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We propose a new method for the specific nonlinear and nonconvex global optimization problem by using a linear relaxation
technique. To simplify the specific nonlinear and nonconvex optimization problem, we transform the problem to the lower linear
relaxation form, and we solve the linear relaxation optimization problem by the Branch and Bound Algorithm. Under some
reasonable assumptions, the global convergence of the algorithm is certified for the problem. Numerical results show that this
method is more efficient than the previous methods.

1. Introduction N
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Optimization problems appeared in many subjects [1-3], i1

for example, technology [4-7] and economy [8-10]. There ) .
is a long history of creating the method for solving the (] =L2...P j=12..,P, k= 1’2""’M)'
problem [11-14]. We consider the following certain nonlinear 1
optimization problem on the set X = {x € RN | 0 < x; <
x <X, <00 (i=1,2,...,N)} c RV

Let T}”, T;’, T;],T:j be natural numbers, let [)’?t, ﬁ?t, ﬁiﬁ,

Let hj, hy; be two secondly differentiable functions R +— R
satisfying the following conditions:
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We consider the following nonlinear optimization prob-
lem (P) on X:

min f,(x) = Zh( ())

P dk"(x) (P)
.t = Yh,- / <0
st fr(x) ;k1<ckj(x)><
(G=1...P. k=1,...,M).

We propose a specific nonlinear and nonconvex optimization
technique for (P). It is generalized by Jiao et al., 2013 [4].

In the previous our work [15], we treat the same problem
(P) applying Pei-Ping and Gui-Xia’s [5]. The method needs
to add the new valuables and takes a long time to solve the
optimal problem.

Jiao et al. propose the technique which does not launch
new ones for the following problems:

b; (x)
J
min Ay ( 2 ()
By
st hp(x) = chj (x) (P*)
j=1
0(j=L....0 k=1,...,M),
x € X.

We generalize the problem (P*) to (P) and use Hongwei’s idea
[4, 16] to solve the problem (P); that is, we propose the new
method by generalizing Hongwei’s method.

Firstly, we transform (P) to linear relaxation problem of
it. Secondly, we obtain the approximate value by Simplex
method and Branch and Bound Algorithm [17, 18]. For
advance preparation of the linearization, we transform the
valuables x; = exp(y;) (i = 1,2,...,N). Let x; = exp(yi),
X; = exp(y,), and Y = {y € RN

L N)}L
We denote

a; a;(y): Zﬁ]t €xp (ZY]U%)

IZiSyi§7i<oo(i:

b;(y): Z/J’Jt exp (Zm%)

(3)
($1)
( )

P k=1,2,..,M).

Mz

60 z/sk,t exp

Il
—

Mz

dk] (y Zﬁkﬁ exp
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—
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Accordingly, we obtain the equivalence problem of (P):

min  f, (y) = j_ilhf (ZZ E;D

st. fi(y) = Z (k](y)) (P0)

0(j=L...Pp k=1,...,M)

y€ey.

As the function “exp” is convex function, we find the lower
and upper bounded linearized function of it.

In Section 2, we show how to linearize the original
problem (P). In Section 3, we present our method by using
the Branch and Bound Algorithm. In Section 4, we prove the
convergence of the algorithm. In Section 5, we treat numerical
experiments.

2. Linear Relaxation Programing

In this section, we show how to transform (PO0) to the linear
relaxation problem.
We define

N
Y5 = ) Vo (4)
i=1

Corresponding to the transformation of coordinates, the
domain is changed from y to Y, as follows:

N
Y?t = Z min {V;tiZ; Y;tiyi} >
i1
(5)

= I_Z\:, max {Y?tizi’ Y}Itiyi} :

Since all [3; exp(YJf"t) are convex, there exist the lower and
upper bounded linear functions for them. We denote these
functions by I [ (Y ) and L”a (Y¢ t)

When ﬁ is negative, we can define the lower linearized
function Llﬁu (Y ):

B exp (?ut) :B exp (_ t)
I (Y2) =~ ! 22 (ye —y"
ﬁjt( Jt) Yj’t_Z?t (Jt —Jt) ©)

a a
+ B exp (th) .
Since each ﬂ;’t exp(Y" “t) is continuous and differentiable on
Y4,y Yo Y5, ?t) such that

=jt>
) 2 exp (Y7,) - Bexp (Y2,
(o] ()= e () Few @)

th - Z?t

] there exists c e (Y4

by the mean value theorem.



