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The authors prove that the parametrized area integral ug, ¢ and g} function u;” are bounded from the weighted weak Hardy space
WH, (R") to the weighted weak Lebesgue space WL! (R™) as () satisfies a class of the integral Dini condition, respectively.

1. Introduction and Main Results

Suppose that Q € L'(S"™") is homogeneous of degree zero on
R" and satisfies

j 0 (x')do (x') =0, 6
Sn—l

where §"™' denotes the unit sphere of R” (n > 2) equipped
with normalized Lebesgue measure do = do(x), x' = x/|x|,
x#0. The parametrized area integral Msp),s and g; function

M:’P are defined by
‘”g,s (f) (x)
_ 1 Q(y-2) *dydt
_<Hm e (OLE ) ,
" An
*,0 _
m" ()@ = (JJR$+1 (t+|x—y|>
1/2
1 Q(y-2) dydt
xt—pjly e @4 ) ,
2)

respectively, where

T(x)={(t) e Rt |x -y <t}

R = R" x (0,00),

©)
p>0, A>1.

It is well known that Littlewood-Paley functions are very
important tools in harmonic analysis and PDE (see [1-3]).
Some well-known results related to the classical Littlewood-
Paley operators can be seen in [4-8]. In 1999, inspired
by Hoérmander’s work [9], when Q satisfies the Lipschitz
condition of «, Sakamoto and Yabuta [10] established the
P (1 < p < 00) boundedness of the parametrized area
integral yQ s and the parametrized g function 4, and gave
the boundedness on BMO spaces and Campanato spaces. For
any 0 < « < 1,1 < g < 00, it is easy to see that the inclusion
relationship

Lip, (S"ﬁl) cIL? (S"fl) ¢ Llog'L (S"fl)
(4)
c Hl (Sn—l) c Ll (Sn—l)

holds. In 2002, Ding et al. [11] extended the previous L?-
boundedness to the case as Q belongs to Llog"L(S"™).
In 2007, Ding et al. [12, 13] gave the boundedness of the
parametrized area integral /"g,s and g} function y;” on the
Hardy space and weak Hardy space when Q satisfies a class
of the integral Dini conditions. Recently, Wang and Liu [14]



obtained the boundedness on the weighted Hardy space for
the parametrized Littlewood-Paley operators with Q) satisfy-
ing the logarithmic type Lipschitz conditions. On the other
hand, the boundedness properties of the intrinsic square
functions on weighted weak Hardy spaces were studied by
Wang in [15]. Inspired by the results mentioned previously, in
this paper, we will study the boundedness of the parametrized
area integral ‘ug’s and g, function y,” on the weighted weak
Hardy spaces.

Before stating our main results, let us recall some defini-
tions. Firstly, let Q(x") € LI(S""), g = 1. Then, the integral
modulus w,(8) of continuity of order q of () is defined by

1/
w0, (6) = sup(Ln_l o() -0 (x)) " )

lIvll<s

where, y denotes a rotation on $"!and Iyl = sup,scgt Iyx' -
x'|. The function Q is said to satisfy the LI-Dini condition, if

s
Jl qu( )45 < co. (6)

0

Secondly, given a weight function w on R", for 1 < p < oo,
the weighted Lebesgue spaces is defined by

L, (R") = {f: o= ([ Lreolweon) < oo} |
(7)

And also, the weighted weak Lebesgue spaces is defined by

WL (R = { /[l = sop)
(8)
w(fx e R": £ ()] > AP < oo} :

Let us now turn to recall the definition of the weighted weak
Hardy spaces. The weak Hardy spaces were first introduced
in [16]. The atomic decomposition theory of weak H' spaces
on R" was given by Fefferman and Soria in [17]. Later, Liu
established the weak H? spaces on homogeneous groups in
[18]. In 2000, Quek and Yang introduced the weighted weak
Hardy spaces WHZ (R") in [19] and established their atomic
decompositions. Moreover, by using the atomic decomposi-
tion theory of WH;Z(IR"), Quek and Yang also obtained the
boundedness of C — Z operators on these weighted spaces in
[19]. Letw € A, 0 < p<1,and N = [n(q,,/p — 1)]. Define

Ay = {cp € S(R"):
9)
sup sup (1+ || )N |D% (x)| < 1]» ,

x€R" |a|<N+1

where, « = (ap,...,a,) € (NU{OD", la] = a; + -+ + «,
D%p = 3%/ (@x* - - - 9x%).
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For f € S'(R™), the grand maximal function of f is
defined by

G,f(x)= sup sup |(g % f)(y)]- (10)

e N ly—xI<t
Then, weighted weak Hardy space is defined by WHZ (R") =
{feS'(R"):G,f € WLP (R")}. Moreover, we set "f"WHf, =

"wa "WL‘,';, .
Our main results are stated as follows.

