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The aim of this paper is to connect the zeros of polynomials in two variables with the eigenvalues of a self-adjoint operator. This
is done by use of a functional-analytic method. The polynomials in two variables are assumed to satisfy a five-term recurrence
relation, similar to the three-term recurrence relation that the classical orthogonal polynomials satisfy.

1. Introduction

Orthogonal polynomials in two or more variables (also mul-
tivariate polynomials) constitute a very old subject and have
been investigated by many authors using various approaches.
The usefulness and applications of classical orthogonal poly-
nomials (COP) in one variable are very well-known and thus
on its own this is a very strong motivation for generalizing
several results of COP to multivariate polynomials. Moreover,
the potential application of multivariate orthogonal polyno-
mials in approximation techniques and numerical methods is
another strong motivation.

For example, in numerical integration, the Gauss quadra-
ture formula

B N
J f(x)p(x)dx = Zwif (x;), 1

« i=0

where x; are the zeros of the polynomials Py,,(x) which
are orthogonal in [a, 8] with respect to p(x), gives an
approximation of the integral on the left-hand side of (1).
It could be of interest to generalize (1) in two dimensions
having, instead of Py,,(x), the two variable polynomials
P11 (% p). Also, COP are used in the approximation of
functions of one variable by uniquely determined series of the
form

g(x) = ZCiPi (%), @)

where Pj(x) is a sequence of COP. In a similar way, two-
variable functions could be approximated by similar double
series involving orthogonal bivariate polynomials P, ;(x, y).
Moreover, an approximation of form (2) is at the “heart” of
pseudospectral numerical techniques, such as the Chebyshev
pseudospectral method, where P,(x) are the well-known
Chebyshev polynomials T;(x). Such techniques are used
for the numerical solution of one-dimensional boundary
value problems and the computation of the corresponding
solution is being done by evaluating the right-hand side
of (2) for P(x) = T;(x) at specific grid points x; which
are the Gauss-Lobatto grid points. (See, e.g., [1].) It would
be interesting to extend all these in the case of bivariate
orthogonal polynomials satisfying a recurrence relation sim-
ilar to the recurrence relation satisfied by the COP, for the
straightforward numerical investigation of two-dimensional
problems.

There are various extensions in the literature of the COP
to polynomials of several variables or polynomials of com-
plex variables. For example, in [2], the system {1, y, x, %,
Xy, X2, .} was orthogonalized with respect to some region
R of the xy-plane. In [3, 4], polynomials orthogonal with
respect to a positive linear functional were considered. In [5],
two variable analogues of classical orthogonal polynomials
were constructed and studied.

The techniques used for the study of multivariate poly-
nomials, orthogonal or not, constitute also a wide variety.
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In many cases the polynomials studied are constructed in
such a way or are eventually eigenfunctions of certain partial
differential operators. Furthermore, the properties of these
polynomials or these operators are investigated. This is done,
for example, in [6-22]. In other studies, as, for example, in
[23], weight functions are constructed for certain orthogonal
polynomials. Moreover, there exist several results which can
be considered as generalizations of the results for COP. Such
an example is [24], where a Rodrigues formula was intro-
duced for classical orthogonal polynomials of two variables.

The topic of multivariate polynomials is quite vast and
unfortunately there exist very few books. One such book
is [25], in which the majority of the results concerning
orthogonal polynomials in two variables until the publication
of this book are collected. Moreover, a concise history of the
development of the theory of orthogonal polynomials in two
variables up to then is given. Another book on the same
subject is [26], where the theory of orthogonal polynomials
of several variables is developed and presented. Especially
in Chapter 3 of [26], the general properties of orthogonal
polynomials in several variables are given including (a) a
three-term relation in matrix form that they satisfy, (b) a
theorem analogous to Favard’s theorem, (c) results on their
zeros, (d) their connection to moment problems, and (e) their
connection with block Jacobi matrices.

As mentioned in [26, Section 3.3.2] “the three term
relation in several variables is not as strong as that in one
variable and as a consequence the analogous to Favard’s
theorem is not as strong.” Also, as mentioned in [27], “the
classical orthogonal polynomials have several extensions to
polynomials of two variables, depending on the geometric
region of the support set of the measure.”

