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This paper is concerned with the existence of positive solutions of semilinear biharmonic problem whose associated functionals do

not satisfy the Palais-Smale condition.

1. Introduction

We consider the semilinear biharmonic problem
Au = f(x,u) inQ,

@

u=~A=0

on 0Q),
where Q is a bounded domain with smooth boundary in
RY,N > 5.

Problems of this type have been studied in [1-7]. In [6]
Liu and Wang studied (1) when f(x, t) is asymptotically linear
with respect to t at infinity. In order to find critical points
of the functional ® associated with (1), one usually applies
the Mountain Pass Theorem proposed by Ambrosetti and
Rabinowitz [8]. For applying the theorem, one often requires
the following condition, that is, for some 6 > 2 and M > 0:

0 < OF (x,t) < tf (x,t) for |t| > M, 2)

where F(x,t) = '[Ot f(x,s)ds. Condition (2) is important
for ensuring that each Palais-Smale sequence is bounded in
H*(Q) ﬂHé (Q). We say @ satisfies the Palais-Smale condition
(henceforth denoted by (PS)) if any sequence {u, } for which
®(u,) is bounded and ®'(1,,) — Oasn — 0O possesses a
convergent subsequence. Note that the nonlinear term f(x;, t)
is asymptotically linear, not superlinear, with respect to f at

infinity, which means that condition (2) cannot be assumed
in their case. Lin et al. use some tricks and techniques to prove

that the (PS) sequence is bounded. Then they use Mountain
Pass Theorem to get a positive solution to (1).

In [2] Ramos and Rodrigues considered (1) with the
nonlinearity f(x,t) = ut + a(x)g(t), where u is a real
parameter, a € C'(Q) changes sign in Q, and g € C'(R)
is subcritical and has a superlinear behavior both at zero
and at infinity. They extended for the biharmonic operator
results that were obtained for the corresponding second order
problem in [9]. Their assumptions on f do not seem to
imply suitable compactness properties (namely, the so-called
Palais-Smale condition) for the corresponding functional, if
one uses a variational argument. Moreover, due to the absence
of sign in the nonlinear term, it is not clear whether the
geometric structure of the functional associated with (1) falls
into one of the usual schemes used in critical point theory.

In this paper, we suppose that f satisfies the following:

(H1) f € CY(Q % R), 0f; /ox; € C(QAx R)(1 < i < n), and
flx,t) 2 0ift > 05

(H2) f(x,0) = ft'(x, 0) = 0forall x € O

(H3) thereexist T > 0and 1 < p < (N +4)/(N — 4) such
that

|fl | <ClP™ [Vef (e t)] < CleIP, o
3

V. f (e.p)] < CleP!

for |t| > T and x € O
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(H4) there exist 4 > 0and T > 0 such that f(x,t) > ut? for
allx € Qandt >T.

This type of hypotheses assumed here does not imply the
(PS) condition and does not fit in the condition that implies
a priori bounds. Recently, de Figueiredo and Yang [10], Liu
et al. [11], and Ramos et al. [9] have considered semilinear
second order elliptic problems without the (PS) condition.
Our assumptions (H1)-(H4) exactly come from [10]. In [9,10]
the link between the Morse index and the L® bounds of
solutions is shown. In [12] Bahri and Lions mentioned that
bounds on Morse indices are useful in some problems to
prove the Palais-Smale compactness condition.

For the reader’s convenience, we give an example:
f(x,t) = tP[2 + sin(Int) cos|x|?] for x € Q, t > 0, where
p > 1. Due to advances of our method and our interest in
positive solutions, without loss of generality, we may assume
that f(x,t) = 0 fort < 0. It is easy to see that f(x,t) satisfies
the conditions (H1)-(H4). Moreover, it is obvious that f(x, t)
does not satisty the hypothetical conditions on nonlinearity
in [2].

Our main result is the following.

Theorem 1. Suppose f satisfies (H1)-(H4). Problem (1) has at
least a positive solution.

The organization of the paper is as follows. In Section 2
we prove some new nonlinear Liouville type theorems which
may be useful in other situations. In Section 3 we prove
Theorem 1. Firstly, we apply the Mountain Pass Theorem to
a suitable sequence of truncated problems. In particular, it
follows that the Morse index of the solutions of the truncated
problems is finite. We use this fact and the blow-up argument
to show that the sequence of the truncated problems is
bounded. A version of the well-known Pohozaev identity is
in turn essential. Throughout this paper, the constant C will
denote various generic constants.

2. Liouville Type Theorems
For R > 2r > 0, let v, € C(RY) be a cut-off function

satisfying

Vor(x) =1, x€Bp\B,,
x € B, UB5,,

(4)
, x€Byg,

1//r,R (x) =0,

=~ O

IVV/T,R| <

C

c
F, X € BR'

|D2v/r,R (x)| <
Define

J (w)v= J AuAvdx—J Q (x) ufvdx,
" R )
v e CY (RY),
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and then

J" (W) ¢® = JRN |Ag|*dx - p JRN Q) ugdx, ©
6
Vo e CY (RY).

