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This paper is concerned with formally J-self-adjoint discrete linear Hamiltonian systems on finite or infinite intervals. The minimal
and maximal subspaces are characterized, and the defect indices of the minimal subspaces are discussed. All the J-self-adjoint
subspace extensions of the minimal subspace are completely characterized in terms of the square summable solutions and boundary
conditions. As a consequence, characterizations of all the J-self-adjoint subspace extensions are given in the limit point and limit

circle cases.

1. Introduction

Consider the following discrete linear Hamiltonian system:

JAyO)=PO+IWO)R() (@), tes, (1))
where ¥ := {t}f:u, a is a finite integer or a = —co0, b is a finite
integer or b = +00, and b — a > 1; A is the forward difference
operator, that is, Ay(t) = y(t + 1) — y(t); Z is the canonical
symplectic matrix, that is,

0 -1,
j:<1 0>> (1)

n

where I, is the n X n unit matrix; the weighted function W (t)
is a 2n X 2n real symmetric matrix with W(t) > 0 for t € .7,
and it is of the block diagonal form,

W (t) = diag {W; (), W, (1)}, ")

where P(t) is a 2n x 2n complex symmetric matrix, that is,
PT(t) = P(t). The partial right shift operator R(y)(t) = Wl (t+
1), vI ()" with y(t) = " (£),v" (¢))" and u(t), v(t) € C% A is
a complex spectral parameter.

For briefness, denote . = [a, b] in the case where a and
b are finite integers; ¥ = [a, +00) in the case where a is finite

and b = +00; F = (—00,b] in the case where a = —co and
b is finite; F = (—00, +00) in the case where a = —00 and
b = +oo0.
Since P(t) is symmetric, it can be blocked as
-C@t) AT(t
P(t)=< () ()>, )
A(t) B()

where A, B, and C are n x n complex-valued matrices with
C" = Cand B" = B. Then, (1,) can be rewritten as
(Li-A®)ut+1)=u(®)+(B@E)+ AW, (1) v (),
vit+1) = (CH-AW, ®))u(t+1) (2,)
+(I,-AT W) v, tes.
To ensure the existence and uniqueness of the solution of

any initial value problem for (1,), we always assume in the
present paper that

(A)) I, — A(t) is invertible in .7.



It can be easily verified that (1,) contains the following
complex coeflicients vector difference equation of order 2m:

m

YN [p )Nz (t- )] = w®)z (), te.g,
j=0
(32)

where p;(t) are I x I complex-valued matrices with pjT(t) =
p;(t),0 < j < m; p,,(¢) is invertible in .75 w(¢) is an I x I real-
valued with w(t) > 0. In fact, by letting y = u?, VT)T with

u= (ulT, uzT, ... ,u;)T, y = (vf, v;r, ... ,vi)T, and
uj(t) =Nz (t-j),
< k—j nk—j k (4)
v (6) = Y (1A (pe (0) Az (e~ k)
=

for 1 < j < m,(3,) can be converted into (1, ), as well as (2, ),
with

~C (t) = diag {po (1), p, (1) »-.» Py (O}
AQ) = (8 I’“g-“),

B(t) = diag10,...,0, p, ()},
W (t) = diag{w (¢),0,...,0}.

)

It is obvious that (A ) is satisfied for (3,).

The spectral theory of self-adjoint operators and self-
adjoint extensions of symmetric operators (ie., densely
defined Hermitian operators) in Hilbert spaces has been well
developed (cf. [1-4]). In general, under certain definiteness
conditions, a formally self-adjoint differential expression can
generate a minimal operator which is symmetric, and the
defect index of the minimal operator is equal to the number
of linearly independent square integrable solutions. All the
characterizations of self-adjoint extensions of differential
equation are obtained [5-8].

However, for difference equations, it was found in [9]
that the minimal operator defined in [10] may be neither
densely defined nor single-valued even if the definiteness
condition is satisfied. This is an important difference between
the differential and difference equations. In order to study the
self-adjoint extensions of nondensely defined or multivalued
Hermitian operators, some scholars tried to extend the
concepts and theory for densely defined Hermitian opera-
tors to Hermitian subspaces [11-15]. Recently, Shi extended
the Glazman-Krein-Naimark (GKN) theory for symmetric
operators to Hermitian subspaces [9]. Applying this GKN
theory, the first author, with Shi and Sun, gave complete
characterizations of self-adjoint extensions for second-order
formally self-adjoint difference equations and general linear
discrete Hamiltonian systems, separately [16, 17].

We note that when the coefficient P(¢) in (1,) is not a
Hermitian matrix, that is, P*(t) # P(t), system (1,) is not
formally self-adjoint, and the minimal subspace generated
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by (1,) is not Hermitian. Hence the spectral theory of self-
adjoint operators or self-adjoint subspaces is not applicable.
To solve this problem, Glazman introduced a concept of
J-symmetric operators in [3, 18] where ] is an operator.
The minimal operators generated by certain differential
expressions are J-symmetric operators in the related Hilbert
spaces [19, 20]. Monaquel and Schmidt [21] discussed the M-
functions of the following discrete Hamiltonian system:

Az, 1) _ z ()
7(5289)- Qo (29). e,
(4)
where V is the backward difference operator, that is, Vz(t) =
z(t) — z(t — 1), and weighted function H(t) = diag{H,(t),

H,(t)}. By letting z,(t) = v(t), z,(t) = u(t + 1), (1) can be
converted into (4_,) with

-B(t) -A(t)
20=(Tw S ) ,
6
W, (6) 0
o= (" 1)

In [22], the result that every J-Hermitian subspace has
a J-self-adjoint subspace extension has been given. Further-
more, a result about J-self-adjoint subspace extension was
obtained [22], which can be regarded as a GKN theorem for
J-Hermitian subspaces.

In the present paper, enlightened by the methods used
in the study of self-adjoint subspace extensions of Hermitian
subspaces, we will study the J-self-adjoint subspace exten-
sions of the minimal operator corresponding to system (1,).
A complete characterization of them in terms of boundary
conditions is given by employing the GKN theorem for J-
Hermitian subspaces. The rest of this paper is organized as
follows. In Section 2, some basic concepts and useful results
about subspaces are briefly recalled. In Section 3, a conju-
gation operator ] is defined in the corresponding Hilbert
space, and the maximal and minimal subspaces are discussed.
In Section 4, the description of the minimal subspaces is
given by the properties of their elements at the endpoints of
the discussed intervals, the defect indices of minimal sub-
spaces are discussed, and characterizations of the maximal
subspaces are established. Section 5 pays attention to two
characterizations of all the self-adjoint subspace extensions
of the minimal subspace in terms of boundary conditions
via linearly independent square summable solutions of (1).
As a consequence, characterizations of all the self-adjoint
subspace extensions are given in two special cases: the limit
point and limit circle cases.

2. Fundamental Results on Subspaces

In this section, we recall some basic concepts and useful
results about subspaces. For more results about nondensely
defined J-Hermitian operators or J-Hermitian subspaces, we
refer to [17-19, 22] and some references cited therein. In
addition, some properties of solutions of (1,) and a result
about matrices are given at the end of this section.
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By R and C we denote the sets of the real and the
complex numbers, respectively. Let X be a complex Hilbert
space equipped with inner product (:,-), T'and S two linear
subspaces (briefly, subspace) in X* := X x X, and A € C.
Denote

DomT::{xeX:(x,f)eTforsomefEX},
Ran T:={f € X : (x, f) € T for some x € X},
Ker T:={x € X:(x,0) € T}, (7)

T" = {(xf) e X*: (x.9) = (i) ¥ (1 9) € T},
T-A={(x, f—Ax):(x, f) €T}.
If T NS = {0}, we write

T+S={(x+yf+g):(xf)eT.(y.9) €S}, (8

which is denoted by T' @ S in the case that T and S are
orthogonal.
Denote

Tx)={feX:(x, f)eT}. 9)

It can be easily verified that T(0) = {0} if and only if T' can
determine a unique linear operator from Dom T into X
whose graph is just T. For convenience, we will identify a
linear operator in X with a subspace in X* via its graph.

Definition 1 (see [11]). Let T be a subspace in X2

(1) T is said to be a Hermitian subspace if T ¢ T~.
Furthermore, T is said to be a Hermitian operator if it
is an operator, that is, T'(0) = {0}.

(2) T is said to be a self-adjoint subspace if T = T~.
Furthermore, T is said to be a self-adjoint operator if
it is an operator, that is, T'(0) = {0}.

(3) Let T be a Hermitian subspace. T| is said to be a self-
adjoint subspace extension (briefly, SSE) of T'if T' ¢ T}
and T is a self-adjoint subspace.

(4) Let T be a Hermitian operator. T} is said to be a self-
adjoint operator extension (briefly, SOE) of T if T' C
T, and T is a self-adjoint operator.

Lemma 2 (see [11]). Let T be a subspace in X>. Then
(1) T* is a closed subspace in X2
() T* = (T)* and T** =T, where T is the closure of T;
(3) Ker T* = (Ran T)* = (Ran T)*.

In [19], an operator J defined in X is said to be a
conjugation operator if for all x, y € X,

(Jx.Jy)y = (ypxy, Tx=x. (10)

Definition 3. Let T be a subspace in X* and J be a conjugation
operator.

