BROUWER DEGREE, EQUIVARIANT MAPS
AND TENSOR POWERS

Z. BALANOV*, W. KRAWCEWICZ** AND A. KUSHKULEY

ABSTRACT. A construction of equivariant maps based on factorization
through symmetric powers of a faithful representation is presented together
with several examples of related equivariant maps. Applications to differen-
tial equations are also discussed.

1. INTRODUCTION

Let G be a compact Lie group and V, W two orthogonal G-represent-
ations of the same dimensions. We denote by S(V') the unit sphere in V.

The following question was raised by J.F. Adams in 1963 (cf. [1,9])
whether there exists a G-equivariant map f : S(V) — S(W) of a given
degree deg(f) = k. From the point of view of applications in analysis, the
case k # 0 has particular importance. For a finite p-group G, a complete
answer to this question was given by M. Atiyah and D. Tall (cf. [2]). To be
more specific, a map f with degree deg(f) #Z 0 (mod p) exists if and only if
the irreducible components of V' and W are conjugate in pairs by (possibly
different) elements of the Galois group “associated” to G.

In the general case of a compact Lie group G, the congruence relations
between possible values of degrees of equivariant maps are described in the
following result:
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Theorem 1.1. Let fi, fo : S(V) = S(W) be two G-equivariant maps. Then

(1.1) deg(f1) = deg(f2) (mod «),

where a = ged (x(G/Hy),...,x(G/Hy)), x(-) stands for the Euler charac-
teristic, and {(Hy),...,(Hy,)} are all the orbit types in S(V') satisfying
(i) H; is of maximal rank;
(ii) dim Vi = dim Wi,
(iii) there exists an H;-equivariant map between “complementing” spheres
to VHi and W | respectively®.

The proof as well as the more general formulation of Theorem 1.1 can be
found in [8]. We also refer to [5,6] for the discussion and related results in
the case where G is an abelian group.

Evidently, in order to use this result, one has to answer the question
if there exists an equivariant map f; with degree “simple” to calculate for
which the congruence relation (1.1) would imply the nontriviality of deg(f2).

On the other hand, computations of important invariants of variational
problems with symmetries (such as genus, G-category, etc.) lead to the
problem of (non)existence of equivariant map f : S(V) — S(W) with
dimV > dim W (we refer to [3] for a general discussion of this question
and several elegant examples). We would like to point out that this prob-
lem is also closely related to the verification of condition (iii) of Theorem
1.1 (cf. [8] and [5,6]).

This paper is intended to reveal common features behind certain examples
of equivariant maps related to the above issues. Actually, we would like
to describe an approach to explicit construction of equivariant maps by
exploiting classic methods of the representation/invariant theory (for all
relevant information, we refer to [4,13]).

In what follows we will always assume that all the considered complex
(resp. real) representation are unitary (resp. orthogonal). A map f:V —
W is said to be nonsingular if f(x) # 0 for x # 0 (cf. [7]).

The authors are grateful to S. Brodsky for his important suggestions and
inspiring expertise. We would like also to thank T. Bartsch, J. Ize and D.
Verma for fruitful discussions and/or comments.

2. EXAMPLES

We denote by H = C? = {21 + jzo; 21, 20 € C} the algebra of quater-
nions, where the multiplication satisfies the standard properties j2 = —1,
ji = —ij. We also identify the cyclic group Z, with {y € C; ~" = 1}.
The group Qg of quaternionic units is defined as {£1,+i,+j, +ji} C H,
that is Qg = Z4 U jZ4. For the Klein group Zs X Zs we use the notation:

IWe refer to [8] for the precise formulation of this rather technical condition which is
related to the “secondary obstructions” in the equivariant context (cf. [5,6])
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1=(,1, -1 =(-1,-1), K = (1,-1), —k = (—1,1). Notice, Zs and
Zy4 are normal in Qg. The homomorphisms « : Qg — Qg/Zo ~ Zg X Za,
a(z) = 2% and a(jz) = k22, where z € {£1,+i}, and 8 : Qg — Qg/Zy ~ Zo,
B(z1 + jzo) = 23 — 22, are well defined quotient projections.

Clearly, Qg acts on H by the quaternionic multiplication and we denote
by (H, Qg) the corresponding Qg-representation. The Zgy X Zs-action on C?
given by

( +1, (21, zz)) = (21, £22), ( + K, (21, 22)) — (Fz1, £22),

induces via « a (complex) Qg-representation which we will denote by

(CQ’ QS/ZZ)
A Zo x Zg-action on R® = C @ R is defined by

(:l: 1, (z,t)) = (£2,1), (:l: K, (z,t)) — (Fz, Ft),

and the corresponding (real) Qg-representation will be denoted by
(R3, Qg /Zs). Finally, the antipodal Zs-action on R? induces via 3 a (real)
Qs-representation (R3, Qg/Zy).

