A stick to the extremal eigenvalues of
the original Wigner matrix H with high precision, provided that each eigenvalue
d; of A satisfies ||d;| — 1| > (log N)CloglogN y=1/3

(b) We identified the asymptotic distribution of a single outlier, provided
that (i) it is separated from the asymptotic bulk spectrum [—2,2] by at least
(log N)Cloglog N y—=2/3 and (ii) it does not overlap with any other outlier of H + A.
Here, two outliers are said to overlap if their separation is comparable to the scale
on which they fluctuate; see Section 2.2 below for a precise definition.

Note that the assumption (i) of (b) is optimal, up to the logarithmic factor
(logN )CloglogN Tpdeed, the extremal bulk eigenvalues of H + A are known [21],
Theorem 2.7, to fluctuate on the scale N ~2/3; for an eigenvalue of H + A to be an
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outlier, therefore, we require that its distance from the asymptotic bulk spectrum
[—2, 2] be much greater than N —2/3_See Section 2.2 below for more details.

The goal of this paper is to extend the result (b) by obtaining a complete de-
scription of the asymptotic distribution of the outliers. Our only assumptions on
the deformation A = Ay are that its rank be fixed and its norm bounded. (In
particular, the eigenvalues of A may depend on N in an arbitrary fashion, pro-
vided they remain bounded, and its eigenvectors may be an arbitrary orthonor-
mal family.) Our main result gives the asymptotic joint distribution of all outliers.
Here, an outlier is by definition an eigenvalue of H + A whose classical location
[see (2.5) below] is separated from the asymptotic bulk spectrum [—2,2] by at
least (log N)€10glog N N—=2/3 for some (large) constant C. Our main result is given
in Theorem 2.11 below.

Thus, in this paper we extend the result (b) in two directions: we allow over-
lapping outliers, and we derive the joint asymptotic distribution of all outliers.
The distribution of overlapping outliers is more complicated than that of nonover-
lapping outliers, as overlapping outliers exhibit a level repulsion similar to that
among the bulk eigenvalues of Wigner matrices. This repulsion manifests itself by
the joint distribution of a group of overlapping outliers being given by the distri-
bution of eigenvalues of a small (explicit) random matrix [see (2.15) below]. The
mechanism underlying the repulsion among outliers is therefore the same as that
for the eigenvalues of GUE: the Jacobian relating the eigenvalue—eigenvector en-
tries to the matrix entries has a Vandermonde determinant structure, and vanishes
if two eigenvalues coincide. Several special cases of overlapping outliers have al-
ready been studied in the works [8-10, 24, 25], which in particular exhibited the
level repulsion mechanism described above.

Due to this level repulsion, overlapping outliers are obviously not asymptoti-
cally independent. A novel observation, which follows from our main result, is
that in general nonoverlapping outliers are not asymptotically independent either;
in this case the lack of independence does not arise from level repulsion, but from
a more subtle interplay between the distribution of H and the geometry of the
eigenvectors of A. In some special cases, such as GOE/GUE, nonoverlapping out-
liers are, however, asymptotically independent. More precisely, our main result
(Theorem 2.11 below) shows that two outliers may, under suitable conditions on
H and A, be strongly correlated in the limit N — oo, even if they are far from
each other (e.g., on opposite sides of the bulk spectrum).

Finally, we note that throughout this paper we assume that the entries of H have
subexponential decay. We need this assumption because our proof relies heavily
on the local semicircle law and eigenvalue rigidity estimates for H, proved in [18]
under the assumption of subexponential decay. However, this assumption is not
fundamental to our approach, which may be combined with the recent methods for
dealing with heavy-tailed Wigner matrices developed in [11, 12, 22]. Moreover,
the assumption that the norm of A be bounded may be easily removed; in fact,
large eigenvalues of A are easier to treat than small ones.



THE OUTLIERS OF A DEFORMED WIGNER MATRIX 1983

We remark that recently Pizzo, Renfrew and Soshnikov [24, 25] took a different
approach, and derived the asymptotic distribution of a single group of overlapping
outliers under optimal tail assumptions on H. On the other hand, in [24, 25] it is
assumed that the eigenvalues of A are independent of N and that its eigenvectors
satisfy a condition which roughly constrains them to be either strongly localized
or delocalized.

1.1. Outline of the proof. As in [21], our proof relies on the isotropic local
semicircle law, proved in [21], Theorems 2.2 and 2.3. The isotropic local semi-
circle law is an extension of the local semicircle law, whose study was initiated
in [14, 15]. The local semicircle law has since become a cornerstone of random
matrix theory, in particular in establishing the universality of Wigner matrices
[13, 16-18, 26, 27]. The strongest versions of the local semicircle law, proved
in [12, 18], give precise estimates on the local eigenvalue density, down to scales
containing N¢ eigenvalues. In fact, as formulated in [18], the local semicircle law
gives optimal high-probability estimates on the quantity

(1.1) Gij(z) — 8ijm(2),

where m (z) denotes the Stieltjes transform of Wigner’s semicircle law and G (z) :=
(H —z)~ ! is the resolvent of H.

The isotropic local semicircle law is a generalization of the local semicircle law,
in that it gives optimal high-probability estimates on the quantity

(1.2) (v, (G(z) —m(z)1)w),

where v and w are arbitrary deterministic vectors. Clearly, (1.1) is a special case
obtained from (1.2) by setting v = ¢; and w = e, where e; denotes ith standard
basis vector of CV.

As in the works [21, 24, 25], a major part of our proof consists in deriving the
asymptotic distribution of the entries of G(z). The main technical achievement
of this paper is to obtain the joint asymptotics of an arbitrary finite family of vari-
ables of the form (v, G(z)w), whereby the spectral parameters z of different entries
may differ, and are assumed to satisfy 2 + (log N)€10210e N N=2/3 < |Re z| < C for
some positive constant C. The question of the joint asymptotics of the resolvent
entries occurs more generally in several problems on deformed random matrix
models, and we therefore believe that the techniques of this paper are also of inter-
est for other problems on deformed matrix ensembles.

An important ingredient in our proof is the four-step strategy introduced in [21].
It may be summarized as follows: (i) reduction to the distribution of the resol-
vent G, (ii) the case of Gaussian H, (iii) the case of almost Gaussian H, (iv) the
case of general H. Steps (i)—(iii) in the current paper are substantially different
from their counterparts in [21]; this results from treating an entire overlapping
group of outliers simultaneously, as well as from the need to develop an argument
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that admits an analysis of the joint law of different groups. In fact, for pedagogical
reasons, first—in Sections 4—7—we give the proof for the case of a single group
of overlapping outliers,? and then—in Section 9.1—extend it to yield the full joint
distribution. In contrast to the steps (i)—(iii), step (iv) survives almost unchanged
from [21], and in Section 7 we give an explanation of the required modifications.
Another ingredient of our proof is a two-level partitioning of the outliers com-
bined with near-degenerate perturbation theory for eigenvalues. Roughly, outliers
are partitioned into blocks depending on whether they overlap. In the finer parti-
tion, denoted by IT below (see Definition 2.10), we regroup two outliers into the
same block if their mean separation is bounded by some large constant (denoted
by s below) times the magnitude of their fluctuations. Due to logarithmic error
factors of the form (log N)€ 0212V that appear naturally in high-probability esti-
mates pervading our proof, we shall require a second, coarser, partition, denoted by
I" below (see Definition 9.1). In I', we regroup two outliers into the same block if
their mean separation is bounded by (log N)€ 102192V times the magnitude of their
fluctuations. The link between I" and IT is provided by perturbation theory, and is
performed in Sections 8 (for a single group) and 9 (for the full joint distribution).

2. Formulation of results.

2.1. The setup. Let H = (hij),j'Yj=1 be an N x N random matrix. We assume
that the upper-triangular entries (h;; :i < j) are independent complex-valued ran-
dom variables. The remaining entries of H are given by imposing H = H*. Here
H* denotes the Hermitian conjugate of H. We assume that all entries are centred,
Eh;; = 0. In addition, we assume that one of the two following conditions holds.

(i) Real symmetric Wigner matrix: h;; € R for all 7, j and

2 1 .,
Eh,%:N, Ehszﬁ (i #j).
(i) Complex Hermitian Wigner matrix:

ER2 = — 1[-3|h--|2—l Ehi; =0 (i #))
i =y il =5 ij = J)

We introduce the usual index 8 of random matrix theory, defined to be 1 in the
real symmetric case and 2 in the complex Hermitian case. We use the abbreviation
GOE/GUE to mean GOE if H is a real symmetric Wigner matrix with Gaussian
entries and GUE if H is a complex Hermitian Wigner matrix with Gaussian entries.
We assume that the entries of H have uniformly subexponential decay, that is, that
there exists a constant ¢ > 0 such that

2.1 ]P’(«/Nlh,ﬂ >x) < T exp(—xﬁ)

3In the resolvent language, this means that the spectral parameters z of all the resolvent entries
coincide.
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for all i, j and N. Note that we do not assume the entries of H to be identically
distributed, and we do not require any smoothness in the distribution of the entries
of H.

We consider a deformation of fixed, finite rank r € N. Let V = Vy be a deter-
ministic N X r matrix satisfying V*V = 1,, and D = Dy be a deterministic r x r
diagonal matrix whose eigenvalues are nonzero. Both V and D depend on N. We
sometimes also use the notation V = [v(V, ..., v()], where vV, ... v e CV are
orthonormal, as well as D = diag(dy, ..., d,). We always assume that the eigen-
values of D satisfy

(2.2) —X+l=<d=d=---=d=X-1

where X is some fixed positive constant. We are interested in the spectrum of the
deformed matrix

-
H:=H+VDV*=H+) dv? ()"
i=1
The following definition summarizes our conventions for the spectrum of a ma-
trix. For our purposes, it is important to allow the matrix entries and its eigenvalues
to be indexed by an arbitrary subset of positive integers.

DEFINITION 2.1. Let m be a finite set of positive integers, and let A =
(Aij)i jex be a|m| x || Hermitian matrix whose entries are indexed by elements
of . We denote by

o (A) := (1 (A)),., €R”

lem
the family of eigenvalues of A. We always order the eigenvalues so that A; (A) <
Aj(A)ifi < j.

By a slight abuse of notation, we sometimes identify o(A) with the set
{Ai(A)}iex C R. Thus, for instance, dist(o (A), o (B)) :=min; ; [A;(A) — A;(B)|
denotes the distance between o (A) and o (B) viewed as subsets of R.

We abbreviate the (random) eigenvalues of H and H by
ha i =a(H),  pai=ha(H).

The following definition introduces a convenient notation for minors of matrices.

DEFINITION 2.2 (Minors). For an r x r matrix A = (A;;)} j=1 and a subset
m C{l,...,r} of integers, we define the |7 | x |7 | matrix

A1 = (Aij)i,jer-
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We shall frequently make use of the logarithmic control parameter
(2.3) ¢ =gy = (log N)eloe N,

The interpretation of ¢ is that of a slowly growing parameter [note that ¢ < N? for
any ¢ > 0 and large enough N > Ny(¢)]. Throughout this paper, every quantity that
is not explicitly a constant may depend on N, with the sole exception of the rank r
of the deformation, which is required to be fixed. Unless needed, we consistently
drop the argument N from such quantities.

We denote by C a generic positive large constant, whose value may change from
one expression to the next. For two positive quantities Ay and By, we use the no-
tation Ay < By to mean C 1Ay < By < CAy for some positive constant C.
Moreover, we write Ay < By if Ay/By — 0 and Ay > By if By < Ay. Fi-
nally, for a < b we set [[a, b]] :=[a, b] N Z.

2.2. Heuristics of outliers. Before stating our results, we give a heuristic de-
scription of the behavior of the outliers. An eigenvalue d; of D satisfying
(2.4) |di] =1 N~'/3

gives rise to an outlier pq(;) located around its classical location 6(d;), where we
defined, ford e R\ (—1,1),

1
(2.5) 0(d):=d+ p
and
i, ifd; <0,
2. ) =
26 (@) {N—r+L if d; > 0.