(1) The J-adjoint of T'is defined by
T = {(y.9) € X*: (£ Jy) = (x.Jg) Y (x. f) €T} ()

(2) T is said to be a J-Hermitian subspace if T ¢ T]* .
Furthermore, T is said to be a J-Hermitian operator
if it is an operator, that is, T(0) = {0}.

(3) T is said to be a J-self-adjoint subspace if T = T;.
Furthermore, T is said to be a J-self-adjoint operator
if it is an operator, that is, T(0) = {0}.

(4) Let T be a J-Hermitian subspace. T is said to be a J-
self-adjoint subspace extension (briefly, J-SSE) of T' if
T c T, and T is a J-self-adjoint subspace.

(5) Let T be a J-Hermitian operator. T} is said to be a J-
self-adjoint operator extension (briefly, J-SOE) of T if
T c Ty and T is a J-self-adjoint operator.

Remark 4. (1) Tt can be easily verified that T is a closed
subspace. Consequently, a J-self-adjoint subspace T is a
closed subspace since T = T;. In addition, S; ¢ T, if T C S.

(2) From the definition, we have that (f,Jy) = (x,]g)
holds for all (x, f) € T and (y,g) € T;, and that T is a J-
Hermitian subspace if and only if (f,Jy) = (x,]g) for all

(x ), (y,9) €T.
Lemma 5 (see [22]). Let T be a subspace in X2, Then

O T ={Uy.J9): (.9 € T/}
) T = {Uy,Jg) : (y,9) € T"}.

It follows from Lemmas 2 and 5 that TI* = (T); ,and T is
J-Hermitian if T' is J-Hermitian.

Lemma 6 (see [22]). Every J-Hermitian subspace has a J-SSE.

Definition 7. Let T be a J-Hermitian subspace. Then d(T) =
(1/2) dim T]* /T is called to be the defect index of T'.

Next, we introduce a form on X* x X* by
[ 1) : (@) = (fIy) = (xTg) »
(. £), (5 9) € X*.

Lemma 8 (see [22]). Let T be a J-Hermitian subspace. Then

T={(xf)eT; :[(x.f): (1n9)] =0, ¥(r.9) €T} }.
(13)

12)

Lemma 9 (see [22]). LetT be a closed J-Hermitian subspace in
X? and satisfy d = d(T) < +co. Then a subspace T is a J-SSE

of T ifand only if T € Ty C T} and there exists {(x , fj)};‘.l=1 C
T} such that

@) (x15 f1) (x5 f2)5 - -5 (x4, f1) are linearly independent
in T[* (modulo T);

(@) [(xjp fj) (% i)l =0, 1 < jok < d;



BT, ={(ng) €T} : [(39) : (xp, [)I =0, 1< j<db

Lemma 9 can be regarded as a GKN theorem for J-
Hermitian subspaces. A set of {(xj, fj)}?L1 C T]* which is sat-
isfying (1) and (2) in Lemma 9 is called a GKN set of T

Definition 10. Let T be a subspace in X>.

(1) The set
p(M)={reC:(T-1"

is a bounded linear operator defined in X }
(14)

is called the resolvent set of T.
(2) The set o(T) := C\ p(T) is called the spectrum of T
(3) The set
I[(T):={AeC:3c(A)>0s.t
(15)
If = Ax] = c M) lIxll, ¥ (x, f) € T}

is called to be the regularity field of T
It is evident that p(T') ¢ T(T) for any subspace T in X2

Lemma 11 (see [22]). Let T be a J-Hermitian subspace in X2
with T(T) +0, and A € T(T). Then

T, =T+{(y,g)eT]*: g—/\yeKer(T*—X)},
_ (16)

d (T) = dim Ran (T - 1)* = dim Ker (T* - 1).

The following is a well-known result on the rank of
matrices.

Lemma 12. Let A be an m x | matrix and B an | X n matrix.
Then

rank A + rank B - < rank (AB)

17)
< min {rank A,rank B}.
In particular, if AB = 0, then
rank A +rank B <. (18)

3. Relationship between the Maximal and
Minimal Subspaces

This section is divided into three subsections. In the first sub-
section, we define a conjugation operator in a Hilbert space.
In the second subsection, we define maximal and minimal
subspaces generated by (1, ) and discuss relationship between
them. In the last subsection, we discuss the definiteness
condition corresponding to (1,).
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3.1. Conjugation Operator. In this subsection, we define a
conjugation operator in a Hilbert space and then discuss its
properties.

Since b and a may be finite or infinite, we introduce the
following conventions for briefness: b + 1 means +co in the
case of b = +0o and a — 1 means —co in the case of a = —co.
Denote

Rans {t}b+1

t=a’

(19)
() ={y:y={y O}, cz"}.

For any 2n x 2n Hermitian matrix W (t) > 0 defined in .7, we
define

Ly ()

= {y €l(F): YR(y) OWOR(y)®) < +oo]>

tes
(20)
with the semiscalar product
(y:2) = Y R*(2) )W ()R (y) (£) . 1)

tes

Furthermore, denote [|y| := ({y, y))l/2 for y € 3"2,\,(]).
Since the weighted function W (¢) may be singular in .7, | - ||
is a seminorm. Introduce the quotient space

Ly ()

L2 ) = .
W= e ) =)

(22)

Then L%,V(J ) is a Hilbert space with the inner product (, -).
For a function y € Z2,(.7), denote by y” the correspond-
ing class in L?,(.7). And for any y" € L%, (.7), denote by y €
3%,,,(] ) a representative of y". It is evident that (y",z") =
(y,z) forany y",z" € L%A,(J).
For any y € #5,(.7), denote by J, y the conjugation of y;
that is,

Joy =7 Oleyr ¥ Loy (I). (23)

It can be easily verified that y € #2,(.7) if and only if J,y €
SZW(J’ ). Here W is the conjugation of matrix W. Since each
Y€ L%M(J ) is an equivalent class, we define a operator |

defined on LZW(J ) by

JOM) = 00y)s " ey (). (24)
The following result is obtained.

Lemma 13. ] defined by (24) is a conjugation operator defined
on L3,(.F) if and only if W (t) is real and symmetric in .7.

Proof. The sufficiency is evident. Next, we consider the neces-
sity. Assume that J defined by (24) is a conjugation operator in
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L%,V(J). Then for any x”, y" € L%N.(J), it follows from (Jx”,
Jy") = (y", ") that

YR OW OR(y) ()= Y Rx) (OWOR(y) ).
tes tes
(25)

By the arbitrariness of x”, ¥, one has that W(¢) = wT().
This, together with W(t) = W*(¢), yields that W (t) is real.
The proof is complete. O

For any x, y € I(.%), we denote

(x,y) @) =y () Fx(t), teT", (26)
where 7 is the canonical symplectic matrix given in Section 1.
In the case of b = +00, if lim, _, ;,(x, y)(¢) exists and is finite,
then its limit is denoted by (x, y)(+00). In the case of a = —co,
iflim, _, ,(x, y)(t) exists and is finite, then its limit is denoted
by (x, y)(-00).

Denote

t(y)(t) = FAy () - P(t)R(y) (1),
8(y)(t):=FAy(t)-P(t)R(y) (1),

(27)

where 7 and § are called the natural difference operators
corresponding to system (1,). The following result can be
easily verified, and so we omit the proof.

Lemma 14. Assume that (A,) holds. Let x, y € 1(.7).

M) 6Uoy) = Jot(y), t(Joy) = Jo8(y).
(2) For any s,k € .7,

k
Y [RUoy)" (7 (x) )
t=s

* 28
ot () ORG) (0] (28)

k+1

= (X, y) (t)ls °

(3) Forany A € C, ¢, € .F, and any two solutions x(t) and
y(t) of (1,), it follows that

(%)) =(%y)(q), tes. (29)

Moreover, let Y(t,A) be a fundamental solution of (1,),
then
YT (6,0) 7Y (t,4) = YT (¢ A) FY (¢ A), eI, (30)
3.2. Relationship between the Maximal and Minimal Sub-
spaces. In this subsection, we first introduce the maximal
and minimal subspaces corresponding to (1, ) and then show

that the minimal subspace is J-Hermitian, and its J-adjoint
subspace is just the maximal subspace.

Denote

Zrvo (F)
= { y € gé\, (F) : there exist two integers s,k € .S

with s < k such thaty(t):0fortSsandt2k+1},
(31)

and define
H@)={(y"g") € (Ly () 3y ey
st.(y) (6) =W () R(g) @) in .7},
Hy (1) = {(y".g") € H():3y € )" st y € L3y, (F) and

7(y) () =W ()R (g) (t) in I},
(32)

It can be easily verified that H(7) and Hy(7) are both linear
subspaces in (L%M(J ))2. Here, H(t) and H,,(7) are called the
maximal and preminimal subspaces corresponding to 7 or
(1,) in (L},(.9))%, and Hy(t) := Heo(7) is called the minimal
subspace corresponding to 7 or (1) in (L3, (.%))*.