An especially interesting subject is the zeros of multi-
variate polynomials. However, the zeros of, for example, a
polynomial in two variables are either single points or curves
in the plane. Thus, results for such zeros could not have much
in common with the results of the zeros of COP. However, if
common zeros are taken into consideration, then there are
many similarities with the one-dimensional case. Such a kind
of result can be found in [26, 28] and they are analogous
with the results stated and proved in Sections 3 and 4 of the
present paper. The locations of common zeros of orthogonal
polynomials in two variables were also studied in [29].

In this paper, a family of polynomials in two variables
(2D-polynomials) of degrees i — 1 and j — 1 with respect to x
and y, respectively, {P, ;(x, y)}fi’(ﬁ:o, is considered satisfying
the recurrence relation:

% ;P (x, ) + % 1P, (x, ) + BiiPi; (x,9)
+8;;P i (%, y) + 8ij1Pj (%) (3)

+ 9P (x,y) = (ax +by) B; (% 5),
fori=1,...,N,j=1,...,M, with

Pyj(x.y) =0,
Py (x.y) =0, (4)

Py (x,y) =Q; (),
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for j=1,...,M,where Q j( y) are known polynomials of y of
degree j — 1 with Q;(y) = 1 and Q,(y) = 0.
Instead of (4) one may also use

Py,; (x.y) =0,

P (x,y)
P, (x,y) =R, (x),

0, (5)

fori = 1,...,N, where R;(x) are known polynomials of x of
degreei—1with R, (x) = 1and Ry(x) = 0. Obviously, relations
(4) and (5) are analogous.

If one makes the conventions

(C1n o = o ﬁi,]- = B % =0 61-)]- =0,a=1b=0,
P, j(x, y) = P(x), Py(x) = 0,and P;(x) = L or

(C2) o =0, ﬁi’j =0, =7 81.,]. = 8j, a=0b=1,
P, i(x,y) = Pi(y), By(y) = 0,and P (y) = 1,

then (3), (4) or (3), (5) reduce to the well-known recurrence
relation for the COP of one variable:

Py (x) + o Py (x) + BiP; (x) = xP; (x),
6
Py(x)=0, P, (x) =1. ©

Thus, in the rest of the paper it will be assumed that

(AD) a;; > 0,8;; >0, B ;,7,; € Rforalli, j,a,b € R not
simultaneously zero.

By making convention (C1) or (C2) the results of the present
paper are reduced to the corresponding results for the COP.
Also, it should be noted that although the terms ; ; P, ;(x, y)
and y; ;P; ;(x, y) can be combined in one, it is better to be kept
apart for reasons that will be made clear in Sections 3 and 4
and have to do with the similarity of (3) to (6). This is one
reason for studying (3).

Another motivation for considering (3) comes from the
notion of orthogonal basis. It is well-known (see, e.g., [30, p.
32]) that “if {¢,(s)};, is an orthonormal basis for L,[a,b],
then ®;;(s,t) = ¢;(s)¢;(t), i,j > 1 forms an orthonormal
basis for L,([a, b] x [a, b]).” It is straightforward to prove that
“if {¢;(x)}:2, is an orthonormal basis for L, [a, b] with respect
to the weight function p, (x) and {wj(x)}‘;gl is an orthonormal
basis for L,[c, d] with respect to the weight function p,(x),
then @;;(x, y) = ¢;(x)y;(y), i, j = 1 is an orthonormal basis
for L,([a, b] x [c, d]) with respect to p; (x)p,(y).” Examples of
such orthogonal basis are the COP satisfying (6).

Suppose two families of COP P,(x) and T)(y) satisfying
(6) with coefficients «;, B; and &, y;, respectively. Then the
polynomials S; ;(x, y) = P;(x)T;(y) are also orthogonal and
satisfy the recurrence relation

%Sis1,j (%, y) + %1Sii1,; (%, y) + ﬁisi,j (%, )
+0;8; 141 (6 ¥) + 0,481,210 (6, 9) + 98, (. ¥)  (7)
=(x+)8;;(xy)

which is a special case of (3).
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For the study of the zeros of the polynomials P, ;(x, y)
satisfying (3) a functional-analytic approach will be used. This
approach is a generalization of the method used for COP
by Ifantis, Siafarikas, and their collaborators which include
the authors. Ifantis and Siafarikas introduced this technique
for the study of COP in [31] and used it in a series of
papers. The main idea of this method is the connection of
the zeros of P,(x) satisfying (6) with the eigenvalues of a self-
adjoint tridiagonal operator in an abstract finite dimensional
Hilbert space. The main advantage of this approach is that
in order to study the zeros of P,(x) it is not needed to
take into consideration the orthogonality of P,(x) or the
ordinary differential equation that they satisfy, but only the
corresponding recurrence relation.