Lemma 2. Suppose that Q is a function satisfying 0 < u <
Q < C, where y and C are constants. Let u be a nonnegative
solution of the following problem:

NMu=Q)uf inRY, )

with finite Morse index, where 1 < p < (N +4)/(N —4). Then
there exists ry, > 0 such that ]’,(”)(WEO,R“)Z >0, VR > 2r,.

The Morse index of solutions of (7) is defined as the
dimension of the negative space corresponding to the spectral
decomposition of the operator A* — pQuP™".

Proof of Lemma 2. Suppose the assertion is false. Then for
ry > 0, there exists R; > 2r; such that J "(u)(l//rzl)R1 u)? < 0and

forr, > 2R;,wemayfind R, > 2r, such that ]"(u)(wfz,Rzu)2 <
0. Then the supports of 1//3l r,uand ‘//rzz,RZ” are disjoint, so the
Morse index of u is larger than or equal to 2. Iterating the
argument, we may get a contradiction since the Morse index
of u is supposed to be finite. O
Proposition 3. Let u be a bounded nonnegative solution with
finite Morse index of (7). Then both || Aul| 2~y and [[ull o+ gy
are finite.
Proof. By Lemma 2, there exists a r, > 0 such that
2

J" () (‘//rzo,R”) >0, VR>2r,. (8)

That is,
2\%2 ,
JRN [4<Wr0,RAV/rO,R + |VW1’0,R| ) u
2 24 2
+ 161//,0)R(V1//r0,RVu) + er)R|Au|

2
+16 (l//rO,RAV/rO,R + |VWr0,R| )
3 ©)
X ul//ro,RVu/ro,Rvu + SWrO,RAuVWrO,Rvu

2
+4 (‘//ro,RAV/rO,R + 'VWrO,R' )”‘//rZO,RA“] dx
> pj Q(x)u*ly, pdx.
RN 0>
Multiplying (7) by ut//fo’ > we find
4 3
J[RN [WrU,R + Sv/ro,RAuvuVWro,R

2 + V/EO,RAWro,R) uAu] dx (10)

+4 (31//50,R'VWrO,R

= JRN Q(x) MPHI[/:}O,RdX.
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From (9) and (10), it follows that
N 4<v/r0,RAWrO,R + |VI//r0,R|2)2u2
R
+ 16‘//r20,R(VWr0,RV”)2

+16 (WrU,RAV/rO,R + |V1//r0,R|2) uWro,varo,Rvu] dx

>(p-1) JRN () plAul® + 8y, (AuVuVy, .

3
+4u1//r0,RA1//,O’RAu) dx

+(12p—4) JRN ‘//rZO,R'V%o,RFUAu dx
>(p-1) J[R{N [Wfo’RlAulz
-4 (st//fo)R|Au|2 + él//fo’R|Vu|2'VWro,R|2>
2 <£W:;,R|A”|2 * %wwauz'A%O’Rr)] dx

~(6p-2) [ (ewi sl + 29y o)
an

where & > 0 is small enough. Consequently,

JRN wa’R|Au|2dx
<C J-RN [(v/ro,RAWrO,R + |VWr0,R|2)2u2
R \ A N\
+ (WrO,RAV/rO,R + |VII/TU,R|2) uvjro,Rero,Rvu

TRV TN IVu/fO,R|4u2] dx.
(12)

Using the value of y, », we get
J t/ffo’R|Au|2dx
BZR
4 2
< CJ [Wr R|Alpr R' u + |VWr R|

+1//f0,R|Vu|2'VV/rO,R|2:| dx

2
=C [J (u/ro,R
Bzro \Br()

2
+ J (WrO,R
Byr\Br

AI//,O’R|2 + C'Vl//,o,Rr) wdx

AI//rO,R ’ + |V1//r0,R'4> uzdx

2
+JB wa,R|Vu|2|V1//rO,R| dx]
2R

1 1
=C <1 i R* JBZR it R? JBZR wrzO’Rlvadx) )
(13)

Using the interpolation inequality (see [13]), we obtain
4 2 1 2
JBZR v, rlAul dx<C <1 + I «[BZR u dx) . (14)
From (9) and (10), it follows that
(p-1) J Q(x) upﬂt//ro)Rdx
2\2 ,
< JRN [4(1//r0,RAWrO,R + 'lero,R| ) u

+ 16Wr20,R(V1/’rO,RV”)2

2
+16 (WTU,RAV/rO,R + |VW1*0,R )uV/rO,RVV/rO,Rvu

2
—81//30’R'V1//,0,R| uAu] dx.
(15)

Using the value of y, p again, we have

JB Q(x) upﬂl//fO’Rdx

2)2 2
u

=C J [(WTO’RAV/VO,R + |VW’O»R
BZR

+ ‘//rZO,R(VWrO,RV”)Z

2
+ (WrO,RAv/rO,R + |V1//ro,R| )ul//ro,RVIl/ro,Rvu

‘%ZO,R Vt//,O)R|2uAu] dx.
(16)