Theorem 1. Let Q € L*(S™") satisfying (1) and the following
condition

dd<oco, O0<a<l. (11)

42

Then, for p > n/2, w € A,, there exists a constant C > 0 such
that

"/"g,s(f)“WL{U < C”f"WH,L‘ (12)

The relationship between condition (11) and Lipa(S""l)
condition is not clear up to now. We point that the conclusion
of Theorem 1 still holds if we replace the condition (11) by the
Lipa(S’H) (0 < « < 1) condition. In other words, we have
the following result.

Theorem 2. Let Q € Lip ("), 0 < a < 1, satisfying (1).
Then, for p > n/2, w € A,, there exists a constant C > 0 such
that

s vz, < ChS - (13)

Theorem 3. Let Q € L*(S"") satisfying (1) and the following
condition

dd<oco, O0<a<l. (14)

[0

Then, for p > n/2, w € A, A > 2, there exists a constant C > 0
such that

e Dl < Sl (15)

2. Notations and Preliminaries

In this section, we will introduce some notations and prelim-
inary lemmas used in the proofs of our main theorems in the
next section.

The classical A, weighted theory was first introduced by
Muckenhoupt in the study of weighted L? boundedness of
Hardy-Littlewood maximal functions in [20]. A weight wisa
locally integrable function on R" which takes values in (0, co)
at almost everywhere. Given a ball Band A > 0, AB denotes
the ball with the same center as B whose radius is A times that
of B. We also denote the weighted measure of E by w(E); that
is, w(E) = IE w(x)dx. We say that w € A, with 1 < p < oo if
there exists a constant C > 0, such that for every ball B ¢ R”,

p-1
() <. 0
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We say that w € A, if

1 J w(x)dx < C-ess infw(x) for every ball B c R".
|13| B x€B

17)
A weight function w € A, if it satisfies the A , condition for
some 1 < p < co. Itis well known thatifw € A, 1 < p < 00,
thenw € A, forallr > p,andw € A_forsome 1l < g < p.

We thus write g, = inf{g > 1 : w € A} to denote the critical
index of w.

Lemma 4 (see [21]). Let1 < p < 0o, w € A, Then, for any
ball B, there exists an absolute constant C > 0, such that
w(2B) < Cw (B). (18)
In general, for any A > 0, we have
w (AB) < CAw (B), (19)
where C does not depend on B nor on A.
Lemma 5 (see [19]). Let 0 < p < 1, w € A,. For every

f(x) belongs to WHE (R"), there exists a sequence of bounded
measurable functions { fi.(x)}__ such that

() f(x) = X2 o flx), in S,
(ii) each fi can be further decomposed into f =
where b satisfies the following conditions.

Zzz’

(a) supp(bik) C Qf.‘, where Qf.‘ denotes the ball with
center x’.‘ and radius rf. Moreover,

Yu(@l) <,

where xg denotes the characteristic function of
the set E and C, < "fHWHP

(b) IIkaILoo < C2X, where C > 0 is independent of i,

QX <C (o)

(o) f ”bk “dx = 0 for every multi-index o with
o] < [n(q,/p - 1.

Conversely, if f € 8'(R") have a decomposition satisfying

(i) and (ii), then f € WHP(IR") Moreover, we have "f”WHP ~
C.

In the end of this section, we need the following lemmas
used in the next section.

Lemma 6 (see [22]). Suppose that Q € L2(S" Y satisfies (1)
and the following condition

J w, (8)
0

—2—(1+]logd])’dd <00, 0 >1, (21

w € A, Then, for p > n/2, A > 2, and f € LF(R") (1 < p <
00), there is a constant C independent of f, such that

l6s (O < S flis
1P Al < ISl

(22)

Lemma 7 (see [23]). Suppose that p > 0, Q is homogeneous of
degree zero and satisfies the L*-Dini condition. If there exists a
constant 0 < 0 < 1/2 such that |x| < OR, then we have

2 1/2
() )
<|yl<2R (23)

< CRn/Z—(n—p) {m " J- w, (8) d6} ,
R |xl/2R<d<|xl/R O

Q(y)
|yl"=r

Qy-x)
ly — x[*=°

where the constant C > 0 is independent of R, x.

