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By using the standard scaling arguments, we show that the infimum of the following minimization problem: I, =
inf{(1/2) [, Vul*dx + (1/4) [[ s (u(x)Plu(y)*/1x = yhdxdy = (1/p) [os lul’dx: u € B,} can be achieved for p € (2,3) and
p > 0 small, where B, = {u e H(R?) : lull, = p}. Moreover, the properties of I 2 / p2 and the associated Lagrange multiplier A o

are also given if p € (2,8/3].

1. Introduction

In this paper, we consider the nonlinear Schrédinger-Poisson
type equation:

“Aut (I ) u— P Pu= A, in R, ()

where A € R is a parameter, p € (2,6), and * denotes the
convolution. Problems like (1) have attracted considerable
attentions recently since a pair (u, A), solution of (1), corre-
sponds to a solitary wave of the form y(x,t) = e Mu(x) of
the evolution equation:

iy + Ay = (1™« gy + [y =0, in RPx R,
(2)

which was obtained by approximation of a special case
of Hatree-Fock equation with the frequency A describing a
quantum mechanical system of many particles. For more
mathematical and physical background of (2), we refer to [1-
4] and the references therein.

In the case that the frequency A is a fixed and assigned
parameter, the critical points of the following functional
defined in H'(R* R):

E() = 1 J |Vul*dx — A J lul*dx
2 Jr3 2 Jr3

+ l” —lu(x)|2|”(y)|2_dxdy 1 J [ulPdx
4l |x-yl P Jw ’

3)

are the solutions of (1), where E(u) is obviously well defined
and isa C' functional for each p € (2,6) (ct. [5]). Such case
has been extensively studied by using variational methods
in the past decades including the existence, nonexistence,
and multiplicity of solutions; see, for example, [5-12] and the
references therein.

On the other hand, the physicists are often interested
in the solutions with prescribed L>-norm and unknown
frequency A, such a solution is called a “normalized solution,”
which is associated with the existence of stable standing
waves. Precisely, by a “normalized solution” (up,)t P) of (1),
we mean that

(up,)tp) eH' (R3;C) x R solves (1) with "uP"2 =p. (4)



Clearly, this kind of solutions can be obtained as the con-
strained critical points of the C' functional

2 2
I(u)= % J |Vul*dx + }1” dedy

R? R x -

Y 5)

_1 J |u|Pdx,
P Jr
on the constraint

B, ={ueH"(R*C): ul,=p}. (6)

Thus, the frequency A, € R cannot be fixed any longer
and it will appear as a Lagrange multiplier associated with
the critical point u, on B,. Among all the critical points
of I constrained on Bp, we are interested in the ones with
minimal energy since the corresponded standing waves are
orbitally stable under the flow of (2) and can provide us
some information on the dynamics of (2). Therefore, we are
reduced to study the minimization problem

Ipz = Bé}gnl (u), )

P

for p € (2,10/3). Here we note that, for each p > 0, I
€ (-00,0]if p € (2,10/3), and Ipz = -—ooifp €
(10/3,6) (cf. [13, Remark 1.1] or (15) below). When p €
(10/3,6) (now I 2 = —00), by using a mountain pass argu-
ment, it was proved in [14] that I has a critical point con-
strained on B, at a strictly positive energy level for p >
0 small, and this critical point is orbitally unstable.

The main difficulty of considering (7) is the lack of
compactness for the (bounded) minimizing sequence {u,} C
B,. We recall that the necessary and sufficient condition due
to Lions [15, 16] in order that any minimizing sequence for (7)
is relatively compact is the strong subadditivity inequality:

Ipz < I‘uz + Ipzfﬂz, V0 < u<p. (8)

In the range p € {8/3} U (3, 10/3), by using the standard
scaling arguments, Bellazzini and Siciliano in [17] proved that
(8) holds for p > 0 large. In the range p € (2, 3), Bellazzini
and Siciliano also showed in [18] that (8) holds for p >
0 small, where they developed a new abstract theorem which
guarantees the following condition (MD) for s > 0 small:

(MD) The function s - I /s* is monotone decreasing.

We remark that their abstract theorem heavily relies on
the behavior of I ,» Near zero; that is, to use the abstract
theorem, one has to verify some extra conditions, such as

1.
pr— Ipz is continuous; lim 12 =0 9)
p—0p
these are unnecessary if one can show (8) by using the
standard scaling arguments like [17]. However, as mentioned
in [18], the authors were not sure whether (8) can be proved
or not by using the standard scaling arguments if p € (2, 3).
Therefore, the first aim of this paper is to show that (8) holds
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for p > 0 small when p € (2,3) by using the standard
scaling arguments. To achieve this aim, we introduce a
new subset B, N & of B, (see details in Section 3), then we
consider the minimization problem (7) constrained on B,n
& instead of B, and we use the standard scaling arguments
to prove that (8) holds for p > 0 small. Moreover, we can get
a specific estimate on p that allows us to obtain the sign and
the behavior of the Lagrange multiplier A, if p € (2,8/3];
these are not considered in [18].