Estimating the right side of (16) by the argument exactly as
above and using (14), we have

+ 1
J. Qx)u pl 4 deC<1+FJBZRu2dx>, 17)

where C does not depend on R.
Since y, r = 1 over By \ B,, ,

[, QEwyl
= J- Q(x) uPHl//f Rdx+J Q(x) upﬂl//f R
= LR Q(x) uPdx — JB Q(x) ub*! (1 - ‘//:lg,R) dx

21

(18)



By (17), we get

j Q () uP*ldx < j Q) uf (1-y ,)dx
Bg

By,
(19)
1
+C<1+—4J uzdx>.
R BZR
Hence
uPldx<C(1+ L w’dx (20)
B B R* Jp ’
'R 2R

since u < Q(x) < C and u is bounded.
We will prove .[IRN [ulf'dx < +oo. Assume to the

contrary that fRN [u|P*dx is not finite; by (20), we obtain

J lul""'dx < % J wdx, (21)
BR R BZR

for large R.
Using Holder’s inequality, we get

2/(p+1)
J uzdst<J |u|P“dx) RNV (29
BZR BZR

Substituting (22) for the right-hand side in (21) gives.

2/(p+1)
|u|p+1dx> .

(23)

J lulP'dx < CR_4+(N(P_1)/(P“))(J
By B

2R

Leta = —4 + (N(p - )/(p+ 1)), B = 2/(p + 1), and I(R) =
JBR |ulP*!dx. Then iterating (23), we get

k+1
I(R) < C2RVI(2'R) (24)

wherey=1+[3+---+ﬁk, 5=ﬂ+2ﬁ2+--~+k[5’k.
Since u is bounded, the left side of (24) is of the order RY,
while the right side is of the order R™, where

1_ﬁk+1
1-p

as k — +00,

1-p

M=« + N —
(25)

which yields a contradiction since « < 0.
As above using (14), we obtain

J |Aul*dx < C (1 + % J uzdx>. (26)
BZR

R

Combining (26) and (22), we have

J |Aul*dx
BR

2/(p+1)
ccfremeomen (] pa))
B

(27)

2R

Using the already proved fact that [, [ul"*'dx is finite, we
obtain .[IRN |[Aul*dx < +00. ]
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Using an approach similar to the method used in the
proof of Proposition 3, we prove the following proposition.

Proposition 4. Suppose that Q is a function satisfying 0 <
p < Q < C, where y and C are constants. Let u be a bounded
nonnegative solution with finite Morse index of

Ay = Qx)uf in IRT,
(28)
u=Au=0 on aRfj,

where1 < p < (N+4)/(N-4) and RY = {x = (x,...,xy) €
Rfj : Xy > 0}. Then both ||AM||L2(R§) and ||u||Lp+1(RI+\7) are finite.

Proposition 5. Let u be as in Proposition 3. Suppose that

J |Au|2dx2vj Q (x) ufdx, (29)
RN RN

wherev > 1. Then u = 0.

Proof. By Proposition 3 and (7), we obtain

J |Aul*dx = J Q (x) u?dx. (30)
RN RN
By (29), it yields

J Q) ufdx>» J Q (x) ufdx. (31)
RN RN
Thenu = 0. O

Similar arguments are used to prove the following propo-
sition.

Proposition 6. Let u be as in Proposition 4. Suppose that

[ tmuraxzy| Qus, (32)

+

wherev > 1. Thenu = 0.

For future reference, we have the following result at the
end of this section.

Lemma 7. Let u be a nonnegative solution of problem (7) with
finite Morse index. Then there exists r, > 0 such that for R >
2r, one has

R (1vul’ +]Aul® + |V (Aw)* + Q(x) u?*') dS
0By ( )
33

- CR(N(p—n/(p+1>>—4< j ubH

2/(p+1)
S

Proof. By Proposition 3, [, u?*!dx < co. We proceed as in
[10, 12]. Denote by i(Q, u) the Morse index of u with respect
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to the operator A - pQuPil. Suppose that 0 < i(Q,u) < m.
Lety;, i =1,2,..., be smooth functions such that

v, =1 on By,
supp ¥, C By,
yy=1 on D;={xeRY:2(i-1)<|x <2i-1},
fori>2,
suppy; C A; = {XGRN:Zi—§<|xI<2i—%},
fori>2,

[Vy;| <C, |Ay|<C, foriz1.