Condition (2.4) may be heuristically understood as follows; for simplicity set
r =1and D =d > 1. The extremal eigenvalues of H that are not outliers fluc-
tuate on the scale N—2/3 (see [21], Theorem 2.7), the same scale as the extrelnal
eigenvalues of the undeformed matrix H. For the largest eigenvalue uy of H to
be an outlier, we require that its separation from the asymptotic bulk spectrum
[—2, 2], which is of the order 8 (d) — 2, be much greater than N ~2/3. This leads to
condition (2.4) by a simple expansion of 8 around 1.

The outlier pq ;) associated with d; fluctuates on the scale N -l 2(|dl~| — D2,
Thus, fq() fluctuates on the scale N~!/2 if d; is well-separated from the critical
point 1, and on the scale N~=2/3if d; is critical, that is, d; = 1 + aN /3 for some
fixed a > 0. The outliers associated with d; and d; overlap if their separation
is comparable to or less than the scale on which they fluctuate. The overlapping
condition thus reads

@.7) 0(di) —0(dp)| < CN~2(ldi| — 1)

for some (typically large) constant C > 0. Note that the factor |d;| — 1 on the right-
hand side could be replaced with |d;| — 1. Indeed, recalling (2.4), it is not hard to
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FIG. 1. A general outlier configuration. We draw the outlier |1y ;) associated with d; using a
black line marking its mean location 6(d;) and a grey curve indicating its probability density. The
breadth of the curve associated with d; is of the order N*I/Z(Id,- [—1) 172 Outliers whose probability
densities overlap satisfy (2.7) [or, equivalently, (2.8)]. We do not draw the bulk eigenvalues, which
are contained in the grey bar.

check that (2.7) for some C > 0 is equivalent to (2.7) with d; on the right-hand side
replaced with d; and the constant C replaced with a constant C’ < C. Using (2.5)
and recalling (2 4) we may rewrite the overlapping condition (2.7) as

2.8) N'2(di) - 1)!?1d; — dj) < €
for some C > 0. As in (2.7), |d;| — 1 may be replaced with |d;| — 1. Figure 1

summarizes the general picture of outliers.

2.3. The distribution of a single group. After these preparations, we state our
results. We begin by defining a reference matrix which will describe the distribu-

tion of a group of overlapping outliers. Define the moment matrices u® = (MZS))
and p® = (,ug)) of H through

3 4
w = NPE(hi Phip), ) = NElhgl
Using the matrices 1 and u®, we define the deterministic functions
Pij ki (R) == Rilej +1(B=DRikRji,

Qijk(V):= Z Vai Vak Vaz,uab Vi + Vza,uab Vi Vi Vi

f

+ VarVai Vai 115 Vit + Vit ) Vit Vii Vi)
1 4 — —
Riju (V) := N Z(M;b) 4+ B) Vi Vi Vi Vi,
a,b
where i, j, k,l € [[1,7]], R is an r X r matrix, and V an N x r matrix. Moreover,

we define the deterministic » X r matrix

%, 3
SWV):= NV V.

REMARK 2.3. Using Cauchy—Schwarz and assumption (2.1), it is easy to
check that P(V*V), Q(V), R(V) and S(V) are uniformly bounded for V sat-
isfying 0 < V*V <1 (in the sense of quadratic forms).
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Next, let § = 8y be a positive sequence satisfying ¢! <8 « 1. (Our result will
be independent of § provided it satisfies this condition; see Remark 2.4 below.) The
sequence & will serve as a cutoff in the size of the entries of V when computing the
law of V*H V: entries of V smaller than § give rise to an asymptotically Gaussian
random variable by the central limit theorem; the remaining entries are treated
separately, and the associated random variable is in general not Gaussian. Thus,
we define the matrix Vs = (Vl.‘j.) through

Vij o= Vi1(1Vij| > 8).

For ¢ € [[1, r]] satisfying |d¢| > 1 we define the r x r matrix

NY2yv¥HVs SV
(2.9) Y= (Ide] + 1) (Idel - 1)1/2< — (4 )>.
d; d;
Abbreviate
(2.10) Aij ki = Pij k(1) = 8i1ékj + 1(B = 1)dikd ju.

Note that A is nothing but the covariance matrix of a GOE/GUE matrix: if r~!/?>®
is an r x r GOE/GUE matrix then E®;; ®;; = A;; ;. We introduce an r x r Gaus-
sian matrix W¢, independent of H, which is complex Hermitian for 8 = 2 and real
symmetric for 8 = 1. The entries of W* are centred, and their law is determined by
the covariance

|de| +1

B, W}, = — Nkt (Idel + 1)*(Ide| — 1)
@1h) : Pijki(ViVs)  Qiju (V)  Riju(V)
x(— WKL 100y ZUKET | U >+Eij,kl-
d d d
¢ i ¢

Here E;j 1 = (p_lA,- j.kl 18 a term, that is, needed to ensure that the right-hand
side of (2.11) is a nonnegative 2 x r2 matrix. This nonnegativity follows as a
by-product of our proof, in which the right-hand side of (2.11) is obtained from
the covariance of an explicit random matrix; see Proposition 6.1 below for more
details. Note that the term E;;;; does not influence the asymptotic distribution
of Wt,

REMARK 2.4. A different choice of §, subject to gofl < § K 1, leads to the
same asymptotic distribution for Y* + W¢. This is an easy consequence of the
central limit theorem and the observation that the matrix entries
1/2N1/2V5*HV5)

ij

(el + 1)l = 1 J;
14

have covariance matrix (|d¢| + 1)2(|de| — 1)d[473ij,k1(V5* Vs).
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Before stating our result in full generality, we give a special case which captures
its essence and whose statement is somewhat simpler.

THEOREM 2.5. For large enough K the following holds. Let m C [[1,r]] be a
subset of consecutive integers, and fix £ € 7. Suppose that |dg| > 1 + X N~1/3,
Suppose moreover that there is a constant C such that

2.12) N'2(1d| — 1) 1d; — dp) < €
foralli € w and, as N — oo,
(2.13) N'2(1dg| = 1)"?\d; — dy| — o0

foralli e[1,r)|\ .
Define the rescaled eigenvalues { = (¢j)ier through

(2.14) g :=NY2(1de] — 1) (taqiy — 0(do)).

where we recall the definition (2.6) of «(i). Let & = (&;)icr denote the eigenvalues
of the random || X || matrix

(2.15) Yo + oy + N2 (1del — 1) (1del + 1) (d; ' = D)),
Then for any bounded and continuous function f we have

im(Ef () ~Ef ) =0.

The subset 7 indexes outliers that belong to the same group of overlapping out-
liers, as required by (2.12) [see also (2.8) in the preceding discussion]. As required
by (2.13), the remaining outliers do not overlap with the outliers indexed by 7.

REMARK 2.6. The reference point £ for the block 7 is arbitrary and unim-
portant. See Lemma 4.6 below and the comment preceding it for a more detailed
discussion.

REMARK 2.7. For the special case 7 = {¢}, Theorem 2.5 essentially* reduces
to Theorem 2.14 of [21]. In addition, Theorem 2.5 corrects a minor issue in the
statement of Theorem 2.14 of [21], where the variance of T was not necessarily
positive. Indeed, in the language of the current paper, in [21] the term Vi*H V;
in (2.9) was of the form V*HV, which amounted to transferring a large Gaussian
component from W to Y. This transfer was ill-advised as it sometimes resulted
in a negative variance for W (which would however be compensated in the sum
T + W by a large asymptotically Gaussian component in Y').

4In fact, condition of [21] analogous to (2.13), equation (2.24) in [21], is slightly stronger
than (2.13).
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The functions P, @, R and S in (2.9) and (2.11) are in general nonzero in the
limit N — oo. They encode the nonuniversality of the distribution of the outliers.
Thus, the distribution of the outliers may depend on the law of the entries of H as
well as on the geometry of the eigenvectors V.

In the GOE/GUE case, it is easy to check that Y + W' is asymptotically Gaus-
sian with covariance matrix

|de| + 1

2.16 e
(2.16) a2

Ajj ki

Moreover, if limy |d¢| = 1 then the matrix Y¢ 4+ W* converges weakly to a Gaus-
sian matrix with covariance given by (2.16). In this case, therefore, the nonuniver-
sality is washed out. Thus, only outliers separated from the bulk spectrum [—2, 2]
by a distance of order one may exhibit nonuniversality.

If limy max; ; |V;;| = 0, then an appropriate choice of § yields Yt = (|de| +
D(|de| — DY Zd[ 4s (V) as well as a matrix W¢ whose covariance is asymptotically
that of the GOE/GUE case, that is, (2.16). Hence, in this case the only manifesta-
tion of nonuniversality is the deterministic shift given by Y.

It is possible to find scenarios in which each term of (2.9) and (2.11) [apart from
the trivial error term E in (2.11)] contributes in the limit N — oo. This is, for in-
S) and ug) do not depend on i and j, /,LS.D
cally 4 — 8, and an eigenvector v\") satisfies |[v()||oo > c as well as [[v]|; > cN1/2
for some constant ¢ > 0. We refer to [21], Remarks 2.17-2.21, for analogous re-
marks, where more details are given for the case 7 = {¢}.

Next, we give the asymptotic distribution of a group of overlapping outliers in
full generality. Thus, Theorem 2.9 below holds for arbitrary sequences V = Vy
and D = Dy satisfying V*V =1 and (2.2).

stance, the case if © is not asymptoti-

DEFINITION 2.8. Let N and D be given. For s > 0 and £ € [[1, r]] satisfying
|de] > 1, define w (£, s) =y p(£, s) as the smallest subset of [1, ]| with the two
following properties.

(1) Leml,s).
(ii) Iffori, j € [[1,r]] we have |d;| > 1 and

1/2

(2.17) NY2(1d;| — 1) "%|d; — dj| <35,

then either i, j e w(£,s) ori, j € [1,r]\ 7 (¥, s).

The subset 7 (£, s) indexes those outliers that belong to the same group of over-
lapping outliers as £, where s is a cutoff distance used to determine whether two
outliers are considered overlapping. Note that 7 (€, s) is a set of consecutive inte-
gers.
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THEOREM 2.9. For large enough K the following holds. Let ¢ > 0 be arbi-
trary, and let f1, ..., fr be bounded continuous functions, where fi is a function
on RX. Then there exist Ny € N and so > 0 such that for all N > Ng and s > sq the
following holds.

Suppose that £ € [[1, r]| satisfies

2.18) lde| = 1+ X N7/
and set w :=mw({,s). Then

(2.19) [E fix1(€) — Efix (§)] <.
where ¢ and & were defined Theorem 2.5.

2.4. The joint distribution. In order to describe the joint distribution of all
outliers, we organize them into groups of overlapping outliers, using a partition I1
whose blocks  are defined using the subsets (£, s) from Definition 2.8.

DEFINITION 2.10. Let N and D be given, and fix K > 0 and s > 0. We
introduce a partition5 I[I=TII(N, K,s, D) on asubset of [1, r]], defined as

I:={n,s):Lel,rl|d]|>1 +§0KN71/3},

We also use the notation I1 = {7} ;e and [I1] := U, 7.

The indices in [IT] give rise to outliers, which are grouped into the blocks of IT.
Indices in [[1, 7]] \ [T1] do not give rise to outliers.
For € I1, we define

(2.20) dr :=min{d; :i € 7}.

We chose this value for definiteness, although any other choice of d; with i € &
would do equally well.