Following this philosophy, the zeros of P, ;(x, y) satisfying
(3) will be connected with the eigenvalues of a self-adjoint
operator which is the sum of two tridiagonal operators.
This is also the reason for keeping the terms §; ;P ;(x, y)
and y, ;P ;(x, y) apart and not combining them in one.
An immediate consequence of this connection is a rough
estimate of the region in which the zeros lie (see Corollary 4).

The authors believe that many interesting questions for
the polynomials P, ;(x, y) satisfying (3) arise which could be
the aim of future study. For example, could they be orthog-
onal? Do they satisfy a specific type of partial differential
equation?

The rest of the paper is organized as follows: In Section 2
the method of [31] is briefly presented and generalized in
two dimensions. In Section 3, the common zeros of the
polynomials P, 1, (x, y), i = 1,...,N, and Py, ;(x, j), j =
1,..., M, are connected with the eigenvalues of a self-adjoint
operator in an abstract finite dimensional Hilbert space. As a
consequence, several basic results regarding the eigenvalues
of this operator are “translated” as results on the previously
mentioned common zeros. These results are summarized
in Corollary 4. Finally, in Section 4, the common zeros of
Py y)i = L...,N,and Py, i(x,j), j = 1,....M,
are again treated, but now they are connected with the
eigenvalues of a block matrix. Several remarks in this section
make a correlation between the results of Sections 3 and 4.

2. The Method

Consider a finite dimensional Hilbert space Hy, over the real
field with orthonormal basis {Ei}fi 1- Let V' be the truncated
shift operator:

Ve, =¢

i=1,...,N-1,

i+1>
_ (8)
Vey =0.

Then its adjoint V™ is proved to be the operator defined by

Ko~ ~ .
Ve =¢_,, i=2,...,N,

) (9)
Ve, = 0.

It is well-known that the zeros of the polynomials Py, (x)
defined by (6) are the same as the eigenvalues of a symmetric,
tridiagonal, Jacobi matrix (see, e.g., [32]). In [31], a somewhat

different decomposition of this Jacobi matrix was used,
namely, the tridiagonal operator T = AV* + VA + B, where
A, B are the diagonal operators defined by

Ae, = ag,
Be; = e, (10)
i=1,...,N.
More precisely this classical result was formulated as follows.

Theorem 1. The zeros A; of the polynomials Py, ,(x) defined
by (6), in the case where a;, f3; are real with a; > 0, are the

eigenvalues of the operator T with corresponding eigenvector
f= 211\271 P.(A,)e; and vice versa.

In order to generalize this in two dimensions, consider
the finite dimensional Hilbert space Hy,, over the real field
with orthonormal basis {e; ; f\:]’ff.:l and inner product and
norm induced by this inner product denoted as usual by (-, -)
and || - [|, respectively. Then, any element f € Hy,, can be
represented by f = Zﬁl Z;Vil(f, €;;)e; -

In this space, analogously to V the truncated linear shift
operators V; and V, can be defined by

Viej=epp i=1L..,N-1j=1,...,M,
VleN,jZO’ jzl,...,M,

(11)
Vzei,j:ef,j+1’ i:l,...,N,jZl, HM -1,
Vzei,Mzo’ i=1,...,N.

It can be easily proved that the adjoint operators of V; and V,
are the linear operators V" and V" defined by

* . .
Vlei)j:ei_l,j, 122,...,N,]:1,...,M,

Vie;=0, j=1,...,M,

(12)
Vyei=e i i=1L..,N, j=2,.... M,
Vye =0, i=1,...,N,
and that their norms are equal to 1.
Analogously to the operator T, the operator
T=AV] +V,A+B+AV, +V,A+T, (13)

where A, B, T, and A are the diagonal operators defined by

Aei’j = ai)jei’j,
Bei,j = ﬁi,jei,p
(14)
Le;; =y, ;¢
Aei’j = 81"]'61"]'
withi = 1,...,N, j = 1,..., M, plays a central role in our
approach.



Obviously, T' can be considered as the sum of the two
tridiagonal operators T} = AV,"+V,A+B, T, = AV, +V,A+T.
Moreover, when «; ;, f3; ;, ¥, ;> and §; ; are real, as assumed
in the present paper, T is self-adjoint. In addition, since T
is a linear operator defined on a finite dimensional Hilbert
space, it is also bounded and compact. As a consequence,
several results are known for the spectrum of T' the more
characteristics of which are as follows:

(i) The spectrum of T is finite and coincides with its point
spectrum.
(ii) The eigenvalues of T are real.