Since the end points a and b may be finite or infinite, we
need to divide .¥ into two subintervals in order to charac-
terize the maximal and minimal subspaces in a unified form.
Choose a < ¢, < b and fix it. Denote

To=0E =, (33)
and denote by (-, ), (-, )y and || - [I,, | - ll, the inner products
and norms ofc?%\,(fu), Z‘Z,V(Jb), respectively. Let Z%V)O(Ja)
and Sff,v’o(fb) be defined by (31) with ¥ replaced by .7,
and .7, respectively. Furthermore, let H (1) and H, (1)
be the left maximal and preminimal subspaces defined by
(32) with .7 replaced by .7, respectively, and Hy(r) and
Hj, 4o(7) the right maximal and preminimal subspaces defined
by (32) with .# replaced by .7, respectively. The subspaces
H, (1) = Eu,OO(T) and Hyo(7) := Hb,OO(T) are called the
left and right minimal subspaces corresponding to system
(1,) in .7, and .7, respectively. Similarly, we can define
H(S), Hyy (), and Hy(8); Hy, (), Hy,y(5), and Hy, ,(8); H, (),
H, 4, (6) and H,,(3).

The following result is directly derived from (1) of
Lemma 14.

Lemma 15. Assume that (A,) holds. Then (", g") € H(z) if
and only if (Jy", Jg") € H(9).

In order to study properties of the above subspaces, we
first make some preparation.

Let Y(¢) be the fundamental solution matrix of (1,) with
Y(cy) = L,. For any finite subinterval .#' with ¢, € 5" ¢ .7,
denote

D= Y RY) (OW () RY) (). (34)
teJ'



It is evident that @ ;s is a 21 x 21 positive semidefinite matrix
and dependent on .7'. By the same method used in [23,
Lemma 3.2], it follows that there exists a finite subinterval .7,
with ¢, € F, ¢ & such that

rank GDJO =rank © 4, Ran (Dfo =Ran @, (35)
for any finite subinterval .#' with ., ¢ &' ¢ .7. In the
present paper, we will always denote .7, := [s,, f,] and define

rank @ ; :=rank ® 5 , Ran @ ; := Ran @, , (36)
whenever ¥ is finite or infinite. In the case that .¥ is finite,
F, can be taken as .7.

In the case that .¥ is finite, we define

¢y L3, (F) — C,

, (37)
g — Y R(JY) (YW (s)R(g) (s).

se.f

It is evident that ¢ ; is a bounded linear map and its range is
a closed subset in C*".

In the case that ¥ is infinite, that is, .¥ = [a, +00) or ¥ =
(—00,b] or F = (-00, +00), where g, b are finite integers, we
introduce the following subspaces of L}, (.%), respectively:

Ly, ()
={y" el (f):Fkes (38)
st. W) R(y)(t)=0 for t > k},
LY, (9)
={y el},(F):Ises (39)
st. W) R(y)(t) =0 fort < s},
Liy, ()

={y el},(F):Is<kes

st W) R(y)(t)=0 fort <sand t > k}.
(40)

It can be easily shown that L%m (F) isdense in L%,V(J ). In this
case, we define

¢y Ly, (F) — C™,

g — Y R(J,Y) (YW (s)R(g) (s).

sef

(41)

By the method used in [23, Lemma 3.3], one has the following
properties of ¢ ;.

Lemma 16. Assume that (A,) holds.

(1) Ran ¢ = Ran O .
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(2) In the case that .J is finite,

Ly, () =Ker ¢, & {(Jo (YE))" : E € Ran D };  (42)

in the case that % is infinite, let | = rank® ,.
Then there exist linearly independent elements h}’ €

L3y (), 1 < j <1, such that

LY, () = Ker ¢ +span {h[, h],....H[}.  (43)

(3) Ker ¢, ¢ Ran (Hy,(1)).
The following is the main result of this section.

Theorem 17. Assume that (A,) holds. Then H(r) =
(Hoo(1)); = (Ho(1))}, Hy(r) = (Hyo(1))} = (o (1))}, and
H,(1) = (Hyoo(0)] = (H,o(1)]-

Proof. Since the method of the proofs is similar, we only show
the first assertion. By (HO(T)); = (HOO(T)); , it suffices to show
H(1) = (Hyy(1)); .

We first show that H(t) C (HOO(T))}“. Let(y",g") € H(7).
Then for any (x", f™) € Hy,(7), there exists x € x™ with x €
35\,(]) such that 7(x)(t) = W(t)R(f)(t) in 7. So, it follows
from (2) of Lemma 14 that

(f5Iy") = (<" 1g")

Y [RUoy)" OW O R(F) @)

tes

~R(Jo9)" (OW (t) R(x) (t)]
(44)

Y [RUGy)" ) 7 (x) (1)

tes
~(Jor ()" O R () ()]

= (6 ) @[ =0,

This implies that H(7) € (Hy(7));

Next, we show (HOO(T)); C H(z). Fix any (3", g") €
(HOO(T))’;. It suffices to show that there exists y, € y" such
that 7(y,)(t) = W(t)R(g)(t) in F. Let z be a solution of
7(2)(t) = W()R(g)(t) on 7. For any (x”, f™) € Hy, (1),
there exits x € x" with x € g%v,o(j) such that 7(x)(t) =
W (t)R(f)(t) in 7. Thus, it follows from (2) of Lemma 14 that

Y [RU02)" (OW ) R(f) (®)

tes

~R(Jo9)" (OW (£) R(x) (t)]

=Y [RUs2)" )T () () - (Jo7(2)" (1)) R(x) (8)]

tes

= (x2) 2" = 0.
(45)
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In addition, it is clear that

Iy = (" Jg") = Y [RUoy)" (OW (£) R(f) (£)

tes
~R(Jo9)" (OW (£) R(x) (1)]

=0.
(46)

Combining (45) and (46), one has that for all (x”, f") €
Hyo(1),

YR, (y-2)" OWEBR) B =0. (47

tes

By (2) and (3) of Lemma 16, we get that for any b € Ker ¢,
and any & € C*"

Y Ry (y-2-YE) W ORM B =0.  (48)

tes

The following discussion is divided into two parts.

Case 1. .7 is finite. It is evident that y", 2" € L%V(J ). Then,
from (2) of Lemma 16, there exists £, € Ran @ ;, such that
(Jo(y —z—Y&y))" € Ker ¢ ;. This, together with (48), implies
that (J,(y—z-Y&,))" = 0. This is equivalent to (y—z-Y&,)" =
0. Let y,(£) := z(t) + Y(£)&,. Then y, € y" and satisfies

T(y) =1 +TYE ) =W ({)R(g) (), te.S.

(49)

Hence, (y",g") € H(7). Since (y", g") € Hy,(7) is arbitrary,
we have (Hyy(1)); ¢ H(7).

Case 2. 7 is infinite. We only consider the case that ¥ =
[a, +00). For the other two cases, it can be proved with similar
arguments.

Letrank @ , = [. With a similar argument as Case 2 of the
proof of [23, Theorem 3.1], it can be shown that there exist
linearly independent elements h}’ € L%/v,v 1 <j <l and

&, € Ran @ ; such that (y — z — Y&)" € Ker ¢,

L3, () = Ker ¢ 5 +span {h[, h},..., H},

YRy (y-2-YE)) OW @) R(h;) (1) =0, 1<j<L
tes
(50)

Combining (48)-(50), one has that for any h" € L%/V,l ()

Y R, (y -2 -YE)) W (R () =0.  (51)

tes

This implies that (y — z — Y&;)" = 0 and consequently y; :
z + Y&, is a representative of y" such that 7(y,)(¢)
W(H)R(g)(®). So (¥", g") € H(t). By the arbitrariness of (y”,
g") one has (Hyy(7)); ¢ H(7).

The entire proof is complete. O

Rl

The following result is directly derived from Lemmas 5
and 15, and Theorem 17.

Theorem 18. Assume that (A,) holds. Then H(5) =
(Hyo (1)), Hy(8) = (Hy,00(1))", and H,(8) = (H, 0(1))".

3.3. Definiteness Condition. In this subsection, we introduce
the definiteness condition for (1, ), and give some important
results on it. Since the proofs are similar to those given in [23],
we omit the proofs.

The definiteness condition for (1, ) or H(7) is given by the
following.

(A,) There exists a finite subinterval .#, € .# such that for
any A € C and for any nontrivial solution y(t) of (1,),
the following always holds:

Y R OWOR() @ >o. (52

tes,

In particular, the definiteness condition for (3,) can be
described as there exists a finite subinterval ¥, ¢ ¥ such
that for any A € C and for any nontrivial solution z(¢) of (3,),
the following always holds:

Z Z*Ow®)z () > 0. (53)

te7,

Lemma 19. Assume that (A,) holds. Then (A,) holds if and
only if there exists a finite subinterval .7, C .7 such that one of
the following holds:

(1) rank O, =2n

(2) for some A € C, every nontrivial solution y(t) of (1,)
satisfies

Z R(y)" )W () R(y)(t) > 0. (54)

tes,

By Lemma 19, if (52) (or (53)) holds for some A € C, then
it holds for every A € C. In addition, if (A,) holds on some
finite interval .7, then it holds on .7, = [s, t,].

The following is another sufficient and necessary condi-
tion for the definiteness condition.

Lemma 20. Assume that (A,) holds. Then (A,) holds if and
only if for any (y", g") € H(t), there exists a unique y € y"
such that T(y)(t) = W(t)R(g)(¢t) fort € .7.

Remark 21. (1) It can be easily verified that the definiteness
condition for H(7) holds if and only if that for H(§) holds.

(2) In the following of the present paper, we always
assume that (A,) holds. In this case, we can write (y, g") €
H(7) instead of (y”,g") € H(r) in the rest of the present
paper.