Next, in analogy to (2.15), we define a |[I1]| x |[I1]| reference matrix whose
eigenvalues will have the same asymptotic distribution as the appropriately
rescaled outliers (u4q())ierm). Define the block diagonal [[IT]| x [[IT]| matrix
YT =@,cn X", where

N12v¥HVs  S(V)
Y7 = (de| 4 1)(Idy | — 1)1/2( 6 179 )[ |
s

dz dy
In addition, we introduce a Hermitian, Gaussian |[IT]| x [[IT]| matrix W, that
is, independent of H and whose entries have mean zero. It is block diagonal,

5That IT is a partition follows from the observation that ¢’ € 7 (¢, s) if and only if £ € 7w (£, 5).
Therefore if £ and ¢’ satisfy |dg| > 1 + @K N=2/3 and |dy| > 1 + oKX N~=2/3 then either 7 (¢,5) =
a,s)orm(l,s)Nm(t,s)=0a.
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V=@, q¥”", where the block V" = (\IJ”), ,jer is a || x || matrix. The law
of W is determined by the covariance

ldr |+ 1
E\IJ” lIJkl = ndizaﬂﬂ/Aij,kl + Snn’Eij,kl
4
(Idpl — D2(ldp| + 1)
+( I1 2 )
p=n,1’ dp

2.21) 1
x (—Pi,-,k/(vg* Vo) + ———Rijua (V)

wlga’

Wij ki (V) N Wkl,ij(v))
dy dy ’
where we defined

Wiju(V) = — Z (Vi Vat Var 185 Vij + Vit Vioi Vit Vi)

«/—
(Note that Q;j k1 = Wij ki + Wii,ij.) As in (2.11), the factor E;j i = w‘lAij,kl,
whose contribution vanishes in the limit N — oo, simply ensures that the right-
hand side of (2.21) defines a nonnegative matrix; this nonnegativity is an immedi-
ate corollary of our proof in Section 9.1.

Next, in analogy to (2.14), we introduce the rescaled family of outliers ¢ =
P mellien)e RIM whose entries are defined by

(2.22) i = NY2(1dr ) = 1) (1o — 0(dn)),

where we recall the definition (2.6) of a(i). Moreover, for w € IT let §7 = (¢":ie
) denote the eigenvalues of the random |7 | X || matrix

YT+ W7+ NY2(lde | = 1) 2 (1de | + D(d; ' = DY)

and write § = (§":mel)=(§ :mrell,ien) e RIM . We may now state our
main result in its greatest generality.

THEOREM 2.11. For large enough K the following holds. Let ¢ > 0 be arbi-
trary, and let f1, ..., fr be bounded continuous functions, where fy is a function
on RX. Then there exist Ng € N and so > 0 such that for all N > Ny and s > sg we
have

Efirm(¢) —Efimy )| <e.

We conclude this section by drawing some consequences from Theorem 2.11.
In the GOE/GUE case, it is easy to see that the law of the block matrix T + W is
asymptotically Gaussian with covariance

|dr| +1

42 57TT[/Aij,kl'
b3
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In particular, we find that overlapping outliers repel each other according to the
usual random matrix level repulsion, while nonoverlapping outliers are asymptot-
ically independent.

In general outliers are not asymptotically independent, even if they do not over-
lap. Such correlations arise from correlations between different blocks of T + W.
There are two possible sources for these correlations: the term Vi H Vs in the def-
inition of Y, and the terms R and W in the covariance (2.21) of the Gaussian
matrix V. Thus, two outliers may be strongly correlated even if they are located
on opposite sides of the bulk spectrum.

3. Tools. The rest of this paper is devoted to the proofs of Theorems 2.5, 2.9
and 2.11. Sections 3-8 are devoted to the proof of Theorem 2.9; Theorem 2.5 is an
easy corollary of Theorem 2.9. Finally, Theorem 2.11 is proved in Section 9 by an
extension of the arguments of Sections 3-8.

We begin with a preliminary section that collects tools we shall use in the proof.
We introduce the spectral parameter

z=FE+in,

which will be used as the argument of Stieltjes transforms and resolvents. In the
following, we often use the notation £ = Re z and n = Im z without further com-
ment. Let

o(x) = % [4 —x2]+ (x eR)

denote the density of the local semicircle law, and

(3.1 m(z) := &d (z¢[-2,2])

its Stieltjes transform. It is well known that the Stieltjes transform m satisfies the
identity

(3.2) m(z)+%+Z—O

It is easy to see that (3.2) and the definition (2.5) imply

3.3) m(@(d)) = -7
For E € R, define
(3.4 KE = ||E| —

the distance from E to the spectral edges £2. We have the simple estimate

(3.5) ko = (Id] —1)°

for |d| > 1. The following lemma collects some useful properties of m.
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LEMMA 3.1. For |z] <2%, we have

(3.6) Im(z)| < 1, 11— m2)?| < Vk +1.
Moreover,
VK +, ifIE| <2,
Imm(z) < Ul .
— E|>2.

(Here the implicit constants depend on X.)
PROOF. The proof is an elementary calculation; see Lemma 4.2 in [17]. O

The following definition introduces a notion of high probability that is suitable
for our needs.

DEFINITION 3.2 (High probability events). We say that an N-dependent event
& holds with high probability if there is some constant C such that
3.7) P(E°) < N exp(—¢)
for large enough N.

Next, we give the key tool behind the proof of Theorem 2.9: the Isotropic lo-

cal semicircle law. We use the notation v = (vi)f\’: | € CN for the components of

a vector. We introduce the standard scalar product (v, w) := > ; v;w;. For n > 0,
we define the resolvent of H through

G(z):=(H -2\
The following result was proved in [21], Theorem 2.3.
THEOREM 3.3 (Isotropic local semicircle law outside of the spectrum). Fix

Y. > 3. There exists a constant C such that for large enough K and any determin-
istic v, w € CN we have with high probability

1
(3.8) [v. G@W) — m(@)(v. w)| < ¢ | m;“f) v iwll

for all
Ec[-%, 22— N?PlU2+ ¢ N3 2] and ne (0, 2]

Using (3.5) and Lemma 3.1, we find that the control parameter in (3.8) may be
written as
Im _
(3.9) Mm@ N=123e5 + m VA< N2
Nn
The following result provides sharp (up to logarithmic factors) large deviations
bounds on the locations of the outliers.
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THEOREM 3.4 (Locations of the deformed eigenvalues). There exists a con-
stant C such that, for large enough K and under condition (2.2), we have

(3.10) ey — 0| < pC N7V2(1d;) - 1)

with high probability provided that |d;| > 1 + X N~1/3,

PROOF. This was essentially proved in [21], Theorem 2.7, by setting v = 1
there; see equation (2.20) of [21]. Note that Theorem 2.7 of [21] has slightly
stronger assumptions than Theorem 3.4, requiring in addition that there be no
eigenvalues d; of D satisfying ||d;| — 1| < ¢  N~1/3_ However, this assumption
was only needed for equation (2.21) of [21], and the proof from Section 6 of [21]
may be applied verbatim to (3.10) under the assumptions of Theorem 3.4. [J

We shall often need to consider minors of H, which are the content of the fol-
lowing definition. It is a convenient extension of Definition 2.2.

DEFINITION 3.5 (Minors and partial expectation). (i) For U C [[1, N], we
define

HY := Hye) = (hij)i,jeue,
where U¢ :=[[1, N]| \ U. Moreover, we define the resolvent of H ) through
G () :=HY -z
(ii) Set
)

i iti¢U
When U = {a}, we abbreviate ({a}) by (a) in the above definitions; similarly, we
write (ab) instead of ({a, b}).
(iii) For U C [[1, N1 define the partial expectation E¢/(X) := E(X|H ).

Next, we record some basic large deviations estimates from [21], Lemma 3.5.

LEMMA 3.6 (Large deviations estimates). Let ay,...,ay, by, ..., by be in-
dependent random variables with zero mean and unit variance. Assume that there
is a constant v > 0 such that

P(la;] > x) <9 lexp(—x")  (G@=1,...,N),
(3.11)
P(lb;] = x) < ® texp(—x?)  (=1,..., M).



1996 A. KNOWLES AND J. YIN

Then there exists a constant p = p() > 1 such that, for any & > 0 and any deter-
ministic complex numbers A; and B;j, we have with high probability

12
(3.12) S aral - LAl <o (Tiar)

1/2

(3.13) Y aiBija, Sfﬂpé(ZIszIz) ,
i#] i#]

1/2

(3.14) > " a;Bijb; 5¢P€<Z|Bl~j|2) .
L] L]

We conclude this preliminary section by quoting a result on the eigenvalue rigid-
ity of H. Denote by y; < y» <--- < yn the classical locations of the eigenvalues
of H, defined through

Ve
(3.15) N/ o(x)dx =« (I1<a<N).
—o0
The following result was proved in [18], Theorem 2.2.

THEOREM 3.7 (Rigidity of eigenvalues). There exists a constant C such that
we have with high probability

e — Vol = QOC(min{o(, N+1— ot})_l/3N_2/3
forall @ €[[1, NT.

4. Coarser grouping of outliers and reduction to the law of G. For the fol-
lowing, we fix the sequences (Vy)y and (Dy)y. It will sometimes be convenient
to assume that

.1 lij{/ndl.(N) exists for all i € [[1, r]).
To that end, we invoke the following elementary result.

LEMMA 4.1. Let (any)n be a sequence of nonnegative numbers and & > 0.
The following statements are equivalent.

(1) any < ¢ for large enough N.
(i) Each subsequence has a further subsequence along which ay < ¢.

We use Lemma 4.1 by setting an to be the left-hand side of (2.19). Using
Lemma 4.1, we therefore find that Theorem 2.9 holds for arbitrary D if it holds
for D satisfying (4.1). From now on, we therefore assume without loss of general-
ity that (4.1) holds.

For the proof of Theorem 2.9, we need a new subset of [[1, ]|, denoted by y (£),
which is larger than or equal to the subset 7 (¢, s) from Definition 2.8.
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DEFINITION 4.2. For £ € [[1, r] satisfying (2.18), define y (£) = yn p.x (£)
as the smallest subset of [[1, 7] with the two following properties.

1) Ley®).
(1) Iffori, j € [1,7r]] we have |d;| > 1 and
1/2
4.2) N'2(di) = 1) 1d; — dj) < o572,

then either i, j e y(£) or i, j € y(£).
Here we use the notation y (£) :=[[1, 7] \ y ().

Note that ¢ (£) is a set of consecutive integers. Similar to 7 (¢, 5), the set y (£)
indexes outliers that are close to that indexed by ¢, except that now the thresh-
old used to determine whether two outliers overlap is larger (¢X/? instead of the
N-independent s). This need to regroup outliers into larger subsets arises from the
perturbation theory argument in Proposition 4.5 below. At the end of the proof,
in Section 8, we shall use perturbation theory a second time to obtain a statement
involving outliers in 7 (¢, s) instead of y (£).

For the following, we introduce the abbreviation

8,(d) == " N~\2(jd| — 1)""/%,
so that (4.2) reads |d; — d;| < 6k 2(d;). We have the following elementary result.
LEMMA 4.3. Letp>0.1If|d| > 1+ 9" N~/ and |d — d'| <$5,(d), then

'] = 1=(ld| = )(1 + 0(p™"72)).
For brevity, we fix £ satisfying (2.18), and abbreviate y = y(£) and y =y (£)
when there is no risk of confusion. The indices of y and y are separated in the

following sense.

LEMMA 4.4. Ificy and j €y, then

4.3) |di —dj| >k 2(d)).
Ifi,jey,then
4.4) |d;i —dj| <2rég»(d;).

PROOF. The bound (4.3) follows immediately from the definition of y. The
bound (4.4) follows immediately from Lemma 4.3 and the fact that y is a set of at
most 7 consecutive integers. [J

Since D is diagonal, we may write

D = Dyy) ® Dyy;.
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The matrix Dy, has dimensions |y| x |y| and eigenvalues (d;);e,. Define the
region

(4.5) B:= [rl_réi;l(di — 8k a(dy)), r?eayx(di + 8k /4(dl~))].
From (2.18), (4.4) and Lemma 4.3 we get, for any i € y, that
;| — 8k ja(dr) = |de| — |d; — del — 20K *N~12(jdg) — 1)/
> 14 o8N~ — 2r +2)pX 2N (|dy) — 1)/
>1+8N"13 —@r+2)N~1/3
> 1.

We therefore conclude that B C R\ [—1, 1]. For large enough K a simple estimate
using the definition of 6 and the bound (3.10) yields for all i € y
(4.6) o (H) NOB) = {kai) iy

with high probability. In other words, 6(3) houses with high probability all of the
outliers indexed by y, and no other eigenvalues of H . Moreover, from Theorem 3.7
we find that for large enough K the region 8 (53) contains with high probability no
eigenvalues of H.

We may now state the main result of this section. Introduce the » x r matrix

M(z) :=V*G(z2)V.
To shorten notation, for i satisfying |d;| > 1 we often abbreviate

9,' = Q(di).