The other aim of this paper is to study the properties of the
Lagrange multiplier A, and the ratio I/ p* corresponding
to the solution (up, }tp) of (1) with ||up||2 = p. It is known
that A, and I/ p® are interpreted in physics as the fre-
quency and the ratio between the infimum of the energy of
the standing waves with fixed charge and the charge itself,
respectively, and the relevance of the energy/charge ratio for
the existence of standing waves in field theories has been
discussed under a general framework in [19].

Our main results read as follows.

Theorem 1. All the minimizing sequences for (7) are precom-
pact in H'(R*;C) up to translations provided that one of the
following conditions holds

M p e (2,83]and0 < p < p,
g3P10BG=PIG2((p 2)/2p) ") where S is
defined by (12);

(2) p€(8/3,3) and 0 < p < p, for some p, > 0.

— 3(p-8)/8(-p)

In particular, (1) has a solution (up,)tp) e HYR%*C) x
R such that I(up) = I and ||up||2 = p. Moreover, if the
above assumption (1) holds and (up,/\ ) is a solution of (1)
with ||up||2 =p>0andI(u,) = Iz, then A, < 0,1, —
0 and I, /p* — 0as p — 0, respectively.

Theorem 2. Let p € (2,12/5] and let p > 0. If(up, /\P) isa
solution of (1) with || upll2 = p, then we have

(i) )Lp <0, I(up) <0, /\P — 0asp — 0 and there
exists a positive constant C,, independent of p, such
that A, € (-C,,0);

(ii) there exists a positive constant C,, independent of p,
such that I(up)/p2 € (-C,,0). In particular, ifI(up) =
Lz, then Iz /p’ € (-C,,0).

Remarks. (a) We point out that parts of Theorem 1 are already
contained in [18, Theorem 4.1]. In the proof of Theorem 1,
with p; in hand, we can obtain some additional information
of the Lagrange multiplier A, and the ratio 1./ p® when p €
(2,8/3], and these are not contained in [18, Theorem 4.1].
However, we do not know whether p, is optimal or not.

(b) Theorem 2(i) shows that (1) has only the zero solution
if p € (2,12/5] and A > 0. In the case of p € (2,3), it
was shown in [5, 20] (see also [13, Remark 1.4]) that there
exists A, < 0 such that (1) has only the zero solution for A €
(—00, Ay). The nonexistence results of nonzero solutions of (1)
were also discussed in [13] for p € [3,10/3].

(c) As we have anticipated, the existence of minimizers
for I is related to the existence and stability of the standing
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wave solutions to (2). For the existence of stable standing
wave solutions to (2), we refer to [4, 14, 17, 18, 20, 21] and the
references therein.

This paper is organized as follows. In Section 2, we give
some preliminaries. Section3 is devoted to the proof of
the main theorems, especially in the proof of Theorem 1,
we first define a new subset of B, and then analyze the
properties of minimizing sequences for I,; constrained on
the new subset, and finally, we prove that (8) holds when p €
(2,8/3] and p € (8/3, 3), respectively.

2. Preliminaries

Throughout this paper, all the functions, unless other-
wise stated, are complex valued, but for simplicity we will
write L1(R?), H'(R?) and 2"*(R?) defined in the follow-
ing:

(i) LY(R?) is the usual Lebesgue space endowed with the
norm ||u||q = (fR3 Iulqu)l/q,where q € [1,00);

(ii) H'(R?) is the usual Sobolev space endowed with the

norm
1/2
bl = ([ (v + 1) dx) (10)
R3

(iii) 2"*(R?) is the completion of C°(R?) with respect

to the norm

1/2
Val, = (|| 1valax) (1)
R3

(iv) Sis the best Sobolev imbedding
of 2" (R?) — L%(R?) defined as

constant

S =inf {|Vul, : u € 2" (R*), lluls = 1}.  (12)

Moreover, the letter C will denote a suitable positive con-
stant, whose value may change in the same line, and the
symbol o(1) denotes a quantity which goes to zero. We also
use O(1) to denote a bounded quantity.

Let ¢,(x) = |x - ylf1 # |ul?, and then, for each u €
H'(R?), ¢, is the unique solution of the Poisson equa-
tion ~A¢ = 4m|ul* and is usually interpreted as the
Coulombian potential of the electrostatic field generated by
the charge density |u|”. Evidently, see, for example [5],

J |V¢u|2dx = 471[ ¢, lul*dx
Rr? Rr?

B ju ()1 u ()]
= 47T”R3 —|x .y dxdy,

(13)

4
sz bululPdx < |, [|glulliys < §||u||?2/5. (14)

For each p > 0, let u € B, and u(x) = £*”u(tx) (t > 0), and
we have [[u']l, = [lull, = p, that is, u' e B,. Let

t? t
t=It=—JV2d —J ’d
fu (®) (u) . RSI ul X+ R3¢u|u| x
(15)
£B/2(p-2)
_TI ulPdx;
R3

itis clear that 1> <0 forall p > 0 since f,(t) - Oast —
0.