The following examples of equivariant maps are the starting point for our
discussion.

Example 2.1. We define a map f : H — C2 by
(2.1) flz1+jz2) == (2 + 23,21 — 23), 21+ jz € HL

By direct verification f is a Qs-equivariant nonsingular map from (H, Qs)
to (C%,Qg/Zsy). Consequently, we have a Qg-equivariant map f : S(H) —
S(C?), given by f(z) := f(z)/||f(z)|, = € S(H). Clearly, deg f = 4, hence
Theorem 1.1 yields

Proposition 2.2. For any Qg-equivariant map ¢ : S(H) — S(C?) one has
degyp =4 (mod 8). In particular, deg is different from zero.

Remark 2.3. Notice that the statement of Proposition 2.2 does not follow
from the well known results for abelian groups (see, for example, [5,6]).
Indeed, there are only two abelian subgroups in Qg, namely Zs and Z4 for
which the “restriction” of the actions leads to the congruencies degy = 4
(mod 2) and deg ) = 4 (mod 4), respectively. This information is insufficient
to conclude that degi # 0, by the same token, the situation described in
Example 2.1 is of non-abelian “nature”.

Remark 2.4. Observe also that Example 2.1 is compatible with the above
mentioned Atiyah-Tall result (cf. [2]). For, since (H, Qg) and (C?, Qg/Z>)
are two non-conjugate representations (by an element of the Galois group) of
the 2-group Qg, every equivariant map 1 : S(H) — S(C?) satisfies degv = 0
(mod 2). Notice that in Example 2.1 deg f = 4 = 22 =0 (mod 2).
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Example 2.5. We consider the map g : H — C @ R ~ R? given by
(2.2) g(z1 +j22) = (5 — 73, Re(2122)), 21+ jz € H.

Clearly, g is a Qg-equivariant nonsingular map from (H, Qg) to (R?, Qg /Zs).

Remark 2.6. The map g was originally constructed by T. Bartsch (cf. [3],
Example 3.21) for the representations (H, Z4) and (R3,Z4/Zs), where Z4 ~
{1,—-1,j,—j} C Qs acts on H by the quaternionic multiplication (which
is the standard action of Z4 on C? ~ H), and Z4/Zsy acts antipodally on
R3. For more information on the connection between decreasing dimension
equivariant maps and estimates of certain topological invariants (such as
genus, G-category, etc.) related to variational problems with symmetries,
we refer the interested reader to the book [3] (see also the references therein).
By direct computation one can verify that the Hopf invariant of g is equal
to —1.

Remark 2.7. We should also mention Example 4.1 from [6] (which was par-
tially inspired by Bartsch’s example) describing possible values of Brouwer
degrees of equivariant maps “generic” in a certain sense. The problem of
existence of decreasing dimension equivariant maps is also related to the
“secondary obstructions” in the equivariant extension context (see [5,6,8]
for more details).

Example 2.8. [t is easy to verify that the map h : H — COR = R3, given
by

(2.3) h(z1 + jz2) = (22 — 22, Re(Z122)),

is a Qg-equivariant nonsingular map from (H, Qg) to (R®, Qg/Z4).

Example 2.8. Let H be a Qs,,-representation (n > 2), where Qg = Zyyn U
jZon C H acts on H by quaternionic multiplication. If Zo acts antipodally
on R3, the natural homomorphism Qg, — Qsn/Zan = Zo, (21 + jz2) —
23— 220 20 € Dyp, 1= 1,2, gives us a Qg,-representation on R3. Notice

that the formula
(2.4) h(z1,29) = (zf” — 22" Re(Z02Y)), 21, 22 € C,

determines evidently a Qsy,-equivariant nonsingular map from (H, Qsy) to
(R%, Qsy/Zan). The Hopf invariant of h is n.

3. CONSTRUCTION

Let V be a faithful (complex or real) finite-dimensional representation of
a compact Lie group G. We are interested in describing G-representations
W which admit G-equivariant maps from S(V') into S(W). It is well known
that in the most interesting cases, for any irreducible G-representation U,
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there exists a tensor power V®* := V ®...® V, with the standard G-action,
k times
which contains U.
Fix k > 2 and consider the “diagonal” map A : V — V& A(y) =
v®---®@u, v € V. Clearly, in general A(V) is not a linear subspace of
k times
V& however, it is G-invariant and the set A(V) spans the symmetric
k-power Sym* (V) of the space V (see [4]). Thus A : V — Sym*(V)
is a G-equivariant map. Let W C Sym”(V) be a subrepresentation and
A:Sym*(V) — W a G-equivariant linear operator.
We make the following assumption:

(A) ker ANA(V) = {0}.
As an immediate consequence we obtain

Pro~positi0n 3.1. Under the assumption (A) the map f:V =W, given
by f(v) = A(A(v)), v €V, is a G-equivariant nonsingular map.

