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We define some notions of contraction mappings in b-metric space endowed with a graph G and subsequently establish some fixed
point results for such classes of contractions. According to the applications of our results, we obtain fixed point theorems for cyclic
operators and an existence theorem for the solution of an integral equation.

1. Introduction and Preliminaries

The study of b-metric spaces was initiated in some works
of Bakhtin, Heinonen, Bourbaki, and Czerwik [1-4]. After-
wards, several articles which deal with fixed point theorems
for single-valued and multivalued functions in b-metric space
appeared [1-8].

Definition I (see [1,4]). Let X beaset,andlets > 1 bea given
real number. A functiond : X x X — R" is said to be a
b-metric on X, and the pair (X, d) is called a b-metric space
if, forall x, y,z € X,

(d1) d(x, y) = 0ifand onlyif x = y,
(d2) d(x, y) = d(y, x),

(d3) d(x,z) < sld(x, y) +d(y,2)].

Note that the class of b-metric spaces contains the class of
metric spaces.

Example 2. Let X := lp(IR) with 0 < p < 1, where lp(R) =
{x={x,} CR:Y7? Ix,|” < co}. Then,d(x, y) = (Yoo, |x,—
ynlp)l/p is a b-metric on X with s = 21/,

A sequence {x,} in a b-metric space X is said to be
convergent if and only if there exists x € X such that
d(x,,x) — 0asn — o0.In this case, we write lim,,_, . x, =
x. A sequence {x,} in a b-metric space X is said to be Cauchy
ifand only ifd(x,, x,,) — Oasm,n — ©0. A b-metric space
(X, d) is complete if every Cauchy sequence in X converges.
In general, a b-metric is not continuous.

The famous Banach contraction principle [9] infers that
every contraction on a complete metric space has a unique
fixed point. Recently, Jachymski [10] introduced the notion
of Banach G-contraction to generalize Banach contraction
principle as follows. Let (M, ) be a metric space, let A be
the diagonal of the Cartesian product M x M, and let G be a
directed graph such that the set V(G) of its vertices coincides
with M and the set E(G) of its edges contains all loops; that is,
E(G) 2 A. Assume that G has no parallel edges. A mapping
f: M — M is called a Banach G-contraction if (i) for
all x,y € X ((x,y) € E(G) = (fx, fy) € E(G)), (ii) Ta,
0 < a < 1suchthatforall x,y € X, (x,y) € E(G) =
0(fx, fy) < ad(x, y). A mapping f : M — M is known
as Picard operator [11] if f has a unique fixed point x* and
lim, _, o, f"x = x" forall x € M.

Various generalizations of Banach’s principle have been
obtained by weakening contractive conditions. In this con-
text, Matkowski [12] introduced class of ¢-contractions in



metric fixed point theory, and subsequently further study
was developed in this setting by different authors when
underlying space was taken to be a partially ordered set (see,
e.g., [13,14]).

Letg : R* — R". Consider the following properties:

(g t; <t = @(t;) < @(ty), for all t,t, € R*,
(ii)(P o(t) < tfort >0,
(i), p(0) = 0,
(iv), lim,,_, ,¢"(t) = 0forallt >0,

(V) Yoo @" () converges for all £ > 0.

It is easily seen that (i)(P and (iv)q, imply (ii)(p and (i)q, and (ii)(P
imply (iii) iy

We recall that a function ¢ satistying (i), and (iv),, is said
to be a comparison function. A function ¢ satistying (i),, and
(V)(P is known as (c)-comparison function.

Any (c)-comparison function is a comparison function,

but converse may not be true. For example, ¢(t) = /(1 + t);
t € R is a comparison function but not a (c)-comparison
function. On the other hand, define ¢(t) = t/2;0 <t < 1
and ¢(t) = t — (1/2);t > 1, and then ¢ is a (c)-comparison
function. For details on ¢ contractions, we refer the readers
to [15, 16].
Berinde [17] took further step to investigate ¢ contractions
when the framework was taken to be a b-metric space, and
for some technical reasons, he had to introduce the notion
of b-comparison function; in particular, he obtained some
estimations for rate of convergence [17]. For other related
results, see also [5, 7, 17-21].

Definition 3. Let s > 1 be a fixed real number. A function ¢ :
R* — R* is known as b-comparison function if it satisfies
()¢ and the following holds:

(vi)y Y20 s"9"(t) converges forall t € R

The concept of b-comparison function coincides with
comparison function when s = 1. Let (X,d) be a b-metric
space with coefficient s > 1, and then ¢(t) = at; t € R* with
0 < a < (1/s) is a b-comparison function.