PROPOSITION 4.5. The following holds for large enough K. Let £ € [[1,r]]
satisfy (2.18), and write y = y (£). Then for all i € y we have

1
m'(6¢)
with high probability. [Recall Definitions 2.1 and 2.2 for the meaning of \;(-) on
the left-hand side.]

(4.7)

Ha(i) = Hi (96 - (M (©e) + D‘l)m>’ <o INTV2(jdg - 1)'?

PROOF. Our strategy for locating the outliers is based on the well-known fact
that x ¢ o (H) is an eigenvalue of H if and only if M (x) + D! has a zero eigen-
value (see, e.g., Lemma 6.1 of [21]). Below, we develop a counting argument
that finds the eigenvalues of H by analysing the behavior of each eigenvalue of
M (x) + D~ as x varies. For our argument to work, it is important that no two
eigenvalues of M (x) + D~! simultaneously cross the origin. [This condition is
made precise in the claim (%) below.] In order to rule out such coincidences, we
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introduce additional randomness, by adding a small perturbation ¢ A, where A has
an absolutely continuous law. The sole purpose of this perturbation is to exclude
these coincidences almost surely in the randomness of A. This perturbation is
purely qualitative in the sense that ¢ > 0 may be arbitrarily small; once the count-
ing argument is concluded, we may easily take ¢ — 0 and recover the claim for
& = 0 by a trivial continuity argument.

Thus, let A be an r x r Hermitian random matrix whose upper-triangular entries
are independent and have an absolutely continuous law supported in the unit disc.
Moreover, let A be independent of H. Let ¢ > 0. We shall prove the claim of
Proposition 4.5 for the matrix H¢ := H + V(D™ + ¢A)~!V* for small enough ¢
(depending on N), instead of H=H+VDV*,

Define the r x r matrix

(4.8) AP(x):=M(x) —m(x)+ D ' +eA.

From [21], Lemma 6.1, we get that x ¢ o (H) is an eigenvalue of H¢ if and only
if A®(x) 4+ m(x) has a zero eigenvalue. Similar to Proposition 7.1 in [21], we use
perturbation theory to compare the eigenvalues of A®(x) with those of the block
matrix

AP (x) := Af 1 (x) © Ay (x).

In order to apply perturbation theory, we must establish a lower bound on the
spectral gap

dist(o (Af,1(00)). o (Af7(80)))-

We find, for large enough K and small enough ¢ (depending on N), that with high
probability

dist(o (A}, (60)), o (Af71(60)))
(4.9) > dist(o(D},}), o (D;))) — 8¢ (de) — re
> ¢k 2(dg) — 8¢ (dp) = Sk j2—1(de);
in the first step we used Lemma A.2, ||¢A|| <re and
(4.10) |M(6¢) —m(6e)| < 8c(de)

by Theorem 3.3, (3.5), (3.9) and (2.18); in the second step we used (4.3) and
chose ¢ to be small enough (depending on N); in the last step we chose K to
be large enough (depending on C).

Next, Theorem 3.3, (3.5) and (3.9) yield, with high probability,

(4.11) | A% (0e) — A% (00| < 8k ja—2(dp)
for large enough K and small enough ¢ (depending on N).
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Define the regions
D= J[d; ' — 8k /ade). d; ' + 8k ja(dp)],
iey
D= J[d; " — 8k /ade). di " + 8k ja(dp)],
iey
which are disjoint by (4.3). Using (4.10), we find that for large enough K and small
enough ¢ (depending on N) we have, with high probability,

o(Af,,(00) CD,  o(A°(6)) CDUD.

Moreover, both A?(6,) and Af,,(6¢) have exactly |y| eigenvalues in D; we denote
these eigenvalues by (a7 );e, and (a;);ey , respectively.

We may now apply perturbation theory. Invoking Proposition A.1 using (4.9)
and (4.11) yields with high probability
Sk ja—2(de)?

(4.12) af =Gt + 0<
! ' Sk j2—1(dp)

) =a; + 0(8-3(dp))

fori e y.

Next, we allow the argument x of A®(x) to vary in order to locate the eigen-
values of H¢. We recall the following derivative bound from [21], Lemma 7.2:
there is a constant C such that for large enough K we have for all £2-normalised
v, w € CV, with high probability,

|0 Gyw (x) = dxm () (v, W)| < 9N~ P!

(4.13)
forx € [-X, =2 — oK 2N2BlU 2+ X /2N~1/3 1],

By the definition (4.5) of B, we find from Lemma 4.3, (2.18) and (4.4) that
(4.14) xe€6(B) = 0(dy—3rdx,2(de)) <x <0(d¢ +3rdk2(dyp)).
We deduce using Lemma 4.3, (2.18) and (3.5) that
(4.15) Ky = (lde) — 1) forx € 6(B).
Therefore from Theorem 3.3, we conclude with high probability
(4.16) M(x) =m(x) + O(5c(dp)) for x € 0(B).
Similarly, from (4.13) we get with high probability
@.17)  M'Gx)=m'(x)+ 0 N~(ld)| —1)7%)  forx € 6(B).

With these preliminary bounds, we may vary x € 6(B). Let (a;(x));e), denote
the continuous family of eigenvalues of A®(x) satisfying a; (6;) =a} fori € y.
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A N 7m(l')
o
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FIG. 2. The spectrum of A®(x) for x € 9(B). For deﬁriiteness, we chose y = [[1,5]]. The region
x € O(B) is delimited by dotted lines. The eigenvalues of H® are labelled by black dots on the x-axis.

For the following argument, it is helpful to keep Figure 2 in mind. We make the
following claim:

*) Almost surely, for all x € 6(3) we have that
*
a; (x) = —m(x) for at most one i € y.
We omit the details of the proof 6 of (x). Note that the necessity for () to hold is
the only reason we had to introduce the additional randomness A into H®.
For definiteness, suppose for the following that dy > 1. We claim that for all
i € y we have with high probability

(4.18) A (o)< —m),  —m(ry) < af (),

where x+ denote the endpoints of the interval 6(5). Let us focus on the first esti-
mate; the second one is proved similarly. Let i := miny. Since d — d — g /4(d)
is increasing, we find that the left endpoint of B is d; — 8k /4(d;). From (4.16) and
Lemma A.2, we find with high probability

1
max maxaj-(x) <—+46bc(dy) +re

xeb(B) jey — d;
1
< —————— —cdga(d;) +0c(dg) +re
di —Sgsatdy T
1
<———=-mx_);
di — 8k a(d;)

%The claim () reduces to the following statement. Let B(x) with x € I and A be Hermitian matri-
ces such that B(x) is deterministic and depends smoothly on x, and A has an absolutely continuous
law; then, almost surely in A, for all x € I the matrix B(x) + A has at most one zero eigenvalue. Let
S denote the subset of matrices with multiple eigenvalues at zero, so that S is an algebraic variety of
codimension two. The claim therefore reduces to the statement that the path {B(x)},c; + A almost
surely does not intersect S, which is standard.
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in the second step we used 1 < d; < ¥ — 1; the third step holds for large enough
K and small enough ¢ (depending on N), by Lemma 4.3; the last step follows
from (3.3). This concludes the proof of (4.18).

Recall that H? has with high probability exactly |y | eigenvalues in 6(B). By
continuity of af (x) the property () and (4.18), we therefore get that the func-
tion —m(x) intersects each function af(x), i € y, exactly once in 6(B). Let
i € y and denote by x; the unique point (with high probability) in 6(5) at which
a; (x;) = —m(x7).

From the definition of A® and (4.17) we get, with high probability,

—m(xf) =af @) + O(@ N~ 3(1de| — 1) % |xF — 6y)
=af + 0(¢K/2+CN—5/6(|dE| . 1)—3/2)’

where in the second step we used (4.14), the fact that x; € 6(), and the elemen-
tary bound |6’ (d)| < |d| — 1. [Recall that by definition a; (6¢) = a;.] Now we may
use (4.12) and (4.19) to get

4200 —m(xf) =@ + 0(8_3(dp) + X/ PHENTO(1dy| — 1))
with high probability. Now we expand the left-hand side using the identity

(4.19)

2
m —
@20 e
which follows easily from (3.2); in the second step we used Lemma 3.1. Differen-

32 From (4.15), we therefore get

tiating again, we get m” (x) < ky
m(x{) =m(O¢) +m'(O)(x; — 6¢)
(4.22) +0((del = 1) ((1de| = 1)8k/2(d0)’)
= m (@) +m'00) (xf —00) + 0 (" (1del = 1) >N

with high probability. Solving x; from (4.22) and —m (x}) from (4.20), we find for
large enough K with high probability
1

xf =0 — —r (@ +m(6))

+0(p >N (de) = 1)
+(pK/2+CN75/6(|d@| _ 1)—1/2 +(pKN71(|d£| - 1)_1)

=0 ! as 0
= e—m(ai + m(6r))

+¢—K/2+CN—1/2(|de| _ 1)1/2 —|—§0_K/2N_1/2(|dg| _ 1)1/2)

=6, — (@ +m@) + 0 (¢ 2N~"2(1de| — 1)'?);

1
m'(6¢)
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in the first step we estimated the error terms using m’(0) =< (|d¢| — H-! by (4.21)
and (4.15); in the second step we used (2.18); the last step follows by choosing K
large enough. Thus, we conclude that

xE =1 (95 ———(Mpy1(00) + D[ + EAM)> +0(p 2N~2(1dy| — 1)'/?)

1
m'(6¢)
with high probability for small enough & (depending on N). Taking ¢ — 0 com-
pletes the proof. [

We conclude this section with a remark on the choice of the reference point 6,
in Proposition 4.5. By definition of y, if i € y(£) then y(i) = y(£). Obvi-
ously, the distribution of the overlapping group of outliers (itq())iey cannot
depend on the particular choice of £ € y. Nevertheless, the reference matrix
0 — iz (Miy1(60) + D)) in (4.7) depends explicitly on € € y via ;. This
is not a contradiction, however, since a different choice of £ leads to a refer-
ence matrix which only differs from the original one by an error term of order
O(go_lN -l 2(|dg| — 1)1/2); this difference may be absorbed into the error term
on the right-hand side of (4.7). We shall need this fact in Section 9. The precise
statement is as follows. (To simplify notation, we state it without loss of generality
for the case y =[[1, r]].)

LEMMA 4.6. Suppose that y(1) =[[1, r]l and that |dy| > 1+ X N71/3. Let
d,d € [di — 8k jp11(dr), dy + 8k p+1(d1)].

Then for large enough K we have

H( '(9> (M®) + D_l)) B (é B m/1<é) (M©)+ D_l)) H

< 'NTV2(lay) - 1)'2,

where we abbreviated 6 = 0(d) and 6 = 9(6?).

PROOF. We write

(9,- — ,1(9) (M@©)+ D~ )) — ( m/l@ (M@©)+ D_l))

s -~ 1 ~ »

=0 0+m/(0)(M(9) M(@))—I—(m/(é) m/(@))(M(G)—i—D )

-G — (m(é)—m(e))+< L )(m(é)+d—1)
m'(0) m'(©) m'(9)

+ O (pKIHENT50(1dy | — 1) 712 4 KN (jay — 1))
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1.1 11 o n
=d+-—d—= d2—1(——:> 0(p 2N~'2(ja| = 1)
+- SH(@ =D(5-=)+0( (Idi] = 1))

= 0(p 2N~"2(ldy| — 1)'?)

with high probability; in the second step we wrote M (6) — M (9) = f@e~ M'(&)d&
and used (4.17) and Lemma 4.3, as well as Theorem 3.3, (3.9), (3.5), (4.21),
and the fact that m” (x) =< /<x_3/2; in the third step we used (2.5), (3.3), and the

assumption that K is large enough; in the last step we used that (d — d)? <
4KHINT (= D7 O

5. The Gaussian case. Suppose that ¢ satisfies (2.18). By Proposition 4.5,
in order to analyse the joint distribution of the outliers (iq(i))icy With y =y (£),
it suffices to analyse the distribution of the eigenvalues of the |y| x |y| matrix
M, 1(6¢). In this section, we do this under the assumption that the entries of H are
Gaussian, that is, that H is a GOE/GUE matrix.