3. Proof of Main Results

Proof of Theorem 1. In order to prove Theorem 1, it suffices to
show that there exists a constant C > 0, forany f € WHIL(IR")
and 3 > 0, such that

Bw({x e R : |ub s ()

Take k, € Z such that 2%
can write

f= ka—ka

where F, = Zk__oo 2. b K F, = Yoo kg+1 2i b k and {bik} satisfies
(a)-(c) in Lemma 5. Then, we have

pw({x e R": |ud 5 (f) (0| > B})
<pu(fxer | (7)) > £)

@] > B <Cllf sy 29

<B< 2% 4 1; then by Lemma 5 we

Z fe=F, +E, (25

k=ky+1

(26)
+ ﬁw({x eR": |/"€),s (F,) (x)| > g})
=1 +1I,.
First, we claim that the following inequality holds:
/2
1, <GBz (27)
In fact, since supp(bik) C Qf.‘ = Q(xf, rf), IIbikIILm < C2¥, then
it follows from Minkowski’s integral inequality that
k 1/2
il <€ 3 Sht,-0le
k=—0c0 i
ko 1/2
<C ) 2"<Zw(Qf‘)>
k=-c0 i
(28)

ko
<C Y 2% fllur
k=—00

<c z s T FARe I T g



Let us estimate I;. By Chebyshev’s inequality, Lemma 6 and
(27), we have

I, < B— 7 J s (Fr) (0 w (x) dx
c— L
/3"‘"‘?2,5 1) L%u

C ! 5
ﬁ"Fl "Lﬁ,

<Clf ey

Now we turn our attention to the estimate of I,. If we set

U Uas (30)

k=ko+1 i

(29)

where 6:‘ = Q(xf.‘,ST(k ko)/m k) and 7 is a fixed positive
number such that 1 < 7 < 2, therefore,

L= ﬁw({x € 24y, ¢ |ups (F) (0)] > g})

L'<p J s (F) (0w (x) dx

2
B Jeay)
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et fre@an) b B 0] > )
=: Ié + Ié'.

(31)

Since w € A, then by Lemma 4 we can get

B Y Yu(@)

k=ko+1 i

<CB 020: Tk_k"Zw (Qf)

k=ko+1 i (32)

N )
<Clfhy Y. (5)

k=ky+1

<C| flwag-

An application of Chebyshev’s inequality and Minkowski
integral inequality gives us that

=), ] J Lbkﬂd ds w(x)dx
A, ly=xI<t |1 T y-zl<t |y — " t
<} 2 I Y SO St @ dffﬂ w(x) dx
kekgtl 1 QAR ly—xI<t |Jly-zl<t Iy z| nrep
(33)
3 Q(y-2) & dtdy
<C J JJ J b (z)dz w(x) dx
k:%:ﬂzz: [ (244, < &iﬁt ly-zl<t |y — z| g2t
(y-2) "
Q(y-z) dtdy
" J c J Jy€(4d)c J n-p b’ (2) dz (r2pt+l w (x) dx
24y,) it ly-zi<t |y — 2|

=C i YL+1].

k=ky+1 i

Firstly, let us estimate I;. As y € 4fo, X € (2Ako)c, z € Qf.‘, it
is easy to see that

e

=l > |x -] - |y - o] > :

2

ly — 2| < 8r:‘,
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(-2 [ady )
Q(y-z dtdy
k
L <C2 LZA )C< y€4d et = Z|n_p e w(x)dx
% e-xblj2sly-xl<t 10T
2 1/2
8 |Q (2 dtd
<C2 J J J (_ )'s"_lds do (z') Wi w(x)dx
QA ) yE4Q" x—xk|/2 | Js1 Jo sP tep
1/2
00 k)zP—dt dy ) w (x)dx
2Ak ¥ y€4Qk k|/2 i tn+2p+1
1/2
< C2k( J J —_— w (x)dx
@A) \ Jyesd |x — k| p
k(o K\P| 4k| /2 w (x)
< c2(srt) act]” | T
i
(34)
Since x € (2Ak0)”, (jf‘ = Q(xf,ST(k ko)/n k) then |x — x; | > < Czkozo*’zf(pfn/z)j(T(k—ko)/n)"/Z*pw (Q’.‘)
grlkko)/ ”rf > Sr:‘. By Lemma 4, we obtain that =3 l
/2 _ n/2—p
< CA () <2 (R ().
35
5 o(s) (39)
j=3 TVl QT R xﬂn/zw Noticing that p > n/2,1 < 7 < 2, we have
k( _k\Ptn/2 =) [eS)
et ¥ Yuec § A0 0 ()
00 » k=ko+1 i keko+1 7
j+1_(k—ko)/n k\“ME7P
X 2(2 T rl-) o . wrep (36)
= <C X (M W
k=ky+1
X J w (x)dx
|-k | <21 lkko)in < Clf lwp -
k (p-n/2)j j+1_(k—ky)/n\" k . .
<C2 2;2 2Gm (2 T ) w(Qi) Now we consider I,. Write
=
1/2
Qy-z) « “drdy
I SCJ Jj ¢ J —b (z)dz w (x)dx
@A) };;(_43?'2 ly—zl<t |y z| {ne2pel
t<|y-xFl+2rk
1/2
2
Q (y - Z) k dt dy
+CJ JJ c J ——b' (z)dz w (x)dx
(A" }I)E/(—iilgg ly-zl<t |y - Zln P prt2ptl
|y—xf|+2rf<t

= C (I +1p).