We now recall an abstract result on the constrained
minimization problem

Jp = InfJ @), (we agree J, = 0), (16)

where p > 0, B, = {u € H'(R®) : lul, = p}, J,» > —00 is
assumed, and

J@) = SIVul3 + T @), 1)

for some functional T € C*(HY(R?), R).

Lemma 3 (see [17,18, Lemma 2.1]). Let T € C'(H'(R?), R).
Letp > Oandf{u,} C B, be a minimizing sequence
for ] » weakly convergent, up to translations, to a nonzero
function u. Assume that (8) holds and that

T(u,—u)+T @) =T (u,) +0(1); (18)

T(“n(un_a))_T(un_a) =o(1)

where o, = _P2 — ”ﬁ"; (19)
" -,
(1" (u,),u,) = O (1); (20)

<T' (w,) =T (u,),u, - um> =o(l) asnm— oo.
(21)

Then |u,, —ull — 0. In particular it follows that u € B, and

@) = J 5.

As pointed out in [18], Lemma 3 is a variant of the
concentration-compactness principle of Lions [15, 16]. Assu-
mption (18) shows that T' possesses the Brizis-Lieb splitting
property and (19) is the homogeneity of T If, in addition, the
condition (8) holds, then one can show that dichotomy does
not occur; that is, u € Bp. Furthermore, if (20) and (21) are

also fulfilled, then {u,} strongly converges to u in H HR?).
Finally we recall the following results obtained in [17, 18].

Lemma 4 (see [18]). If p € (2,3), then I» <0 forall p > 0.

Lemma 5 (see [17, Lemma 3.1]). If p € (2,10/3), then, for
every p > 0, the functional I is bounded below and coercive
on B,.

P



Remark 6. For p € (2,3), it follows from Lemmas 4 and
5 that each minimizing sequence for 1> is bounded from
below and above by two positive constants in 2"(R?) and
H'(R?), up to a subsequence, respectively.

3. Proof of the Main Theorems

Before proving our main theorems, we need some prelimi-
nary lemmas. First, we set

P = {u e H' (R*): Qu) = 0,1 () = rgigl](ut)}, (22)

where u'(x) = 3/ 2u(tx) with t > 0 and Q(u) is a functional

on HY(R?) defined as

1

Q(u) = JW VuPdx + JRS ¢, lul*dx

(23)

— M J |u|de.
R3

2p

It was shown in [13, Lemma 2.1] that if u,isa constrained
critical point of I on B, associated with the Lagrange
multiplier A P,then Q(u,) =0, which is nothing but a linear

combination of (E'(up), up) = 0 (recall that E(u) is given by
(3)) and the following Pohozaev identity for (1) (cf. [5, 9])

1 31 5 ;
EnvuP"j - Tp"uP"; + Z JR3 ¢up|up|2dx - E"up"i =0.
(24)

The following lemma shows that B, N & is well defined.

Lemma 7. Let p € (2,3) and let p > 0. For eachu €
B, with I(u) < O, there exists a unique t, > 0 such that

I(w') = min {I(u') : t > 0); moreover, u'* € B,N P.

Proof. We divide the proof into two cases.
Case 1(p € (2,8/3)). Let u € B, for simplicity, and we will
write f;(t), f,:'(t) and f,:"(t), the derivatives of f,(¢) on t,

instead of df,(t)/dt, dzfu(t)/dl‘2 and d3fu(t)/dt3. From
(15), we have

i@ = tj [Vul*dx + 1 I b, lul*dx
R3 4 Jrs (25)
3 (p-2) £3p-8)2 J' ulPdx.
2p R3

Noting that (3p — 8)/2 € (-1,0) since p € (2,8/3), then,
by (25), limt_)of;(t) = —00 and limtéoofu'(t) = +00; thus
there exists £, > 0 such that f(t,) = 0. If there exists
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another s, > 0 such that f](s,) = 0, without loss of general-
ity, we may assume that s, > t,,, and then we get

0= f]i (Su) - fl: (tu)
= (s, —t,) JR3 |Vul*dx (26)

3(p—-2
N (p-2) (t,(43p_8)/2 B 51(4317—8)/2) JR

[ulPdx > 0,
2p 3

a contradiction. Therefore, t, is unique and it is clear
that I(u'*) = min{I(&') : t > 0}. Moreover, u'* ¢ B, N

P because of f.(t,)t, = 0.