2. Main Results

Throughout this section, let (X, d) be a b-metric space with
coefficient s > 1, and A is the diagonal of the Cartesian
product X x X. G is a directed graph such that the set V(G)
of its vertices coincides with X, and the set E(G) of its edges
contains all loops; that is, E(G) 2 A. Assume that G has no
parallel edges. We assign to each edge having vertices x and
y a unique element d(x, y). Now, we introduce the following
definition.

Definition 4. One says that a mapping f : X — X isa b-
(¢, G) contraction if for all x, y € X:

(fx, fy) € E(G) whenever(x,y) € E(G); (1)
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d(fx, fy) <e(d(x,y)) whenever(x,y) € E(G),

()
where ¢ : R* — R" is a comparison function.

Remark 5. Note that a Banach G-contraction is a b-(¢,G)
contraction.

Example 6. Any constant mapping f: X — Xisab-(¢,G)
contraction for any graph G with V(G) = X.

Example 7. Any self-mapping f on X is trivially a b-(¢, G;)
contraction, where G, = (V(G), E(G)) = (X, A).

Example 8. Let X = R, and defined : X x X — R by
dlx,y) = |x - y|2. Then, d is a b-metric on X with s = 2.
Further, fx = x/2, for all x € X. Then, f is a b-(¢,G,)
contraction with ¢(t) = t/4 and G, = (X, X x X). Note that d
is not a metric on X.

Definition 9. Two sequences {x,,} and {y,} in X are said to be
equivalent if lim,,_, . d(x,,, ¥,) = 0, and if each of them is a
Cauchy sequence, then they are called Cauchy equivalent.

As a consequence of Definition 9, we get the following
lemma.

Remark 10. Let {x,} and {y,} be equivalent sequences in X.
(i) If {x,} converges to x, then {y,} also converges to x and
vice versa. (ii) {y,} is a Cauchy sequence whenever {x,} is a
Cauchy sequence and vice versa.

Now, we recollect some preliminaries from graph theory
which we need for the sequel. Let G = (V(G), and let E(G))
be a directed graph. By letter G, we denote the undirected
graph obtained from G by ignoring the direction of edges.
If x and y are vertices in a graph G, then a path in G from
x to y of length [ is a sequence {xi}fzo of I + 1 vertices such
that x, = x, x; = y, and (x,_;,x;) € E(G) fori = 1,...,1
A graph G is called connected if there is a path between any
two vertices. G is weakly connected if G is connected. For a
graph G such that E(G) is symmetric and x is a vertex in G,
the subgraph G, consisting of all edges and vertices which
are contained in some path beginning at x is known as a
component of G containing x. So that V(G,) = [x]g, where
[x]g is the equivalence class of a relation R defined on V(G)
by the rule: yRz if there is a path in G from y to z. Clearly, G,
is connected. A graph G is known as (C)-graph in X [22] if for
any sequence {x,} in X with x, — x and (x,,x,,,) € E(G)
for n € N; then there exists a subsequence {x, } of {x,} such
that (xnk, x) € E(G) for k € N.

Proposition 11. Let f : X — X be a b-(¢,G) contraction,
where ¢ : R* — R is a comparison function; then

(i) fisab-(g, G) contraction and a b-(g, G™") contraction
as well,

(ii) [xolg s f-invariant, and fl,_is a b-(¢, G,) contrac-
tion provided that x, € X is such that fx € [x,]a.
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Proof. (i) By using (d2) (Definition 1) it can be easily proved.
(i) Let x € [x,]5. Then, thereisapath x = 2, z),...,2; =
x, between x and x,. Since f is a b-(¢, G) contraction, then
(fzi1» fz;) € E(G) foralli = 1,2,...,1. Thus, fx € [ fx,lg =
[xO]G'
Suppose (x,y) € E(Gxo). Then, (fx, fy) € E(G), since
f is a b-(¢, G) contraction. But [x,]g is f invariant, so we
conclude that (fx, fy) € E(Gxo). Condition (2) is satisfied

automatically as Gxo is a subgraph of G. O

From now on, we assume that coefficient of b-comparison
function is at least as large as the coefficient of b-metric s.