(37)



Take 0 < € < min{1/2,«, p — n/2}. First we deal with I,;.

|y — z| < t, we have

t> |y—z|>|y—xf|—'xf—z|

k

k
2|y—xi|—2ri,

Kk ! k
'x—xi'<|x—y|+'y—xi'<t+|y—xi|

Abstract and Applied Analysis

As <2|y—xf|+2rfs3|y—xf|,
1 B 1
(Iy =kl =25 (ly =k + 2r)™
i
< Cm.
1

(38)

Using the Minkowski inequality, we get that

1/2
|Q(y- z)|2 dtdy
I < J j b (2) j J : 2 o () d
(244" JR" i ' }if,(:gz)t |y _ z|2n 2p gn+2p+1
t<|y-xFl+2rk
ly—zl<t
1/2
2 k k
13 |Q (y - z)| ly=xil+2ri  q¢
s JZA < JR” |bl (Z)' (J y€(4(ji()c 2n-2p k| _ppk tn+2p+1 dy leU (.x) dx
( ko) |x—xf-‘|€3|y—xf| | - | |y’Xi|’ T

<c[ | g
(245,)° Jr7

1/2
jo(y-2)* 1 1 >
X J c - d dzw (x) dx
Q) 2n-2 2 |
<|P§Kmﬁm|y‘4" Ay =l =2e) (=2
1/2
ay-2
sc| | Il | 9(y-z, Ldy | dzw(x)da
()" IR Ix—fc,il(:fli’)*xfl |y =2 |y =l
o) B 2 k 1/2
<C J- J b’k (Z | <J. | (y nfz22J|rl L 2n+2e dy) dzw (X) dx
Ay, IR ye(Qh)’ |y - z| |x - x’.‘|

172
< C(ri ) J(2Ak0)“ J[R”

k 1/2
< C(r,- ) J(ZAkO)C JRy,

sc() ],

B k n+e
(244" |x — xF|

i

X

ax | | @)z
o

[ee]
<c(H)™y. |
j=3

o8] . —Nn—
SCH) Ry e |

w (x)

1

z

bk z Q B 2 1/2
|’—()H+S<J' ) %@,) dzw (x) dx
x—xk| ye(Qk) |y— |

b (2) o | () 2
JT;JH(L“ erl g—zze)| deU(Z’)> dzw (x) dx

dx

. : n+e
2iglkmko)mpk | x— k| <2 1 g kko)/nyk |x - xﬂ

w (x)dx

|x—xk| <21 g(kko)/npk
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1

< C2k§ <2j+1 )—n—€T(k_k0)(—n—s)/n2(j+l)nTk—kow (Qk)

i=3
—& 5] .
< Czk[r(k_k")/”] 22_8(]+1)w (Qf) . (39)
=3
By Lemma 5, we have <C Ozo: ( *= ko)/n) "f”WH1
k=ky+1
N < C"f“WH,},’
Z 2141 (40)
k=kg+1 i

Now let us consider I,. It is easy to check that Qf.‘ Cciz

<C Z ( (k~ kg)/n) Z ( ) ly—z| <tlasy e (4Qf.‘)c,t > |y—xff| +2rf‘. Thus, we can
i obtain by the condition (c) of bik in Lemma 5

1/2
k 2
Qy-z) Q(y-x) td
I, = J c J J ye@)) np = pbk( )dz tn+2pf1 w(x)dx
(244,) ly—sl<t ly-zl<t |y - zl |y P |
ly—xK|+2rk<t
1/2
2
Q(y—Z) (- aray
s .[ J ' (Z)| J,[ dzw (x) dx
L PR e ye(4Q*) kP | prezedl
(245,)" IR sty eark yel}< |;V 2" |y -«
x—xfl<2ly-xf|
1/2
k 2
+J j f (2)] JJ Q(y-2) Q(y—xA) dtdy dow (%) dx
(2Ak0)c R" 1 }’E(4Qk) |y Z| —p |y xkln p tn+2p+1

max{| y—x|, Iy X; |+2r Jy—zli<
lx—xK[>2]y-xk]

! "

= I+ 1
2 1/2
a(y-2) Q- dr
I sj J b (2)| J Sy (7 n_z o knz (I szﬂ)dy dzw (x) dx
(244,)" Ir l<alyi ly - 2| ly — xf| | y—sck |20k

a-2) Q-2 "
y-z V=X 1
< CJ J b (2) J : 2 il dy | dew(x)dx
O L W e e e e s
1/2
bk z (o) _ Q —xk ?