(3) Denote by (A,,) and (A,,), the definiteness condi-
tions for (1,) in .%, and .7}, and

Fa0 = [sg,tg] , T = [sg,tg . (55)



By the corresponding intervals, respectively. It is evident that
one of (A,,) and (A, ,) implies (A,).

But (A,) cannot imply that there exists ¢, € ¥ such that
both (A,,) and (A, ,) hold.

(4) Several sufficient conditions for the definiteness con-
dition can be given. The reader is referred to [23, Section 4].

For convenience, denote

‘%A
={ye Ly () :1(y) () =W @O R(y) (t) fort € .7},

M, = {y" el (7): (Y M) e H(T)}.

(56)
Lemma 22. Assume that (A,) holds. For any A € C,
dim ., = dim M), if and only if (A,) holds.

4. Characterizations of Minimal and
Maximal Subspaces and Defect Indices of
Minimal Subspaces

This section is divided into three subsections. In the first
subsection, we give all the characterizations of the minimal
subspaces generated by (1) in %, .#,, and .%,. In the
second subsection, we study the defect indices of the minimal
subspaces. In the third subsection, characterizations of the
maximal subspaces are established.

4.1. Characterizations of the Minimal Subspaces. In this sub-
section, we study characterizations of the minimal subspaces
generated by (1,) in .7, .7, and .7,,.

The following result is a direct consequence of
Theorem 17.

Theorem 23. Assume that (A,) holds. Then Hy(1), Hbo(‘r)
and H,(t) are closed J-Hermitian subspace in (L ()%
(L%,\,(Jb)) , and (L%V(Ju)) , respectively.

Now, we introduce boundary forms on (L ()%
(Liy(F4))% and (L}, (.7,))* by

[1: (L3 () x (L3 ()" — €
(7 f7) = O )] =1 =" Tg7)
[a s (L (7)) x (L (7)) — €
(7 ) = (O g ) = (Y ) = (67 T97) oo
[ (L3 (7)) % (L (7)) —
(7 f7) = O )]y = (7T, = (7097,
Lemma 24. Assume that (A,) holds.
(1) If (A,) holds, then for any (x, f™), (y, g") € H(),
[ f7): (gD =)+ D)= (xy)(@. (58)

(57)
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(2) If (A, ) holds, then for any (x, f™), (y,g") € H,(7),

[ )+ (1 97)], = (% 9) (@) -
(3) If (Ay,,) holds, then for any (x, f), (v, g") € Hy(1),
(e f7): (19")], = (. 9) 0+ 1) = (x,¥) (). (60)

Proof. Since the proofs of (1)-(3) are similar, we only show
that assertion (1) holds.

For any (x, /"), (y,g") € H(z), we have from (2) of
Lemma 14 that

(f5Iy") = (<" Jg")

k

=Y [RUoy)" OW OR(f) ()

t=s

(x,y)(a). (59)

~R(Jo9)" )W (t) R(x) (t)]

. (6)
= [RUsy)" (®) 7 (x) (8)

t=

“

~(Jor ()" (®) R(x) (1)]

= (xy) O

for any s < k € 7. This yields that lim, _, ,(x, y)(t) exists
and is finite for any (x, /™), (v, g") € H(7). Similarly, it can
be shown that lim, _, ,(x, y)(a) exists and is finite for any
(x, ™), (y,g") € H(t). Hence, assertion (1) holds. The proof
is complete. O

Lemma 25. Assume that (A,) and (A,) hold. Then for any
given finite subset 7| = [s, k] with 7, C F, C & and for any

givena, B € C*, there exists f = {f()}-"} ¢ C¥ such that the
following boundary value problem:

(X)) =W () R(f) @),
x(s) =« xk+1)=p

teJ,, (2)

has a solution x = {x(t‘)}k+1 c>,

Proof. Set
k
(. 9) = YR OWOR® (©), VYx,yel(sk]).
- (63)
Let ¢;, 1 < j < 2n, be the linearly independent solutions of

system (1,). Then we have

rank (<¢i’¢j>’)1gi,j32n =2n. (64)

In fact, the linear algebraic system

((669)),., 0 C =0 (65)
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where C = (¢, ¢, ..,6,,)" € C*", can be written as

!
2n
<¢i, Zgj¢j> =0, 1<i<2n, (66)
=

which yields

2n 2n !
<ZEJ¢J" ZE;"/’1> =0 ©7)
=

Jj=1

Since Zi:l ¢;$; is a solution of system (1), it follows from
(A,) that Zizl Cj¢; = 0. Then C = 0; that is, (65) has only a
zero solution. Consequently, (64) holds.

Let a, B be any given vectors in C*". By (64), the linear
algebraic system

T

<<¢i’¢j> >1§i,js2nc
=(¢1 (k"‘1))¢2(k+1)>---’¢2n(k+1))*fﬁ

has a unique solution C, € C*". Set v, = (¢;, 5. .., $,,)C,.
It follows from (68) that

(i) =97 (k+ 1) 7B,
Let u(t) be a solution of the following initial value problem:
T(x) (1) =W (O R (y1) (),

x(s)=0.

(68)

1<i<2n (69)

te[s k],
(70)

Since 7(¢;)(t) = 0 fort € Fand 1 < i < 2n, we get by (70)
and (2) of Lemma 14 that

<V/1’¢i>,

=Y [R()" ®) 7w (&) —7(¢,)" (£) R(w) (1)]

t=s

k+1

= (u Jos) (t)|s

1<i<2n.
(71)

=¢; (k+1) Fu(k+1),

Since ¢y, ¢,, ..., ,, are linearly independent in /(.7), we get
from (69) and (71) that u(k + 1) = 5. So, u(t) is a solution of
the following boundary value problem:

T(x)(t) =W () R(y,) (1),
x(k+1)=p.

t€[sk],
(72)
x(s)=0,

On the other hand, the linear algebraic system
T

((8:6)), 0 C= 61 D91 ) T 73)

has a unique solution C, € C*" by (64). Set v, = (¢1, ¢, ...,
¢,,)C,. Then, by (73)

<1//2’¢i>l =¢; (s)Ja, 1<i<2n (74)

9
Let v(t) be a solution of the following initial value problem:
T(x)(t) =-W@ER(yp,) (), x(k+1)=0, tel[sk].
(75)

Since 7(¢;)(t) = 0 fort € F and 1 < i < 2n, we get by (2) of
Lemma 14 and (75) that

(W) =7 ()T (s),

which, together with (74), implies that v(s) = «. So, v(t) is a
solution of the following boundary value problem:

(%) () = W (O R (,) (),
x(k+1)=0.

1<i<2n, (76)

te[sk],
(77)
x(s) =a,

Setyw =y, —y, and ¢ = u + v. Then ¢ is a solution of the
boundary value problem (62). The proof is complete. O

Remark 26. Lemma 25 is called a patch lemma. Based on
Lemma 25, any two elements of H(t) (H,(r), H,(7), resp.)
can be patched up to construct another new element of H(7)
(Hy, (1), H,(7), resp.). In particular,

(1) if (Ap,) holds, we can take .7, = [co,tg], o= e =

(0,...,0,1,0,...,0)T, and f = 0,1 < i < 2n. Then
i-1
there exist (z}, (")) € H,() satisfying

Z (o) =es z,(t)=0, t=tp+1,1<i<2m (78)
(2) if (A,,) holds, we take .7, = [sg,c0 - 1], « = 0, and
B = e;. Then there exist (z;, (W").) € H,(7) satisfying
Z(q)=es Z(1)=0, t<s, 1<i<2n (79)

(3) if both (A,,) and (A,,) hold, then there exist
(z;,h") € H(t) satisfying

zi(q)=e; z({t)=0 fort< sg,

(80)

t>t,+1, l<i<on

The above auxiliary elements (zl’;, (h");), (z;, (h”)fl), and (z;,
h?) (1 < i < 2n) willbe very useful in the sequent discussions.

Theorem 27. Assume that (A,) holds.
(1) If (A,) holds, then
H, (1)
={(x. ff) e H(D): (x,y)(b+1) = (x,y) (@) =0 (81)
Vy € Dom H (1)}
In particular, if 7 = [a, b], then
Hy, (1)

(82)
={(x, f") e H(r):x(a)=x({b+1) =0}.
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(2) If (Ay,) holds, then
Hy, (1)
={(x f) € Hy (1) : x () = 0, (x, ) (b+1)=0 (83)
Vy € Dom H, (T)}.
(3) If (A,,) holds, then
Hgy (1)
={(x. f") € Hy (1) : x(q) =0, (x, ) (@) =0 (84)
Vy € Dom H, (‘r)}.

Proof. We first show that assertion (1) holds. By Lemmas 8
and 24, and Theorem 17, one has

Hy (1) = {(x. f7) € H@) : (x,y) (b + 1)
= (%) (@) (85)
Vy € Dom H (1)} .

For convenience, denote
H° (1)
={(x.fM) e H@): (x,y) (b +1)

=(x,y)(@) =0
Vy € Dom H (1)} .

(86)

Clearly, H%7) ¢ H, (7). We now show that Hy(t) ¢ H°(1).
Fix any (x, f) € Hy(t). It follows from (85) that for all (y,
g") € H(1),

(%y)b+1)=(x,y)(a). (87)

For any given (y,g") € H(t), by Remark 26 there exists
(z, ") € H(7) such that

z(t) =0, t<sp; (38)

z(t)=y(®),

Thus, it follows from (87) that (x, y)(b+ 1) = (x,2)(b+ 1) =
(x,2)(a) = 0, and consequently (x, y)(a) = 0 for all (y, g") €
H(7).