Lemma12. Let f : X — X be a b-(¢,G) contraction, where
¢ : R" — R" is a b-comparison function. Then, given any
x € Xandy € [x]g two sequences {f"x} and {f"y} are
equivalent.

Proof. Let x € X, and let y € [x]g; then there exists a path
{xi}gzo in G from x to y with x, = x, x; = y, and (x,_;, x;) €
E(G). From Proposition 11, fisab-(g, G) contraction. So,

(f"xi1 f'x;) € E (G) implies d (f"x;_y, f"x;)

(3)
¢ (d (fn_lxi—l’fn_lxi))
forallme Nandi=0,1,2,...,l. Hence,
d(f"xi fx) < 9" (d (%21, %;)) @
4

VneN, i=0,1,2,...,L

We observe that {f"x;}._, is a path in G from f"x to f"y.
Using (d3) Definition 1 and (4), we have

l .
A% ") € Y55 f5)
l ®)
< Zsi?’n (d (x5 %1)) -

Lettingn — 00, we obtain d(f"x, f"y) — 0. O

Proposition 13. Let f be a b-(¢,G) contraction, where ¢ :
R* — R"isab-comparison function. Suppose that there is z,
in X such that fz, € [zy]g. Then, {f"z,} is a Cauchy sequence
in X.

Proof. Since fz, € [zy]a let {y;}_, be a path from z, to fz,.
Then using the same arguments as in Lemma 12, we arrive at

d (fnzo’ fnﬂzo) S ZSiSDn (d (i1 01), VneN.
i=1

(6)

Let m > n > 1, and then from above inequality; it follows for
p=1

d(f"z0, f""2,)
< Sd (fnZO, fn+1zo) + szd (fn+120,fn+220)

+ot sPd (7P 2, 1Pz,

1 Fn+P*1 ) ) . (7)
s Sn—l Z de (f]Z()st ZO)
N
1 [ r 'n+p—1 o
<= | 25 Y Y[l |-
S _izl j=n
Denoting for eachi =1,2,...,r
n
S, = Zskq’k diny)), n=1, (8)
k=0

relation (7) becomes

1
Sn—l

.

o X S| S
i=1

since ¢ is a b-comparison function, so that for each i =
1,2,...,r1,

Y 6" (d (51, 1)) < 0. (10)
k=0

Then, corresponding to each i, there is a real number ' such
that

lim s, =5 (1)
In view of (11), relation (9) gives d(f"z,, f"fz,) — 0 as
n — ©00. Which shows that { f"z,} is a Cauchy sequence in
X. O

Definition 14. Let f : X — X, and let y € X, and
the sequence {f"y} in X is such that f"y — x* with
(f"y, f™'y) € E(G) for n € N. One says that a graph G is
(C f)—graph if there exists a subsequence { /" y} and a natural
number p such that (f*y,x") € E(G) forall k > p [23]. One
says that a graph G is (H)-graph if f"y € [x"]gforn > 1;
then r(f"y,x") — 0 (asn — ©00), where r(f"y,x") =
YM s'd(z,2); {2}, is a path from "y to x* in G.

Obviously every (C)-graph is a (C)-graph for any self-
mapping f on X, but converse may not hold as shown in the
following.

Example 15. Let X = [0, 1] with respect to b-metric d(x, y) =
[x — y|2. Consider a graph G consisting of V(G) = X and
E(G) = {(n/(n+1), n+1)/(n+2)) : n € N}JU{(x/2", x/2"") :
neN,x e[0,1]}U{((x/2*"),0) : n € N, x € [0, 1]}. Note that
Gisnota (C)-graphasn/(n+1) — 1.Define f: X — Xas
fx = x/2. Then, G is a (Cy)-graph, since f"x = x/2" — 0.



Example 16. Let X = {1/n: n € N} U {0} U N with respect to
b-metric d(x, y) = |x - y|2, and let I be identity map on X.
Consider a graph G, consisting of V(G,) = X and

E(G,) = K%’nil)’(ﬂil’n) »(1:0),

1
(Lo)iment,
5n

since x, = 1/n — O0asn — 0. We note that G, is a (C;)-
graph, but r(x,,,0) = 2|(1/n) — (1/(n+ 1)) + 2*|(1/(n+ 1)) -
n|* +22n* - 0asn — oo. Thus, G, is not an (H;)-graph.