(iii) T has a complete system of eigenvectors.

3. Operator Approach: Connection of
Zeros of 2D-Polynomials with Eigenvalues
of an Operator

In this section, the zeros (A;,A,) of the polynomials
Pipea (%, )i =1,...,N,and Py j(x, ), j = L,..., M, will
be connected with the eigenvalues of the operator T. More
precisely, the following holds.

Theorem 2. Consider the 2D-polynomials defined by (3) and
(4) or (5) under assumption (Al).

(a) If the pair (A, A,) satisfies the system

Pi,M+1 (X>y) =0, i=1,...,N,
. (15)
Pyivj (x,y)=0, j=1,....,.M,
then al, + bA, is an eigenvalue of the operator
T = AV +ViA+B+AV) + VA +T (16)
with corresponding eigenvector
f= ZZ j(A1545) €5 € Hys 17)
i=1j=1
that is,
Tf = (ak, +bA,) f. (18)

(b) Conversely, ifal +bA, is an eigenvalue of the operator
T, then the corresponding eigenvector is the element f
defined by (17) and the pair (A, A,) satisfies system
(15), provided that

(A2) ;5 and 8;,, are linearly independent for all i =
1,2,...,N.

Remark 3. By repeating the proof of Theorem 2 under con-
vention (Cl) in Hy, it follows that if A, satisfies Py, ,(x) =
0, then A, is an eigenvalue of T = AV* + VA + B with
corresponding eigenvector f = YN P(1,)é € Hy and
vice versa. Obviously, a similar result holds under convention
(C2). This result is a classical result regarding the zeros of the
COP and can be found in this operator approach, for example,
in [31] (see also the references therein).
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Corollary 4. Assume that (Al) and (A2) hold. Then

(i) there exist common zeros of D (x,y) and
PN+1,j(x’ )
(ii) ad, + bA, is real,

(iii) the following inequality holds:

Jak, +bA;| < 2sup o ;| + 2sup |5, + sup |B |
i,j i,j L]

(19)
*sup (R

where (A, A,) is a common zero of P, M+1(x y) and
Pyyy (6, y), withi=1,..,N, j=1,..., M.

Proof. (i) It follows from the fact that |T|| or —||IT| are
eigenvalues of the self-adjoint, bounded operator T. (ii) It
follows from the fact that T is self-adjoint. (iii) It follows from
(18) and Schwarz’s inequality. O

Proof of Theorem 2. (a) First of all f = Z; ) ZJ 1 P(Ay,
Ay)e; ; # 0, since, for example, Py ;(1;,1,) = 1 # 0. In order
for f to be an eigenvector of T' with corresponding eigenvalue
al, + b, it suffices to show that (18) holds.

Indeed it is

Tf = AV f + VIAf + Bf + AV, f + V,Af +Tf

- Zzaz 1,j 1]()L1,/\2)6, 1,j

i=2 j=1

N-1M

+ ZZ“’J i,j AI’A 1+1,j

i=1 j=1

N M
+ ZZﬁi,jPi,j (A Ay)e

i=1j=1
N M

+ZZ‘% 1

i=1j=2

N M-
+ Z Z6IJPIJ AI’A2)61]+1

i (A As)e

€ij-1

+
Mz
™Mz
g
?u
}?
>
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=

-1

8, ;P (Al’/\z)ei,j

i1

+

I
—_
-

I
—

+
B
M=z

Il
—_
.

Il
—_

(Si,j—lpi,j—l (A1, 45) (x,9) €ij

+
U
Mk

1]
—_

Yi,jpi,j (/\1’)‘2) €ij

J

Il
—

(20)

since Py i(x,y) =
consideration (3)

0, Py(x,y) = 0, or taking into

M
Tf = (aA, +bA,) f - Z“N,jPNH,j ()‘1’/\2)@1\1,]'

j=1

' (21)

N
- Z‘Si,jPi,Mﬂ (A A5) éi,M>
i=1

from which (18) follows if (15) holds, since «; i#0 and Si)j +
0, for all , j.

(b) Suppose al, + bA, is an eigenvalue of T Then, there
exists an element of Hy,, f = Zfil Z?/:Il(f, e;;)e;; not
identically equal to 0, such that

AV f +VIAf + Bf + AV, f + V,Af +Tf
(22)
= (aA, +b),) f.

