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We introduce stochasticity into an SIS epidemic model with vaccination. The stochasticity in the model is a standard technique in
stochastic population modeling. In the deterministic models, the basic reproduction number R, is a threshold which determines the
persistence or extinction of the disease. When the perturbation and the disease-related death rate are small, we carry out a detailed
analysis on the dynamical behavior of the stochastic model, also regarding of the value of R,,. If R, < 1, the solution of the model is
oscillating around a steady state, which is the disease-free equilibrium of the corresponding deterministic model, whereas, if R, > 1,
there is a stationary distribution, which means that the disease will prevail. The results are illustrated by computer simulations.

1. Introduction

Epidemiology is the study of the spread of diseases with the
objective to trace factors that are responsible for or contribute
to their occurrence. Significant progress has been made in the
theory and application of epidemiology modeling by mathe-
matical research. Controlling infectious diseases has been an
increasingly complex issue in recent years. Vaccination is an
important strategy for the elimination of infectious diseases
[1-3]. The vaccination enables the vaccinated to acquire a
permanent or temporary immunity. When the immunity is
temporary, the immunity can be lost after a period of time.
This temporary immunity is used in many references [4-
7] that assume the process of losing immunity is in the
exponential form.

In [7], Li and Ma discussed an SIS model with vaccina-
tion. The system has following form:

$S(t)=(1-q)A-BSH)I ()~ (u+p)S(t)
+yI(t) + eV (1),
I®)=pSOI®)~(u+y+a)l(®),
V({t)=qA+pSt) - (u+e) V().

@

Here S(t) denotes the number of members of a population
who are susceptible to an infection at time . I(¢) denotes the
number of members who are infective at time ¢. V(¢) denotes
the number of members who are immune to an infection at
time ¢ as the result of vaccination. The derivatives dS(t)/dt,
dI(t)/dt, and dV(t)/dt are denoted by S(t), I(t), and V (1),
respectively.

The parameters in the model are summarized in the
following list:

A: a constant input of new members into the popula-
tion per unit time;
q: a fraction of vaccinated for newborns;

B: transmission coeflicient between compartments S
and I;

y: natural death rate of S, I, and V compartments;

p: the proportional coefficient of vaccinated for the
susceptible;

y: recovery rate of infectious individuals;
e: the rate of losing their immunity for vaccinated
individuals;

o: disease-caused death rate of infectious individuals.



All parameter values are assumed to be nonnegative and
u, A > 0.

In Li and Ma [7], system (1) always has the disease-free
equilibrium Py = (S,, 1, Vy) = (A/p)((u(l —q) + &)/(u +
e+ p),0,(A/wW)((ug + p)/(u + € + p)). f Ry, < 1, then
P, is the unique equilibrium of (1), and it is globally stable
in the invariant set I, where I' = {(S,I,V) : S > 0, >
0,V >0,S+I1+V < A/u}. If R, > 1, then P, is unstable
and there is an endemic equilibrium P* = (S*,I*,V") =
(p+y+a)/B, (u+y+a)(p+e+p)/Blu+a)(p+e)(R, -
1),(qA + (p/B)(p+ vy + a))/(u + ¢€)) of (1), which is globally
asymptotically stable under the sufficient condition in the
invariant set I'. The basic reproduction number of system (1)
is as follows:

_ AB(u(-g9)+e) S
o u(pry+a)(ure+rp) uty+a’

)

Considering real life is full of randomness and stochas-
ticity, using stochastic models can gain more real benefits.
Consequently, there are many authors who studied stochastic
biological systems and stochastic epidemic models; see [8-
24]. There may be different approaches which result in
different effects on the population system to include random
perturbations in the models. In [20-23], the situation of
the parameter perturbation was considered. Gray et al. [23]
discuss the following stochastic SIS model:

ds(t) = [uN - BS@) I (t) + yI (t) — uS (t)] dt
—oS()I(H)dB(t),

dI(t) = [BSW) 1 (t) - (u+y) I ()] dt
+0S(H I dB(1).