(12)

Examplel7. LetX ={1/n:ne¢ NYU{~/5/n : n € N}u{0} with
respect to b-metric d(x, y) = |x—y|*,and let I be identity map
on X. Consider a graph Gj consisting of V(G;) = X and

11 1 5 V5
p0)= {5 (e ) (o) men)

(13)

since x, = 1/n — 0asn — oo. Clearly G; is not a (C))-
graph, but it is easy to verify that G; is an (H;)-graph.

Above examples show that for a given f notions, (Cj)-
graph and (H)-graph are independent even if f is identity
map.

Theorem 18. Let (X, d) be a complete b-metric space, and let
f be ab-(¢, G) contraction, where ¢ is b-comparison function.
Assume that d is continuous and there is z, in X for which
(20> f2,) is an edge in G. Then, the following assertions hold.

() If G is a (Cy)-graph, then f has a unique fixed point
t € [zylg and for any y € [zyls f"y — t. Further, if
G is weakly connected, then f is Picard operator.

(2) If G is weakly connected (H)-graph, then f has a
unique fixed pointt € X and forany y € X, f"y — t.

Proof. (1) It follows from Proposition13 that {f"z,} is a
Cauchy sequence in X. Since X is complete, there exists t € X
such that f"z, — t. Since (f"zy, f""'2z,) € E(G), for all
n € N, and G is a (Cy) graphs, there exists a subsequence
{f™zo} of {f"2,} and p € N such that (f™z,,t) € E(G) for
all k > p. Observe that (2, fZg> 2 --+> [ 205> f? 2o t)
is a path in G. Therefore, t € [2zy]g. From (2), we get

d (fnk+lzo>ft) <@(d(f*zpt)) <d(fYzpt) Vk=ny.
(14)

Letting k — 00, we obtain lim, _, o, f**'z, = ft, as d
is continuous. Since {f™z,} is a subsequence of {f"z,}, we
conclude that ft = t. Finally, if y € [z]g, it follows from
Lemma 12 that f"y — t.

(2) Let G be weakly connected (H f)—graph. From

Proposition 13, "z, — t € X, and then r(f"z,,t) — 0as
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n — oo. Now, for eachn € N, let {y;'};i = 0,1,...,M, bea
path from f"z, to t with y, = tand y}; = f"z, in G; then

d(t ft) <s[d(t, f"'zy) +d (" 2z ft)]

<s|d(tf"z)+ Zd (fy?pfy?)]

_ .
olatermia)e Yoot

i=1

i M
<s|d(t f™'z)+ Y s'd (y?_py?)}

=s [d (t. f"“zo) +r (f"zo,t)] .

Lettingn — 00, the above inequality yields ft = t. Let y €
[zy]g := X be arbitrary; then from Lemma 12 and Remark 10,
it is easily seen that ["y — . O

The following example shows that the condition of (Cy)
or (Hy)-graph in the hypothesis of Theorem 18 can not be
dropped.

Example19. Let X = [0,1],letd(x, y) = |x—y|2, and let fx =
x/2forall x € (0,1] and f0 = 1/2. Then, (X, d) is a complete
b-metric space with s = 2. Further, d is continuous, and f is
a b-(¢, G,) contraction (with ¢(t) = t/4), where V(G,) = X
and E(G;) = {(x, y) € (0,1] x (0,1]; x = y} U {(0,0), (0, 1)}.
Note that G, is weakly connected, but f has no fixed point in
[zo]a = X. Observe that G; is nota (C f)—graph because the
sequence f"x = x/2" — 0for x € (0,1] and (f"x, f*"'x) €
E(G,); n € N, but it does not contain any subsequence such
that (x,,,0) € E(G;). Also, we note that for any fixed x €

(0,11, (f"x,0) = 2[|x/2" = 1|* + [1 = 0]*] » O as n — oo.

Definition 20. Let (X, d) be a b-metric space. A mapping f :
X — X is called orbitally continuous if for all x, y € X and
any sequence {k,},.x, of positive integers, f*"x — y implies
f(f*x) - fyasn — oco. Amapping f: X — X is called
orbitally G-continuous if for all x, y € X and any sequence
{k,,} e, Of positive integers, fx — yand (f*x, f*"'x) €
E(G) for alln € Nimply f(f*x) — fy.

Theorem 21. Let (X, d) be a complete b-metric space, and let f
be a b-(¢, G) contraction, where ¢ is a b-comparison function.
Assume that d is continuous, f is orbitally G-continuous, and
there is z,, in X for which (z,, fz,) is an edge in G. Then, f has
a fixed point t € X. Moreover, for any y € [z)]g f"y — t.