(34)

Denote ; = ¥;(x/R) for R > 0. For each R > 0, there exists
i = i(R) such that

242
J [4(‘//i,RA1/’i,R + |Vl ) u?
RN
+ 161//1.2,12(V1(/14)RV14)2 + 1//2R|Au|2

2
+16 (V/i,RA‘/’i,R + |Vl ) uy; gV gVl
, (35)
+ 8y g AuVy, g Vu

+4 (V’i,RA‘//i,R + |V1//i,R|2) u‘/’fz,RA”] dx
>p JRN Q(x) MPHI//szx.
So we deduce as (12) and (15) that
|| whelaupax
RN
<C .[RN [(V’i,RAV/i,R + |V1//i,R|2)2“2
+ ‘//fZ,R(VWi,RV”)Z + (‘/’i,RAWi,R + |VWi,R|2)
<y [Vl - 1Vl + 92| Vil [V
2|yl + [Vl dx,

JRN Q(x) upﬂwfRdx

2
<C J-RN [(Wi,RA‘//i,R + |V1//,-,R|2) u? + ‘//iZ,R(VV/i,RVM)2
+ (ll’i,R |A‘//i,R| + |V1//,-,R|2) uy; |V1//LR| -Vl

+81pi2,R|V1//i,R|2u |Au ] dx.
(36)

By (36), we have
J (wﬁR|Au|2 +Q(x) upﬂl//fR) dx
RN
2
<C JRN [(‘//i,R |Ay; | + lV‘/’i,R|2) u’ + ‘/’iz,R|v‘//i,R|2|V”|2
+ (V/i,R |Ay; | + lVV’i,R|2) uy;, Vx| - IVul
+ V’iZ,R|V1I/i,R|2” |Au| + ll/iz,RlAWi,R|2”2
+|V%R|4u2] dx
2
<C | [(vinloviel + [vyial)
+ l//iz,R'Vl//i,R|2|vu|2
+ (V’i,R |Ay; o] + lVV’i,R|2) uy; g |Vl
|Vl + e Ay g + [Vyg|
1 1
+Est//ﬁR|Au|2 + 2_€|V‘/’i,Rl4”2] dx,

(37)

where € > 0 is small enough.
Thus

jRN (yl bl + Q () uf*yly) dx
2
<C JRN [(‘//i,R |Ay; | + lVWi,R|2) uw + 1//1.2’R|V1//1.’R|2|Vu|2
2
+ (in [Awig] + [Vyial) uyin [Vl

|Vul + ‘//iz,RlA‘:Vi,R|2U2 + |V1//,-‘R|4u2] dx
2
<C JRN [(‘//i,R |Ay; p| + lVV’i,R|2) W+ ‘Vi2,R|V1//i,R|2|VM|2

R I Tt |Vwi)R|4u2] dx.
(38)

Integrating by parts, we obtain

J uy; R Audx = — J- (|Vu|21//fR + 41//i3RuVuV1//iR) dx.
ay b RN s : :
(39)

Consequently,

JRN |Vu|21//;fRdx
<C <J |Aul ul//?Rdx + J w?Ru [Vul - |V g] dx)
RN ’ RN 7 ’
<C (J (u/;fRIAu|2 + uzl//fR) dx +e¢ J |Vu|21//fRdx
RN RN

+e ! JRN 1//1.2’Ru2|V1//i)R|2dx> .
(40)



Hence
2 4
[, varvls
4 2 2 4
<C <IRN v plAul"dx + JRN Uy, pdx
2 4
U |V g dx)
+

J
(JRN (v elbu + 12V, o) dx
Joo

|A ”‘/’zR ' dx)

<C( |, (viaaut +alvy, ) dx

RN (41)

* J (ViR + 2y, g Ay + 2uy; x Ay,
R
2 2
+2u|Vy; o] + 41l’i,RV”V1//i,R) dx)
=¢ JRN (l/’leA”"z + 12|V + MZWiZ,RlAWi,R|2

+WZR|V”|2|VW1,R|2) dx.
Multiplying (7) by V/Zf rAu and integrating by parts, we obtain

J YV (Aw)dx = —4J Vo RAUVY; - V (Au) dx
RN 7 RN 7 ’

- JRN Quplp:RAudx.
(42)

Consequently,

jRN W§R|V (Au)|2dx
= JRN [Wir 18ul - [Vy;g| - IV ()] + QuPy [Aul | dax

— 2
<C jRN [eyi oIV (AW + &7y | Aul’ |V g

+ QZuZPwlR + wﬁRlAulz] dx
(43)

Hence

JRN V’lev (Au)|2dx
1
<C [F jRN Y2 albuldx (44)

+ J (QuPyity + v plAul) dx] .
RN ’
By (38)-(44), we have

JRN (Vir + Vi + ViV Q) + Q(x) "yl ) dx

1
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! JRN (‘//fR|AWi,R|2 + |V‘//i,R|4) w'dx

+ JRN 1//1.2)R|V1//,<,R|2|Vu|2dx] :

(45)
By the definition of y; , it follows that
L (IVul® + 1Al + |V (Au)|* + Q (x) u?*!) dx
" (46)

This implies by Holder’s inequality that

J (IVul® + 1Al + |V (Au) + Q (x) ") dx
R

i

) L\
<— ( J uf* dx)
R*\ Jra,\rD, (47)

x [mes (RA, \ RD,)]#""/&*

uPdx

< CRN =D/ (p+1)~ (J’ )2/(p+1)

Hence, there exists R € (R, (2m — 1)R) such that

R (IVul +|Aul + |V (Aw)* + Q (x) u?*) dS
0Bg ( )
48

< CR(N(p—l)/(P+l))—4< J WP dx

2/(p+1)
o)

The assertion follows. O

3. Proof of Theorem 1

Let us first note that hypotheses (H1)-(H4) imply that there
exista sequence {t,}, t, — +ooasn — oo anda continuous
function ¢ such that

£ (x,t,) >0, nli_}rréow = c(x)
tn (49)

uniformly in x € Q.