Abstract and Applied Analysis

Since ﬁ;’t eXp( %) is monotonic function on [Y? ]t,Y.t],
there exists the inverse function of {3, jtexp} ( jt). Hence c]‘-‘t

is uniquely given such that

a a -1 ﬁb‘ll‘ exp (_a ) B ﬁb‘l exp (qu)
¢, = {Bjexp} < ! o ) (8)

When ﬁjt is positive, we define Ll ( )

1
L

ay ._ Bj: exp (??t) Bj: exp (—;t) a
(v3) = v (5 - i) o
+ B, exp (c]“t)

For the upper linearized function of ,B;”t exp(YJ?‘t), we define
(Y t) as follows.

When B ¢ is negative, we define

L’Z;q (Yj“t) _ ﬁ?t exp (?z-ta) - ﬁ?t exp (Z?t) (Y; B C?t )
g Y it~ X?t (10)
+ B exp (cfy).

When ﬁ?t is positive, we define L, 5 (Y ):

Bj. exp (?at) ﬁ exp (_ t)
L4 (Y5) = 2 : Eo (Y - Y5
R

+ ‘].‘t exp (Z‘;t) .

As the above definitions, we have the lower and upper
linearized functions of a;(y); that is,

L, (7)

ZLﬁ“ (¥i).

(12)

oy () : ZLﬁ“ (¥;),

and I} () Iy (), L O 1), I (), and [ (y) are also
deﬁned for b (y) ck ](y) and dy (y) as the same method.
Moreover, we can assume lflj(y) > 0, llj(y) > 0, lck,'(y) > 0,

and lfik,' (y) > 0 by adding some constraints.
J

Now, we define the new valuables ij € [min léj W/

max/; (y), max[ly (y)/ mink, (y)] and Y;] € [minly (y)/

max l;‘(,‘ (y), max l;k,‘ (y)/ min lik,‘ ()]. Let us consider the lower
] ] ]

linearized functions lh]_, lhkj‘ for hj, hy;. We suppose lhj as

follows.

m

Case 1 ({h V' > 0). In the case, we put the valuable Y]

iy oo
Y], V3p)s that is, Y, =

mlnl (y)/maxl (y) Yab
max Iy (y)/ max[j (7).
As{h}' > 0, byl (/I () < hi(bi(») a, (7).

When {h,}"" < 0, we define the lower linearized functions
of h ;as follows:

lhj (ij) =

h (Vib) ~hy(Y2,)
17 -Y/

=ab

+hy(Y2,).

Incidentally, as h; (th) is continuous and differentiable on

Y, -y’
( ab —ub) (13)

[Zib,_ab] there exists Ch € (—ab’ ,;b) such that h;(chj) =
(h (Yab) h; (Y h))/(Yab

Since K/ (Y’b) is monotonic function on [Yab, Yah] there

h) by the mean value theorem.

exists the inverse function of h j(Y;b). Hence Chj is uniquely
given such that

n (Y2,) -y (Y
chj=h3-1< 1 “‘7> ic “b)>. (14)

Yab Yf

When {h j}” > 0, we define the lower linear function lhj as the

following:
o (Y)-m (),
(7)) - J(l_;z_yjb ) (v-c,) -
+h; (Chj).

Similarly, lhkj‘ is defined as above.

Case 2 ({h Vo< o). In the case, we put the valuable YJ €
[Xizb’_ab] that is, Y’ ab = minl, (y)/ min ll (y) and Y
max lbj (y)/ min laj ().

As {h}' < 0, B0 (/L () < hy (6,0 a; ().

When {h j}" < 0, we define the linear functions lhj; that is,

hj (Vib) a hj (X«sz)

b, (Y0) = ——; (Y], = Y0)
b Y L]lb b b 16)
+ hj (Xib) )
When {h j}" > 0, we define lhj as follows:
o (Y))-n (),
b, (Y2,) = ]( —b) /) (Y; —Ch.)
] YY), W)

+h; (Chj).

lhk} is also defined as the above.