Proof. 1t follows from Proposition 13 that { f"z,} is a Cauchy
sequence in (X, d). Since X is complete, there exists t € X
such that lim,,_, ., f"z, = t. Since (f"z,, f""'2,) € E(G) for
all n € N, f is orbitally G-continuous. Therefore, continuity
of d implies that ft = t. Let y € [z,]g be arbitrary; then it
follows from Lemma 12 that lim,, _, ., f"y = t. O
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Slightly strengthening the continuity condition on f, our
next theorem deals with the graph G which may fail to have
the property that there is z, in X for which (z, fz,) is an edge
inG.

Theorem 22. Let (X, d) be a complete b-metric space, and let f
be a b-(@, G) contraction, where ¢ is a b-comparison function.
Assume that d is continuous, f is orbitally continuous, and
there is zy in X for which fz, € [zy]g. Then, forany y € [zl
f"y — t € X, wheret is a fixed point of f.

Proof. 1t follows from Proposition 13 that { f"z,} is a Cauchy
sequence in X. Since X is complete, there exists t € X
such that f"z, — t. Since f is orbitally continuous, then
lim, , o, ff"zy = ft which yields ft = t. Let y € [zy]g be
arbitrary; then from Lemma 12, lim,,_, . f"y = t. O

Remark 23. In addition to the hypothesis of Theorems 21 and
22, if we assume that G is weakly connected, then f will
become Picard operator [11] on X.

Remark 24. Theorem 18 generalizes/extends claims 4° and
5° of [10, Theorem 3.2] and [7, Theorem 4(1)]. Theorem 21
generalizes claims 2% and 3° of [10, Theorem 3.3]. Theorem 22
generalizes claims 2% and 3° of [10, Theorem 3.4], and thus
generalizes extends results of Nieto and Rodriguez-Lopez [24,
Theorems 2.1and 2.3], Petrusel and Rus [11, Theorem 4.3], and
Ran and Reurings [25, Theorem 2.1]. We mention here that
Theorem 18 can not be improved using comparison function
instead of b-comparison function (see, Gwdzdz-Lukawska
and Jachymski [26, Example 2]).

We observe that Theorem 22 can be used to extend
famous fixed point theorem of Edelstein to the case of
b-metric space. We need to define notion of e-chainable
property for b-metric space.

Definition 25. A b-metric space (X,d) is said to be e-
chainable, for some e > 0, iffor x, y € X thereexistx; € X;i =
0,1,2,...,l with x; = x, x; = y such that d(x;_,,x;) < € for
i=12,...,L

Corollary 26. Let (X, d) be a complete e-chainable b-metric
space. Assume that d is continuous, and there exists a b-
comparison function ¢ : R® — R* such that f : X — X
satisfying,

d(x.y) <e impliesd(fx, fy) <¢(d(xy)),  (16)

forall x, y € X. Then, f is a Picard operator.

Proof. Consider a graph G consisting of V(G) := X and
(x, ¥) € E(G)ifand onlyifd(x, y) < €. Since X is e-chainable,
G is weakly connected. Let (x, ¥) € E(G), and from (16), we
have

d(fx, fy)<e(d(x,y) <d(xy)<e 17)

Then, d(fx, fy) € E(G). Therefore, in view of (16), f is b-
(¢, G) contraction. Further, (16) implies that f is continuous.
Now, the conclusion follows by using Theorem 22. O

Now, we establish a fixed point theorem using a general
contractive condition.

Theorem 27. Let (X, d) be a complete b-metric space, and let
Gbea (Cy)-graphin X x X such that V(G) = X and f: X —
X is an edge-preserving mapping. Assume that d is continuous

and there exist o, B,y = O with s + (s + 1)+ s(s + 1)y < 1
and for all (x, y) € E(G)

d(fx, fy) < ad (x, y) + B[d (x, fx) +d (v, fy)]
+y[d(x fy)+d(y, fx)].

Ifthereis z, in X for which (z,, fz,) is an edge in G, then f has
a fixed point in [zy] .