(3)

Here S and I denote the susceptible and infected numbers of
individuals, respectively. With S(¢) + I(t) = N, they simplify
system (3) into a single equation and show that if R < 1 and
0> < B/N, then the disease will die out with probability one.
If Rg > 1, then the disease will be persistent, where Rg = ROD -
(6>N?/2(u +7v)) and RY = BN/(u + y) is the threshold of the
corresponding deterministic system. RS can be considered as

the threshold of system (3), which is less than the value of ROD .

On the other hand, white noise stochastic perturbations
around the positive endemic equilibrium of epidemic models
were considered in [19, 25]. Beretta et al. [25] considered the
following system differential equation:

h
ds(t) = - BS (¢) L F()T(=s)ds—mS(E) +b
+0,(S(t)-S")dB, (1),

h @)
A1) = SO [ FO1E=9ds=(w+2)10)

+0,(I(t)-1")dB, (1),

dR () = M () - iR () + 05 (R(£) - R*) dBs (£)
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where §*, I, and R"are the positive points of equilibrium for
the corresponding deterministic system and o; are constants,
B,(t) are independent from other standard Wiener processes
(i = 1,2,3). In their paper, they proved the above stochastic
system was stable in probability by using the general method
of Lyapunov functionals construction and obtained the sta-
bility condition immediately in terms of the parameters of the
system under consideration.

Another different approach to include stochastic per-
turbations in a biological model was considered by Imhof
and Walcher in [11]. They introduced and analyzed a variant
of the deterministic single-substrate chemostat model. Also
they found all species were persistent in the multiple species
by using a comparison principle. Subsequently, they turned
to modeling the influence of random fluctuations on the
deterministic chemostat model. They set up the following
stochastic chemostat model:

dX, =(r - 06X, —a, (Xp, X,) - a, (X, X;)) dt
+0,X,dB, (1),

ax, :(“1 (XO’XI)_SI (Xl’Xz))dt 5)
+0,X,dB; (1),

X, = (a2 (Xo’Xz) =S (Xl’ Xz)) dt
+0,X,dB; (1),

where 0y, 0y, 0, > 0 and B,(t)(i = 1,2,3) are independent
Brownian motions. By analyzing this stochastic differential
equation model, they proved that the stochastic model led
to extinction even though the deterministic counterpart
predicts persistence.

In this paper, our approach to include stochastic pertur-
bation is analogous to that of Imhof and Walcher [11]. We are
devoted to studying the following stochastic system:

ds(t)=[(1-q) A= BSI = (u+p)S+yl+eV]dt

+0,SdB; (1),
6
dI(t) = [fS - (p+y +«)] Idt + 0,1dB, (), ©

dv (t) =[qA+ pS— (u+¢)V]dt +0;,VdB, (1),

where B;(t)(i = 1,2,3) are independent Brownian motions
and 0;(i = 1,2, 3) are their intensities.

This paper is organized as follows. In Section 2, we show
there is a unique positive solution of system (6) by the way
mentioned in [20, 23]. In Section 3, when R, < 1, we
derive that the solution of the system (6) oscillates around the
disease-free equilibrium P, of system (1). In Section 4, when
R, > 1, although the solution of system (6) does not converge
to the endemic proportion equilibrium P* of system (1), we
conclude there is a unique stationary distribution for system
(6), and it has ergodic property under some conditions. In
Section 5, we make simulations to confirm our analytical
results. Finally, in order to be self-contained, we have the
appendix.
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2. Existence and Uniqueness of
Positive Solution

To investigate the dynamical behavior, the first concern
is whether the solution has a global existence. Moreover,
for a population dynamics model, whether the value is
nonnegative is also considered. Hence in this section, we first
show that the solution of system (6) is global and nonnegative.

Theorem 1. There is a unique solution Y (t) = (8(t), I(t), V(t))
of system (6) on t > 0 for any initial value Y(0) =
(8(0),1(0),V(0)) € Ri, and the solution will remain in IRi
with probability 1, namely, Y(t) € R forallt > 0 almost
surely.