We have the lower bounded linearized optimization
problem of (PO0); that is,

P
min I (y) = Zlhj (»)
i=1
! LRP(PO)

P
j=1

We rewrite our problem (P) putting some technical assump-
tion.
We assume lflv(x) > 0, lé'(x) > 0, li (x) >0, and lfi (x) >
J 7 kj kj

0, and the problem is

=1
Py dk" (x)
£ =Y h| —— '
s.t fk(x) ]Zl k]<ij(x)> (P)
(j=1...Po k=1,...,M)

x € X,

where h; on [minlij(x)/ maxlzj(x),maxll”;j(x)/ minli}_(x)]
and hk} on [min lii (x)/ maxI? (x),max[] (x)/minls (x)]
kj kj kj kj

satisfied the following condition:
W, >0
or h; <0,
h.>0
. <0,

hj}” >0 (18)

or hj} <0,
g} >0
or {hk}.}” <0

3. Branch and Bound Algorithm

In this section, we use the Simplex method and the Branch
and Bound Algorithm and show how to find the approximate
value of (P0).

k ] y4am-v
—cd
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We set the initial domain Y° = Y, the active domain
set Q,, and the active domain Y7 atm) -

= Iy <
y?(m 7?("’), i =1,...,N} ¢ Y° where q is the times

of the cutting domains and the number of the stages in the
algorithm and m is the number of the active domains on
stage g. If Y2 is active domain, we divide Y4™ into half
domains Y41 Y412 On each domain, we linearize the
problem (P0) and solve the linearized problems LRP(P0)) to
obtain the lower and upper bound values of (P0). After the
repeat of the above calculations, we obtain the convergence
for the sequences of the lower and upper bound values. The
procedure leads the optimal value and the optimal solution
for our problem.

3.1 Branching Rule. We select the branching variable i such

that i = nmax{yi"™ yq(m), n = 1,2,...,N}. We divide

the interval [yq(m 1 q(m) (yg(m) n
—1

")/2] and [(yq('”)

] into half intervals: [ !
FI) 2, 71,

3.2. Algorithm Statement

Step 0. Let g be 0, and let m be 1. We set an appropriate e-value
as a convergence tolerance, the initial upper bound V* = co,
and @, = {Y°M}. We solve LRP(Y°™"), and we write j/(YO(l))
and LBy, for the linear optimal solution and optimal value.
If j/(YO(I)) is feasible for (P0), update V* = f,( y(Yo )) and
we set the initial lower bound LB = LBy;). If V7 —~ LB < ¢,
then we get the e-approximate optimal value fo(j/(Yo(l) )) and
optimal solution 7(Y°™")) of (P0), so we stop this algorithm.
Otherwise, we proceed to Step 1.

(m) (m)-1

Step 1. For all m, we divide Y™ into two half domains Y4

and Y42 according to above branching rule.

Step 2. For all m and each domain YAy (y = 1,2), we
calculate

k] Yq<m)-v
Z hk] (—cd

j= lh’ >0
(19)
—k]Y
Z ng (V2™) te=1m,
j= 1h’]<0
(m)yv —jGyamy
where ij v Y- i are defined on Y40™".

cd

S B exp (I oVt S VT F B s B exp (SN o VT4 BNt
= lﬁd >0 k]t i= ly >0 th, i 1:1,ykﬁi<0 kjti/1 t= lﬁd <0 k]t z:l,yk}ti>0 kjti? lzl’ykjn'<0 kjtiZt