Proof. Since f is edge-preserving, then (f"z,, f""'z,) ¢
E(G) for all n € N. From (18) and using (d3), it follows that

d(f"z0 f""29)
<ad (" 20 f'z9)
+Bd(f" 20 f20) + A (f"200 " 20)]
+ys[d(f 7z f2) +d (20 £ 20)]

(19)

On rearranging,

a+f+ys

iy ] d(f"'z f2). (20)

d(f'z "' 2) < [

Repeating iteratively, we have

1 ) < [ TR ). )

For m > n > 1 and using (d3) Definition 1, we have
d(f"z f"2)
< Sd (fnzo, fn+1Z0) + Szd (fn+120,fn+220)

Foeee gt Sm—nd (fm_lzo:fmzo)
m-l j
S - d (2o, fz,) Zs][%] (using (21))

j=n

gt [T

(22)

Since s[(a + B+ ys)/(1 = B — ps)] < 1, then {f"z,} is a
Cauchy sequence in X. By completeness of X, the sequence
{f"z,} converges to t € X. Since G is a (Cy)-graph, there
exists a subsequence { f"*z,} and a natural number p such that



(f™zy,t) € E(G) for all k > p. Using (18) for all k > p, we
have

d(fnk+lzo,ft)
<od (f"zp.t) + Bld (20 [ 20) +d (1 ft)]

+y [d (™20 ft) +d (8 " 2)] .
(23)

Since the b-metric d is continuous and 3 + y < 1, letting
k — oo inequality (23) yields ft = t. Also note that
(o> f20> [*Zgs-+-> [™2Zgs-..> f™,1) is a path in G and hence
in G, therefore t € (zo]a ]

We note that Theorem 27 does not guarantee the unique-
ness of fixed point, but this can be accomplished under some
assumptions as in the following theorem.

Theorem 28. In addition to the hypothesis of Theorem 27, one
further assumes that if o + 2sf3 + 2y < 1 for the same set of
o, B,y = 0 and for any two fixed pointst,,t,3z € X such that
(t,,2) and (t,,z) € E(G). Then, f has a unique fixed point.

Proof. Let t, and t, be two fixed points of f, and then there
exists z € X such that (¢, 2), (t,,z) € E(G). By induction, we
have (¢,, f"z), (t,, f"z) € E(G) foralln = 0, 1,.... From (18),
we have

d(ty, f'z) < ad (ty, f*'2) + pd (" 'z, f'2)
+yld(. f'2)+d (/2 )]

<od(ty, f"'z) + Bs [d( zt)+d (b, f'2)]
+y[d(t, ') +d (" zt)].
(24)
On rearranging,

d (6, f'z) < [%ﬁ,f:]d(tl,ﬂ_lz), Vn=1,2,....
(25)

Continuing recursively, (25) gives
20,9 [ E 2 awa. oo

Since [(a+sB+y)/(1-sB-v)] < 1,thenlim, _, . d(t,, f"z) =
0. Similarly, one can show that lim,, _, ., d(t,, /"z) = 0, which
by using (d3) Definition 1 infers that d(t,,t,) = 0. O

Suppose that (X, <) is a partially ordered set. Consider
graph G, consisting of E(G,) = {(x,y) € X x X : x <
yory <X x}, and V(G,) coincides with X. We note that
if a self-mapping f is monotone with respect to the order,
then, for graph G,, it is obvious that f is edge-preserving,
or equivalently we can say that f maps comparable elements
onto comparable elements.

Following corollaries are the direct consequences of
Theorem 28.
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Corollary 29. Let (X,d) be a complete metric space, where
X is partially ordered set with respect to <. Let f : X — X
be nondecreasing (or nonincreasing) with respect to <. Assume
that there exists o, 8,y > 0 with o + 23 + 2y < 1 such that,

d(fx, fy) < ad (x, y) + B[d (x, fx) +d (y, fy)]

+y[d (e fy)+d(y, f2)],
for all comparable x, y € X. If the following conditions hold:

(i) there exists x, € X such that x, < fx,,

(ii) for nondecreasing (or nonincreasing) sequence {x,} —
x € X, there exists a subsequence {x,, } such that x,, <

x, for all k.

Then, f has a fixed point. Moreover, if for all x,y € X there
exists z € X such that x X z and y < z, then the fixed point is
unique.

Corollary 30. Let (X,d) be a complete metric space, where
X is partially ordered set with respect to . Let f : X — X
be nondecreasing (or nonincreasing) with respect to <. Assume
that there exists a constant 0 < ¢ < 1/2 such that

d(fx fy) <cld(x fx) +d(y. fr)],
for all comparable x, y € X. If the following conditions hold:

(28)

(i) there exists x, € X such that x, < fx,

(ii) for nondecreasing (or nonincreasing) sequence {x,} —
x € X, there exists a subsequence {x,, } such that x,, <
x, for all k.