Case 2 (p € [8/3,3)). By Lemma 4, we know that the
set A, = {ue B,: I(u) <0} #0.Let u € Ap,if fu'(t) > 0 for
all t > 0; that is, f,(t) is strictly increasing, then we obtain
that f,(t) < f,(1) = I(u) < 0 forall t € (0,1). However, it is
easy to see that lim, , f, () = 0; this is a contradiction. On
the other hand, we know that f, () — oo ast — o00;hence
thereisa t, > 0 such that f.(t,) =0, u™ € B,N % and

fu(t,) =min{f, () : t >0} < £, (1) =I(u) <0. (27)

Next, we will show that ¢, is unique. Arguing by contradic-
tion, suppose that there is another s, > 0 such that f,(t,) =
fu(s,) = min{f,(t) : t > 0}, without loss of generality, we
may assume that s, > t,,, and then we have

fit)=fi(s) =0, f'(t)=0, f'(s,)=0. (28

According to (28), there existsw, €  (t,,s,) such
that f.(w,) = 0. After a simple calculation, we get

3(p-2)(3p-8) £3p-10)/2 J uldx,
4p R
(29)

fa @) = IVull; -

3 3(p-2)(3p-8)(3p-10) ((3p-12)/2

IROR =

(30)
X J |ulPdx.
R?’

If p = 8/3,then, by (29), fly(t) > 0 for allt > 0, which
contradicts f;l(wu) = 0.If p e (8/3,3), then, by (30),
f'(#) > 0 forall t > 0. Noting that w,, € (t,,s,), we have

0= £ (t) < £ (@) =0, (3D
again a contradiction. Therefore, ¢, > 0 is unique. O

Lemma 8. Let p € (2,3) and p > 0. For each {u,} C B, such
that I(u,) — I, <0asn — oo and I(u,) < 0 forall n €
N, there exists a bounded sequence {t,} C R* such that {u;”} C
B, n P and I(u;”) - Ipasn — oo with I(u;”) <
0 for all n € N; that is, {ulr} is also a minimizing sequence
for Iz constrained on B,,.
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Proof. 1t follows from Lemma?7 that, for each u,, there
exists £, > 0 such that “;" € B, N & and I(ur) =

min {I(ufl) :t >0} < I(u,) < 0; therefore, we have

Ly <I(uy)<

asn — oo, that is, {u/"} is a minimizing sequence. Next,
we will show that {t,} is bounded. Indeed, from
Remark 6, {u,} and {u;"} are bounded from below and
above by two positive constants in I2(R?) and HY(R?),
respectively. Noting that j LVl Pdx = £ .[[R3 |V, | *dox;
therefore, {t,} is bounded from below and above by two
positive constants. O

I (un) — Ipz, (32)

Remark 9. Thanks to the Lemma 8, we know that . =
inf{I(u) : u € BP} = inf{I(u) : u € B, N P}, and, in
the following, we will consider the minimization problem (7)
restricted to B, N & instead of B,. By Lemmas 4 and 8, for
each p > 0,if {u,} ¢ B,N P satistying I(w,) — I asn —
00, then, up to a subsequence, we may assume that I(u,) < 0.
It follows from Lemma 5 that {u,} is bounded in H'(R?); by
the results of [17, 18], we may assume that u, — u#0 as n —
oo in HY(R).

The following estimates of the elements of B, N & are
crucial to proving the strong subadditivity inequality (8).

Lemma 10. Let p € (2,3) and p > 0. For each u € B,N P,
it holds

4/(10-3p)
3(p-2) —6(p— _ 2 ~
Vv 2 L — 6 2)/(10-3 2(6 10-3
l u||2S< > §6(P-2)/( p)p( P)/( p))

3(p-2)/(10-3p)
I (p-2) —6(p-2)/(10-3p) _2(6-p)/(10-3p)
[l < S p )

P Zp
(33)

Proof. Since u € B,N &,

3(p-2)

IVl + n

3 | guurax- =L -0 o)

Noting that IR3 ¢u|u|2dx > 0 (see (13)), by using the Holder
inequality, we get

3(p-2) lull? < 3(p- )" ”(6 p/2" ”3(p 2)/2
2p P 2p

IN

2
IVl

3(17_2) “3(p=2)/211. 11(6=p)/2 3( 2)/2
< L LD P2 gy 20

2p
(35)
which implies that
4/(10-3p)
IVull? < (P 2) S—G(p—Z)/(10—3p)p2(6—p)/(10—3p)‘

(36)

5
On the other hand, we have
Jually < a2 g >"2
<S 3(p- 2/2|| "(6 p)/2”V ||3(p 2)/2
3(]? 2) (p-2)/(10-3p) (37)
- < 2p )
x 8*6(1’*2)/(10*317)P2(6*P)/(10*3P);
this concludes the proof of this lemma. O

Remark 11. Let p € (3,10/3). It was shown in [13, Theorem
L1] that I » < 0 if and only if p € (p, 00), where the positive
number p is defined as

p=inf {p>0:1,<0}. (38)

Therefore, after a simple calculation, we can show that both
of Lemmas 7 and 10 hold if p € (3,10/3) and p € (p, o).