c

T Te, '
N c — N c kj c N c N c —
E : c Vit ) S/ s . €X i LYt E P Vi
=1 l;c >0 ﬁk]t (Zl:l’yk}ti>0 ijtiyz 21_1’V£}ti<0 ykjti&) Zt:l’ﬁ;}t<0 kijt p (Zz_l,yz:m)O ijti& l_l’yli}ti<0 ijti%)
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—k}' yaim-v
od
ZT’ff d ZN d — ZN d ZT:J d ZN d ZN d —
=L, >0 Py exp =t >0 Yijidi ¥ Lzt <o Vit ) T 2z pt <o Byseexp =Lyt >0 Vigeidi © Limvyt, <0 Vigeidi
i c N c N c = C" c N c 5 N c .
Zt:kjl,ﬁ;}tm e <P (Zi:l,y’zﬁi>0 Vi * Zizl,yli}ﬁ<0 Vkﬁi)’i> + thl’ﬁijfo it XP (Zi:l,y}iﬁi>0 Vi * Zi:l,ylim<0 Vi
(20)
) . ]
If there is ik(v) that satisfies J_‘k(v) > 0 for some k € {1,2,..., » b; (v) N b (y) —l lb] (»)
M}, the domain Y™ is infeasible for (P0). In the case, we P a;(y) K a; (y) & a;(y)
delete the domain from @_. If Y2™" (v = 1,2) are deleted for
all m, then the problem has no feasible solution. lé,- (y) léj (») lé]_ (y)
G ) T\ ) o)
Step 3. For left domains, we solve LRP(Y4™) by the a;\y a \V a \J
Simplex algorithm, and we write (j/(Yq("’)"’), LB, ()., for the i ) )
obtained linear optimal solution and the value. If (Y4™") -1, A h; ( () )
is feasible for (P0), we update V* = min{V", fo(j/(Yq(m)'v))}. 7\ max le () a; ()
If LBy, > V", we delete the corresponding domain from 1
Q. IfV* ~LB,,., < €, we obtain the e-approximate optimal l b (y) l b; (v) l lbj (»)
— + — [
value f,(7(Y9™")) and optimal solution (Y1"™") of (P0). B a; (y) hy a;(y) B a; (y)
Hence we stop this algorithm. Otherwise, we proceed to Step
4 AN £ ()
- Y aAm) ¢ ygl(m) * b “hy | |
Step 4. We update the index of left domains Y toY . a; (y) laj ()/) laj (y)
We initialize 7 and settle that @, is a set of Y™ and go
to Step 1. lé‘ ()
- | —Z—)|.
N 7\ maxly (y)
4. Convergence of the Optimization Method 23)

In this section, we prove the following two theorems to
guarantee the convergence of our optimization method.

Theorem 1. If|[y — y| — 0, then

P P
Yhi() =Yk ()| —0 1)
j=1 j=1
by P,
Dl () = Db, ()| — 0. (22)
j=1 j=1

One proves convergence (21). The convergence of (22) is proved
by the same procedure as (21).

Proof. We show the following.
If [y = yI — 0, then |h;(y) = I, (y)] — 0 for each j.
Consider

&
—~
=
N—r

N———

|hj (y) = I, (y)| =

g ( 0)
b, (%)

(5P (25)

We prove the convergence of the 4 terms of the above.

(i) The proof of Ihj(bj(y)/aj(y)) - Zhj (bj()/)/aj(y))l — 0
is as follows.

When # > 0, we define the lower linearized function of
hj(y); that is,

h; (?ib) -h; (Y2,) (Yj = Ch-)

L (Y)) = :
() Y,,-Y), (24)
+h; (Chj).
Then
max |hj (Y2,) -1, (Yib)| =1 (V%)
h (Y )=h (Y ,
Yﬂh_zab

+hj(chj)> |



=i S .
We put Iy =Y g = Y3, Gy = Yy, + 6, Iy (06, < 1),
Itis

hi (Ya)

B hj (?ib) - hj (Zib) ( i

?ib B Zjb Yib - Xib B Qib ' ijb)
(x1)
—hj (Xib +6),- IY[;) = 'hj (Zib)
+ (hj (?ib) —h; (X«sz)) 6 Iy,
(1)
If |7—Z| — 0, then Gib . Ith — 0. Hence (x1) — 0.
When h;’ < 0, we define lhj(Yc{h) as follows:
(V) -m ()
I, (¥2,) = : ( _l;> ]] : (v2,-Yh,)
Yo -Y, (26)
+hy (Y2,)
max 'hi (ij) —by (Yib)| - 'hf (Chj) b, (Ch )l
= |k (Xib +0ib Iy )
m(T) - m) o
- ?jb v, (Zib + 6y Li - Zéb)

—hJ-(z;;))

When [ - y| — 0, then @/, - I; — 0. Then (2) — 0.
- ab

(ii) The proof of |1, (b;(y)/a;()) = Iy, (l, (M)/a;(y)] — 0
is as follows.
We show that [b;(y) — lf,j(y)l — 0if [y - y[ — 0.

By the definition of L} b (Y;]t)’ we show that | ﬁ?t eXP(ijt) -
jt
Llﬁﬁ; (Yj.’t)l — 0 for any ¢ similarly to (i).
(iif) The proof of |, (, ()/a;(y) =1y, (I, (/L (W) = 0

is as follows.
We prove that |a;(y) — I, ()| = 0if [y - y| — 0.
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By the definition of L%, (Y]f“t), we show that | ﬂ;‘t exp(Y]‘»'t) -
jt
L’Z;?[(Y;)I — 0 for any ¢ similarly to (i).