< Cj .[ | : : ). n+e J (y nf) (y n— ) 1 2p—n-2¢ dy dzw (x) dx.

(24,)" IR (| = x| + 27F) yed ||y — 2" ly — xf| P (|y = xk| +2rF) P

(41)
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By using Lemma 7, we can get

: |t (2)]
142 < C A k k\nte
@A) R (|x — xF| + 2rF)

0
N
=1 2irk<|y—xk|<2i*lrk

2
1

(Iy = k] + 2rf)

0(y-2) o(r-«)

ly =2 |y-xK""

1/2
dy) dzw (x) dx

< J J |blk (Z)' Vv 1
b (ZAko)c " ( X — XH + er)nﬂ j=1 (zfrlk + 2r}c)p_n/2_£

X J
2rk<|y—xk|<2i*irk

C J J' |bik (Z)' N 1 (er(‘)n/z_(n_p) {M + J’lz_Xikl/zjrik wz—w)dSI> dzw (x) dx
@Ay Jr ( |

nte ) “n/2—¢ i ik )
x = x|+ 2rk)" S 20k 4 2rk)P 2Jr] x|tk 0

2
y-z) Q(y-x)
ly=2""  |y-xH""

12
dy) dzw (x) dx

N

N
@)

@ R e [ (T w,0)
-[(ZAkO)C JR” ( n+e Z(Z r; ) 5 + '[l Td6 dzw (X) dx

x - xf| + er) i z=xf| /2%

N

|bzk (Z)' & i k\E 1
C J(zAko)f JR" ( . x:" + 21"!(),”8;(2 r; ) Edzw (.X') dx

|bik (Z)l & ik\E |z—xf|/2jrf w, (6)
e J(zAkO)C JRn ( nte Z(Z ti ) L ———déd dzw (x) dx

X — XH + 21":{) j=1 ! Z—xf.‘l/Zj“r;‘ é

=C(U, +U,).
(42)
It is easy to see that For U,, we have
k
U, < CJ j o @)
25 o e (2
U, < C2*(rF)
00 (erb8 lz—xf|/27rf w, (8)
w (x) e X z o _ 2—dé dzw (x) dx
jle=1) J k| j9it1k
x medx )2 5 2 et |21k O
(A (|x = xK| +2rF) st (43)
K\E |7k
ri) |b (2)
< CH(r) ™ J k) N < CJ C j n U )k [ k|m dzw (x) dx
(A (Joc = x| +27F) (24,) (| = x| + 2rF)

00 1
jle—a) w, (8)
X 22 J;) WdS
=1
Using the same method as what used to deal with the
inequality (39), we can obtain that <Co ( (<)€+" J w (x)
l @Ax) (Joc — xk| +2rF

)VH'S

< CF [ (QF).

1

U, < C2 [ w (). (44) (45)



Abstract and Applied Analysis

Hence, by the inequalities (44) and (45), we have

Now we give the estimate for 14'2. Since |x — xfl > 2|y - xf.‘l,
t>ly-— xf| + er, then

k
| - x|

k k
t>|x—y|>|x—xi —'y—xi'z 5 (47)
I, <C(U, +U,) < Czk[T(kikO)/n]_aw (ch) (46)  Thus,
I < Jngy e Joo 8 2]
N 1/2
Q(y- Q(y-x;
<( [] yeuah (Iy - | 12 Ky | (—yzrfz ] (_yxk ”‘2 ti‘t’i}:l dew () dx
max{|y7x|,|y7xf\+21’1k,|yfz|}<t y xi * ri Y Y i
ap-2) 00~ N
P 1 y-z y—Xx 00 dt
< J-(ZAkO)C fRn b, (Z)| (Iy5(4Q{;)‘ (|y _ x’-‘| N 21‘k)2p7"72€ LV _ Zlnfp - |y _ x;fln*p (J-|x—xj.°|/2 2n+2e+1 ) dy) dzw (x) dx
o 2 1/2
‘ 1 o(y-2) oU-®)[
< J(ZAkO)C IRn b; (Z)| < Jye(‘le-{)c (ly B xkl ¥ Zrk)zp—n—k |y _ Zlnfp - |y _ xk n—p |x _ xll<|2n+2g d}/ dzw (X) dx
1/2
b (2) | a(y-z) o(y-2)
< j(ZAkU)C .[[R{” |x ~ xﬂnﬂ: (-[J’E(‘*Qf,‘)c (ly - xﬂ N 27?)2’)_”_28 |)/ _ Zln—P - |)’ B an-p dy dzw (x) dx.
(48)

Repeating this process which is similar to the one of estimat-
ing I, (from (42) to (46)), we may have

dggcfh@%wq*w(Qﬂ, (49)

Thus by (36) and (40), we get

L=0L+1I

<L+C 020: Z(IS+I4)

k=ko+1 i

[ee]
<L+C Z Z(I3 + 1y + 1)
k=ko+1 i

(50)

<I£+C OZO: Z(I3+I41 +Ii2+11'2)
k=ko+1 i

<Clf -

This completes the proof of Theorem 1.