Using LHospital’s rule, we obtain

fi (ot)

n— 00 tP—l

f ot
P

n— 00 t
n

= %c (x). (50)
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Without loss of generality, we may assume that f(x,t) = 0, if
t < 0. Define a truncation of f by

f 1
f (x’ tn) - Etnft, (x’ tn)
Lf (ota) .
i) f ,
fn(x,t)= ‘ +p tﬁ_l t itt>t, (51)
f(x1) ifo<t<t,
0 ift<0.
Note that f, € C' in the variable t.
Let us consider the truncated problem
A= fo(x,u)  in Q,
(52)
u=~Au=0 on 0Q.

Lemma 8. Problem (52) possesses at least one positive solution
with finite Morse index.

Proof. Consider the functional associated with problem (52)
1
T ) =+ I |AulPdx - I F,(owdx,  (53)
2 Ja Q

where F,(x,t) = JZ fo(x,s)ds. We will use the Mountain
Pass Theorem by Ambrosetti and Rabinowitz [8] to obtain
existence result for problem (52). One can easily check that
there exist @ > 2 and M > 0 such that for |t| > M,

0 < OF, (x,t) < tf, (x,1). (54)

We note that condition (54) is important for ensuring that J,
has a Mountain Pass geometry and satisfies the Palais-Smale
condition. So, using the Mountain Pass Theorem, we obtain a
nontrivial weak solution u,, of (52). By Lemma B3 in [14], u,, is
a classical solution of (52). By the maximum principle for A*
with Navier boundary conditions we get that u,, is positive.
The geometry of the Mountain Pass, described in [15, 16],
implies that the Morse indices of u,, are less than or equal to
1. Thus Lemma 8 is proven. O

Let g be a function satisfying (H1)-(H3), and consider the
problem
Au = g(xy+ax,bu) inQ,
(55)
u=Au=0, on 0Q,

where a, b are positive constants and x, € R".

Lemma 9. Let u be a solution of (55). Then for any ball
Br(0) ¢ Q one has

b'N J G (x + ax,bu) dx
By

ou 0 (Au)
+ RLBR [25 o (V (Au),Vu) | dS

7
+(N-2) J Aulas+ Lr J |Aul*dS
2B, On 2 Jom,
+ab”! J (x,V,G (xy + ax,bu)) dx
By
_N-4 J |Aul*dx +b 'R J- G (xo + ax,bu) dS,
2 B 9B,
(56)

where G(x,u) = _[; g(x, t)dt and n denotes the unit outward
normal to 0By,

Proof. By standard procedures, one can prove the Pohozaev
type identity. We give the proof for completeness and for the
reader’s convenience.

By Proposition 2.2 in [17], we have

J A (x, Vu) dx
BR

2L I |Aul* (x,n) dS
2 Jas,

0 (Au) ou
+ LBR { 3n (x,Vu) + 3n (x,V (Au))

—(V (Au), Vu) {x,n) ]»dS N J |Aul*dx
2 Jp,

+(N-2) JB (V(Au),Vu) dx.

(57)
It is clear that

g (xq + ax, bu) (x, Vu)
=b"" div(xG (x, + ax,bu)) — b NG (x, + ax, bu)
—ab™' {x,V,G (x, + ax,bu)) .
(58)

By (55), we have

J A ulx, Vu)dx = J g (xo + ax,bu) (x,Vu)dx. (59)
Bg

Br

Substituting (57) and (58) into (59) and using the divergence
theorem, we find

1 J |Aul* (x,n) dS
2 Jagy

0 (Au) ou
+ LBR { on (x,Vu) + on (x,V (Au))

—(V (Au), Vid) (x,m) } ds + % J \AuPdx

Br

+(N-2) J (V(Au), Vu) dx

R

=b! J G (xo + ax,bu) (x,n) dS
9By



-b'N J G (xo + ax, bu) dx
By

~ab™! J (x, V.G (x, + ax, bu)) dx.
By

(60)
Using the Green’s formula, we obtain
ou
J (V(Au),Vu)dx = —J Au-Audx + J Au—dsS.
By By 3By n
(61)

Substituting (61) into (60) and using n = x/R on 0By, we
obtain (56). L]

If it happens that [u,|| < t,, for some n, then u, is
also a solution of (1), and the proof of Theorem 1 will be
completed. Thus it suffices to prove the following proposition.
We prove the proposition by the blow-up technique of Gidas
and Spruck [18].

Proposition 10. Suppose that u,, is a solution of (52) with
finite Morse index. Then there exists at, > 0 such that |lu, ||, <
t,.
Proof. Assume by contradiction that there does not exist such
at,. So we should have |u,| > t,, for all n. Then [Ju,| — oo
asn — 00.