In the case that .7 = [a, b], it is clear that

Hyo (1) = {(x, f7) € H(1) : x(a) =x(b+ 1) = 0} (89)

>ty +1.

So it remains to show that H,(t) = Hy,(7). It suffices to show
that x(a) = x(b + 1) = 0 for any (x, ) € Hy(z). Fix any
(x, ) € Hy(t),and let ¥, = F,a = ¢;,1 < i < 2n,and
B = 0. Then by Lemma 25, there exist (y;, g") € H(t) with
y;(a) = e;and y;(b+1) = 0. Inserting these y; into (87) one has
that x(a) = 0. Similarly, one can show that x(b + 1) = 0. Thus
H, (1) = Hyy(7). Therefore, assertion (1) has been shown.
With similar arguments, one can show that assertion (2)
and (3) hold by using (78) and (79), separately. This completes
the proof. O
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4.2. Defect Indices of Minimal Subspaces. In this subsection,
we first give a valued range of the defect indices of H;, ,(r) and
H, ,(7) and then discuss the relationship among the defect
indices of H,, (1), H, o(7), and Hy(7).

For briefness, denote

d:=d(H, (1)), dy = d (Hy (7)),

(90)
d,=d(H,, (7).

Forany A € C, let #,,,, My,,, M, ,,and M, , be defined as
(56) with .7 replaced by .7, and .7, respectively.
The following results are obtained.

Theorem 28. Assume that (A;) holds.
(1) If(Ay ) holds and T(H,,o(1)) # 0, then d), = dim .4, ,
forany A € T(H, (1)), and n < dy, < 2n.

(2) If (A, ) holds and T(H,, ,(1)) # 0, thend,, = dim 4,
forany A € T(H, (7)), andn < d, < 2n.

Proof. Since the method of the proofs is the same, we only
give the proof of assertion (1).

For any A € I'(H,,(1)), it follows from Lemma 11 and
Theorem 18 that

d), = dim Ker (H, (8)-1). (91)

On the other hand, by using Lemma 5 and Theorems 17 and
18, one has that

dim Ker (H, (1) - A) = dim Ker (H, (8) -1).  (92)
It is clear that
Mb,l = Ker (Hb (T) - A) . (93)

Combining (91)-(93), one has d,, = dim M, ,. This, together
with Lemma 22, implies that d;, = dim ., ;. In addition, it
hasbeen shown in [21] thatn < dim ./, < 2nforany A € C.
So assertion (1) is true. The proof is complete. O

Next, we discuss relationship among defect indices of
Hy(7), H, (1), and H,,,(7). For convenience, denote

b+1

Vo= O w={y Ok, (04)

for any y € Z7,(.%). It is evident that y, € Z5,(.7,), y, €
L3 (F,), and

I = 1alls + sl (95)

On the other hand, for any y, = (u., vaT)T € £3,(7,) and
V= (up, VZ)T € Z2,(F,), we define y by

v, (@), t<¢ -1,
YO =1l @) (@) t=c (%)
(1), t>¢+1.
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Then (95) still holds, and consequently y € #5,(.7). Further-
more, it is clear that

R(y)(®)=R(y,)®),
R(y) () =R (y,) (®),

The following result can be easily verified. So we omit its
proof.

t<¢—-1
(97)
t=q.

Lemma 29. Assume that (A,), (A,,), and (A,) hold.
(1) If (3, g") € H(7), then (yy,, g;) € Hy(1) and (y,, g,) €
H, (7).
@) I (0 67) € Hy(@) and (0 gF) € Hy () with y,(cy) =
(), then (y, g") € H(7).
Let Hy () be the restriction of subspace Hy(7), defined by

Hy (1) ={(3,g") e Hy(r) : y(c) =0}.  (98)
Lemma 30. Assume that (A,), (A,,), and (A,) hold. Then

() (y,g") € Hy(v) if and only if (y,, g7) € H,o(t) and
(Ves 9y) € Hyo(1);

(2) (7, g") € (Hy(1); if and only if (y,, gj) € H,(t) and
(Vo> Gp) € Hy(7).

Proof. (1) We first consider the necessity. Fix any (y, g") €
Hy (7). Let y,, ¥;» gu» and g, be defined as (94). Then y,(c,) =
¥(¢y) = 0. By (1) of Lemma 29 one has that (y,, g;) € H,(1),
(7> 95) € Hy(7). In addition, for any (x,, f)') € H,(7), it
follows from Remark 26 that there exits (z, #") € H(r) with

z(t) =x,(t), t<cp
(99)
z(t) =0, t2t2+1.
So one has
(Voo x4) (@) = (3,2) (a) = 0, (100)

which implies that (y,,g;) € H,y(r) by the arbitrariness
of (x,, fI') € H,(7) and (3) of Theorem 27. With a similar
argument, one can show (y,, g,) € Hy (7).

Next, we consider the sufficiency. Fix any (y,,g;) €
H, (1) and (y,, g, ) € Hy (7). Let y and g be defined by (96).
By (2) and (3) of Theorem 27 one has that y,(¢;) = y;,(¢,) = 0.
So y(g) = 0. It follows from (2) of Lemma 29 that (y, g") €
H(t).Forany (x, f™) € H(t), it follows from (1) of Lemma 29
that (x,, f') € H, (1) and (x3, f}) € H,(7). Thus one has by
(2) and (3) of Theorem 27 that

(5,%) (@) = (yar x,) (@) = 0,
(y,x) b+ 1) = (3, %) (b+ 1) = 0.

This implies that (y, g") € Hy(z) by (1) of Theorem 27, and
consequently, (y, g") € Hy(7).

(2) We first consider the necessity. Fix any (y,g") €
(ﬁo(r))}‘. Let y,, v, g,» and g, be defined as (94). Then (y,,

gr) € (L3, (7)) and (3, gf) € (L3, (F,)).

(101)

1

Set x,,(t) = f,(t) = 0 fort € .7,, where .7, is defined by
(19) with .7 replaced by .7, It is clear that (x,, f;') € Hy (7).
For any (x,, f)') € H, (1), let x and f be defined by (96).
Then by the above result (1) one has that (x, ™) € ﬁo(r). It
follows that

0=(fiJy) = (x7J9) = (Gar JVa) o = (X JGa)

By the arbitrariness of (x,, fi') € H,(7), one has that (y,,
g,) € (H,o(1)); = H,(r) by Theorem 17. With a similar
argument one can show (y,, g,) € Hy(7).

Next, we consider the sufficiency. Fixany (y,, g) € H,(1)
and (y;,,g;) € Hy(1). Let y and g be defined by (96). For
any (x, f") € ﬁo(‘r), it follows from the above result (1) that
(x4 f2) € H,o(1) and (x, f)) € Hyy(7). So one has by
Theorem 17 that

(f’ ]0y> - (x, ]og>
=Ga>J0Yada = Xa>JoGa)a + {Gb o Vo),

(102)

(103)
- <xb’ ]09b>b =0.

This yields that (y,g") € (FIO(T));. The whole proof is
complete. O

Lemma 31. Assume that (A)), (A,,), and (Ay,) hold. Then
I'(Hy(1)) € F(ﬁo(r)) and T'(H,,o(1)) NT(H, (1)) = F(HO(T)).

Proof. The first assertion holds because ﬁo(r) C Hy(r), and
the second assertion can be proved by (1) of Lemma 30 and
(95). The proof is complete. O

In the following of the present paper, we assume that
(A3) T(Hy(1)) #0.

By Definition 10, one has that if I'(Hy(r)) = @, then
p(Hy(1)) = 0, and consequently o(H,(1)) = C. We do not
consider this case in the present paper.

Theorem 32. Assume that (A ), (A,,), (Ay,), and (A3) hold.
Then

d=d,+d,-2n (104)
Proof. The proof is divided into two steps.
Step 1. We show that
d(Hy (1)) =d, +d,. (105)

It follows from I'(Hy(r))#0 and Lemma 3l that
[(Hy,(1)) N T(H,o(1))#0. This, together with (A,,),
(A},), and Theorem 28, implies that for any A € I'(H,,((7)) N
I'(H, (7)), (1) has just d, linearly independent solutions
yi € L3(F,), 1 < j < dy, and (1) has just d, linearly
independent solutions x/ € Z2,(.7,), 1 < j < d,; that is,
(VA € Hy(t) for 1 < j < dy and (x, A(x!)™) € H,(1)
forl <j<d,.
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Set xi(t) = 0fort € .,. It is clear that (xi,)u(xi)”) €
Hy(r) for 1 < j < d,. Letx;, 1 < j < d,, be defined by
(96). Then it follows from (2) of Lemma 30 that (xj,)tx’;) €
(ﬁo(r))}‘. Similarly, set yg(t) = 0fort € .#,. Then one has
(rjAy7) € (ﬁo(‘[)); for 1 < j < d,,. Itis evident that x,,...,
X4 Y>> Ya, € Dom (ﬁo(‘r))}‘ are linearly independent.