Remark 3.2. Suppose that V is a complex representation and assume
that the center Z(G) of the group G is a discrete subgroup of order k.
Then, clearly, Z(G) acts trivially on Sym ¥(V') (this fact in certain cases is
also true for real representations). Consequently, every subrepresentation
W C Sym*(V) is not equivalent to V.

Let us reproduce the equivariant maps from Examples 2.1, 2.5 and 2.8
using the above construction.

Example 3.3. We consider the (complex) representation (H, Qg) and its
second complex symmetric power SymZ(H). Notice, the center Zs of Qs
acts trivially on SymZ(H), i.e. the second symmetric power “kills” the
center, hence Qg acts on SymZ(H) as Qs/Za ~ Zs X Zs. One can easily
check that

1®1—-7Q®j

€1 = 2 )

y €2 = €3

)

1®1+i®j — I®L+1®]
2 - 2

is an invariant basis for Sym % (H) and
Az + jz2) = ex(ef +23) + ea(zf — 23) + e3(22122).

Let P, P, and P35 denote the natural Qg-projections onto the subspaces of
Sym Z(H) spanned by {e1,e2}, {e2,es} and {e1,es}, respectively. A direct
calculation shows that ker P, N A(H) = {0} for i = 1,2,3. Consequently
fi= P oA, i=1,23, are Qs-equivariant nonsingular maps. Notice that
the map f; is exactly the map f from Example 2.1.

Remark 3.4. Observe that in Example 3.3 the coordinates of the “diag-
onal” map are complexr homogeneous polynomials. It follows immediately
from the Hilbert Nullstellen Theorem that it is impossible to construct, us-
ing complex symmetric powers, an equivariant nonsingular map f: V — W
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decreasing dimension (i.e. dimV > dim W'). However, as it is shown in Ex-
amples 2.5 and 2.8 and Remark 2.9, there are equivariant nonsingular maps
decreasing dimension with coordinates given by real homogeneous polyno-
mials. This indicates the use of real symmetric powers for the construction
of equivariant maps decreasing dimension.

Example 3.5. The quaternionic algebra H is a 4-dimensional real vector
space where a vector h = z1 + jzo, 21 = 1 + jy1 and 2o = xo + jyo, can
be represented as the linear combination h =1-x1 +i-y1 +J - x2 + ji - yo.
Therefore, the second real symmetric power Sym 2 (H) admits the following
invariant basis:

_ 1®1-j®j—i®it+ji®ji _ 1@i+i®l+i®ji+ji®]
€1 = 4 ) €2 = 4 ’
_ 1Rj+jR1—iRQji—ji®i _ iR +HI®i+H1®7i4+ji®l
€3 = 1 ) €4 = 4 ;
_ 1Q14+j®j—i®i—ji®ji _ 1Qi+i®l—j®ji—ji®j
€5 = 1 y €6 = 4 )
_ 1®j+i®1+i®jitiiQi _ i®i+HiI®iI—1®ji—ji®l
€7 = 4 y €8 = 1 )
_ 1®1-j®j+iRi—ji®ji _ 1®14+iQj+iQi+ji®jt
€9 = 4 y €10 = 4 )

and the “diagonal” map A : H — Sym % (H) in the above basis {e1, ez, €3, €4,
€5, €6, €7, €8, €9, 610} is given by

A(z1 + jz2) =(2] — 23 — ¥5 + 3, 2(z1y1 + T2y2), 2(x172 — Y1Y2),
2(z2y1 + 21Y2),
r] + 25 — yi — v3,2(21y1 — T2y0), 2(@172 + Y1Y2),

2(332y1 - 96192)7

a? — 22+ yf — 3,07 + a3+ +y3)

:(Z% — 2%,22’12’2,2% + 2%,22122, ’21|2 — |2’2’2, |Zl‘2 + ‘22’2).

Notice that if we change the order of the basis to {es, e2, €1, €g, €7, es, €9, €3, €4,
€10} then the map A can be written as follows:

ANz + jz2) = (Z% + 2372% - 337221227 "’51|2 - |22‘2; 22122, ‘2’1’2 + 122‘2)-

Let P, and P be the natural projections on the subspaces spanned by
{e1,e2,e3} and {e1, eg, 7}, respectively. By direct verification one can easily
check that ker P, N A(H) = {0}, ¢ = 1,2, and therefore, f; = P; o A,
i = 1,2, are nonsingular Qg-equivariant maps which were presented in (2.2)
and (2.3), respectively.