Let M,, = maxgu, (x) = u,(x,), x,, € Q. Define

v, (y) = M, u, (xn + M;((P‘l)/‘l)y) ’

(62)
yeqQ, = M,SP_I)M (Q-x,),
which satisfies
2 - —((p-1)/4 .
A%y, = anfn (xn + Mn((ll7 ) )y,ann) in Q,,
(63)
v,=Av,=0 on 0Q,,

and v, < 1inQ,, v,(0) = 1.
Due to compactness of () we may also assume that

x, — X, € Q.So thereare two cases to be considered, x, € Q
and x, € 0Q.

Case 1. x; € Q.

Given R > 0 there is an 1, € N such that B,(0) ¢ Q,, for
all n > ny. By the L?-estimates due to Agmon et al. [19], we
have that for all y > 1

1Vallwsrgs,y < € {|| MP £ (x, + M@V 5

"NLY (Byg)

+”vn"LY(BZR)} .
(64)

By assumptions (H1)-(H3) and the definition of f,, it follows
that

|f, ()] < C(1+]tF), (65)
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and then for large n,

|M;an (xn + M;((P*l)/4)y, ann)

< M,PC(1+|M,v,[")
<C(M,? +v,|") <2C.
(66)
So we obtain that
"Vn"W“’V(BR) <C uniformly in n. (67)

Choosing y > mn, it follows from standard embedding

theorems that {v,} is uniformly bounded in c> (I_BR), 0<ac<
1. By the Schauder estimate of Agmon et al. [19] one has

allogs, < C 1M (i + MO0 5, M)

o,By

Halos, ) -
(68)

Next we claim that
|M2 £, (e + M, P00y M )| < C (69)

o,Bp

In order to do that we write
fo (3t Oy, M, ()
- f, (xn + m;((P*I)/4)Z’ My, (z))
= [fu (n tm, 0y, M, ()
I (xn + m;((P_l)/4)y, M,v, (z))] (70)
+ [fn (xn + m;((pfl)/‘l)y, M,v, (z))
~fu (3, + m P M, @)]

=1, + I,

Then we have

9
1<% 290,
XMn (Vn (y) Yy (Z)) ‘ (71)

<C(1+|Muw, | M, |v, () - v, (2)]

<C(1+MP)|y-2|"

According to the definition of f,,, we divide the estimate of I,
into three cases.

(i) If M,v,(z) < T, then since f, is C' we get
|L| < CM P01y g (72)
(i) If T < M,v,(2) < t,,
IL] < [V f (s, + M, O, M, (2)|

we use condition (H3) to get

. M;((P—l)/‘l) |y _ Z| (73)

< CM, P IM,, @) - [y - 2.



Abstract and Applied Analysis
(iii) If t,, < M, v, (2), by the definition of f,, we have
L] < |f (0 + M,/ Py,
(0 + MOV )

tVl 'ft’ (le + M_((P_l)/4)y’ tfl)

! (s + MO )

i (e M)
(ann (Z))P - tr[lFl -
n

+
|-

! —((p-1)/4
Ry (x, + M@0z 1)
p ¢!

| f X, +M((P1/4w t | M (Pl)/4)|y Z|
L ! (o M0, )

'M;L((pfl)/‘l) |y _ Zl
1
+
P

'M;l((p*l)/4) |y _ Zl

MP| S (x4 M0 )|

<CMOPI* |y 2],

(74)
By (71)-(74), we obtain
I + L| < M |y — 2|, (75)
which proves (69), and therefore
[, By = C uniformly in n. (76)

Using Arzela-Ascoli Theorem and (69) and (76), we obtain a
subsequence of v, still denoted by v,, such that

V}’l — v in C4’a, (B(I/Z)R) N (77)
M, £, (x, + M, Py, Moy, () — A(y)
(78)
. O,DC,
inC (B(I/Z)R)>
where 0 < o' <a < 1,asn — oo.
Assume that § = lim,, _, t,/M,,. By (65), we have
MPf, (3, + MDD M (3)) .
7

< CM,?(M,v,)! = CvP.
By (77), we have

v,(y)<B yely:v(y)<pl, (80)

9
for large n. Consequently,
t
Vv, < —-.
n Mn (81)
That is,
M,v, <t, (82)

Then, by the definition of f,, and the assumption (H4), we get
wt <M7?f, (xn + M Py Ny (y)) , (83)

for large n. Combining (79) and (83) and letting n — oco0, we
obtain

wf(y)<A(y)<CP(y), ye
Define

y:v(y)<Bh. (84)

lim inf
2y (2)

if yew:={y:v(y)=0},

Q(y) = JAW)vP(y) ifye{y:0<v(y)<p}

e (x)

> if y e{y:v(y)=p}

(85)

Then there exist positive constants o and y such that ¢ <
Q(y) < 9,V € By yg- Passing to the limit in (63) and using
(77) and (78), we conclude that v satisfies