Proof. Our proof is motivated by the works of Mao et al. [17].
Since the coeflicients of (6) are locally Lipschitz continuous
for any given initial value (S(0), I(0), V(0)) € IRi, there is a
unique local solution (S(¢), I(¢), V(t)) on t € [0,1,), where
7, is the explosion time (see [20]). To show that this solution
is global, we need to show that 7, = oo a.s. Let k, > 0 be
sufficiently large so that S(0), I(0), and V(0) all lie within
the interval [1/k,, ky]. For each integer k > k,, define the
stopping time:

7 = inf{t € [0.7,): min{S(t),1(t),V ()}
(7)

<

or max{S(t),1(t),V (O} > k},

1=

where throughout this paper, we set inf@ = oo (as usual
0 denotes the empty set). According to the definition, 7 is
increasing as k — 0. Set 7, = lim; _, .7, whence 7, < 7,
a.s. If we can show that 7., = oo as., then 7, = co and
(S(), I(t), V(1)) € Ri a.s. for all t > 0. In other words, to
complete the proof, all we need to show is that 7, = co a.s.
If this statement is false, then there exist a pair of constants
T > 0and ¢ € (0, 1) such that

o <T} > e (8)

P{,<T}ze Vkz=k,. 9)

Define a C*-function W : R> — R (see the appendix) by

S
=|S-a-alog=)+(I-1-logl)

+(V-1-logV).

The nonnegativity of this function can be seen from u — 1 -
logu > 0, forallu > 0. Let k > ky and T > 0 be arbitrary.
Applying the It6 formula, we obtain

dW:<1—%>[(1—q)A—BSl—(y+p)S +yl + V] dt

+(1-=)0,SdB, (t) + aaldt

[BS — (p+y+y)] Idt

1-

+

1
0,1dB, (t) + zaﬁdt

1-

+ —(u+e)V]dt

(
(-
(
(

\/\/v

<|._‘ NI»—‘ NI>—‘ U)IS

1 1
+ <1 - ‘—/> O'3VdB3 (t) + Eogdt

= LWdt + o, (S — a) dB, ()
+0,(I-1)dB, (t) + 05 (V - 1)dB, (t),

(11)
where LW : R’ — R, is defined by
LW (S, LLV)=A-uS—(1 —q)Ag +aPl+a(p+p)
—ayé —as% + %aaf—(y+o¢)1
—ﬁS+(y+a+y)+%0§—yV
(12)

A S 1
—q§—P§+(M+€)+§‘7§
SA+[af-(p+a)|I+a(u+p)

1 1 1
+ anf + 50’2 + EO’;
t(pta+y)+(p+e).
Leta = (u+ «)/B, s.t. aff — (p + &) = 0. Substituting this into
(12), we get
+ +
(u+a)(u+p) LSBT

LW (S, V)< A
( )S A+ 3 2B

I
+(y+y+o¢)+202 (13)

1
+(pu+e)+=0;
2
=K.

The remainder of the proof follows that in Mao etal. [17]. [

3. Asymptotic Behavior around P,

It is clear that Py = (S, 0,V,) is the disease-free equilibrium
of system (1). If R, < 1, then P, is globally stable, which



means the disease will die out after some period of time.
Hence, it is interesting to study the disease-free equilibrium
for controlling infectious disease. But there is no disease-free
equilibrium in system (6). In this section, we show the average
oscillation around P, in time to exhibit whether the disease
will die out.

Theorem 2. If R, < 1, o < 4u(p + o)(1 + 2u/e), and the
following condition is satisfied

y(@+l) > (¢, +1)a7,

2u (14)

o
(y+a)(1+?>—% > (¢, +1) 03,
(4 - pa) > 03,

then the solution Y (t) of system (6) with initial value Y (0) € [R{i
has the property

limsuplEJt HM(M + 1) ~(o+ 1)03]

t— 00 0 €

x (S(r) - S,)°

+|i(;4+oc)<1+2?‘u>
(15)
_% — (g + 1)05] I(r)

+[(u-pa) - 02| (V) - vo)z} s

<(o+ l)afo, + a§V§,

where Py = (S,,0,V,) is the disease-free equilibrium of system
(1), ¢, = 2u/e, and p is positive constant that satisfied oo/ 4(p +
a)(1 +2ufe) < p < plea.