Then, f has a fixed point. Moreover, if for all x,y € X there
exists z € X such that x X z and y < z, then the fixed point is
unique.

Corollary 31. Let (X,d) be a complete metric space, where X
is partially ordered set with respect to <. Let f : X — X
be nondecreasing (or nonincreasing) with respect to <. Assume
that there exists a constant 0 < ¢ < 1/2 such that

d(fx fy) <cld(x fy) +d(y, fx)],
for all comparable x, y € X. If the following conditions hold:
< fxo,

(ii) for nondecreasing (or nonincreasing) sequence {x,} —
x € X, there exists a subsequence {x,, } such that x,, <
x, for all k.

Then, f has a fixed point. Moreover, if for all x,y € X there
exists z € X such that x X z and y < z, then the fixed point is
unique.

(29)

(i) there exists x, € X such that x,

Remark 32. We note that in Theorem 27, the condition “there
is z, in X for which (z,, fz,) is an edge in G” yields "z, —
t, where t € X is a fixed point of f. Consider a graph

= (X, X x X). For such graph under the assumptions of
Theorems 27 and 28, it infers that f isa Picard operator. Thus,
many standard fixed point theorems can be easily deduced
from Theorem 28 as follows.
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Corollary 33 (Hardy and Rogers [27]). Let (X,d) be a
complete metric space, and let f : X — X. Suppose that there
exists constants o, 3,y > 0 such that

d(fx, fy) <ad(x,y) + B[d(x, fx) +d (. fy)]

+y[d(x fy)+d (. fx)],

forall x,y € X, where o« + 23 + 2y < 1; then f has a unique
fixed point in X.

Corollary 34 (Kannan [28]). Let (X,d) be a complete metric
space, andlet f : X — X. Suppose that there exists a constants
c such that

d(fx. fy) <cld(x fx)+d(y. )], (31)
forall x,y € X, where 0 < ¢ < 1/2; then f is Picard operator.

Corollary 35 (Chatterjea [29]). Let (X,d) be a complete
metric space, and let f : X — X. Suppose that there exists
a constants ¢ such that

d(fx fy) <cld(x fy)+d(y, fx)], (32)
forall x,y € X, where 0 < ¢ < 1/2; then f is Picard operator.

3. Applications

Let X be a nonempty set, let m be a positive integer, {X,}1",
be nonempty closed subsets of X, and let f : |, X; —
U2, X; be an operator. Then, X := | J", X; is known as cyclic
representation of X w.r.t. f if

F(X)) Xy, f(Xpr) € X f(Xn) Xy,

(33)

and operator f is known as cyclic operator [30].

Theorem 36. Let (X, d) be complete b-metric space such that
d is continuous functional on X x X. Let m be positive integer,
let {X;}", be nonempty closed subsets of X, let Y := |J", X,
¢ : R" — R be a b-comparison function, and let f : Y —
Y. Further, suppose that

(i) U2, X; is cyclic representation of Y w.r.t. f,

(ii) d(fx, fy) < @(d(x, y)) whenever x € X;,y € X;,1,
where X,,,,, = X,.

Then, f has a unique fixed pointt € ()2, X; and f"y — t for
any y € UL X

Proof. We note that (Y, d) is complete b-metric space. Let us
consider a graph G consisting of V(G) := Y and E(G) :=
AU{(x,y) e Y xY :x € X,y € X;,5i = 1,...,m}. By
(i), it follows that f preserves edges. Now, let f"x — x* in
Y such that (f"x, f”“x) € E(G) for all n > 1; then in view of
(33), sequence { f"x} has infinitely many terms in each X; so
that one can easily extract a subsequence of { f"x} converging
to x* in each X;. Since X;’s are closed, then x* € ", X.
Now, it is easy to form a subsequence {f"x} in some X,
j € {1,...,m} such that (f™x,x") € E(G) for k > 1, and
it indicates that G is weakly connected (C)-graph, and thus
conclusion follows from Theorem 18. O

Remark 37 (see [31, Theorem 2.1(1)]). It can be deduced from
Theorem 36 if (X, d) is a metric space.