Recall that ¥ may depend on N. To simplify notation, in Sections 5-7 we take
y = [[1, r]l, which allows us to drop subscripts [y] and avoid minor nuisances
arising from the fact that y may depend on N. In fact, this special case will easily
imply the case of general y; see Section 8.

The following definition is a convenient shorthand for the equivalence relation
defined by two random matrices of fixed size having the same asymptotic distribu-
tion.

DEFINITION 5.1. For two sequences Xy and Yy of random k x k matrices,
. . d .
where k € N is fixed, we write X ~ Y if

111{/I1(Ef(XN) —Ef(Yn))=0

for all continuous and bounded f.

Let ® = (P, j); j=1 be an r x r GOE/GUE matrix multiplied by /r. In other
words, the covariances of @ are given by

(5.1) E®;;j P = Ajjkis

where A;; i, was defined in (2.10). The following proposition is the main result of
this section. It provides the joint distribution of the eigenvalues of M (9), which, by
Proposition 4.5, immediately yields the distribution of the y-group of outliers un-
der the assumption that H is a GOE/GUE matrix. However, since we are ultimately
interested in non-Gaussian H, we shall not combine it Proposition 4.5 directly, but
instead use it as an input for the more general case covered in Section 6.
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PROPOSITION 5.2. The following holds for large enough K . Let 0 = 6(d) for
some d satisfying |d| > 14+ X N=1/3. Suppose moreover that H is a GOE/GUE
matrix. Then

1
N2(1d) = 1) (M©) — m@©)) £ T ®

PROOF. Throughout the proof, we drop the spectral parameter z = 6 from
quantities such as M(#). By unitary invariance of H, we may assume that
Vij = éij, that is, v(® is the ith standard basis vector of CV. By Schur’s comple-
ment formula, we therefore get M = B~! where B = (B; i j=1 is the Hermitian
r x r matrix defined by

(1-r)
I
Bjj:=hjj —0 — Z hiaG;b r)hbj.
a,b
We now claim that

I
(5.2) Z G(1 ) _m

CN_IKQ_I.

Bearing later applications in mind, we in fact prove, for any £ € N, that

o(x)
x —0)¢

[

dx| < ¢k,

(5.3) TtGl — N f (

with high probability. Applying (5.3) with £ = 1 to the minor H ") immediately
yields (5.2). In order to prove (5.3), we use Theorem 3.7 to get with high probabil-
ity

| o

2 G 2y

N/2 _1/37x7—2/3

o N
5.4) §<pc§ -
= (6] — e !

N/2

~

(/)71
(@ NP+ 1)

=

A
N ?

‘_eq I M

A

o [® —1/3
< A | :
=¢ ./0 Q2B+ rg) T =
in the first step we estimated the contribution of o > N /2 by the contribution of
N 4+ 1 — «, and used that |Aq — v4| < |6] — |y With high probability by Theo-
rem 3.7 and the assumption on 6 (for large enough K); in the second step we used
the estimate

D~

(5.5) 2 — |yu| xa?PNT23
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for « < N /2, as follows from the definition of y,,. Similarly, setting yo := —2, we
find

o) e o)
(x—0>@dx_N£/yal<x—e>fdx

N N2 S1B3N2/3
(5.6) ZZ% o " (2 W)

a=1
}()l 6 <K >

Now (5.3) follows from (5.4) and (5.6).
Using Eh;qhpj = Sij(SabN_l and (3.5), we therefore get from (5.2)
(1--1)
> hiaGly " hoj — 8ijm

Mz

(1--7)
=@ —Err) Y hiaGly " hp + 0 N~ d —1)72)
a,b

with high probability. We may therefore write
Bij =—0 —m — (=h;j + W;; + R;}),

where
Ry I 2
Wiji= (@ —Ei..) Y hiaGly hy; and Rij=O0( N~ (jd| 1))
a,b
with high probability.
Next, we claim that
(5.7) Wij = 0(eCN~2(jd| —1)""/%)

with high probability. Indeed, using Lemma 3.6 we get
(1--7) 172
[Wijl <o ( Z 1G] )

1 1/2 _

with high probability. In the last step we used (5.3), (4.13), and G = G* to get
(dropping the upper indices to simplify notation)

1
3 T(G"G) = N~ + O((pc N2k,

=0(N"'i,"* + 9 N2 )= 0o(N" (1d] - 1))
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with high probability.
Using the bounds (5.7) and |h;;| < ¢©N~!/2 with high probability [as follows
from (2.1)], we may expand with (3.2) to get
Mi; =m8;j +m*(—hij + Wij) + 0(° N~ (|d| = 1)°)
with high probability. Let Hyj....,; = H"T!*¥) denote the upper r x r block of H.
Thus we get

N'2(1d) 1) (M = m)
(58) 1/2 —3/2
m>N'2(1d| = 1) (=Hj1..y+ W) + 0 (9 NV2(jd| — 1))

with high probability. In particular, for large enough K we get
d
(59 N'2(dl = 1) M —m) ~m> N (1d| = 1) (= Hypoory + W),

By definition, Hjj...,; and W are independent. What therefore remains is to com-
pute the asymptotic distribution of W. We claim that W converges inlawtoanr x r

Gaussian matrix:
1

———
V0di+1

By the Cramér—Wold device, it suffices to show that

N'2(ld| - I/ZZQU Wij ﬁZQU

(5.10) N2(1d) - 1) 2w L

for any deterministic matrix Q = (Q,- ;) satisfying Q = Q* and Q;; e Rif B =1.
To that end, we diagonalize G by writing

N2(d| = 1)*60 ) = u* AU,

where U is a unitary (N —r) X (N — r) matrix and A = diag(A;+1,..., AN).
Moreover, we introduce the » x (N —r) matrix h := (h;,:i <r,a >r +1). Since
the entries of 4 are i.i.d. Gaussians, U is orthogonal/unitary, and H is independent

of (A, U), we find that (A, Uh) 4 (A, h). We conclude that

.
N'2(d1 = 1)V 3 0ijWij = N(1 = Ep..,) Te(QR*U*AUR)
i, j=1

[

N(1 —E;.,) Tr(Qh* Ah)

(1--r) r

= Z Aq Z QZJN(hlahaj Ehiahaj)

i,j=1
=: X.
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Note that (Zi,j QijN(highaj — IEh,-aha.,-))fl\’:rJrl is a family of i.i.d. random vari-
ables, independent of A, with variance 2,3_1 Tr QZ. Therefore,
) (17
EX* = ETrQ2 3 A2
a

- %Tr Q>N (|d| = 1) Tr(G )

- %Tr 02((1dl — 1)m’ + 0 (S N~ (1d| — 1) 7))

- %Tr 0*((1d| — 1)m' + 0(p 1))

with high probability for large enough K, where we used (5.3). Moreover, we have

(1)
3 At =N2(dl - 1)’ Te(G )
a

= N72(Id] — 1)*(Nm" /6 + 0 (o€ (1d] — 1) %))

= 0N~ (ldI = 1)+ N(ld| = 1)) = 0(¢”")
with high probability for large enough K, where in the second step we used (5.3)

"

and in the third step the estimate m"”’ <k, /% as follows by differentiating (4.21)
twice and from Lemma 3.1.

We conclude from the central limit theorem that

d 2
X~N<o, 7TrQ2),
Adl +1)
where we used the identity
1
d —1)m' =
(11 =1) |d| +1

as follows from (4.21) and (3.3). Thus, (5.10) follows the identity

1 J 2 )
Y 00 LN(0,———T
W%Qﬂ)’ N< B(ldl+1) rQ)

as follows from a from a simple variance calculation.
Next, by definition of Hjj...,; we have

1/2

1/2 d
—N2(ld| = 1) / Hjypp = (Id] = 1) 7" .
Thus, we find
d|
(Idl = 1) "“(=Hp..rn + W) [d]+ 1

The claim now follows from (5.9) and (3.3). [
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6. The almost Gaussian case. The next step of the proof is to consider the
case where most entries of H are Gaussian. The exponent p > 2 is used to define
a cutoff scale in the entries of V, below which the corresponding entries of H are
assumed to be Gaussian. Proposition 6.1 will ultimately be fed into Lemma 7.1
below, at which time we shall choose p to be large enough.

PROPOSITION 6.1. The following holds for large enough K. Let 0 = 6(d) for
some d satisfying |d| = 1+ @K N=13. Let p > 2. Suppose that the Wigner matrix
H satisfies

(6.1) max max{|Viyl, |Vil} <¢™" = hyj is Gaussian.
<i<r
Then
N'2(ld] = 1) (M ©) — m(©)) £ —N"2(Id| — 1)/*d 2V H Vs + W,

where Wo = Y} is a Gaussian matrix, independent of H , with centred entries and
covariance

d| — 1 . 1
E(Wo)i; (Wo)u = T(Aij,kl — Pijki (Vs Vs)) + mAiLkl
d| — 1 dl — 1

TQij,kl(V) + TRij,kl(V)-

PROOF. Throughout the proof, we drop the spectral parameter z = 6 from our
notation.

Step 1. We start with some linear algebra in order to write the matrix M in a
form amenable to analysis. Since ||[v(?)|| = 1 for all [ we find that

i :|Virl > 9P} < 9?”.

We shall permute the rows of V by using an N x N permutation matrix O accord-
ingto M =V*GV =(0V)*OGO*O0V.ltis easy to see that we may permute the
rows of V by setting V > OV so that after the permutation we have

-(5)

(i) Uisapu xr matrix and W an (N — @) X r matrix,
(i) |Wj| <@~ P foralli and [,
(i) pu < r(pz'o.

where:

After the permutation H — O H O*, we may write H as

A B*
H_<B Ho)’
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where A isa pu X u matrix, B an (N — ) x i matrix, and Hg an (N —u) x (N — )
matrix with Gaussian entries [as follows from (6.1)].
Next, we rotate the rows of W by choosing a unitary (N — u) x (N — u) matrix

S such that
~ w
sw= (7).

where W is an r x r matrix that satisfies
(6.2) UU + W*W =U*U + W*W =1,..

Thus, we get
J— * _l
m—ve(L OY(L 0y(A-0 B CAYE
0 S 0o S B Hy—6 0o S 0
*
i(%) <A—e B*S* )‘1(%)
- SB  Hy—6 ’
0 0 0

d e . : .
where = denotes equality in distribution. Here we used the unitary invariance of
the Gaussian matrix H.
Next, we decompose

_(H Z* < (R
w=(7 %) 5=(s)

where Hj is an r x » Gaussian matrix, Z an (N — u —r) x » Gaussian matrix, and
Hy an (N — u —r) x (N — u —r) Gaussian matrix. Moreover, Risanr X (N — i)
matrix and we have

wm o

)v

RR*=1,, SS*=1An—j—r. RS* =0, R*R+S*S=1n_,.
Thus, we find

U\*/A—6 B*R* B*S*\ ! /U

Mi(w) (RB H -6 Z* ) (W)

0 SB Z Hy—0 0
_(YY(A=0 F* \T'(Y\_g
—\o F  Hy—06 o)

U . A B*R*
Y._(W), F:=(SB, Z), A._<RB i )

where

Here Y is a (u + r) X r matrix satisfying Y*Y =1,,and F isan (N — u —r) X
(u 4+ r) matrix.
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Step 2. We claim that
(6.3) F*F =14, + O(¢“N~'/?)

with high probability (in the sense of matrix entries). In order to prove (6.3), we

write
B*S*SB B*S*Z
*
F F_< Z*SB zZ*7 )

and consider each block separately. For i # j, we get using (3.14)

|(B*S*SB)ij| = Z Byi (S*S) Bij
k.1

<<PC S*§ 2 1/2_<PCT S*SZI/2< Cn-1/2
=N D (S*8) 4l —W( r(§*8)7) T =g
k.l

with high probability. Similarly, (3.12) and (3.13) yield
(B*S*SB);; = D (")l Buil® +D_ Bui (S*8) g Bii = 1+ 0 (9  N~'72)
k k£l

with high probability, where we used that N~ ! Tr§*S =1 — (u + r)N~'. Next,
from (3.12), (3.13) and (3.14) we easily get

(6.4) Z*Z =1, + 0(p°N~'/?)
with high probability. Finally, (3.14) yields

_ e 12 ¢ "
> BuSizi| < —<Z|S;§,|> =¥ (Trs*$)!/2 < pCN12
k,l N k,l N

with high probability. This concludes the proof of (6.3).
Next, we define

|(B*S*Z)ij| =

Gr:=(Hy—6)7!
and claim that
(6.5) F*GyF =m+ 0 (¢S N~2(la| — 1)~

with high probability (in the sense of matrix entries). Since N/2(N — pu —
)" V2H, is an (N — u — r) x (N — u — r) GOE/GUE matrix that is indepen-
dent of F, (6.5) follows from Theorem 3.3, (3.5), (3.9) and (6.3).