On the other hand, for any (y, 1y") € (ﬁo(r)); , it follows
from (2) of Lemma 31 that (y,, Ay}) € H,(7) and (y,,Ay,) €
Hy(7); that is, y, € Z5,(.7,) is a solution of (1,) in .7, and
¥, € L3, (F}) is a solution of (1,) in .7,. Therefore, there
exist uniquec; € C (1 < j<d,)andd; € C(1 <j<d,)
such that

d. d,
= chx]z, Yp = Zdjyg. (106)
=1

j=1

Noting the constructions of x; and y; by (96), one has that

y = %cjxj + %djyj. (107)
=1 =i
This, together with Lemma 11, implies that (105) holds.
Step 2. We show that
d=d(H,y(1))- (108)

It is evident that (z;,h]) € Hy(z), 1 < i < 2n, where
(z;, ;') are defined by (80). We claim that

H, (1) = ﬁo (1) + span {(z,, h711) (22 hTzr) sevs (2o hTzTn)} .

(109)

In fact, for each (y, g") € Hy(1), set Cy = (¢1Cpp -5 Cyp)" =
y(c)- Let

2n 2n

,Vo = y - Zcizi) gO = g - Zcihi' (110)
i=1 i=1

Then

(yo-90) € ﬁo (7).
(111)

2n
(39") = (Vo g5) + Y G (zH]),

i=1

It can be easily verified that this decomposition is unique.
Hence, (109) holds.
For any A € T(H, (7)), we claim that

Ran (H, (1) - AI) = Ran (H, (t) - AI)

+span {h] — Az[, W) - Azj, ...,

hgn - Azgn} :
(112)
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Since (109) holds, it suffices to show that

Ran (H, (t) - AI) nspan {h] - Az}, b} - A25, ...,

(113)
M - A2} = {0}

Suppose that (y, g") € Hy(t) and ¢, ¢, .., 6, € C satisfy

2n
g -M"+ ch (h;r - )tz}r) =0, (114)

j=1

that is,

2n
g +Zch —/\<y"+chz}1>. (115)
=1

Since (y,g ) € H, o(1) and (z;, 1) € Hy(1), it follows that

(y+Z] 162 AT +Z] 1€2})) € Hy(7). Since A € T(H, (7)),
it yields

y+Zcz-0 g +Zch =0, (116)

which, together with (109), implies that ¢; = 0 for 1 < j < 2n,

and consequently g” = y" = 0. This yields that (113) holds.
Since Hy(7) and ﬁo (7) are closed J-Hermitian subspaces,

it follows that Ran (H,(7) — A) and Ran (ﬁo ()= A) are closed
subspaces in L%,\,(J ), respectively. Hence, there exists a closed

subspace Q in L%/V(J ) such that
Ran (H, (1) - AI) = Ran (H, (t) - AI) & Q. (117)

In addition, again by the fact that A € T(H, (7)) NI (H, (7)),
it follows that {h’I - )LZ } "1 are linearly independent in
LZW(J ). It follows from (113) that dim Q = 2n. Consequently,

dim (Ran (H, (r) - AI)L)

N ) (118)

= dim (Ran (H0 (r) - /\I) ) - 2n.
This yields that (108) holds. It follows from (105) and (108)
that (104) holds. The proof is complete. O

Remark 33. Theorem 32 (formula (104)) generalizes the clas-
sical result for 2nth order ordinary differential equations that
go back to the classical work by Akhiezer and Glazman
[1, Theorem 3 in Appendix 2]. To the case of symmetric
Hamiltonian systems, formula (104) was extended in [15].

So it follows from Theorems 28 and 32 that d = 0 if and
onlyifd, =d, =n,andd = 2nifand onlyifd, = d;, = 2n.
The following definition is obtained.

Definition 34. Assume that (A ), (A,), and (A;,) hold. Then
(1,) is said to be in the limit d, case at t = b. In the special case
that d,, = n, (1,) is said to be in the limit point case (I.p.c.) at
t = b, and in the other special case that d,, = 2n, (1,) is said
to be in the limit circle case (I.c.c.) att = b.

The same definition can be given at ¢t = a provided that

(A,,) holds.
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4.3. Characterizations of H, (1) and H, (7). In this subsection,
we characterize the maximal subspaces H,(7) and H, (7). We
first consider characterization of H,(t). Assume that (A, ,)
holds and I'(H, (1)) #0. Let A € T'(H,((7)). It follows from
the proof of Lemma 11 that

Hy, (1) = Hy, (1) +U; + U,, (119)

where U; = {(x}, A(x))") € Hy(1) : 1 < j < dy} and U, =

() (g™ € Hy() = 1 < j < dy}, and {(y, (g)) )1, are
linearly independent (mod U, ). For convenience, denote

B =x0, xw =y, 120)

l<i<d, 1<j<d,.

Clearly, X;; € Dom Hy(1),1 <i < 2d,. So (XZ,XZ)(b + 1) is
finite for all 1 < 4, j < 2d,. Then the following result can be
directly derived from (119) and (120).

Lemma 35. Assume that (A)) and (A,,) hold, and
[(Hy (1)) # 0. Then every y € Dom Hy(1) can be expressed
as

2d,

SRS EDY A (121)

i=1
where y) € Dom H,,(7) and a; € C.

By Lemma 35, zj, defined by (78), can be uniquely
expressed as

2d,

i _ i j ;
Z, =y, t Zainh’ 1<i<2n,
j=1

(122)

where y;’O € Dom H, (1) and g;; € C. Denote

E = (aij)anzdb ’

Lemma 36. Assume that (A,) and (A,,) hold, and
[(Hy (1)) #0. Then rank E = 2n and rank F, = 2d;, - 2n.

Furthermore, we can rearrange the order of Xp, Xp»---» ng
such that

Fri= (6 6) €+ D), g, 029

rank ((X’if’ XZ) b+ 1))1§i§2db—2n,1§jsdb =2d, = 2n. (124)

Proof. It follows from (122) that

1 2 2n
(zb,zb,...,zb )
s (125)
1,0 20 21,0 1 2
:(yb ,,’Vb ""’yb )+(Xh’Xb""’ bb)E>
which, together with (78), implies that
d

L= (% (%)X (@) X" (@) ET. (126)

By Lemma 12, one has rank E = 2n.

13
On the other hand, it follows from (122) that
) ) 2d,
(z;, XZ) b+1)= (y;’o,xz) b+1)+ Zalj (X?>X;) b+1),
=1
127)

for 1 <i<2n,1 < s < 2d,, which, together with (78) and (2)
of Theorem 27, implies that

EF, = 0. (128)
Noting that rank E = 2n, one has
rank F, < 2d, - 2n. (129)

We now want to show rank F, > 2d, —2n. By (3) of Lemma 14
one has

B = ((X;ﬂ’ Xl{) (b + 1))lSiSdb)1§j§dh - (XOT}XO)T’ (130)

where X, := (x;)(co),xi(co), ... ,xZ"(cO)). Since rank X, = d,,
we have that

rank F, > rank F, > 2d, — 2n, (131)
which, together with (129), yields that

rank F| = rank F, = 2d, — 2n. (132)

Because rank F, = 2d, — 2n < d,, one can rearrange the

order of X;, Xi’ s XZb such that the first 2d, — 2n rows of
F, are linearly independent; that is, (124) holds. The proof is
complete.

Without loss of generality, we assume that (124) holds in
the rest of this paper. Now, we can give a characterization of
Hb(T). O

Theorem 37. Assume that (A)) and (A,,) hold, A €
T(Hyo(7)) #0, and xp, xp»- - -» debfzn are linearly independent

solutions of (1)) in L2 (.7,) such that (124) holds. Then

Gy = ((XZ Xé) b+ 1))1si>j52db*2"

is invertible, and any y € Dom H,(t) can be uniquely ex-
pressed as

(133)

2n ) Zdb—Zn .
y = yg + Zcizfo + Z djxé, (134)
i=1 =

where yy € Dom H,((7), 2} are defined by (78), and ¢, dj €
C.

Proof. Let E = (E,, E,), where E, and E, are 2n x (2d,, — 2n)
and 2n x 2n matrices, respectively. It follows from (124) that
there exists an invertible matrix L such that

_ IZd;,*Zn 0
FIL-< 5 E,): (135)
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So, it follows from (128) that E, +E, F; = 0, which is equivalent
to E, = —E,F;. Since rank E = 2n, it follows that E, is
invertible. Multiplying (125) by (EZI)T from the right-hand
side, we get

(2022 22) (B3) = (5% 52% . 72) (B

(a2 (B

2d,—2n+1 2d,
(2.

(136)

2d,~2n+1

This implies that each of y, e ngb can be uniquely

expressed as a linear combination of x}, x7, - - -, X;d" o yg’o,
Therefore, (134) follows

vl and zy, 24,020
from Lemma 35.

Since x; € Dom H,(7) for 1 < j < d,, Xb can be uniquely
expressed as

2d,-2n
s .
Z CisXpp 1< j<dp

s=1

(137)

J 10
= Z lzb

where yi’o € Dom H,,((7), and by, c;; € C. This, together
with (78) and (2) of Theorem 27, implies that for 1 < i <

2d,-2n, 1<j<d,

. . 2d,—2n )
(X)) @+ = Y c(xpxl)B+1),  (138)
s=1
that is,
(XZ’ XZ) (b + Vicicad,-an, 15j<d, = Gb(cij)lTsisdb,lsjszdb—Zn'
(139)

Therefore, G, is invertible from (124). This completes the
proof. O

With a similar argument, one can obtain the following
characterization of H,(1).