Proof. Letx =S-S,, y =I,and z =V - V. Then
dx=[-B(x+Sy) y—(u+p)x+yy+ez]dt
+0,(x+8,)dB, (t),
dy = {Bxy +[BSy — (u+y+a)] y}dt

+ UZydBZ (t)7
dz = [px - (u+¢e)z]dt

+05(z+V,)dB,s (t).
(16)

Define a C*-function W: R’ — R, by
1
W(x,y,2) =cy+ %(x+y)2 + 5(x+y+z)2

=W (% 9,2) + oW, (x, 3, 2) + Wi (x, 3, 2),
17)
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where ¢; = 1/B[2u(2u+ p+a)/e+ (2u+a)]. By Itd’s formula,
we compute

dw, = {Bxy + [BSy — (u+y + )] y} dt + 0,ydB, (t)

= [Bxy + (u+y+a)(Ry—1) y]dt +0,ydB, (t)
= LW,dt + 0, ydB, (t),

aw, = (e + ) {[ = (s p)x = (uva)
1, 2 1 5,
+ez+ Eal(x +Sp) +502Y ] dt
+0,(x+S,)dB (t) +0,ydB, (t) }
= LW,dt + (x + y) [0, (x + S,) dB, (t)
+o,ydB, ()],
aw, = (x+y+z)“—yx—(y+(x)y—yz
+ %af(x + So)2 + %agyz
+%o§(z + VO)Z] dt
+0, (x+S))dB, (t) + 0,¥B, (t)
+05(z +V,) dB, (t)}

= LW,dt + (x + y + 2)
x [0y (x +S,) dBy (t) + 0, ¥B, (t)

+0; (z +V,)dB; ()]

(18)
If R, < 1, then
LW = ¢ LW, + 6, LW, + LW,
< [ap-oQu+p+a)-(2u+a)lxy
~ e (u+ p) +ul
~(o+ 1) (u+a)y - uz (19)
+(ge—2u)xz+ [e— (2u+a)] yz
+2 (o D)ol +S,)
+ % (g +1)asy” + %ag(z +V,)%.
Note that
aBf-u+p+a)-(u+a)=0, 6e-2u=0.
(20)
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Therefore, we can obtain
2(u+
st_y[“*—f’)ﬂ]xz
€

2
—<1+?M)(;4+oc)y2—yz2—ocyz
l 2 2
Lo olers)

1 1
+- (¢ + 1)05)/2 + —ai(z +V0)2
2 2
(21

-(cz+1)0§—4ﬁp]y2-[(#-Pa)—ff?]zz

+(g+1) Gfsg + 0§V02,

where p is positive constant to be specified later and Young’s
inequality is used. If

a2<4/4(/4+a)(1+2?”>, 22)

we choose p such that a/4(p + «)(1 + 2u/e) < p < p/w. This
implies

2
(‘u+0c)(1+?”>—%>0, u-pa>0.  (23)

Then we have

dws—{[ﬂ<w+1) —((‘/2+1)0f]x2

&

f|ra) (1+2) - - enad]

+[(u- pa) - 03] 2
(o +1)08 agv;} it
+0,(x+8) [(e,+1) (x+y)+2z]dB, (t)

+0,y[q + (g +1)(x+y)+2]dB, ()

+oy(x+y+2)(z+V,)dB;(t).
(24)

Integrating this from 0 to t and taking the expectation, we
have

EW () - W (0)

i (25)
~(a+ 1] 70
+[(u - pa) - 03] 2% (r)
(6 1)0s _agvg} dr.
Hence,
meurys [ {[n(2 1)
@+ nat|+ 0
2 o
+[(y+a)(1+?ﬂ>—% 06)
~(g+1)0; - ﬁ]yz(r)
+[(u-pa) - 03] 2 (1) } dr
<(6+1)01S; + a2V,
Consequently,
e {[o (247 1)
()6l
X (S(r) = S,)°
2p
+[(y+(x)<l+?> -
_4ﬁp (e + 1)05] 1(r)*
+[(u-pa) - 3]
x (V(r) - VO)Z} dr
<(+1)0iS; + a2V,
This finishes the proof of Theorem 2. O



Remark 3. From Theorem 2, we show the solution of sys-
tem (6) will oscillate around the disease-free equilibrium
of system (1) under some conditions and the disturbance
intensity is proportional to the intensity of the white noise. In
a biological view, as the intensity of stochastic perturbations
is small, we consider the disease will die out.