Motivated by [17], we will use the standard scaling
arguments to prove that the strong subadditivity inequality
(8) holds for p € (2,3). First, we consider the case of p €
(2,8/3].

Lemma 12. For p € (2,8/3], let

1/4(3-p)
_ 303p-8)/83-p) (3p-10)/8(3- p)ss/2<P 2) 50
2p
(39)
Then

Ip<lp+lp p YO<pu<p<p,. (40)

P

Proof. By Lemma 8 and Remark 9, for each {u,} ¢ B, n
P satistying I(u,) — I < 0asn — 00, we may assume
that, for all », I(u,) < I pz/ 2, which implies that

e |? = _gz . (41)

p

Noting that tu, € B, (t > 0), we have

I(tun):t;J |Vu|dx+—J ¢,

p
B J |un|de
pJr

2_
=t2<1(un)+t 1 ! IW‘/’%

P2 _
] )
RS
= (1) + 9 (6,

(42)

where

21

g(tu) = _lj ¢, lul2dx - J uPdx. (43)
R3 R3



We calculate the derivative of g(t,u) on t:

dg (t,u) _t
a2

-2,
J P = B2 oy

Letting dg(t,u)/dt = 0, we see from (14) that

Pt = PIW Pulul"dx < 2epliliyys ) (45)
2(p-2)lulb ~ S (p—2) ulb
Furthermore,
d’g(t,u) 1 2, (p=2)(p=3) 4
LS. JW ulula ~ == Ll > 0
(46)

Now we divide the value of p into two cases to discuss
dg(t,u,)/dt.

Case 1 (p € (2,12/5)). It follows from Lemma 10, (14), and
the Holder inequality that

dg (t.1,)
dt |,
-2 JW B |l PT?Z JW P dx
e e
< Gl
2l )

= fud? <271812(P*3)/(6*P) [, [21275PV 6P

*6-p) _ P~ 2
x a7 - T)

(8-3p)/(10-3p)
< [ ( 2ms12e-D10a0-30) 3(p-2)
n P zp

o SG-p/0-3p) _ P~ 2)
P o)

Case 2 (p € [12/5,8/3]). Again by Lemma 10, (14), and the
Holder inequality, we have

dg (t,u,)
dt

t=1

1
= E JR3 (/514”
p-2
lually

2 4
< ?“”n“lz/s I

p

un|2dx - PT?Z J |un|pdx
R3
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27T
<

25p-12)/3(p-2)y . 12p/3(p-2) P —2
< Gl R 70 e T 4

p

< [l

271 — _ _ _ -2
(B 0 - 222

)(8—317)/(10—317)

3(p-2
< Il (znsmp—svm—sw(_(gp )

Pt -2
x pHO-PI03p) _ P >

p
(48)

Let

P _ 9\ 1/4G-p)
5, = 30p8/80-p) ; 0p-10)/8-p) S3/z< Pz_p ) (49)

Then by (47), (48), and (49), we know that, for each 0 < p <
p1> there holds

_ 27D 12(p-3)/(10-3p)
= —§
pi (p) 02
(8-3p)/(10-3p)
" ( 3(p-2) ) pREPI03p) g
2p
dg (t,
g(tu)| 0.
dt 1
(50)

for all n € N. On the other hand, for each € € (0,1 - p,(p)),
it follows from (41), (44), (45), (46), and Lemma 10 that, for
all t € (1, (5,(p)/(1 —€))/?*) and all n € N,

2
dg (t, un) _ p - 2”” “Pt‘D_S <p -[R3 ¢un unl dxt4_P B 1>
p 2(p=2) ul;

dt

< e(p_z)lz <0.
2 P
(51)

This, together with the mean value theorem and (41), yields
that for all ¢ € (1, (1 — &) 5,(p))"/**) and all n € N,

dg (t,u,)

g(t,un):g(l,un)+T (t-1)<-C(t-1),

tn

=6
(52)

where 6, € (1,) and C > 0 depend only on ¢, p,and p. By
(42), we have

I(tp)z <I (tun) = t2 (I (un) +g (t’ un))
<t’I(u,)-Ct* (t-1) (53)

=1, -CE (t-1)+0(1),
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then

_ 1/(p-4)
P (p) _
I(tp)2<t21p2 Vte(l,(ll—) ), pe(0,p).

-
(54)

Clearly, p; (cf. (50)) is strictly increasing on p, and then
(p/(1 —s))l/(p“‘) is strictly decreasing on p since p €
(2,3).

Let

o) ( ﬁllf(i) )1/@4). 5

0,5,), let u €

generality, we may assume that p >
(0, min {p, —p, 1-p,(p), u—/p* — u*}), then by (50) we know

that h(+/p? — u?) > h(u) > h(p) > 1.