Theorem 38. Assume that (A ) and (A, ,) hold, T(H, (7)) #
0. Then, for some A € T(H 0(‘r)) system (1) has 2d -2n
linearly independent solutions x_, .. ., X;d M in Ly (I ) such
that G, is invertible, where

Ga = ((X;’ Xi) (a))lsi,jszda—zn’ (140)
and each y € Dom H, (1) can be uniquely expressed as
2d,-2n
O+ Zcz + Z d;x (141)

where yu € Dom H, (1), ¢

¢,d; € C, and z. are defined as
(79).
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5. Characterizations of /-SSEs of H(7)

In this section, we give a complete characterization of all
the J-SSEs of minimal subspace H,(tr) in terms of the
square summable solutions of system (1, ). As a consequence,
characterizations of all the J-self-adjoint subspace extensions
are obtained in the two special cases: the limit point and limit
circle cases. The following discussion is divided into two parts
based on the form of .7.

5.1. Both the Endpoints Are Infinite. Let 5 = (—00, +00), and
assume that (A,), (A,,), and (A;,) hold, and I['(H,(1)) # 0 in
this subsection. It follows from Theorem 32 that

d,+d,-2n=d. (142)

In addition, for some A € T(Hy (), let xp, . .., de b= given in

Theorems 37 and x_, ..., y>* " be given in Theorems 38.

Theorem 39. Assumethat (A,), (A,,), (Ay,), and (A3) hold.
Then a subspace T C (L%/\,(J))2 is a J-SSE of H,() if and
only if there exist two matrices Mgy oq__am) A1 N g (24, ~2n) SUCh
that

(1) rank (M, N) =d

(2) NG,NT - MG,M" =0, and

(5 xs) (~00)

~
I

(y,g”) €eH(t): M
(y, Xid Zn) (—OO)
(143)
(7 x5) (+00)

(y’ X;dh Zn) (+00)

where G, and G, are the same as those in Theorems 37 and 38.

Proof. We first show the sufficiency.

Suppose that there exist two matrices My (o4 o) and
Nx(2d,—2n) such that conditions (1) and (2) hold and T is
defined by (143). We now prove that T is a J-self-adjoint
subspace extension of H,(7) by Lemma 9.

Denote
M= (mij)dx(zda—Zn)’ N = (nij)dx(zdbfzn)’ (144)
and set
) 2d,-2n ) ) 2d,~2n .
wyi= Y mxh, wh= Y myl, 1<i<d. (145)
j=1 j=1



Abstract and Applied Analysis

Clearly, w; € Dom H,(7)and wé € Dom Hy(r)forl <i<d.
By Remark 26, there exist 8; == (w;, p’) € H(r) (1 <i < d)
such that

w ) =w ), t<s,
(146)

w (t) = wy (), t=t)+1,

where s_ and t) are specified by (A, ,) and (A, ,), respectively.

Since H(7) and H,(7) are liner subspaces, 3;,5,,.--> B4
are linearly independent in H(7r) (modulo H,(7)) if and
only if w;, w,, ..., w, are linearly independent in Dom H(r)
(modulo Dom H(7)). So it suffices to show that w;, w,, ...,
w; are linearly independent in Dom H(r) (modulo

Dom H,(7)). Suppose that there exists C = (¢}, 6,...,¢;) €
C? such that
d
w = chwj € Dom H, (7). (147)
=1

It follows from (145), (146), and (2) and (3) of Theorem 27 that

0= ((w, X;) (-00),..., (w, Xsd"_zn) (—oo)) = CMG,,

0= ((a), X;) (+00),..., (w, defzn) (+oo)) = CNG,,.
(148)

Since G, and G,, are invertible, we get from (148) that CM =
CN = 0. Then C = 0 by condition (1). So, w;, w,, ..., w, are
linearly independent in Dom H(7r) (modulo Dom H,(1)),
and consequently f3;, ,,..., ; are linearly independent in
H(7) (modulo H,(1)).

Next, we show that [; : B;] = 0 for 1 <1, j < d. It follows
from (145) and (146) that

((wi’wj) (_OO))ISi,de = MGaMTa ( )
149
((wi’ wf) (+OO))1si,jsd = NGbNT’

which, together with Lemma 24 and condition (2), implies
that

([B:: ﬁj])lsi,js ,=NG,N" - MG,M" =0. (150)

Consequently, [B; : ;] = 0for 1 <1, j < d. Therefore, {ﬁj}‘;:l
satisfy the conditions (1) and (2) of Lemma 9.
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Note that for each y € Dom H(7), it follows that
(7 xa) (-00)

(y, X;da—Zn) (—OO)

2d,-2n .
(% > m jxi) (-00)
j=1

2d,-2n .
()” > mdeé) (—00)

j=1

(7, @) (-00)

>

(> @g) (-00)
(151)

(y.x) (+00)

(y) XZd—Zn) (+OO)

j=1

2d-2n .
(J” Z ”1]‘Xi)(+00)

2d-2n .
(% 2 ndeZ> (+00)

j=1

(7, @) (+00)

>

(7, @4) (+00)

where (145) and (146) have been used. Therefore, it follows
from Lemma 24 that T can be expressed as

T={(yg") e H@): [(3,97):B;] =0, 1< j<d}.
(152)

Hence, T is a J-SSE of Hy(7) by Lemma 9. The sufficiency is
proved.

We now show the necessity. Suppose that T is a J-SSE
of Hy(7). By Lemma 9 and Theorem 17, there exists a set of
{ﬁj}?l:1 C H(7) such that (152) holds. Write 3; = (a)j,p;.r).

Then wi € Dom H,(7) and wg € Dom Hy(r)forl < j<d.
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By Theorems 37 and 38, each w/ and wé can be uniquely
expressed as

2n 2d,-2n
j_ 50 i s
W = Va + Zcijza + Z mjsXa’
i=1 s=1
(153)
2n Zdb—Zn

j_ )0 i s .
w, =y, + Zd,-jzb + Z NjsXp 1< < d,
i1

s=1

where yg’o € Dom Hy, (1), y7° € Dom H, (1), and d
nj,mjs € C. Set

ij> Gij>
Js

(154)

M = (mjs)dx(zda—Zn)’ N = (njs)dx(zdh—Zn)'

First, we want to show that M and N satisfy condition (1).
Otherwise, suppose that rank (M, N) < d. Then there exists
C=(c,6...5¢) € C? with C # 0 such that

C(M,N) =0. (155)

4 ¢.w.. We then have

Then CM =0and CN = 0. Letw = )%, c;w;.

(@ xa) (=00) ..., (w, 2% ") (~00)) = CMG, = 0

((w, X;) (+00), ..., (w, Xid_zn) (+oo)) =CNG, = 0.
(156)

For each y € Dom H(7), y, can be uniquely expressed as
(134) by Theorem 37 and y, can be uniquely expressed as (141)
by Theorem 38. So it follows from (156), (78), (79), and (2) and
(3) of Theorem 27 that for any y € Dom H(7), (w, y)(+00) =
(w, y)(—00) = 0, which yields that w € Dom Hj(r) by
(1) of Theorem 27. Then w;,w,,...,w, are linearly depen-
dent in Dom H(r) (modulo Dom H (7)), and consequently
B> Bs> - - - » By arelinearly dependent in H(7) (modulo Hy(7)).
This is a contradiction. Hence, rank (M, N) = d.

Next, we prove that M and N satisfy condition (2). It can
be easily verified that

((wi’ wj) (_OO))lg)de = MGuMT:
(157)
((wp w]) (+OO))1Si,de = NGbNT.

Hence, by Lemmal4 and [f; : ;] = Ofor1 <4, j <d, M
and N satisfy condition (2).
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In addition, it follows from (78), (79), (153), and (2) and
(3) of Theorem 27 that

(3> w;) (-00)

(7, @4) (-00)

2d,—-2n .
(y, 5 mlsz) (<o)
j:1

2d,-2n .
(y) ) mdjxi) (-00)

J=1

(.x2) (~00)

(y) Xﬁda—Zn) (_00)
(158)

(3, @) (+00)
(> wz) (+00)

j=1

2d-2n .
(35 ) o

2d-2n .
(J’) 2 ”deZ)(JfOO)
=1

j=

(. x) (+00)

(y, Xﬁd—Zn) (+OO)

Hence, T in (152) can be expressed as (143). The necessity is
proved.

The entire proof is complete. O

To end this subsection, we give characterizations of J-
SSEs of H,(7) in four special cases of defect indices: d, = d}, =
md, =nd, =2nd, =2n,d, =m;d, =d, =2n.

In the case that d, = d, = n, thatis, d = 0 by
Theorem 32, the following result is derived from Lemma 11
and Theorem 17.

Theorem 40. Assume that (A), (A,,), (Ay,), and (As) hold.
Ifd = 0, then Hy(7) is a J-self-adjoint subspace.
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In the case that d, = n, d, = 2n, it follows from
Theorem 32 that d = n. Let y,, (1 < i < 2n), be 2n
linearly independent solutions in Z3,(.%,) of (1,) satisfying

(X (60)s X () - - > x27(6)) = Ly, Then, by (3) of Lemma 14
one has that

Gy = (o 1) (@) . = UY) (6) 7Y () = 7.
(159)

The following result can be directly derived from Theorem 39.