Step 3. For the following, we use the letter £ to denote any (random) error term
satisfying |€| < € N~1(Jd| — 1)~ with high probability for some constant C. We
apply Schur’s complement formula to get

O=Y* (=0 —m—(—A+ F*GyF —m))”'Y
=mY*Y —m?*Y*AY + m*(Y*F*GoFY —mY*Y) + &
=m —m*Y*AY + m*(Y*F*GoFY —m) + &,
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where in the second step we expanded using (3.2) and estimated the error term
using (6.5), u < €, and ||A| < ¢€ N~1/2 with high probability. Using R*W = W,
we get

©=m—m*(U*AU + U*B*W + W*BU + W*H; W)
+m*Y*F*(Gy —m)FY +m*(Y*F*FY — 1) + €.

Next, we rewrite the term Y*F*(Gy — m)FY so as to decouple the randomness
of Hp from that of F. From (6.3), we find

(6.6) Y*F*FY =1, + O(¢* N~'/?)

with high probability. Define the deterministic (N — u — r) X r matrix

£~ (o aae)
PN o2y )

Next, we claim that there is a unitary (N — pu —r) X (N — pu —r) matrix O1, which
is F-measurable, such that

(6.7) |O1FY — E || <9CN~/2

with high probability. In order to prove (6.7), write (X1, ..., X;) := FY.Then (6.6)
simply states that the vectors X, . .., X, form a basis of an r-dimensional subspace,
which is orthonormal up to errors of order ¢ N ~!/? with high probability. More
precisely, we choose a unitary matrix U; such that U;x; lies in the direction of e;.
Hence, by (6.6), we have U1 FY = (e, Uixp, ..., U1x,) + O((pCN_l/z) with high
probability. Note moreover that by (6.6) we have (e, U1x;) = O(¢€N~1/2) with
high probability for i > 2. Next, we choose a unitary matrix U, that leaves e
invariant and maximizes (e;, UoUX3). Hence, again by (6.6), we have UyU 1 FY =
(e1,er, UrUses, ..., U U e,) + 0(<pCN_1/2) with high probability. We continue
in this manner, at the kth step choosing a unitary matrix Uy that leaves ey, ..., ex_
invariant and maximizes (eg, Uy - - - U1Xx). Finally, we define O := U, --- U;. By
construction, the estimate in (6.7) holds. Moreover, since Y is deterministic, O is
clearly F-measurable. This concludes the proof of (6.7).

Using Theorem 3.3 and the fact that F and H, are independent, we therefore
get from (6.7)

(O1FY)* (G2 —m)O 1 FY = E}(Gy —m)E; +&.
We conclude that
ML m—m>(U*AU + U*B*W + W*BU + W*H, W)
+m?E}(Gy —m)Ey +m> (Y*F*FY — 1) + &,

where we used that 01G, O} 4 G and that all terms apart from szT(Gz —-m)E}
are independent of H;.
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Next, we compute
Y*F*FY
= U*B*S*SBU + U*B*S*ZW + W*Z*SBU + W*Z*ZW
= U*B*BU — U*B*R*RBU + U*B*S*ZW + W*Z*SBU + W*Z*ZW
= U*B*BU + U*B*S*ZW + W*Z*SBU + W*Z*ZW + 0(¢°N7})

with high probability, where in the last step we used Lemma 3.6 and Tr(R*R)%> =r.
Using (6.2), we rewrite

U*B*BU + W*Z*ZW —1

RET iy

= IE(U*B*BU + W*Z*ZW) — %U*U -
where we introduced the notation I[EX := X — EX.
Thus, we conclude that
(6.8) M-mLO+0:+0;+6,+¢,
where
O :=m?’E} (G, —m)E],
@, := —m2U*AU,
O3 := —m*W*H\ W,
O4 := —m*(U*B*W + W*BU)
+m3E(U*B*BU + U*B*S*ZW + W*Z*SBU + W*Z*ZW).
By definition, the random variables ®1, ®,, ®3 and ®4 are independent.
Step 4. We compute the asymptotics of ®, ®;, and ®3. We begin with ®;. We
shall apply Proposition 5.2 to the (N — u —r) X (N — p —r) Gaussian matrix H;.
Thus, in Proposition 5.2 we replace N with N — u —r, H with H>, and M () =

V*(H —0)~'V by V*(H, —0)~'V with V := E|. Since u +r < ¢ we find that
N — . —r < N. We therefore conclude from Proposition 5.2 that

%

ld13/1d] 41

Here we used (3.3). Recall that ® is the rescaled GOE/GUE matrix satisfying (5.1).
In order to deal with ®,, we introduce, in analogy to Vj, the matrix Us = (Ufl)

whose entries are defined by Uf, := U;;1(|Uj;| > §). In particular, since § > <p*1 >

¢~ P, we have Vs = (%5). Writing Us = (ﬁi‘sl) :=U — Us, we get

N'2(1d) - 1)e, £

U*AU = U AUs + U AUs + U3 AUs + U3 AU,
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Next, we define the matrices
Wy = U AUs + UF AUs, Wy :=U; AUs.

Note that, by definition, W, W> and U5 AU;s are independent. We now compute
the covariances of the matrices W1 and W,. A simple calculation yields

6o NEW);j (Y1) = 270U Us, U Us),
(6.9) PPN
NEW2);j (Y2)i = Tijx(Us Us, Us Us),

where we defined
Tijw (R, T) = 3(RiyTxj + Rej Ty +1(B = D(RiTj1 + Rji Tix)).

For example, let us prove the second identity for the case S = 2. Using
NEh phed = 8440p We find

"
NEW2);;(¥2)=NE > UhapUp;Uprhea U,
a,b,c,d=1
) *738 ST\ (TIRTT
= Z Ui *Ubj b Ut = (U5 Us),; (U5 Us)y,;-
a,b=1

The other cases are handled similarly. Moreover, since by definition we have
|Ufl| < § K 1, the central limit theorem implies that N 129, and N'2W, con-
verge to a Gaussian random matrix. Hence, the asymptotics of W and W, are
governed entirely by their covariances (6.9).

Similarly, ®3 is Gaussian with covariance

NE(©3);;(@3) =d~*Tij u(W*W, W*W),
where we used (3.3). Using U AUs = V" H Vs, we therefore conclude that

(6.10) N'2(1d| = 1)'*(©) + 0, + ©3)

d 1 1/2(|d|_1)1/2 *
quD—N TVSHV5+\IJ3,
where W3 is Gaussian with covariance
E(W3)i; (V3)u
_ldi -1
(6.11) 7 —— (273,11 (U5 Us, U(; Ug) +Tij, kl(Us Us, Us U,s)

+ 'ﬁjvkl(W*W, W*W))
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Step 5. Next, we compute the asymptotics of ®4. We shall prove that
N'2(ld] — 1)!/2@4 is asymptotically Gaussian, and compute its covariance ma-
trix.

Using Lemma 3.6, we find

(B*S*SB);; =Y (5*S)yBriBij + ) _(S5*S);; BriByj

k#l k
= Z(S*S)szkiBlj + Z(S*S)kk (Bkinj — #)
kL P

6.12

6.12) N
+ dij

=4;; + 0(¢CN_1/2)

with high probability. Define the deterministic (N — @ — r) X @ matrix

2 O(N—ZIL—F)X,LL '

Exactly as after (6.12) we find that (6.12) and Gaussian elimination imply that
there is a unitary (N — u —r) X (N — @ — r) matrix O, which is B-measurable,
such that

102SB — Ea|| <9 N~1/2

with high probability. Thus, we get
(W*Z*(028B — E)U),;| = ‘Z Wi > ((028B — En)U),; Zix
k 1

1/2
ii

< " N"V2(U*(02SB — E2)*(02SB — E)U)
< oCN!
with high probability. Using that Z is independent of B and O3, we therefore find
@4 L —m*(U*B*W + W*BU)
+m’IE(U*B*BU + U*E5ZW + W*Z*EU + W*Z*ZW) + €.
Defining the (N — u — r) X r matrix
U=hU= (O(N—;fj—Zr)xr) ’

we therefore have

04 L0, + 0]+,
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where

@)y := —m?*(U*B*W + W*BU) + m*IE(U* B*BU),

O :=m>(U*ZW 4+ W*Z2*U + TE(W Z*ZW)).
By definition, ®) and ®) are independent. Recalling that |W;;| < ¢ ™", we find
from the central limit theorem that N'!/ 2@& and N'1/? @], are each asymptotically

Gaussian. Hence, it suffices to compute their covariances. A straightforward com-
putation yields

NE(®)),;(©4)y =2m*Tijua(U*U, W*W) — m’ Qjj (U, W)

+mS(Tij . (U*U, U*U) + Rij 1 (U)),
where we defined
- = 77 3 = 3 =
Qij ki (U, W) := N~V (Ui Uak Uar1£5) Wiy + Wiatr'sy Up; UpiUpi
a,b
777 .77 ., w. 1 7777,
+ UakUai Ugj gy Wor + Wiait s, UpiUpi Upj).
[By a slight abuse of notation, we write R;; x(U) by identifying U with the N x r
vector (g).]
We may similarly deal with ®}. Using U*U = U*U and W*W = W*W we
find

NE(0));,(04) =2m T;j (U U, W*W) + m°Tij st (W*W, W*W).
Combining ©), and @, and recalling (3.3), we find
NE(©4);j (O = 2d *T;; . (U*U, W*W) +d 5 Q;j 1a(U, W)

(6.13) 6
+d7°(Aij + RijuU)),
where we used that
Tij (U U, UU) + Tij i (W*W, W*W) +2T;; . (U*U, W*W)

=Tiju (1, 1) = Ajj

as follows from W*W + U*U = 1.
Step 6. We may now consider the sum @ + ©, 4+ O3 + @4. From (6.8), (6.10),

(6.11), (6.13), and the definition of £, we get

NY2(1d) = )2 (M = m) L =NV2(ld) = 1) 2d2VEH VS + W,

where Wy = \l—'jf is a Gaussian matrix, independent of H, with covariance

E(Wa)ij (Wa)ki
ld| —1 « ld] —1
=~ (Aijrt — Pijra(Vs'Vs)) + TQij,kl(U, W)
DL ngj s+ Rij ) + Ajj
d6 ijkl ij.kl d6(|d| +1) ij.kl-
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Here we used that
27 (Ui Us, U3 Us) + Tij (U Us, Uz Us)
+ Tijkt (WW, W*W) + 2T, 1 (U*U, W*W)
= Aijit — Tijw(Us Us, U Us) = Aijua — Pijia (Vs Vs)
as follows from the bilinearity of 7j; x (-, ) as well as the identities 77 (1L, 1) =
Aijit, 1=UUs + UgUs + W*W and U Us = V;* Vs.

Using that U is a i x r matrix with 1 < r@?? and |W;;| < ¢, we easily find
that

Qijki (U, W)= Qij (V) + O(p™"),

(6.14)
Rijx(U) = Rij (V) + O(p™%).

Since p > 2, it is not hard to see that the errors on the right-hand side of (6.14) are
bounded from above (in the sense of matrices) by the matrix E;; x; = (p‘lA,- k-
In particular, from (6.13) we get that the matrix

2475 (U*U, W*W) +d > Qi (V) +d % (Aijt + Rijua(V)) + Eij

is nonnegative, from which we conclude that the right-hand side of (2.11) is non-
negative. This completes the proof. [J

7. The general case. The general case follows from Proposition 6.1 and
Green function comparison. The argument is almost identical to that of Section 7.4
in [21], and we only sketch the differences.