Besides, if 0, = 0 and 05 = 0, then P, is also the disease-
free equilibrium of system (6). From the proof of Theorem 2,
we get

e o[22 ]

o]

fuea(e) @

(4= pa) - 03] 2.
Thus, the solution of system (6) is stochastically asymptoti-
cally stable in the large if (u+2)(1+2u/e) —a/4p > (¢, + 1)05.

4. Ergodicity of System (6)

In studying epidemic dynamical system, we are also inter-
ested in when the disease will prevail and persist in a pop-
ulation. In the deterministic models, the problem is solved
by showing that the endemic equilibrium of corresponding
model is a global attractor or is globally asymptotically stable.
But there is no endemic equilibrium in system (6). In this
section, based on the theory of Hasminskii [26] (see the
appendix), we show that there is a stationary distribution
subjected to some conditions on R, and the parameters of the
model which reveals that the disease will prevail also.

System (6) can be written as a form of system (A.8) (see
the appendix).

Consider

S
(1)
1%
(1-q)A=BSAI(t) = (u+p)S(t) +yI(t) + eV (t)

=< BSHIW)—(u+y+a)l(t) >dt
qA+pS(t)—(u+e)V (1)

0,8 0
+ ( 0 >dB1 () + <021> dB, (t)
0 0
0
+< 0 )dB3 ®),
o3V

and the diffusion matrixis A = diag(asz, 0%1 2, 032V2).

(29)
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Remark 4. Theorem 1 shows that there exists a unique posi-
tive solution Y (t) = (S(t), I(¢), V(t)) of system (6). Besides,
from the proof of Theorem 1, we obtain LV < K. Define
V = V + K, then LV < V, and it is clear that V, =
ianeRi\ckV(Y) — ooask — oo, where C, = (1/k, k) x
(1/k,k) x (1/k,k). Hence, by Remark 2 of Theorem 4.1 of
Has’'minskii (1980, page 86) [26], we obtain that the solution
Y (t) is a homogeneous Markov process in Ri.

Theorem 5. IfR, > 1, «® < 4u(u + «)(1 + 2u/¢), and

2
0<O’f<L<M+1),
o +1 €
> 1 (2_#>_ﬁ] (30)
0<02<C2+1[(/4+(x) 1+ . »l

0<0§<y—poc,

such that

&

d < min M+1
()
e+ et 67

[(,u+(x)<1+2?”>—4ip (31)

SCERA DR

(#—Pa—ff?)(V*)z},

then, for any initial value Y(0) € R’, there is a stationary
distribution u(-) for system (6) and it has an ergodic property,
whered = 031" 2+ (¢, + 1)o7 (S*) 2 +( + D)o (1) + 02 (V*),
P* = (§°,I",V") is the endemic proportion equilibrium of
system (1), and c, and p are the same constants as in Theorem 2.

Proof. If R, > 1, there is an endemic proportion equilibrium
P* = (S*,I", V") of system (1); then

(1-q)A=pBS"I"+(u+p)S —yI" —eV",
BS'T" =(p+y+a)l’, (32)
gA+pS = (u+e)V".