Proof of Theorem 2. Combining the idea of proving Theo-
rem 1 with the similar steps as in [I12] and the following

inequalities
guny‘Q@_2><4 a@“ lnw
ly=2"" |y - ly=2""  |y-=x
cc "
R
Kny_z)_g(y_xﬂ|<c_Z:E“_z:fia
’ ly-2 [y-xl
k (24
< C(ri—)k[x)
ly - x|

(51)

it is not difficult to get the proof of Theorem 2. We omit the
details here. O

Proof of Theorem 3. We follow the strategy of the proof of
Theorem 1. It suffices to show that there exists a constant
C > 0, such that, for any f € WH, (R"), 8 > 0,

Bu(fx e R": [ () @) > B) < Cllfhwps-~ 652)
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Take k, € Z such that 2%
|P‘Ap(f) (x| > B})
Sﬁw({xER |y ? Fl)(x)|>E})

e )

= ]1 +]2)

<B< 20 4+ 1, we have

Bw ({x e R"

(53)

where the notations F,, F, are the same as in the proof of
Theorem 1. Using the same method of the proof of Theorem 1,
we can get

|w(x) dx

A <4ﬁ7 J |[4AP(F

<C PED,

Bl el o
<Rl

< Clf g

k ko+1

n 2 *,
2 < 'BE j(zAkO)‘ 1 ? (Fy) () w (x) dx

Abstract and Applied Analysis

Below, we will give the estimate of J,. If we set
[e9]

U U, (55)

k=ky+1 i

where 65‘ = Q(xf, grkko)/n k) 7 is a fixed positive number
such that 1 < 7 < 2; thus,

J, = ﬁw<{x €24, : " () (x)] > §}>

+ﬁw<{xe(2Ak) 0 () ()] > }) (56)

! n
=], +],.

Noting that w € A,, then by Lemmas 4 and 5, we have

68 ¥ P yu(@)<c 3 (5 Wl <]
5 WHL, S WHY *

k=ky+1

1/2

An
~ t Q(y-2) 4 "t dedy
=C I(2Ak0)c (_[ _[RTl (t ot |x _ y| ) . k G .[|y —z|<t | | b (2)dz n+2p+1 w(x)dx (57)
A Q(y-2) ardy \
0 t Y=z) i tdy
S Ck:kzo+1; J(ZAkO)C (.[ j‘Riﬂ (t + Ix _ )}I ) J-Iy—z|<t |y B l b ( )d tn+2p+1 ) w (x) dx
S Ck Z Z -[ZA e (J5+ J1) w(x) dx,
where
An 12
]_(J'I ( t ) I Q()’—Z)bk()d dtd)’)
37 5 _ 5 T nt2p+l >
ly-xi<t \t + |x J’l ly—zl<t l)’ Z| 8
N 2 (58)
e t Q(y-2) bk dz " dt dedy
4= e b (2) pre2p+l
|y—x|>t t+ |X y| |y—z|<t ly - Zl
Similarly as in the proof of Theorem 1, for x € (2Ak0)c, if the denote it by J,;. If y € (4Qf)c, |y — x| > t, we denote J, by

integration domains of J, is y € 4Qf, ly — x| = t, then we

J4p- Moreover, if t < |y — xfl + er in the integration domains



Abstract and Applied Analysis

of J,,, we denote it by J5, otherwise denote it by J,. Further,
we divide J; again by the integration domains; namely; if |x —
x| < 2|y — xF|, we denote it by Js;, otherwise denote it by
Js,- Now, we are in a position to give the estimates of 5, J,;,
Js1> Js> Jg» respectively. First, we take 0 < & < min{1/2,p -
n/2, a, (A-2)n/2} in the whole proof of Theorem 2. Obviously,

J ]3w (X) dx
(244"
< J <J J J Q(y _,f)
@A) y-xi<t [Jiy=zi<t |y — 2|
2 1/2
dtd
X b;k(Z) dz tn-i-Z—pfl) w (x) dx.
(59)