() Tfp/u € (1, h(w)), then by (54)

2 22
Pt

[/12 “

For each p ¢ (0, p) without loss of

\/p? — y*. Choosing ¢ €

_ P _
Ipz = I(FZ/MZ)MZ < [/71”2 = Iﬂz +

(56)
2 2

_ p — U
=1p+ e L2 ) ()

(b) Ifp/u ¢ (1,h(u)), then there exists k € N such
that (p/u)"’* € (1, h(p)). Therefore

1k (k-i)/k
<£) e(l,h(<3> y)) Vi=1,2,....k. (57)
U u

It follows from (54) that

T2 = T o2k 2y

2/k 2
P) P
<<— I 2=tk 2 < vee < —=1 5.

u (p/w) Iz M2 I

Combining the above cases (a) and (b), we can show that

(58)

Ipz <I[42+IPZ—IAZ VO<‘u<p<ﬁl. (59)
Thus the conclusion of this lemma holds. O

Remark 13. For the case of p = 8/3, it has been proved
in [4, 17] that the strong subadditivity inequality (8) holds
for p > 0 small. By using the result of [17], we can give
a specific estimate of lower bound of p such that (8) holds;
that is, (8) holds for all p € (0, (871)_3/483/2). However, if we
plug p = 8/3 into (49), then we have p, = (871)_3/483/2,
which coincides with the one given in [17].

Next, we will show (8) for p € (8/3,3). We point out
that the case of p € (8/3,3) is quite different from the
case of p € (2,8/3] since the inequality (48) does not
hold anymore. Inspired by [18], we will give some estimates
for I, in Lemmas 14 and 15, and these are crucial for the
proof of (8) if p € (8/3,3).

Lemma 14. Let p € (8/3,3) and p > 0 be fixed. If there
exists u € B,N P such that 1(u) < I:/2 and

lull? > 31Vul?, (60)

then there exist positive constants C; and C, dependent
on p and p, such that

IHz < —C3(42(6_P)/(10_3p) +C4[42(18_5p)/(10_3p) V‘u S 0. (61)

Proof. From the assumptions of the lemma, we see that

1 3(p-2)

Wl + 5 [ gl - =2 2 =0, )
IVl + 5 | gl = Sl = 10 < e
207 4 ™ p T2

By (60), (62), and (63), we deduce that
I 1 3p—8 4(p-3)
2 210 == IVuly + ==l > Ivuls.
(64)

Combining (62) and (64), and using Lemma 10, we also
obtain

J ¢, lul*dx
R3

3(p-2)
==l - IVul;

AN

3 ( _ 2) 4/(10-3p) (65)
< p §6(p-2/(10-3p)
2p

26-p)/(0-3p) | P

— 1.
P 8G-p) "

For each t > 0, let u,(x) = /1073y (12(P=2/(10=30) ) "y
have [ull, = tlull, = tp. It follows from (60), (64), and (65)
that

L 26-p)/(10-3 2
p <1 (u) = SO,

Ly

1 _ _
+ Lpas-spyao 3p)j &, lulPdx
4 R3

L 2(6-p)/(10-3
——t( P P)"ullg

1 3 2(6— 10-3 2
< <E _ _)t( P03y 2
p



1 _ _
4+ L2as-sp)/a0 3p)J ¢, |ul*dx
4 R3

(t )2(6—P)/(10—3P)

6-p Ipz
( 2(6-p)/(10-3p)

—
[o)}
w

|
<
~—

e}

4/(10-3p)
(=2 §-6(p-2)/(10-3p)
2p

~ PS(p—3)/(10—3p)

P Ipz
T3 (3 p) p2(18-5p/(10-3p)
2(18-5p)/(10-3p)
x (tp)™°F P
(66)

Set tp = y, then p € (0, 00) since t € (0,00) and p is a fixed
positive constant. From the above inequality, we see that

Ly < GO PI003P) 4 ¢ 2085p/00-3), (67)

for some positive constants C; and C, depending on p and

p. O

Lemma 15. Suppose that p € (8/3,3) and {u} ¢ B, N
P satisfying lullh > 31Vill; and I(w) < 1;/2 for all k <

N. Then there exists a positive constant C dependent on p,
such that

Iy > =Cprr/Cr vk e N, (68)

Proof. Following the line of the proof of Lemma 14, we arrive
that

! J gbuk]uklzdx = @

. ““k“ﬁ - "V“k“i

(69)
7p-18

6p

which, together with (14) and the Héder inequality, implies
that

>

e

3p 2
il < 7 [ fuluax

2(7p-18

6mp

4
< W””k” 12/5 (70)

67Tp 2(
< W””k”z

>

5p-12)/3(p-2) ““k ||2p/3(p—2)
p

and then

6mp
il <

2(5p-12)/(3p—8)
Tp-18) leselly™" i

)3(p—2)/(3p—8)

(71)

2(5p—-12)/(3p-8)
P

3(p-2)/(3p-8)
) k .