On the same lines as in proof of Theorem 36, we obtain
the following consequence of Theorem 28.

Theorem 38. Let (X, d) be a complete b-metric space such that
d is continuous functional on X x X. Let m be positive integer,
let {X,;}7, be nonempty closed subsets of X, let Y = |J", X,
andlet f: Y — Y. Further, suppose that

(i) UZ, X; is cyclic representation of Y w.r.t. f,

(ii) there exist o, 8,y = 0 with sa+s(s+1)B+s(s+1)y < 1
such that

d(fx, fy)
<ad(x,y)+Bld(x fx)+d(y, fy)] (34
+y[d(x fy) +d (y, fx)],

whenever x € X;, y € X;,,, where X,,,, = X.
Then, f has a fixed point t € (., X;.

Remark 39. [32, Theorem 7] and [33, Theorem 3.1] can be
deduced from Theorem 38, but it does not ensure f to be a
Picard operator.

Remark 40. We note that in proof [32, Theorem 7], the
author’s argument to prove that is G (as assumed in proof
of Theorem 36), a (C)-graph is valid only if the terms of
sequence {x,} are Picard iterations; otherwise it is void. For
example, let Y = U?:l X; where X, = {1/n : nisodd} U {0},
X, ={1/n:niseven} U {0}, X5 = {0}, and define f: Y — Y
as fx = x/2;x € Y\ X, and fx = 0;x € X,. We see that (33)
is satisfied and 1/n — 0, but X; does not contain infinitely
many terms of {x,}. In the following, we give the corrected
argument to prove that G is a (C)-graph.

Let x, — x in X such that (x,,x,,;) € E(G) for all
n > 1. Keeping in mind construction of G, there exists at least
one pair of closed sets {Xj,X-H} for some j € {1,2,...,m}
such that both sets contain infinitely many terms of sequence
{x,}, since X;’s are closed so that x € X; N X;,, for some
j €1{1,...,m}, and thus one can easily extract a subsequence
such that (%, x) € E(G) holds for k > 1.

Now, we establish an existence theorem for the solution
of an integral equation as a consequence of our Theorem 18.

Theorem 41. Consider the integral equation
b
x(t)zj k(t,s,x(s)ds+g(t), telab], (35)
wherek : [a,b] X [a,b] x R" — R"and g : [a,b] —» R"is

continuous. Assume that

(i) k(t,s,+) : R" — R" is nondecreasing for each t,s €
[a,b],

(ii) there exists a (c)-comparison function ¢ : R* — R
and a continuous function p : [a,b] x [a,b] — R*



such that |k(t, s, x(s)) — k(t, s, y(s))| < p(t, s)p(|x(s) —
y(s)) for each t,s € [a,b] and x < y (i.e, x(t) < y(t)
forallt € [a,b]),

b
(iii) sup;e(ap) ja p(t,s)ds < 1,
(iv) there exists x, € C([a,b],R") such that x,(t) <
Jj k(t, s, x4(s))ds + g(t) for all t € [a,b].
Then, the integral equation (35) has a unique solution in the

set {x € C([a,b],R") : x(t) < x,(t) or x(t) = x4(t), for all
t € [a,b]}.

Proof. Let (X, | - llo), where X = C([a,b], R"), and define a
mapping T : C([a,b],R") — C([a,b],R") by

b
Twu)=j k(ts,x () ds + g (t),

a

telab]. (36)

Consider a graph G consisting of V(G) := X and E(G) =
{(x,y) e XxX:x(t) < y(t) forall t € [a,b]}. From property
(i), we observe that the mapping T' is nondecreasing, thus T'
preserves edges. Furthermore, G is a (C)-graph; that is, for
every nondecreasing sequence {x,} ¢ X which converges to
some z € X;then x,(t) < z(t) for allt € [a, b]. Now, for every
x, y € X with (x, y) € E(G), we have

|Tx (t) - Ty (1)

b
< J |k (t,s,x(s)) =k (t,s, y(s))| ds

b (37)
< [ P90 (e -y ds

b
<pllx=sl) | pttods

Hence, d(Tx,Ty) < ¢(d(x,y)). From (iv), we have
(x0,Tx,) € E(G), so that [x,]z = {x € C([a,b],R") : x(t) <
xo(t) or x(t) = x,(t) for all t € [a, b]}. The conclusion follows
from Theorem 18. O

Note that Theorem 41 specifies region of solution which
invokes the novelty of our result.
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