By the proof of Theorem 1, we have

>

1

Notice that if y € 4Qf, X € (2Ak0)c, ly—x|>tz¢€ Qf, it is
easy to check that

@) ly-xl = lx=x1-|y-xf > |x—x{1/2, |y —z| < 8rf,
If y € (4QF), x € (24, ), |y — x| > £,z € Q' then

' k k k k k
) Iy -zl ~ly =1, ly = x| = 2r; <t <|y-x;|+2r,
fortSIy—xf|+2r:(;

() 11/(y = xf1 = 25)"% = 1/(ly = xf| + 2rf)"%] <
C(rlk/ly _ x;cln+2p+l);

(d) 1y =l > lx—xF| =1y = xF| > lx— /2, for |x - x{| >
k.
2|y—x,-|,

(e") t+|x—y|k>t+|kx—xff|—|y—xf| 2 |x—xf|+2rf,for
t> |y —x;|+2r;.

o Jw (x) dx < C”fHWH}u (60)  Now, let us estimate J,;. By the fact (a’) and the Minkowski
ekl 0~ G inequality, we have
1/2
2n+2e 2
I < t Q(y- )bk(z)dz drdy
4= yeadk t+ |x _ yl ly—zl<8rF | _ Zlﬂ*P i r+2p+l
|y7x|>|xfxf|/2 |y—z|<t
|y—x|=t
1/2
. ¢ 2n+2e |Q (y _ z)|2 dt dy
sC2 Q* yeaQt t+ |x _ xk| /2 2n=2p yn+2p+1 dz
" ly=xl>lx-x{1/2 i ly =l
|y—z|<87;°,|y—z|<t
|y—x|=t
1/2
n+e/2 2 _
ord 20y =2) > e tdy | d
= _ Xk yeaQy n-2p k|€ 2p~n=€ ontetl 4 z
| - xf| /2 & ly =22 Jo e k[ |y — 2P e

ly—x|>]x—x|/2

|y—z|<8rf
1/2
1 2y -2) [y -«
<Cf—— j , - dz
|x _ xf|n+e/2 Q& |y—x}|/:;§cQ—’kacf|/2 |y _ Zl” 8|x _ xf B
|y—z|<8rf‘
2 1/2
e A — J J 90=al ) g
e = b0 St \ymarcans [y 2]
12
st la ()|
< czkﬁ JQk ] '|(|+s)|s"_1ds do(y) | de
X - X P\ JstJo s
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k 1 Kk\é/2
<C2 T JQk (8rf) "dz
i i

k n+s/2
<ok (ri )
= |x_xk|n+8/2'
i

As for J5;, notice that y € (4Qf)c, x € (2Ak0)c, ly — x| =
t,z € Qf , using the Minkowski inequality and the previous
facts (b") and (), we have

k
AISLXM(d|
nyxflJrZr!c dr
X ye(4fo)C |y,x’.‘|—2rk rr2p+l
|x—xf-(|<2|y—xff|
1/2
dy] dz

k |Q (y- Z)|2
<C2 Jd‘ <J ye(Qh)’ W

! Ix—xfISZIy—va(I

12
¥
: dy) dz

Q(y-2)

X l)} _ xi.(anrszrl

(] o lep-9)f
fo5 ye()) |y _ le”—ZP

Ix—xf Iézly—xfl

| y—xff | +2rf
()’ J
N |y—ck|-ark

! |x—xf|>2|y—x;‘|

M<LWwWJ

Abstract and Applied Analysis

(61)

B 1/2
T,
i
k|2p—n+l-2e |2n+2e dy dz
- x| |y = ;]

X
ly

|x _ xﬂ’”s

12
Y
(L B
Q@ \ Jyeuad |y - 2|

. (rf)nJrl/Z

k|n+s
i

1/2
« | (y)]

’ <L"1 er 'szfzjds do (yl)

k (rg()n‘h?

|n+£ :

<C2
|x—x

<C2
T -

(62)

Now we consider J5,. By the fact (d")and ¢/(t + |x - yl) <t
we have

t+]x -y

¢ )2n+2£ dt > |(2 (y _ z)|2

tr+2p+l |)/ _ Z|2n—2p

1/2
dy] dz

yeaQh)’

k k
|x=x; 22| y—x;|

gczqug

2n+2e

|y—xf|+2r§c tn+2€—2p—1
| dt
[y-sk|-2rk |x = y]

Q(y-2)f

1/2
dy> dz

) 0 (y-2)

ly ="

i

sczkjd<1

yeaQh)’ |

|2n+2£|
|x—x;‘|>2|y—xf| y

—Z|

P 1/2
r.
i
2n—2p k|2p—n—2e+1 dy dz
|y - x|
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Q B 2 k 1/2
<C2kJ. J‘ | ()/ 7Z2)|1 7 — d)/ dz
& y€(4Q{-‘)C |y_z|n e+ |X— kl n+2e
k n+e
< Cz"—(ri) :
|x_ x,'(|11+8
i (63)