_ 6rtp
~\(7p-18) 82
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Combining (62), (69), and (71), we have

1, 1 1 1
T 1) = vl jw ol = o

_3p-10
T

1 2
Il + 5 | bl

4(p-3), 72
S @

24(17—3)(( 6mp

3(p-2)/(3p-8)
3p 7p—18) §2 )

2(5p-12)/(3p-8)
X Py ,

and this completes the proof. O

Lemma 16. If p €
constant p, such that

(8/3,3), then there exists a positive

IPZ <II42 +Ipz_ﬂz YO0 <‘M<p<ﬁz. (73)
Proof. Suppose thatp > Oandfu,} <c B, n

P satistying I(w,,) — Ipasn — oo. It follows from
Remark 9 that, up to a subsequence, I(u,) < I./2 < 0 for
all n € N. By Lemma 5, it is easy to see that {u,} is bounded
in H'(R?). Noting that tu,, ¢ B,,, then, by (42), we have

1(tw,) =t (I(u,) + g (t:,)), (74)

where g(t,u) is given by (43). Obviously,

dg (tu,)| _ 1 2, (P-2) p
S dt t=1 T2 JR3 (l)u" ! | dax - —“un"P
1 2
=1I(u,)- §||V”n||z
(75)
v 5] dulufdxs “;Tp)nunng
3 1
= I(uy) = 2 IVar [ + Sl
since u, € B, N & and (34) holds. Moreover,
dzg (t’ un) 1 2
dr? - 5 JR3 ¢un unl dx
(76)

_ (P B 2) (P B 3)tp—4"u

p n”i > 0’

forall t >0 and n € N.

We claim that there exists p, > 0 such that for each p ¢
(0, p,) and for each {u,} C Bpﬂgj satistying I(u,) < Ipz/2 <
0 and I(u,) — Iz asn — 0o, we have

a5 < 3]V, |- (77)
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Indeed, if not, we can find {p,} and {uﬁ} CB, N P such

that p, — Oask — oo and for each k € N, I(uﬁ) -
2

Ip; <0asn — 00, but IIuInclli > 3||Vufl||2. For k = 1, there

exists n; > 0 such that I(urlll) < IPf/z < 0, and it can be
deduced from Lemma 14 that

6-p)/(10-3p) 2(18-5p)/(10-3p)

Ip < —Cyp’l +Cuu Vu >0, (78)
where C; and C, are positive constants dependent on p
and p;. On the other hand, we know that for each k ¢
N there exists n, > 0 such that I(uﬁk) < Ipﬁ/Z < 0. Then

by Lemma 15, we obtain
2(5p-12)/(3p-8)
Iy > ~Cp P 7Y vk e, (79)

where C is a positive constant depending only on p. Noting
that (78) holds for all u > 0, by (78) and (79), we deduce that

2(5p-12)/(3p-8) 2(6-p)/(10-3p)
-Cp;. slp s =GCyp

(80)
2(18-5p)/(10-3p)
+ C4Pk P P

>

which is a contradiction for k large since p € (8/3,3) impl-
ies
2(5p-12)
3p-8

>2®—p)

. 81
10-3p (®1)

Thus we have shown the claim. Now for each p € (0,p,) and
for all {u,} ¢ B,n& with I(u,) < Ipz/2 and I(y,) —

I, as n — 00, using (77), we have

dg (t.u,) <I(u,) <

. 2
It <0 (82)

By (76), similarly as in the proofs of (45) and (51), we get that
P
AP = 2 (P B 2) “u"”P .
p jR3 ¢u,, |l/ln| dx

_2(p-2) Il
P (6(p=2)/p) [uallh - 4 Vess];

23@—2)
7p—18

(83)

> 1.

Now, we can choose € > 0 so small that there exists a positive
constant C dependent on p, p,and &, such that

1/(4-p)
dgltw) oy WE<1’(W) )

dt 7p—18
(84)

Since, for each n, g(1,u,) = 0, it follows that, for each t €

(1,3(1 - &)(p - 2)/(7p - 18)) /4P,

I(tp)2 <I (tun) = tz (I (un) + g (t’ un))

<t <I(u,,)+ W . (t—1)> )

<t*(I(u,)-C(t-1))
=L, -C({t-1)+0(1),

where th € (1,t), namely, I(tp)z < tZIpz forall t € (1,(3(1 -

&)(p-2)/(7p- 18))1/(4_P) ). Thus we complete the proof of this
lemma by using the arguments in the proof of Lemma 12. [J

Lemma 17. Let p > 0. Assume that (u, /\p) is a solution of
(1) with IIuPII2 =p.