Define a C*-function W: R> — R, by
W (S, V)

=¢ (I—I"—I"log%)
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+2[(s-8)+ (-1’
+ %[(s-s*)+(1—1*)+(V—v*)]2

=W, + W, + W3,
(33)

where ¢, = 1/B[2u2u+ p+a)/e+(2u+a)]. The nonnegativity
of the function can be observed from u—1-logu > 0 onu > 0.
Let L be the generating operator of system (6). Then we get

LW, = B(S-S")(I-T1")+ %051*,

LW, == (u+p)(S=S) = (u+a) (I -1")’
~[(u+p)+(u+a)](S-8)(I-T")
+e(S=S)(V-V)+e(I-I")(V-V")

Lyo2w, 2p
S GRRIADE »

LWy = —u(S-8) = (u+a)(I-T")°
—p(V -V - Qu+a) (S-S (1-T17)
—2u(S-87)(V-v7)
-(Qura)(I-1")(V-V")
+§(Ufsz+a;ﬁ+o§v2).

Then
LW = ¢ LW, + LW, + LW,
= [aB-qu+p+a)-(2u+a)]
x(§-8)(I-T1%)
~[o(u+p)+ul(S-$")
~(o+ 1) (u+a)(I-1")
—u(V=V*) + (e -2u) (S-S") (V-V")
+loe-Qu+a)](1-17) (V- V7)

Il 2w G20 212
+5021 +5(015 +021)

(35)

1 22 272 2v72
+E(UIS +051 +03V).

Note that

af-ou+pra)-(2u+a)=0, 6e—2u=0.

(36)

Then

Lw = —#[M + 1] (S-s*)

—<1+2?M)(‘u+oc)(l—1*)2
—u(V =V —a(I-T")(V-V")

+1
%) GfSZ

I 5
+EO'§I +

+

+1
G 0212 + 0§V2
2

<‘[”<M+l>-(@+l)af](s-s*)2

&

—[(M+a)<l+2?‘u>
S rafu-r)

~(u=pa-a3)(V-V7)
#3000 + (o + ) o(s)
t o+ DA + V)
() et -5y
S
DL [0

~(u-pa-a3)(V-V")+s,
(37)

where Young’s inequality is used and

1 * * * *
S = —cf§1 + (g + l)af(S )2 + (g + 1)05(1 )2 +cr§(V )2.

2
(38)
Ifa? < 4u(p + a)(1 + 2u/e), choose p such that
( +a)<1+2—“>—1>0 —pa>0.  (39)
U c ap H=p .
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Note that
o <min {221 1)
@+ 1at |
(y+a)<1+2?“>—ﬁ (40)
~(e+ 1] @)’
(o= pao2)] (7))
Thus the ellipsoid

(B2 1) - @ a5y

- [(/4+0¢)(1+2§)

—E-@ena]u-ry

(41)

—(‘u—pcx—ag)(V—V*)z+8:0

lies entirely in R>. We can take U to be a neighborhood of
the ellipsoid with U ¢ E; = R, so, for x € R’ \ U,
LV < —M (M is a positive constant), which implies that
condition (B.2) in Lemma A.2 is satisfied. Hence, the solution
Y(t) = (S(t), I(t), V(1)) is recurrent in the domain U, which,
together with Lemma A.4 and Remark 4, implies that Y (¢) =
(S(t), I(t), V(t))isrecurrentin any bounded domain D ¢ Ri.
Besides, for all D, there is

M = min {0{S*,051°,03V?} > 0, (42)

such that

3
2
Y a&E; = 0188 + o I'E + o VIE = MIEIS,  (43)
ij=1

forallY € D, & € R® which implies that condition (B.1)
is also satisfied. Therefore, the stochastic system (6) has a
stationary distribution u(-), and it is ergodic. O

5. Numerical Simulations

In order to confirm the results above, we numerically simulate
the solution of system (6) with given initial value and the
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parameters. Using Milstein’s higher order method mentioned
in [27], we get the discretization equation of system (6):

Sir1 = Sk + ((1—q) A= BSiI;

- ([/l + p) Sk + 'ylk + SVk) At
0_2
+ 0,8 VALE  + ?ISkAt (Eik - 1),
Ly = Lo+ (BSeI — (u+y + ) ) At + 0, [ VALE
2
O’
+ fIkAt (E;k - 1),
Vk+1 = Vk + (qA + pSk - (M + 8) Vk) At + U3Vk \/Efik

0§ 2
+ ?VkAt (53‘,< - 1),
(44)

where &, &, and &3, k = 1,2,...,n, are the indepen-
dent Gaussian random variables N(0, 1). Choosing suitable
parameters in the system, by Matlab we get the simulation
figures with initial value (S(0), 1(0), V(0)) = (0.8, 0.4,0.5) and
time step At = 0.001.