For y € (4Qf)c, sincet > |y — xfl + 21’5‘, then we have Q:.‘ C
{z : |y — z| < t}. Thus, by the cancellation of bik, we have

I|y,z|<t bik(Z)dZ = 0. By using the fact ('), we get
1/2
An k 2
Je={ [] o (#) | <|Q()’—Z)|_|Q(}’—xi)|>bk(z)dz dydt
nyi;t;r)fq tx -yl s ly - Zln ! ly — xF ) 2+l
|y—x|>t

1/2
£ 1 Q(y-2)| 10 -x)| dydt
<[ 2) c = = dz
. ! jwfi;gr)fq (=) (o= gD Dy =™y =0 | e
|y—x|>t
|y—z|<t
1/2
2
b ) £ loy-2) [e(-*[ dya
< CIQI‘ k k\"te .[J ye@Qh) An—2n-2¢ n—p k|n—pP n+2p+1 dz
' (lx - X | + 27‘1- ) |y—xl.(|+21rf<t (t + |x - y|) |y - Z| |y X £
Iyx—xlzt
|y—z|<t
< Cf |blk (Z)'
< (| — xk| + er)wrs
2 1/2
lo-2) |20 -* [ phnne
X c — — — dt ) d dz.
[J s =™ Iy ot (e )
(64)
Noting that 0 < &€ < p —n/2, we have 2p — n — 2¢ > 0. Hence Thus, . |
bk (2)
|y—x| 1 ]6 < CJ . n+e
J mt Qf(lx_xf‘cl"'zrzk)Jr
|y-xf|2rf T )
k
o 1 (] 2@ -2)| |20 -=)
s le—x.k|+zr.k f2pntl-2e dt (65) yea@ | [y =27 |y -7
i i 12
<C ! X ;dy dz
= (|y B Xﬂ + zrik)Zp—n—Zs . |)/ _ xﬂZP—n—Zs
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o )|
| N
Q& (|x — xk| + 2r)™

12
y ij o(y-2)| [o(y-x)
=2 20rk<|y—xk|<2i*1rk ly - Zln_p |)/ - x{fln—p
1/2
1
X Wd}/ dZ
J b (2)]
<C
Q (|x - xk| +2rF)™
(o)
X Z(Zj rf)pin/z{
=
a2\ 2
" J |2 (y - 2)] |Q(J"xi)| dz
2irkg]y-xk|<2itipk |y Zl” P |y — xfl”’f’
b ®
CJ ' (Z)| _ Z(zjr:()s
& (Jx = xk| +2r,5)" 15
1 'Z V2w, (8)
15 zjzx |z xk|/2]+l k 81+0¢ d6 dz
o @] (+F
CJ n+ée
Q& (|x - xk| + Zrk)
k n+e
< czklm.
| — |
(66)

From (61) to (66), we can obtain

> ¥

kekgtl 1 9 (RAk)

<<y ¥

k=ky+1 i @A,

Jaw (x) dx
. (Jag + Jgp) w (x) dx

ZJ (Jyg +Js + Jg) w(x) dx

k (2Ak0

J (Jar +Js1 + Jsp + Jg) w () d
k= k+1 T J2AL)

k= k +1 i J(ZAko

K\"nte/2 K\nte
(rf) (ri) (x) dx
X + w (X
|x _ |n+£/2 |x _ x:»(ln+£

Abstract and Applied Analysis

<C i 2kz(rik)s/2+n

k=ky+1 i

w (x)

00
x j +€/2
i 2jT(k—ko)/nr!(<|x7x{_<|<2j+l.[(k7ko)/nr{< |x _ xﬂn €

DEN O

k=ky+1 i

w (x)

=)
X J n+e
= 2k ko)/n,r.k<|x xk|<2;+1T(k ko)/n k |x xk|

(o)

SIEDY (R

k=ky+1 i
< 1
X —/2+ w (x) dx
73 (2T Jlemafiarn et

IESICIM
k=ky+1 i
|

X w (x)dx

; etn J ;
= (zfrlk ) [x—xk| <21 g ko)/mpk

[ee] o X
<C Z zkz Z2—(}+1)(8/2)T—8(k—ko)/2nw (Q:‘)

k=ky+1 i j=3
[ee)
Z kz Zz (]+1)s —e(k—ky)/n (ch)
k=ko+1 i j=3
[ee]
<C Y T Ml
k=ko+1 “
[ee)
+C Z e v
k=ky+1 Y
S C"f ”WH1
(67)
We conclude the proof of Theorem 3. O
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