Suppose at first that (f, e, ;) = 0,forall j = 1,..., M. Then, by
taking the inner product of both hand sides of (22) with e jit
follows that (f,e, ;) = 0, forall j = 1,..., M. By induction, it
can be easily proved that (f, ei)j) =0, foralj=1,..M
and all i = 1,...,N. As a consequence f = 0 which is
a contradiction, since f is an eigenvector of T. Thus, there
exists j, such that (f,e; ;) # 0. Without loss of generality it
can be assumed that j, = 1 and that (f,e, ;) = 1. For the rest
of the coefficients (f, e, ;), it is assumed that they constitute
a sequence of j depending, generally speaking, on A, A,,
which will be denoted by P, ;(1,,1,).

In order to compute all the coefficients (f,e; ;), the inner
product of both hand sides of (22) with the elements e; ; will
be considered, as well as recurrence relations (3)-(4). To begin
with, by taking the inner product of both hand sides of (22)
with e, ; it follows that

(i) Forj=1

ayy (frezn) + Py (frenn) + 011 (frern)
+y11 (frenn) = (ady + BAy) (fre) =

a1 (frean) + By + 011 P, (A A,) + 91y = ady
+ BA,.

Moreover, fori = 1 = jand x = A, y = A,, it is deduced
from (3)-(4) that

o1 Py (AAy) + Bii+61,P (AAy) + Y11
=ald; + fA,.

(23)

(24)

5
Thus,
(f’ 62,1) =P, (/\v)tz)- (25)
(i) For j=2,...,M -1
ai (fres) + Buj(frens) + 01 (frern)
+ 51,]‘—1 (f’ 51,]‘—1) T Yj (f’ 51,;')
= (ad, +BAy) (f’el,j) = (26)

&1, (f’ ez,j) + PP (A1 4,) + 01iPin (A1 1,)
+ 51,j—1P1,j—1 (AAy) + V1,01, (A1)
= (oA, +BAy) Py (A1, 15).

Moreover, fori = 1 and x = A, y = A,, it is deduced from
(3)-(4) that

ay Py (A Ay) + By P (A M)
+081 P (A A2) #8101 Py iy (A, 4,) (27)
+yP; (A Ay) = (ady + BAy) Py j (A, 4,).
Thus,
(fies;) =Py;(ApAy), forj=1,..,M-1  (28)
(iif) For j = M
ayy (frean) + B (Frenar) + Oian (frernr)
+vim (frenm) = (ady + BLy) (frepm) =
oy v (fream) + PP (A1 42) (29)
+ 0, p1 Povies (A A) + P (A1 A,)
= (), + BA,) P ag (A1, 45).

Moreover, fori =1, j= Mand x = A, y = A,, it is deduced
from (3)-(4) that

&y v P m (A Ay) + BimPim (A Ay)
+ 8 v Poae (A A) + yimPiae (A A,) - (30)
= (@A + BAy) Py (A1 1)

Thus,
aum [(frean) = Pont (A1 42)] = 81mPrar (A1 45) 31)
=0
or since «; 5 and &, ) are linearly independent
(fream) = Pyt (A1 A3) 5
(32)

Py (/\plz) =0.



By induction it can be proved that foralli=1,...,N -2

(frei;) =Pj(A1,A,), forj=1,...,M,

Py pri (A1, A,) = 0.

(33)

Moreover, proceeding as before and taking the inner product
of both hand sides of (22) with ey_, ; and then with ey,_, ; it
follows again that

(f> eN—l,j) =Py (AnAy),
(frew) = Prj (A a),
forj=1,...,M, (34)
Py_ama (A Ay) =0,

Pyoima (AI’AZ) =0.

Finally, by taking the inner product of both hand sides of (22)
with ey ; it follows that

PN+1,j(A1’/\2) =0, Vj=1,...,M,

PN,M+1 (Al’/\z) =0.