Theorem 41. Assume that (A ), (A,), (A,,), (Ay,), and (A3)
hold. If (1,) is in Lp.c. at t = —oo and in Lc.c. att = +oo.
Let xj (1 < i < 2n) be 2n linearly independent solutions in
LTy of (1) satisfying (X7 () 13(c0)s - > Xon(60)) = Loy
Then a subspace T C (L%,V(J))2 is a J-SSE of Hy (1) if and only
if there exists a matrix N, such that

rank N = n, NfNT=0,
(1) (+00)
T=4(,g")eH((1):N =0

(715" (+00)
(160)

In the case that d, = 2n,d, = n, a similar result can be
easily given. So we omit the details in this case.

In the case that d, = d;, = 2n, it follows from Theorem 32
that d = 2n. Let x; (1 < i < 2n) be 2n linearly independent

solutions in #2,(.7) of (1,) satisfying

(X1 (€0)s X2 () >+ +5 Xan () = Lo (161)

Then, by Lemma 14, G, and G,, defined by (133) and (140),
satisfy

G, =G, = 7. (162)

The following result is a direct consequence of Theorem 39.

Theorem 42. Assumethat (A,), (A,,), (Ay,), and (A3) hold.
If (1)) is in Lcc. at botht = +0o and t = —oo, then
for any given A € T(Hy(t)), let y; (1 < i < 2n) be 2n
linearly independent solutions in Z1,(7) of (1,) satisfying
(X1(c)s x2(6)s - s Pon(cy)) = L,. Then a subspace T C
(LZW(JV))2 is a J-SSE of Hy(t) if and only if there exist two
matrices My,,,5,, and N,,,..»,, such that

rank (M,N)=2n, MJFZM' = NZNT, (163)
(9> x1) (=00)
T=1(»g")eH@): M :
(> Xon) (=00)
(164)
(9> x1) (+00)
-N : =0

(s in> (+00)
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Remark 43. As we have seen, there is no boundary condition
at the endpoints at which system (1,) is in Lp.c., and the
matrix G, or G, can be replaced by _# in the case that system
(1))isinlcc.att =aort =b.

5.2. At Least One of the Two Endpoints Is Finite. In this
subsection, we characterize the J-SSEs of H(7) in the special
case that at least one of the two endpoints a and b is finite. We
first consider the case that a is finite, and b is finite or infinite.

We point out that in this case, characterizations of all the
J-SSEs of H,,(7) can also be given by the proof of Theorem 39,
provided that assumptions (A, ,), (A, ,), and (A;) hold. But,
if there does not exist a ¢, € ¥ such that both (A, ,) and
(Ay,) are satisfied, then Theorem 39 fails. We will remark
again that the division of .7 is not necessary in the case that
one of the two endpoints is finite, and characterizations of all
the J-SSEs of H(t) can still be given provided that (A5) and
(A;) hold.

In the case that a is finite, ¥ can be regarded as .7,
with a = ¢, and (A,) is equivalent to (A,,). So all the
characterizations for H,((7) and H,(z) given in Sections 3
and 4 are available to H,(7) and H(1), respectively, with ¢,
replaced by a. Assume that (A,) holds. Then for any given
A € T(Hy(1)), as discussed in Section 4, let x;, ..., X2q_», e
2d - 2n linearly independent solutions in Z5,(.7) of (1)
such that G is invertible, where G is defined by (133) with

Xg is replaced by x;, 1 < j < 2d — 2n. Then all the results

of Theorem 37 hold with G, and XZ replaced by G and ¥,
respectively.

Theorem 44. Assume that the left endpoint a is finite, and
(A,)-(A;) hold. Then a subspace T C (LZW(J’))2 is a J-SSE
of Hy(t) if and only if there exist two matrices M,,, and
Nx(2d-an) Stch that

(1) rank (M, N) = d,
(2) MFMT - NGNT =0, and

T=1(y.9") €H(r): My(a)

(165)
(7 x1) (0 +1)

-N =0

(% Xod-2n) (b + 1)
Proof. The main idea of the proof is similar to that of

Theorem 39.
We first show the sufficiency. Denote

T
fM = (El’ EZ’ e ’gd) > N = (nif)dx(zd—Zn)’ (166)
and set
2d-2n
w= Y ngy, 1<i<d (167)
=1
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Clearly, w; € Dom H(r) for 1 < i < d. By Remark 26, there
exist f; := (w;, p") € H(r) (1 < i < d) such that

w; (a) =&, (168)

where t, is specified by (A ,). It can be verified by the method
used in the proof of Theorem 39 that the set {[31-}7.:1 satisfies

the conditions (1) and (2) in Lemma 9. Note that for each y €
Dom H(7), it follows that

My (@) = (#M7) 7y (@)

wlT (a) (y, @) (a)
= ¢ )@= )
(y,wq) (@)

w; () =w;(t), t=ty+1,

wy (a)

(x) (b+1)
N .

(s de—z;l) (b+1)

(169)
2d-2n
(y, Z ”1]')(]') b+1)

j=1

2d-2n '
(y, Z nd]-)(j>(b+1)

j=1

(y>@) (b+1)

(ywg) (b+ 1)

Therefore, it follows from Lemma 24 that T can be expressed
as

T={(yg") e H@): [(3,97):B;] =0, 1< j<d}.
(170)

Hence, T is a J-SSE of H,(7) by Lemma 9. The sufficiency is
proved.

We now show the necessity. Suppose that T is a J-SSE
of Hy(t). By Lemma 9 and Theorem 17, there exists a set of
{[3j}j‘l:1 ¢ H(r) for {H,(7), H(7)} such that conditions (1) and
(2) in Lemma 9 hold, and T can be expressed as (152). Write
B = (w;p"). Then w; € Dom H(z) for 1 < j < d. By
Theorem 37, each w; can be uniquely expressed as

) 2n . 2d-2n
w; = )’ZO + Zaijzi, + Z nxp 1<i<d, (171)
j=1 s=1
where y,i’o € Dom Hy(7) and a;j,n;; € C. Set
T
Md><2n = (wl (a) >e s Wy (a)) j’
(172)

Nix@d-m) = (nis)lgisd,ISSSZd—Zn'

With a similar argument to that used in the proof of
Theorem 39, we can prove that M and N satisfy conditions (1)
and (2). In addition, it is clear that T in (170) can be expressed
as (165). The necessity is proved, and then the entire proof is
complete. O
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At the end of this subsection, we give the characteriza-
tions of J-SSEs of H,(7) in two special cases of defect indices.

In the special case that d = n, Theorem 44 can be
described in the following simpler form.

Theorem 45. Assume that the left endpoint a is finite, and
(A})-(A3) hold. If (1) is in Lp.c. at t = b, then a subspace
T cC (L%/V(J))2 is a J-SSE of Hy(7) if and only if there exists a
matrix M, satisfying the self-adjoint condition

rank M=n,  MFM' =0 (173)
such that T' can be defined by
T={(y,g") € H(r): My (a) = 0}. (174)

In the other special case that d = 2n, the following result
is a direct consequence of Theorem 44.

Theorem 46. Assume that the left endpoint a is finite, and
(A))-(A3) hold. If (1)) is in L.cc.att = b, let y; (1 < i <
2n) be 2n linearly independent solutions in L5,(.7) of (1)
satisfying (x1(c)> X2(6)s - - > Xan(6y)) = Ly,. Then a subspace
T ¢ (L3,(9))* is a J-SSE of Hy() if and only if there exist two
2n x 2n matrices M and N such that

(1) rank (M, N) = 2n,

) MFgMT = NZNT, and

T=1(y.g")€H(): My(a)

(175)
(yx) (b +1)
-N : =0

(s ij b+1)

For the case that b is finite and a = —o0, it can be
considered by a similar method. Here we only give the
following basic result.

Theorem 47. Assume that the right endpoint b is finite, and
(A)-(A3) hold. Let Xpl<js< 2d — 2n, be linearly inde-

pendent solutions of (1,) in L2,(.7) such that G is invertible,
where G is defined as G, in Theorem 38 with x, replaced by ;.
Then a subspace T C (L%,V(J))2 is a J-SSE of Hy(7) if and only
if there exist two matrices M5, and N 4y 24—y Stch that

(1) rank (M, N) = d,

2) MGMT - NZNT =0, and

(1) (@
T=1(»g9")eH@):M ;
()” X2d-2n (a))
(176)

-Ny(b+1)=0
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In the case that both the two endpoints a and b are
finite, that is, & = [a,b], it is clear that d = 2n by (A,).
The characterization of J-SSEs given in Theorem 44 can be
simplified as follows.

Theorem 48. Let ¥ = [a,b]. Assume that (A,)-(A;) hold.
Then a subspace T C (L%,V(JV))2 is a J-SSE of Hy (1) if and only
if there exist two 2n x 2n matrices M and N such that

(1) rank (M, N) = 2n,
2) NN = MgMT, and
T={(y,g") €e H(z): My (a)
-Ny (b+1) = 0}.

(177)

Proof. Let x; € Z3,(F), 1 < j < 2n, be defined as those in
Theorem 46. Then it follows that

(3 x1) (b+1) X (b+1)
N : =N : Fyb+1)
(> Xon) (b +1) XE(b+1)
=Nyy(b+1),
(178)

where N, = N(Xl,...,XZn)T(b + 1) 7. It is evident (y;,...,
X2n)(b + 1) = I,,,. So by Lemma 14, one has that

rank (M, N) = rank (M, N,) = 2n,
179)
N, ZN] = NgN".

Hence, the assertion follows from Theorem 46. This com-
pletes the proof. O
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