Example 6. Throughout the paper we will assume that the
unit of time is one day, and the population sizes are measured
in units of 1 million. Choose the parameters in system (6) as
follows: A = 0.2,q =05,=05u=02,p=03,9=02,
e=0.1,a =0.3,0, = 0.05, 0, = 0.1, and 05 = 0.05. Note that

Ro-_ ABwl-a)+e) 0

u(pry+a)(ute+p)

(45)
2

o’ = 0.09 < 4u(u+oc)<l + —“) =2,
&€

and 0, 0,, and o3 satisfy condition (14), then by Theorem 2,
we show the solution of system (6) will oscillate around the
disease-free equilibrium Py(Sy, ), V;,) of system (1) in time
which is globally asymptotically stable. Besides Theorem 2
tells us that the difference between the perturbed solution
and P, is only related with white noises ¢, and 05. Numerical
simulations are shown in Figure L.

Example 7. In Figures 2 and 3, we choose the parameters
in system (6) as follows: A = 09,9 = 0.1, 3 = 038,
u=04p =201y =01¢ =02, « = 01,0, = 0.1,
0, = 0.1, and 05 = 0.1. Note that R, = 2486 > 1
and o? < 4u(p + a)(1 + 2u/e) = 4; then the equilibrium
P*(S%,I",V*) of system (1) is globally asymptotically stable.
But the white noise may make system (1) appear as different
phenomena. In detail, the conditions (30) and (31) are also
satisfied. Therefore, as Theorem 5 stated, there is a stationary
distribution (see the histograms in the middle in Figure 2). In
addition, the left pictures in Figure 2 show that the solution
of system (6) has fluctuating in a small neighborhood.
Moreover, from Figure 3, we find that 95% or more of the
population distribution lies within a neighborhood, which
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FIGURE 1: Computer simulation of the paths S(t), I(t), and V (¢) for the SDE SIS model (6) with vaccination and its corresponding deterministic
model (1) for parameter values A = 0.2, = 0.5, =054 =02,p=0.3,y =02, =0.1,« = 0.3, 0, = 0.05, 0, = 0.1, and 05 = 0.05.

can be imagined a circular or elliptic region centered at
P*(S*,I",V*) (see the red point in Figure 3). All of these
imply system (6) has stochastic stability.

Testing these data for normality, all tests used were
highly significant, conclusively rejecting normality in all
cases. This is not surprising in view of the very large sample
sizes (10,000), as even moderate deviations from the tested
distribution will be significant; however the normal quantile-
quantile plots (see the QQ plots in the right in Figure 2)
suggest that these data are not far from being normally
distributed for smaller values of 0; (i = 1,2, 3).

6. Conclusions

As most real world problems are not deterministic, incor-
porating stochastic effects into the model give us a more
realistic way of modeling epidemic models. In this paper,
we have considered stochastic SIS epidemic models with
vaccination. We first proved the positivity of the solutions.
When the perturbation and the disease-related death rate
are small, we illustrated the dynamical behavior of the SDE
model according to R; < 1 or R, > 1. When R, < I, we
proved that the asymptotic behavior around the disease-free
equilibrium of the deterministic model. When R, > 1, we
also proved that the SDE model has the ergodic property as
the fluctuation is small, where the positive solution converges
weakly to the unique stationary distribution. Simulations are
also carried out to verify our analytical results.

Appendix

Here, we give some basic theory in stochastic differential
equations (see [18]).

Throughout this paper, unless otherwise specified, let
(Q, {F};>0» P) be a complete probability space with a filtration
{F,};>, satisfying the usual conditions (i.e., it is right continu-
ous, and F;, contains all P-null sets). Denote

RY={xeR?:x,>0Vvi<i<d},

@i (A1)

N

={xeR":x;20vI<i<d}.