Let H=(N"12X; ) be an arbitrary real symmetric/complex Hermitian Wigner
matrix and (N~1/2Y; ) @ GOE/GUE matrix independent of H. For p > 0, define
the subset

I,:={i €e[[1,N]:|Vyl <@ " foralll e [[1,r]l}.
Define a new Wigner matrix H=(N"12X; j) through
A”._{Y,-j, ifiel,and j€l,,
Y X, otherwise.
Thus, H satisfies the assumptions of Proposition 6.1. Let
Jo={G,j):1<i<j<N,i€l,and j€l,}.
Choose a bijective map ¢:J, — {1,...,|J,|}. For 1 <1 <|J,| denote by H; =

(hi’j) the Hermitian matrix defined by

N_1/2X .f . . <
h:_—] _{ 1] 1 d’(l,])_f (l S])-

N_l/zf(,-j, otherwise
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In particular, Hy = H and Hy;, = H.Letnow (a, D) € J, satisty ¢(a,b) = 7. We
write

Hio1= Q0+ NV2(Yp ED 4 1(a # b)Yy EV)
and

H. = Q4+ N V2 (XpEY 4 1(a # b)Xp E®D).
Here E“) denotes the matrix with entries E i(L-lb) := 84i0pj. Hence we have Q) =
Qpa =0, and the matrices H,_; and H; differ only in the entries (a, b) and (b, a).
Next, we introduce the resolvents

1
H, — 7

1 1
R(z) = —, S)i=—o, T(z):=
(2) 0_z (2) oz (2)
Let |d| > 1+ ¢KN~1/2 Set z :=6(d) +iN~—* (as in [21], Section 7.4, we add
a small imaginary part to z to ensure weak control on low-probability events) and
define

(7.1) xg:=N"2(d)| = 1)"*(V*RR)V — m(2)).

The quantities xs and x7 are defined analogously with R replaced by S and T,
respectively.

The following estimate is the main comparison estimate. It is very similar to
Lemma 7.13 of [21].

LEMMA 7.1. Provided p is a large enough constant, the following holds. Let
f € C3(C"*") be bounded with bounded derivatives and q = qn be an arbitrary
deterministic sequence of r x r matrices. Then

r g 8
Ef(xr+q)=Ef(xg +q)+ Z ijb)E%(xR +q)
ij= ij
(7.2) /=
+ Aap + 0((p715ab),
(7.3) Ef(xs+q) =Ef(xg +q) + Aap + O(0™ ' Eap),

where Agp satisfies |Agp| < go_l,

Z{8P = =N (d) — 1) m* 1) Vai Vioj + m* ) Vi V)

a

and

r

2 r 2
(T4) Eapr= Y. Y NPT Vi [T+ 8ap D Y N7 V0.

i,j=lo,7=0 i=10=0
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PROOF. The proof follows the proof of Lemma 7.13 of [21] with cosmetic
modifications whose details we omit. []

Using Lemma 7.1, we may now complete the proof in the general case. The
following proposition is the main result of this section, and is the conclusion of the
arguments from Sections 5-7.

PROPOSITION 7.2.  The following holds for large enough K . Let 6 = 6(d) for
some d satisfying |d| > 1 + X N=1/3. Then
N'Y2(1d| = )2 (M (6) — m(6))
d N1/2(|d|_1)1/2
£ _ yB

where VY is the Gaussian matrix from Proposition 6.1.

(I4] - DY2S(V)
d* +

ViHVs —

Yy,

PROOF. The proof follows the proof of Theorem 2.14 in Section 7.4 of
[21] with cosmetic modifications whose details we omit. The main inputs are
Proposition 6.1 and Lemma 7.1. The imaginary part of the spectral parameter
7z =0(d) +iN~* is easily removed using the estimate m(z) = —d + O (N ~3). The
condition f € C? in Lemma 7.1 can be relaxed to f € C by standard properties of
weak convergence of measures. []

8. Conclusion of the proof of Theorems 2.5 and 2.9. We may now conclude
the proof of Theorems 2.5 and 2.9. First, we note that Theorem 2.5 is an easy
corollary of Theorem 2.9. We focus therefore on the proof of Theorem 2.9.

Fix K to be the constant from Proposition 7.2. Fix £ € [1, r]] and define the
subset

A:={NeN:[d™|=1+¢KN"173).

We assume that A is a subsequence (i.e., infinite), for otherwise the claim of The-
orem 2.9 is vacuous. For given s > 0, we introduce the partition

8.1) A=]JAxr,y (),
Y,

where the union ranges over subsets 7, y of [1, ] satisfying £ e # C y C [1, r]l,
and
Ary(s):={NeA:yn() =y, nn(,s) =},

where my (£, s) = (¢, s) and yy(£) = y (£) are the subsets from Definitions 2.8
and 4.2.
We shall prove the following result.

PROPOSITION 8.1. Fix{, w and y satisfying e w Cy C[[1,r]l. Lete > 0be
given, and let f1, ..., f; be bounded continuous functions, where fy is a function
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on RF satisfying || filloo < 1. Then there exist constants No and so, both depending
onegand f1,..., fr, such that (2.19) holds for all s > sq and all N > Ny satisfying
N e Ay (s).

Before proving Proposition 8.1, we note that it immediately implies Theo-
rem 2.9, since the partition (8.1) ranges over a finite family containing O(1) el-
ements.

PROOF OF PROPOSITION 8.1. From (4.6), we know that ([3) contains with
high probability precisely |y| outliers, namely (itq(i))iey. Following (2.14), for
i € y we introduce the rescaled eigenvalues

~1/2
& =NY?(|de| - 1) / (Ma(iy — O)-

In order to identify the asymptotics of ¢;, we introduce the |y | x |y | matrices
1/2
X =Xy :=—N"2(1de| — 1)"(1de| + 1) (M1 60) — m(60)),

Y =Yy = —N"2(de| - 1) (1de| + 1)(D) - d77Y).

Note that X is random and Y deterministic. From (4.7), (3.3) and (4.21), we get
for all i € y that

(8.2) 16— M(X 4 )| <g!

with high probability. By Proposition 7.2 and Remark 2.3, the family (Xx)y is
tight.
By definition of 7 and Lemma 4.3, if i € 7 and j € y \ 7 then

_ —-1/2
(8.3) \d; —d;| > sN~'2(1de] — 1)7/% )2,
We have the splitting
Dy} = Dz} © Dpy\n-

We shall apply perturbation theory to the matrix X + Y. In order to do so, we
truncate X by defining X’ := X1(|| X|| <) for t > 0. Then by tightness of X there
exists a t =t (¢) > 0 such that

(8.4) P(Xy # X)) < g
for all V. For the truncated matrices, we find the spectral gap
dist(o (X[ + ¥i1), 0 (X[y\ ) + Yiyrm1)
> dist(o (Y(x)), 0 (Yjy\n))) — 21 > ¢s — 21,
where the constant ¢ only depends on ¥ in (2.2); here in the last step we used (8.3).
Proposition A.1 therefore yields
12

t t
(8.5) [ (XT+Y) = 2 (X + Yir)| = 5 >3-
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We conclude that for there exists an so and an Ny, both depending on ¢ and f||,
such that for s > 5o and N > N satisfying N € A, (s) we have

|Ef|n|((§i)ien) - Eﬁnl(()\i (X[Tr] + Y[ﬂ]))ien)|

< E firt(@ren) = Efirt (0 (X + Yir)) )| + 5

2
< [Efini(@ien) = Efim (04 (X' + ¥))r) [+ 5
3
< Efix1(€iex) = Efir (A (X + 1)), e0) | + gg
4e
=< =
=5

where in the first step we used (8.4), in the second step (8.5) and dominated conver-
gence, in the third step (8.4) again, and in the last step (8.2) and dominated conver-
gence. Proposition 8.1 now follows from Proposition 7.2 applied to the |7 | x |7|
matrix

N'Y2(1dg = 1) 2 (M 00) = m(©O0)) 1y = —(Ide| + 1) X (). O

9. The joint distribution: Proof of Theorem 2.11. In this final section, we
extend the arguments of Sections 4-8 to cover the joint distribution of all outliers,
and hence prove Theorem 2.11.

We begin by introducing a coarser partition I', defined analogously to IT from
Definition 2.10, except that 7 (¢, s) is replaced with y (£) from Definition 4.2.

DEFINITION 9.1. Let N and D be given, and fix K > 0. We introduce a par-
tition’ " = (N, K, D) on a subset of [[1, 7], defined as
Di={y®):Lell,r]|d|> 1+ "N/},
We also use the notation I' = {y }, cr.
It is immediate from Definitions 2.10 and 9.1 that [I1] C Uyep y and that for

each w € Il there is a (unique) y € I" such that 7 C y. In analogy to (2.20), we set
for definiteness

dy :=min{d; :i € v}, 0, :=06(dy).

Note that for 7 € y we have

9.1) d—”=1+o(1), =] ~ 1 =14 o(1).
d, \dy] — 1

The following result follows from Proposition 4.5 and (4.21).

7 As in the footnote to Definition 2.10, it is easy to see that I' is a partition.
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PROPOSITION 9.2. The following holds for large enough K. For any y € I’
and i € y we have

92) ey — i 0y — (d2 = 1)(M @)+ D7), )| < o7 N7V (dy | — 1)

with high probability.

As in Section 8, we may assume without loss of generality that the partitions
[T and I' are independent of N. [Otherwise partition

N=JAnr®,
ra

Amr(s):={NeN:T(N,K,D)=T,TI(N,K,s, D) =TI}.

Since the union is over a finite family of O(1) subsets of N, we may first fix
I" and IT and then restrict ourselves to N € Ar i(s).] As in the proof of Proposi-
tion 8.1, we define for each & € I" the |7 | X |7 | matrix

X7 1= =N (ldx | = 1) ({dz | + 1) (M Ox) = m(Ox)); ).

The joint distribution of (X™ )<y is described by the following result, which is
analogous to Proposition 7.2.

PROPOSITION 9.3.  For large enough K, we have

9.3) D x L P+ v,

mell rell

where Y™ and VT were defined in Section 2.4.

We postpone the proof of Proposition 9.3 to the next section, and finish the
proof of Theorem 2.11 first. In order to identify the location of g“i” , we invoke
Proposition 9.2 and make use of the freedom provided by Lemma 4.6 in order to
change the reference point ), at will. Thus, Proposition 9.2 and Lemma 4.6 yield,
forany 7 € I1,i € m, and y € I" containing 7, that

7 =NY(lde ) = 1) (i) — 62)
9.4) 12
= —N"2(jdx| — 1) (1dr| + )2 (MB2) + D)) + 007"

with high probability, where we used (4.21), (9.1) and Lemma A.2.
Next, for m € I1 let y () denote the unique element of I" that contains 7. For
each 7 € I1, we introduce the |y (;r)| X |y (;r)| matrices

X" o= = N2 (ldr | — 1) (Id | + 1) (M 0x) — mO2)) oy

P = =N Y2 (1de | = 1) (1de |+ 1) (D7 = d7 ) -
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Thus, (9.4) reads
(T =0(XT+YT)+0(p7h)

with high probability. By Proposition 7.2 and Remark 2.3, X7 is tight (in N). We
may now repeat verbatim the truncation and perturbation theory argument from
the proof of Proposition 8.1, following (8.3). The conclusion is that there exists an
so and an Ny, both depending on ¢ and f|[r1y, such that for s > 5o and N > No we
have

’Efl[n]l(({in)nel'l,ien) - Eﬁ[“]l(()“i[(}?n + ?ﬂ)[n]])nel'l,ien)‘ =

N ™

The claim now follows from Proposition 9.3 and the observation that ()N( Nl =
X7 . This concludes the proof of Theorem 2.11.

9.1. Proof of Proposition 9.3. What remains is to prove Proposition 9.3.
Clearly, it is a generalization of Proposition 7.2. The proof of Proposition 9.3 relies
on the same three-step strategy as that of Proposition 7.2: the Gaussian case, the
almost Gaussian case and the general case.

We begin with the Gaussian case (generalization of Section 5).