Remark 3.6. Notice that, if f : V — W is a nonsingular G-equivariant
map with coordinates being homogeneous polynomials of degree k, then
there exists a G-equivariant linear operator 7' : W — Sym*(V) such that
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T o f = A. In this sense the above construction of “homogeneous” nonsin-
gular equivariant maps is generic. Clearly, it is possible to combine different
symmetric powers in order to construct more complicated examples of equi-
variant maps (see [6], Example 4.1).

Practical applications of the construction described above are related to
several classical problems of the representation theory:
(i) decomposition of symmetric power Sym”* (V) into irreducible components
(spectral decomposition);
(i) finding invariant bases in Sym* (V') (Clebsch-Gardon problem);
(iii) verification of the condition (A) (a sort of an equivariant transversality).
There is a vast literature devoted to the problems (i) and (ii) for the clas-
sical groups (see [4] and [13] and the references therein). It is our intention
to elaborate the above construction for certain important representations
of classical (infinite) groups (for example, SU(n) and Sp (n)). Observe also
that Remarks 2.6 and 2.9 give rise to the question if there is any congruence
relation, similar to (1.1), for Hopf invariants of equivariant maps from S4*~!
to S?" (see also [3,5,6]).

4. APPLICATIONS

Let f:R™ — R™ and g : [0,w] x R™ — R™ be two maps. We are making
the following assumptions:
(H1) f is a positively homogeneous map with constant o > 1, i.e. f(tv) =
t*f(v) for every t > 0 and v € R"™;
) g satisfies the Carathéodory conditions;
) v =0 is the only bounded solution of v = f(v);
H4) lim ||g(¢,v)||/|lv]|* = O uniformly a.e. in ¢ € [0, w];
)

[[v]|—o00
deg(f, B(0,¢)) # 0 for some € > 0, where B(0,¢) = {v € R"; |jv]| <e}.
We consider the following system of ODEs:

(4.1) 0= f(v)+g(t,v), veR™

The systems of type (4.1), i.e. perturbation of autonomous systems with
positively homogeneous nonlinearity, were widely studied (see [7,11] and
references therein).

Proposition 4.1. (cf. [11], [12], Cor. 4.7). Assume that f : R™ — R"™ and
g :[0,w] x R™ — R™ satisfy the assumptions (H1) — (H5). Then (4.1) has
at least one w-periodic solution.

As an immediate consequence of Propositions 4.1 and 2.2 we obtain

Theorem 4.2. Let f : H — C2? and g : [0, w] xR* — R* satisfy assumptions
(H1)-(H4). If f is a nonsingular Qs-equivariant map, then (4.1) has at least
one w-periodic solution.
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Example 4.3. Take f:H — C?, f(z1 +jz2) = (25 + 73,27 — 73), (21,22) €
C? = R*. Clearly, f is a nonsingular Qg-equivariant map. Assume that
g :[0,w] x R* — R? satisfies conditions (H2) and (H4) with o = 2. Then
system (4.1) has at least one w-periodic solution. Indeed, we only need to
show that the system © = f(v), v € R*, does not have any bounded solution
except v = 0. Indeed, assume that v(t) = (z1(t), 22(t)) is a non-zero bounded
solution of ¥ = f(v) and put ¢(t) := ®(v(t)), where ®(z1, 22) = Re (23 —
23). Notice that ¢'(t) =< V®(21(t),22(t)), (t) >= 3(|z1(t)|* + |z2(1)|*),
thus the function ¢(t) is strictly increasing and bounded. In particular,
lims 100 () = ax (Jax| < 00) and hence lim;—, 4 ¢’ (t) = 0. Since ¢'(t) =
3(|z1(#)|* + |z2(t)|*), it follows that lim;_,+o v(t) = 0, but this contradicts
©(t) is a strictly increasing function.

Remark 4.4. Consider the map (21, 22) = (25" + 23", ;" — z3"), where
n > 1 is an odd integer. It is clear that 1 is Qg-equivariant, positively
homogeneous and nonsingular. It may be verified that it also satisfies the
assumption (H3).

As another application we consider the following boundary value problem

(4.2) { ™ = F(z,2',...,20""D 1),

where x € R*, F : R x [0,1] — R* is continuously differentiable and
w € (0,1) but is not specified. Similar problems, in more general setting (cf.
[10] and the references therein) were considered by many authors. By the
well known result of K. Schmitt (cf. [10], Theorem 9.4.1) and Proposition
2.2 we immediately obtain

Theorem 4.5. Let D C H be an open bounded set containing zero and
h : H — H be defined by h(x) = F(z,0,...,0). If h is homotopic to a
Qs-equivariant nonsingular map f : (H, Qg) — (C2,Qs/Z3), by a homotopy
without zeros on 0D, then there exists wy > 0 such that (4.2) has a solution
for each w € (0,wp).
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