Av=Q(y)v" in Bypp- (86)
By a diagonal process, it follows that
Av=0Q () vP in RV, (87)

Next we claim that the Morse index of v is finite. If
¥ € Bypr \ Q, by the LHospital’s rule we have

Q)" ()

—((p-1)/4
- lim fn (xn +Mn((P & )y’ ann)
n— 00 Mg

. 0 ~((p-1)/4)
neroloW [Vngfn (xn+Mn y’ann)

p_ xfn(x +M, ((p= 1)/4)va)

4
M y] ‘
(88)
By (H3) for y € B
|M p+1 xfn (X +M ((p— 1)/4)}/ M v )M ((P+3)/4))’|
< CM;((p_l)/4).
(89)
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Then, by (88), we get

pr1 0 ~((p- -
M2 Gt My M) — pQ() W ()
(90)

If y € wNBj yr, thenv,(y) — O0asn — oo. Byassumption
(H3), we have

0 o
1 ((p-1)/4)
‘Mnf” Ef” (xn + M P )y, M,v,

1)
< MP' (M) =kt — 0
asn — 0. Therefore, (90) holds for all x € B(;,z. By the
diagonal process, one knows that (90) holds also in RY and
it converges uniformly on compact sets of RN asn — oo.
The uniform convergence of v, to v on compact sets

implies that the Morse index of v is finite. To handle this, we
set

], () ¢

- J |Ag[ dx
[RN

_ M*P+1 Ef (x +M*((P*1)/4)x M u) QDde (92)
RN n at n n n > n >

Vo € Cy° (RY).

Lety € CSO(RN ) be such that J ”(v)wz < 0. The uniform
convergence of v, to v on compact sets and the fact that (90)
holds on compact sets imply

I (v)v? <0 (93)

for large n. Since the Morse index of v, is finite, it follows
easily that the Morse index of v is finite. Proposition 3 implies
that ||v[| o+ @) is finite. We claim that there existsa A > 1such
that

jRN v > A JRN QvP*ldy. (94)

Then Proposition 5 yields v = 0, which contradicts v(0) = 1.
Now, we prove (94). Applying Lemma 9 to (63) in the ball
Bg(0) for fixed R > 0, we obtain

M'N J

—((p-1)/4)
, E, (x,+ M, "y M,v,)dy
'R

4 RLBR [23821 a(aAnV ) —(V(Av,), vm] ds

ov,,
Y on

+ (N -2) J Av J |Av,,|*dS + M, CPIY
0By

X.[B <y,VF (x +M, (= 1/4y,Mv)>dy
R

'R

X J- E, (xn + M;((Pfl)/‘l)y, ann) ds.
3By
(95)
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By (H3), we estimate
|(3, VB, (x, + M, PV, My, ))| < CRME™. (96)
Therefore

5p+3)/4 j <y’ V.E, (xn + M;((p—l)/‘l)y’ ann)> dy

< CRN+1M;((p—1)/4),
(97)

which tends to zero asn — o©o.
Using a similar argument that leads to (69) we can prove

|M,27'E, (x, + M, V0, My, )

,Bp

(98)
< C uniformly in n.

Then its limit existsasn — o0. Using UHospital’s rule as (88)
we get

—pe —((p- 1
MPE, (0 + MO0y My, ) — 22 Q () ()
uniformly in By,
(99)

asn — 00. Therefore, by the Lebesgue dominated conver-
gence theorem, we obtain

lim M, Pl

n— 00

—~((p-1)/4
J Fn(xn+Mn((P ) )y,an,,)dy

BR
1
p+1

L Q(y)v**dy,
‘ (100)

n— 00

lim M P~ J F,(x,+ M@y, Mnv,)dS
3By

_ 1 .
—pHLBRQ(y)V" (y)ds

Lettingn — o0 in (95), we get

N L Q(y) v (y)dy

p+1
ov 0 (Av)
+RJaBR [Za on - (V (AV),VV)] ds

AvPas s LR J |Av2dS
an 2 0By

+(N—2)J

9By

N-4
=— J |Av[*dy +
2 By

[ emv (s
9B,
(101)

p+1

By Lemma 7, there exists R > 2r,, such that

RJ (19 + 18] + IV AV +Q(y) v"*) dS
9By
(102)
SCR(N(p—l)/(p+1))—4<J y*dy

RN

)2/(p+1)
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Since (N(p - 1)/(p + 1)) — 4 < 0, this implies that

Jim RI (199 + [Av]” + [V (Aan) P + Q(y) vF*) dS = 0.
— 00 a

BR
(103)
Taking the limit R — oo in (101), one has
2N 1
2N P (y)dy= | IavPdy.
N-1 p+l JRNQ(y)v ()dy =  1a°dy
(104)
Assertion (94) follows.
Case 2. x, € 0.
Two cases may occur: either d(xn,BQ)M;((P_l)/“) -

+00 or d(x,, Q)M PV [ >0asn — co.