(a) If p € (2,12/5], then A, < 0.
(b) If p € (12/5,8/3] and A, > 0, then

_ <6 _ P )(10—3p)/8(3—p)

p=zpsi= 67p
(8-3p)/8(3-p) (86)
y S3/2<3(P_ 2))
2p '
Proof. Since (up» A o) isa solution of (1), it follows that
[t o+ [ e ol = A dw e 2

3(p-2)
2p

Thus, from (87) and (88), after a simple calculation, we have

1
“V”P“j *ta jw ¢%|”P|2dx - "”P"i =0.  (88)

-6 5p—-12
ol = 5Tl S22 [ b fufas

which yields that (a) holds. Moreover, if p € (12/5,8/3]
and A p 20, then (89) implies that

5p—12 6
6 fp -2) sz ¢up|”p'2dx >3 o _pz) ||Vup|lz- (90)

Thus we get from (88) that

3(p-2)
2p

1
sl = B0l + 5 1, s

9(p-2) 2
= 4(6—-p)J%s¢%J”P|dx e

9(p-2)
S@:;E§WJ;5
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By using the Holder inequality, it can be deduced from (91)
and Lemma 10 that

Lo,
T P e T

—Wrlliz/s — P P

< <S_2(3_3p)/(10_3p)< 3 (p - 2) )(8—3p)/(10—3p) (92)
< —2p

y ps<3—p)/<10—3p>> ””p“i’
and this means that

(10-3p)/8(3-p) _ (3p—8)/8(3-p)
P><6 p) 53/2(—3(131) 2)) . (93)

Thus (b) holds. At this point, the lemma is proved. O

Proof of Theorem 1. 1t follows from Lemmas 12 and 16 that
(8) holds. Let T(u) = [, ¢,lul*dx/4 - lullb/ p. From the
results of [17, 18], we know that (18), (19), (20), and (21)
hold. Therefore, by Lemma 3, all the minimizing sequences
for (7) are precompact and then (1) has a solution (up, A P).
Lemma 17 shows that, for p € (2,8/3], Ap < 0 since p; < p;,
where p, and p, are given by (49) and (86), respectively.

To complete the proof of Theorem 1, we need to show
that A, — 0and I,/ p> — 0as p — 0 provided that the
assumption (1) of Theorem 1 holds. Indeed, since (up, A p) is
the solution of (1), it follows from (87), (88), and Lemma 10
that

3
0< A_LJ o, |up| dx—A,p
6 (94)
p 2(6-p)/(10-3p)
S R
which implies that
0< -1, < Cptor203n), (95)

and thatis, A, — 0 as p — 0. On the other hand, we have

1 1
1) = 31wl + 5

this, together with (87) and (88), gives

1
JW ‘/59)”9'2‘1’“ - ;“”P“i’ (96)

|| = 1(u,)+ LA (97)
2(p 3) 4(3-p)

Abstract and Applied Analysis

Therefore, I(up) < 0 since )Lp < 0 and p € (2,8/3). Noting
that I (u,) = 12, by Lemma 10 and (97), we obtain

3 I 2
0<_P 7
2(p-3) p’
3(p-2)/(10-3p)
. 3(p-2) §-6(p-2)/(10-3p) (98)
2p
x pipDIa0=3p) P A, —0 asp—0.

4(3-p)
O

Proof of Theorem 2. Suppose that p € (2,12/5] and (uP,AP)
is a solution of (1) with ||up||2 = p. Then Lemma 17 and
the above proof of Theorem 1 show that A p <01 (up) <
0 and AP — 0O0asp — 0.It was proved in [5, 20] (see
also [13, Remark 1.4]) that there exists A, < 0 such that
(1) has only the zero solution when p € (2,3) and A €
(00, Ay). Therefore, Ap must be bounded; that is, (i) holds.
For (ii), it is clear that (87), (88), and (96) hold; after a simple
calculation, we have

5p—121(up)+ 3p-8

“vuP“Z = z(p_ 3) ( ) pP >
6 10-3
J o, |u |dx—p I;I(up)+2(3 II;)/\Pp, (99)
” P“ 2(p (”P) + ﬁ)‘ppz'

On the other hand, since ¢y, is the solution of the Pois-

son equation ~A¢ = 4rmlu,|’, multiplying this equation
by [u,| and integrating, we obtain
s ) = [ V9V [u|dx
<1Vl + Sl (100)
=2 g [ o

It follows from (99) and (100) that

3p p 2
— 1 —
TP UG AT LI

8 0 N Y
_ 1 p-
<27 [ bl + [l
) hi
p

(PCP=3) o p -
(z<p 5 1) 56 )PP)
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2\ -
<(2) k™

3p p b
2
- <—I(”P) YaGop) ) ’

2(p-3)
(101)
which implies that
3p 4 2
_F g B
"< 369 ) G
(102)

3 <E>(P_2)/(3_P)"u "2 _ <%>(P—2)/(3—P) 5
- p Pli2 p p-

Therefore we get

3p
0<
2(p-3) ¢

>

I (p-2)/(3-p)
(%) _» <(2)
4(3-p) 7" \p w0
103

so that there exists C > 0 such that I(up)/p2 € (-C,0) since,
by (i), Ap < 0 is bounded. L]
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