(iv) The proof of Ilhj (léj (y)/lzj ) —lhj (léj (y)/ max le 2]

— 0 is as follows.
If [y — y| — 0, then le(y) - maxlzj(y). O

Theorem 2. Suppose that problem (P0) has a global optimal
solution, denoted by p,. Then one has the following.

(i) For the case € > 0: the algorithm always terminates after
finitely many iterations yielding a global e-optimal solution y*
and a global e-optimal value V* for problem (P0) in the sense
that y* € Y, V" —e < ug with V" = fo(y").

(ii) For the case € — 0: one assumes the sequence €,, is
convergence tolerance, such thate, > €, > --- > €, > €,,, >

- > 0; that is, lim,_, e, = 0. And we assume the sequence
v, is optimal solution of (PO) corresponding to €,. Then the
accumulation point of y,. is global optimal solution of (PO).

Proof. (i) It is obvious by the algorithm statement.
(ii) We denote that the upper bound corresponding to €,
isV):

folyn) € [Vy —e V] (27)

Then {y,} is the point sequence on bounded closed set, and
{7, } has a converge subsequence {y,}.
We denote lim;_,y,; = ¥, and then

Vi = €ni < fO (Vn*z) < Vn*i‘

ni

If i — oo,
(28)
then ni — oo,

lim e, = 0.

: ni
ni—oo
Now {V,’} is a monotone decreasing sequence; therefore it is
. * *
convergent. We put lim,,_, [V, = g

lim (V,; —€,) < lim fo (y,) < imVio (29)
i—00 1—00 1—00

Since f,(y) is a continuous function, lim; , f,(y,;)

Sfo(y™). Therefore, py < fo(¥™) < yg,and fo(y*) = pg . Since
filyy) <0, for each k, and fi.(y") is continuous, we obtain
thatlim,_, fi(y2) = fi(y™) < 0. O

5. Numerical Experiment

In this section, we show some numerical experiments for
these optimization problems according to the former rules.
We make the algorithm coded with Matlab. In these codes,
we use Matlab’s unique function code “linprog” to solve the
linear optimization problems.



Abstract and Applied Analysis 7
Example 1. Consider
_ —x? +3x, +2x5 +3x, + 3.5 x,
min | exp —exp| — >
x; +1 X7 —2x) + x5 —8x, +20
st x;— %2 . 1
X1 (30)
X1
2— +x,<6
X2
X={x:1<x,<31<x,<3}
We set € = 0.000001. After the algorithm, we found a global =~ Example 2. Consider
e-optimal value V* = 59.3054 when the global e-optimal
solution is (xl,xz)T = (1,1.6180).
. . xf+2x2—2x1+x§ 3xf—3x2+2x1+x§+3
min | sin > 0s > 5
x;+x;+4 x7+2x5+ 10
2 2 2
Xy +3x, —2x5 +2 —X5 +2x, +2x (31)
st sin| = 5 2 2 +cos| —2—"1 "2 1)<
X{tx,+5 X, +5
X={x:1<x,<2,1<x,<2}
We sete = 0.00000*1. After the algorithm, we found a gl'obal Example 3. Consider
e-optimal value V* = 0.9023 when the global e-optimal
solution is (xl,xz)T =(2,1).
, 2x} — x, +35 3x7 - x, +35
min | log| —————— ) —log| — >
-x; +2x5+9 X{ =X +x5+2x,+3
2
st x]—-2x,<1
b (32)

X2
x—-—<1
X1

X={x:1<x,<3,1<x,<3}.

We set € = 0.000001. After the algorithm, we found a global
e-optimal value V* = —0.5382 when the global e-optimal

solution is (xl,xz)T =(1,1).

6. Concluding Remarks

In this paper, we propose the specific nonlinear and non-
convex optimization technique which does not launch new
valuables applying Hongwei’s method [6]. We compute the
examples of our previous work [17] by the new method. In
[17], it had taken over 8 hours to find optimal value for
each problem. The proposed method can compute the same

problems in 10 minutes. If the algorithms are coded by C or
C++, we obtain the optimal value in a shorter time.
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