PROPOSITION 9.4. Suppose that H is a GOE/GUE matrix. Then for large
enough K we have

I
NY2(Idg | = 1) 2 (M O2) = m(02)) 11 & @D —— D
7163 (Idx ) g ﬂ)[n] gmﬂ' T+ 1 T

here () e is a family of independent Gaussian matrices, where each ® is a
|| X || matrix whose covariance is given by (5.1).

PROOF. The proof is a straightforward extension of that of Proposition 5.2,
and we only indicate the changes. For each argument 6, we use Schur’s comple-
ment formula on the whole block [[1, ]]. Thus, instead of (5.8), we get

N'2(Jde| = 1) (M (6) — m(8))

This gives

D NY2(1dr] = 1) (M Or) = m @)y

9.5)
d _
S @ d7ANYA(1de | = 1) (—Hypr) + W (02)) (-

mell
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which is the appropriate generalization of (5.9). By definition, Hjj...,] is indepen-
dent of the family of matrices (W (6 ))rem, and the submatrices Hi,, = € I, are
obviously independent. We may now repeat verbatim the proof of (5.10) to get

9.6 NY2(1dy | = )2 Wi (65
9.6) HG% (Idr] —1)" u()%w|+

The claim now follows from (9.5). [
Next, we consider the almost Gaussian case (generalization of Section 6).

PROPOSITION 9.5. Let p > 0. Suppose that the Wigner matrix H satisfies

9.7) max max{|Vyl, [Viil} <¢™ =  hjj is Gaussian.
<l<r

Define f to be the matrix Y without the shift arising from S(V), that is, Y=
@nel‘l Tﬂ with

NY2yxHYV,
™= (de | + 1) (1de | - 1)“2(435> |
dx 7]

Then for large enough K we have

9.8) P x L PET+w).

mell mwell

PROOF. We start exactly as in the proof of Proposition 6.1. We repeat the
steps up to (6.8) verbatim on the family of r x r matrices (M (6;) — m(6x))ret,
whereby all of the reduction operations are performed simultaneously on each ma-
trix M (6, ) —m (6, ). Note that these matrices only differ in the argument 6, ; hence
all steps of the reduction (and in particular the quantities O, Oy, U, W, W, A, B,
Hy, H, Z, etc.) are the same for all matrices M (6;) — m(6;). We take over the
notation from the proof of Proposition 6.1 without further comment. Thus, we are
led to the following generalization of (6.8):

9.9) @D X" 201 +0,+ 63 + 6 + 6,
mell
where
O1:= P (-N"*(lds| - 1) (Ide | + 1)d *[Ef(G2(6x) = m(0)Et] i),
mell
@y := D (N*(ldx| = 1)*(1dx | + 1)d; 2[U* AU ).
mell

03 := @ (N (ldx| = 1) (ldx | + 1)d; [W* H1 W],,)).

mell
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@y := @D (N (ldx| — 1) (1dx| + 1)

rell

x [dy*(U*B*W + W*BU) + d; *IE(U*B*BU)] ).

O = P (N (1del = 1) (1ds] + 1)

mell
x [U*ZW + W*Z*U + IE(WZ*ZW)] )

(We deviate somewhat from the convention of Section 6 in that, unlike there,
we include the normalization factor, which depends on m, in the definition of
the variables ®.) By definition, the random matrices ®1, ©,, O3, @;L and ®Z
are independent. They are all block diagonal, and we sometimes use the notation
©1 =@, cn OF , etc., for their blocks. What remains is to identify their individual
asymptotic distributions.

The matrix is @ is easy: from Proposition 9.4 we immediately get

d Vdz |+ 1
e TR

T

mell
where (®)rem is defined as in Proposition 9.4. The matrix ®; is dealt with in
the same way as in the proof of Proposition 6.1; we omit the details. By definition,
®3 is Gaussian with mean zero. A short computation yields the covariance

/ dy| — DY2(d,y| + 1
E(03);;(03 )y :< [1 (1, )d2(| i )>7?j,k1(W*W, W*W)
p=m,71’ p

for m, 7’ €11, i, j € w and k,[ € ©’. We may therefore conclude that, similar to
(6.10) and (6.11), we have

d Mde | +1 ~
9100 (©14+0,+03)~ P |;7|3<I>n +P T+ P T,
mwell |dx| mell mell

where @, .y W7 is a block diagonal Gaussian matrix with mean zero and covari-
ance

: (Idpl = D'2(Idp| + 1)
E(\pg)ij(\pg )kl = < 1_[ . d2 s )
p=mn,m’ p
(9.11) x (2Tijxi(Us Us, USUs) + Tij (U3 Us, U Us)
+ Tij i (W*W, W*W))

form,m’ €ll,i,jemxandk,l en’.

Next, we deal with ®} and ®. By the central limit theorem and the definition
of W, as in the proof of Proposition 6.1, both of these matrices are asymptoti-
cally Gaussian (with mean zero). The variances may be computed along the same
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lines as in the proof of Proposition 6.1. The result is, for 7, 7’ € I1, i, j € 7 and
k,len,

E(©});;(04)y
(Idyl — DY2(ldy| + 1)
::< IT P d2 )4 )
p=m,7’ p

1
X (27}j,k1(U*U, W*W) + ﬁ(’ﬁj,kl(U*U, U*U) +Rl'j,k1(U))
T’

NV m = ©) = By T
+ 7 Z(UaankUallLab Wi + Wiattg, UpjUpk Upr )
7’ a,b
NP = = 3) =By 7T
+— > (UakUaiUajitgy Wit + Wiatngy, UpiUpi Ubj))
T ab
as well as
(Idyl — DV2(ld,| + 1)
B(o), (0, = ( [] “2 o)
p=n,71’ P

X 2Tij(U*U, W*W) + Tij (W*W, W*W)).
Putting everything together, we get

9.12) Px L P +Py,

well rwell mwell

where @, .y W/ is a Gaussian block diagonal matrix with mean zero that is inde-
pendent of H, and whose covariance is given by

E(WE); (Y9 )

|dz |+ 1
= ndiz(smr’Aij,kl + 8 Eij ki
T
(Idy| — D2(dp| + 1)
I
p=n,7’ p
1
X (—Pij,kl(Vg* Vs) + ——Riju(V)
d]-[dn—’
NV m = 3) = Q) 7T
+ > (UaiUakUarttgyy Waj + Wiattgy Upj Upk Upi)
7' ab
NV = 3) = 3 7
+ Z(UakUai Uajitgy, Wor + Wiait gy Upt Upi Ubj))-

4 a,b
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Similar to (6.14), we find using the definition of U and W that the two last lines

. ikl (V iV
are asymptotic to W’f’/( ) + W’dé’ 125 Thus, we get
bl

T

9.13) Pur P

mell mwell

This concludes the proof. [

In order to conclude the proof of Proposition 9.3, we finally consider the general
case (generalization of Section 7). As in Proposition 7.2, in the general case we get
a deterministic shift @, .q S™, where

 (ldx |+ D(Jd| = D'2
dy
The proof is similar to those of Lemma 7.1 and Proposition 7.2. We take over
the setup and notation from Section 7 up to, but not including, (7.1). For each
m € I1, we define the spectral parameter z, := 6, +1N —4 and the || x |7 | matrix
(9.15) 1 = N2 (1de| = 1) 2 (VIR V = m (@) -

we well as the |[IT]] x |[IT]| block diagonal matrix xg := €,y X% The quantities
xs and x7 are defined analogously with R replaced by S and T, respectively. The
following is the main comparison estimate, which generalizes Lemma 7.1.

(9.14) ST Siy(V).

LEMMA 9.6. Provided p is a large enough constant, the following holds. Let
f e 3@y pe bounded with bounded derivatives and q = qn be an ar-
bitrary deterministic sequence of |[I1]| x |[I1]| matrices. Then

d
Efer+@) =EfGr+a+ Y 2PEL e+
| A 0X;i
i,j€[M] J
+ Aab + 0(‘/)_1851!7)»
917  Ef(xs+q)=Ef(xr+q)+ Awp+ O™ Eup),

where Agp satisfies |Agp| < (p_l, the error term Eyp is defined in (7.4), and z(ab)
is the |[T1]| x |[I1]| block diagonal matrix Z@?) = Dren Z @7 ypith || x ||
blocks

ab),w — 1/2 4 317 4 317
Zi(j ) =—N 1(|d;-,| — 1) / (m(zn) /,L{(lb) Va,' [’bj —}—m(Z;—;) M’Eya) "bi "aj)
(i,j GTL’).

(9.16)

PROOF. The proof of Lemma 7.1 may be taken over almost verbatim, follow-
ing the proof of Lemma 7.13 of [21]. [

The comparison estimate from Lemma 9.6 yields the shift described by S. The
precise statement is given by the following proposition, which generalizes Propo-
sition 7.2.
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PROPOSITION 9.7.  For large enough K, we have

@Xﬂfé@(’?ﬂ_i_\pﬂ_i_sﬂ)’
mell mell

where 8™ was defined in (9.14).

PROOF. As in the proof of Proposition 7.2, we follow the proof of Theo-
rem 2.14 in Section 7.4 of [21]. The inputs are Proposition 9.5 and Lemma 9.6.
|

_ Now Proposition 9.3 follows immediately from Proposition 9.7 using Y7 =
Y7" 4+ S7. This concludes the proof of Proposition 9.3.

APPENDIX: NEAR-DEGENERATE PERTURBATIONS

In this appendix, we record some basic results on the perturbation of near-
degenerate spectra.

PROPOSITION A.1. Let A and B be nonzero Hermitian matrices on CV . Let
n+m=N,sothat CN =C" @ C™, and assume that A and B are of the form

A B
A:( 11 0>’ B:(O 12)
0 A22 321 0
(in self-explanatory notation). Define the spectral gap

A :=dist(o (A1), 0(A2))

and assume that A > 3||B||.
Define the domain

D:={u e C:dist(u, o (A11)) <2||BJl}.

Then A + B has exactly n eigenvalues 1 < --- < u, in D (counted with multi-
plicity), which satisfy
IB|I*

; — A (A <— i =1,...,n).
|Mz i( 11)|_ A —2|B|| @ n)

PROOF. The eigenvalue—eigenvector equation reads (A + B)x = ux. Writing
X = (x1, x2) € C" @ C™ leads to the system
Ap1x) + Biaxp = pxi,
(A.1)
Axnxs + Brix) = uxs.

By assumption, for i € D we have

(A2) dist(i1, 0 (A2)) > A —2||B].
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Since A —2||B|| > ||B|| > 0, we find that (A.1) is equivalent to the system
X2 =—(An — )~ Baxi, Anixi — uxi — Bia(Ap — )~ ' Bayx; =0.
Replacing B with ¢ B for ¢ € [0, 1], we conclude that for u € D we have the equiv-
alence
peo(A+1B) <= fi(n) =0,

where

fi(p) :=det(A1] — i — 2 B1a(Axm — ) "' Byy).

Moreover, from Lemma A.2 below we find that D contains exactly n eigenvalues
of A+ 1B, for all t € [0, 1]. It is well known that the eigenvalues w;(t) of A +
t B are continuous in . We now claim that each such continuous p;(¢) is in fact
Lipschitz continuous with Lipschitz constant

_|IBIP
- A=2|B|
Assuming this is proved, the claim immediately follows from |p; — A;| = | (1) —
wi(0)| < L.
In order to prove the Lipschitz continuity of u;(¢), note that w;(¢) is an eigen-
value of the matrix

X;(t) := A1 — 1*Bia(Azy — i (1)) ' Bay.

Then the Lipschitz continuity of u;(¢) follows readily from Lemma A.2 below and
the estimate

| Bi2(Az — () "' Bai| < L

as follows from (A.2), the fact that u;(¢) € D for all ¢ € [0, 1], and the fact that
Ay 1s Hermitian. [

LEMMA A.2. Let A and B be square matrices, with A Hermitian. Then the

spectrum of A + B is contained in the closed || B||-neighborhood of the spectrum
of A.

PROOF. Using the identity (A + B —z2)"' = (A —2)~!(1 + B(A — )~ )~
we conclude that if dist(z, 0 (A)) > ||B| thenz ¢ 0 (A + B). U
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