In general, consider n-dimensional stochastic differential
equation:

dx(t) = f(x(t),t)dt +g(x(t),t)dB(t), fort>t,,
(A.2)
with initial value x(t,) = x, € R B(t) denotes n-

dimensional standard Brownian motion defined on the above
probability space. Define the differential operator L associ-
ated with (A.2) by

0 < )
L:— . s R
o " 20 5

(A.3)
P&, >
" Elz [g (1) g(x, t)]if 0x.0x;
,j=1 [/
If L acts on a function V € C*'(R? x R ;R,), then
LV (x,t) =V, (x, 1) + V (%, 1) f (x,1)
(A4)

+ % trace [gT (1) Vi, (x,1) g (x, t)] ,
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FIGURE 2: The solution of the stochastic system (6), its histogram, and normal quantile-quantile plots for parameter values A = 0.9, q = 0.1,
B=08u=04p=01,9=01,¢e=02a=0.1,0, =0.1,0,=0.1,and g, = 0.1.

where V, = dV/ot, V,, = (0V/0x,,...,0V/0x,), and V,,, =  Lemma A.1 (strong law of large numbers). Let M = {M,},5,

(azv/axiaxj)dxd_ By Ito’s formula, if x(¢) € R%, then be a real-value continuous local martingale vanishing at t = 0.
Then

AV (x (t),8) = LV (x (t) ,£) dt Jim (M, M), =00 as. = tlingow—m =0. as.
(A.5) ’
VL (x(8),0) g (x (£), ) dB(E). (A.6)

and also

Consider (A.2) assume f(0,£) = 0 and g(0,) = 0 forall t > . (M, M), M,

to- So x(t) = 0 is a solution of (A.2) called the trivial solution h?:ilolp t <0 as. = :lingo r 0. as.

or equilibrium position. (A7)
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FIGURE 3: Population distribution around point P*(S*,I*,V") =
(0.75,0.98,0.275) (red point) corresponding to Figure 2.

Next, there is some theory about stationary distributions
(see Has'minskii [26], 1980).

Let X(t) be a homogeneous Markov process in E; (E;
denotes Euclidean /-space) described by

k
dX (t) =b(X)dt+ ) g, (X)dB, (t).

r=1

(A.8)

The diffusion matrix is A(x) =
Y1 6(X)g)().

Assumption B. There exists a bounded domain U ¢ E; with
regular boundary I', having the following properties.

(a;(x)), a(x) =

(B.1) In the domain U and some neighborhood thereof,
the smallest eigenvalue of the diffusion matrix A(x)
is bounded away from zero.

(B.2) If x € E; \ U, the mean time 7 at which a path issuing
from x reaches the set U is finite and sup, . E, T < 00
for every compact subset K C E;.

Lemma A.2 (see [26]). If (B) holds, then the Markov process
X(t) has a stationary distribution u(-). Let f(-) be a function
integrable with respect to the measure p. Then

.1 (T
P, {Tlgmm; |, rexanar :L,f(")“(d")}zl’ .

Vx € El'

Remark A.3. The proof is given in Hasminskii [26]. The
existence of a stationary distribution with a density is given
in Theorem 4.1, page 119, and Lemma 9.4, page 138. The weak
convergence and the ergodicity are obtained in Theorem 5.1,
page 121, and Theorem 7.1, page 130.

1

To validate (B.1), it suffices to prove that F is uniformly
elliptical in any bounded domain D, where Fu = b(x) - u, +
(1/2) tr(A(x)u,,,); that is, there is a positive number M such
that Zf’j:laij(x)fifj > M|E]>, x € D, & € R* (see chapter 3,
page 103 of Gard [28] and Rayleigh’s principle in Strang [29],
chapter 6, page 349). To verify (B.2), it is sufficient to show
that there exist some neighborhood U and a nonnegative C,-
function such that, for any E; \ U, LV is negative (for details
refer to Zhu and Yin [30], page 1163).

Lemma A.4. Let X(t) be a regular temporally homogeneous
Markov process in E;. If X(t) is recurrent relative to some
bounded domain U, then it is recurrent relative to any
nonempty domain in E.
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