If d(x,, aQ)M;((pfl)M) — +ooasn — 00, then for all
R > 0 the ball By is contained in Q,, for n large enough. We
also obtain a contradiction as in Case 1.

If d(x,, 0Q) M, P~/ L >0asn — oo, by the
blow-up argument we get a solution v of

Av=Q(y)v inTl
(105)

v=Av=0, on 0II,

with v < 1in IT, ¥(0) = 1, and the Morse index being finite,
where IT = {x € RN : x5y > —L}. We may deduce as Case
1 that v = 0. This is a contradiction since v(0) = 1. Thus the
proof of Proposition 10 is completed. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This work is supported by the NNSFC (no. 61374089), the
NSF of Shanxi Province (no. 2009011008), the Shanxi Scholar-
ship Council of China (no. 2011-005), and the Program for the
Top Young Academic Leaders of Higher Learning Institutions
of Shanxi.

References

[1] F. Bernis, J. Garcia Azorero, and I. Peral, “Existence and mul-
tiplicity of nontrivial solutions in semilinear critical problems
of fourth order,” Advances in Differential Equations, vol. 1, no. 2,
pp. 219-240, 1996.

[2] M. Ramos and P. Rodrigues, “On a fourth order superlinear
elliptic problem,” Electronic Journal of Differential Equations,
Conference 06, pp. 243-255, 2001.

[3] E Ebobisse and M. O. Ahmedou, “On a nonlinear fourth-
order elliptic equation involving the critical Sobolev exponent,”
Nonlinear Analysis: Theory, Methods & Applications, vol. 52, no.
5, pp. 1535-1552, 2003.

[4] E. Berchio and F. Gazzola, “Some remarks on biharmonic
elliptic problems with positive, increasing and convex nonlin-
earities,” Electronic Journal of Differential Equations, vol. 2005,
20 pages, 2005.

1

[5] M. B. Ayed and M. Hammami, “On a fourth order elliptic
equation with critical nonlinearity in dimension six,” Nonlinear
Analysis: Theory, Methods & Applications, vol. 64, no. 5, pp. 924
957, 2006.

[6] Y.Liuand Z. Wang, “Biharmonic equations with asymptotically
linear nonlinearities,” Acta Mathematica Scientia, vol. 27, no. 3,
Pp. 549-560, 2007.

[7] Y. Zhang, “Positive solutions of semilinear biharmonic equa-
tions with critical Sobolev exponents,” Nonlinear Analysis:
Theory, Methods & Applications, vol. 75, no. 1, pp. 55-67, 2012.

[8] A.Ambrosetti and P. H. Rabinowitz, “Dual variational methods
in critical point theory and applications,” Journal of Functional
Analysis, vol. 14, pp. 349-381, 1973.

[9] M.Ramos, S. Terracini, and C. Troestler, “Superlinear indefinite
elliptic problems and Pohozaev type identities,” Journal of
Functional Analysis, vol. 159, no. 2, pp. 596-628, 1998.

[10] D. G. de Figueiredo and J. Yang, “On a semilinear elliptic prob-
lem without (PS) condition,” Journal of Differential Equations,
vol. 187, no. 2, pp. 412-428, 2003.

[11] Z. Liu, S. Li, and Z.-Q. Wang, “Positive solutions of elliptic
boundary value problems without the (P.S.) type assumption,”
Indiana University Mathematics Journal, vol. 50, no. 3, pp. 1347-
1369, 2001.

[12] A. Bahri and P-L. Lions, “Solutions of superlinear elliptic
equations and their Morse indices,” Communications on Pure
and Applied Mathematics, vol. 45, no. 9, pp. 1205-1215, 1992.

[13] R. A. Adams and J. J. E Fournier, Sobolev Spaces, Pure
and Applied Mathematics, Academic Press, Amsterdam, The
Netherlands, 2nd edition, 2009.

[14] R. C. A. M. van der Vorst, “Best constant for the embedding
of the space H> N Hé(Q) into L2V/N-Y(Q)? Differential and
Integral Equations, vol. 6, no. 2, pp. 259-276, 1993.

[15] K.-C. Chang, Infinite-Dimensional Morse Theory and Multiple
Solution Problems, Birkhduser, Basel, Switzerland, 1993.

[16] H. Hofer, “A geometric description of the neighbourhood of a
critical point given by the mountain-pass theorem,” Journal of
the London Mathematical Society, vol. 31, no. 3, pp. 566-570,
1985.

[17] E.Mitidieri, “A Rellich type identity and applications,” Commu-
nications in Partial Differential Equations, vol. 18, no. 1-2, pp.
125-151, 1993.

[18] B. Gidas and J. Spruck, “A priori bounds for positive solutions
of nonlinear elliptic equations,” Communications in Partial
Differential Equations, vol. 6, no. 8, pp. 883-901, 1981.

[19] S. Agmon, A. Douglis, and L. Nirenberg, “Estimates near the
boundary for solutions of elliptic partial differential equations
satisfying general boundary conditions. I,” Communications on
Pure and Applied Mathematics, vol. 12, pp. 623-727,1959.