Analogously, one may choose (f,e,;) = 1and (f,¢;,) a
known sequence of i depending, generally speaking, on A,
A,,denoted by P;; (A}, A,). In this case the coeflicients (f, ¢; ;)
will again be calculated by taking as before the inner product
of both hand sides of (22) with the elements e; ;,¢;,, ..., €; s
for all i and considering also recurrence relations (3), (5). [

(35)

4. Matrix Approach: Connection of
Zeros of 2D-Polynomials with Eigenvalues
of a Block Matrix

In this section, the zeros (A;,A,) of the polynomials
Pipa (%, )i =1,...,N,and Py j(x, ), j = 1,..., M, will
be connected with the eigenvalues of a block matrix. More
precisely, for x = A, and y = A,, recurrence relations (3), (4)
can be rewritten in matrix form for the values of 7 as

i=1T¢ +A ¢, +y =(ar; +bAy),
i=2To¢, + A1y + Ayds + y, = (ad; +bAy)¢,
i=3:Ty; + Asy + Ay, + y3 = (ak; + bA,)gs

Bri+ Y11 R 0
011 Biz+ 112 P
0 012 Bzt o
T, =
0 0 0
0 0 0
0 0 0
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i=N-2Tn N2+ AN PN-1 T AN PN+ N2 =
(ady +bA))Pn_,

i=N-1LTy ¢yt AN PN T AnaPnot Yo =
(ady + bAy)dN_,

i = N:Typy + Andnir + AP + v = (@),
bA)pn
where ¢;, y; are the M x 1 matrices:
(A 4,)
2 (A1 45)
s (A 4,)

¢ = : >
Pi,M—Z (AI’AZ)
Pi,M—l (AI’AZ)
Pi,M (AI’AZ)
0 (36)
0
0

+

T T T

Vi = : ’
0
0

SimPriare (A5 42)

i=1,...,N,
A; are the diagonal M x M matrices
A; = diag (1, ;55 % ) » (37)

and T; are the tridiagonal M x M matrices with

(i) diagonal elements by} +y; 1, 6,5 + Vigs-- > b + Vings

(ii) elements above the diagonal §; },6;,,...,8; 11
(iii) elements below the diagonal &; ;,6;,,...,8; ;-
For example,
0 0
0 0
0 0
(38)
O1m2 0
Pt v v
01 m1 By +Vim



Abstract and Applied Analysis

All the above relations can be rewritten in block-matrices
form as

T, A, O O o o ¢,
A, T, A, O o o ¢,
O A, T, A, o o s
O O O -+ Ay, Ty Ana N1
O O O O Ay, Ty N
T
N
Y2
Y3
+
YN-1
YN
Y
OO0 --0 O O (39)
OO0 --0 O O
O0O0 --0 O O
+
OO0 ---0 O O
O0O0 - 0 Ay PN
A W
o
¢,
¢
= (ad, +bl,) ) =
PNt
dn
v

TV+Y+AW = (ad, +bA,)V,

where O is the zero matrix.
From (39), the following theorem is obvious.

Theorem 5. Consider the 2D-polynomials defined by (3) and
(4) or (5) under assumption (Al).

(a) If the pair (A, A,) satisfies system (15), then al, +
bA, is an “eigenvalue” of the block matrix T with
corresponding ‘eigenvector”V, in the sense that

TV = (ad, +bA,) V. (40)

(b) Conversely, if (40) is satisfied, then the pair (A, ;)
satisfies system (15), provided that the sequences oy
and 8y yr are linearly independent.

Remark 6. (a) Notice that, in the case where N = M, aA; +
bA, is an eigenvalue of the block matrix T with corresponding
eigenvector V, in the usual sense. (b) The block matrix T is the
matrix representation of the operator T defined by (16) with
respect to the basis {e; ;} of the abstract Hilbert space Hy.
(c) The analogies with the corresponding well-known results
in the case of the COP are obvious.

Remark 7. By comparing Theorems 2 and 5 one immediately
notices the following: (i) part (a) of Theorem 2 is analogous
to part (a) of Theorem 5; (ii) for part (b) of Theorem 2 it
is necessary to assume that the sequences «; ; and §; , are
linearly independent for all i = 1,2,...,N, whereas for
part (b) of Theorem 5 it is necessary to assume that only the
sequences oy »s and Oy s are linearly independent. However,
this is a natural consequence of the different but similar
approaches used. More precisely, in the matrix approach it is
obtained immediately from recurrence relations (3) and (4)
that the components of the eigenvector V are the polynomials
P j(AAy), i = 1,...,N, j = 1,...,M. However, in
the operator approach, the components of the eigenvector
f are not immediately deduced but are proved to be the
polynomials P, ;(A},4,),i = 1,...,N, j = 1,...,M, and in
the proof it is necessary to assume that the sequences a; ,;
and §; ,; are linearly independent for alli = 1,2,...,N - 1.
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