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By employing the Krasnoselskii fixed point theorem, we establish some criteria for the existence of positive periodic solutions of a
class of n-dimension periodic functional differential equations with impulses, which improve the results of the literature.

1. Introduction

Some evolution processes are distinguished by the circum-
stance that the evolutions change very rapidly at certain
instants. In mathematical simulations, impulsive delay differ-
ential equations may express several simulation processes in
real world which depend on their prehistory and are subject
to short time disturbances. Such processes occur in the theory
of optional control, population dynamics, biotechnologies,
economics, and so forth. In recent years, the existence theory
of positive periodic solutions of delay differential equations
with impulsive effects or without impulsive effects has been
an object of active research; we refer the reader to [1-4].
For other related works on studying for impulsive delay
differential equations, we refer the reader to [5-7].

In [8], Zeng et al. studied the following functional
differential equations without impulses:

x(H)=Altx®)x@)+Af (t,x,), 6))

and obtained sufficient conditions for the existence of positive
periodic solutions of (1).
Zhang et al. [9] investigated the following form:

s =At)x®)+ f(tx,),

Axlieq, = I (x (7).

t?eTk, k € Z+,
2)

In this paper, we will consider the n-dimension differen-
tial equation with impulses as follows:

xB)=Altx @) xt)+Af (t,x,),

Ax|t=‘rk = Ik (x (Tk)) >

where A > 0 is a parameter, A(t, x(t)) = diag[a, (¢, x(t)), a,(t,
x(t)),...,a,(t x(®)], a € C(R x R,R) is w-periodic, and
f(t,x,) is an operator defined on R x BC(R,R") (here
BC(R,R") denotes the Banach space of bounded contin-
uous operator ¢ R — R" with the norm [¢|| =
Y1 Supaegldi ()], where ¢ = (¢, ¢,,...,¢,)"). For x € BC
andt € R, x, € BC is defined by x,(0) = x(t + 0) for 0 € R
(see [10], Zheng). Consider that f(t + w,x;) = f(t,x,) and
Axlyy = x(t)) = x(1;.) (here x(7]) represents the right limit
of x at the point 7)), I = (I}, I, ..., I}) € C(R?, R"), that is,
x changes decreasingly suddenly at 7;, w > 0 is a constant,
R, and R_ are the sets of all nonnegative and nonpositive
real numbers, respectively. We assume that there exists an
integer p > 0 such that 7., , = 7 + w, [y, = I, where

0<7T << <7, <0

t;ka, k € Z+,
€)

2. Some Preliminaries

PC(J,R") ={¢: ] — R",¢iscontinuous everywhere except
at a finite number of points 7, at which qS(T,j ) and ¢(7;,) exist



and ¢(7;,) = ¢(1)}, J € R. For each x = (xl,xz,...,xn)T €
R", the norm of x is defined as |x| = Y,_; |x;].
Throughout the paper, we make the following assump-

tions:

(H,) f(t,¢,) < 0forall (t,¢) € Rx BC(R,R});

(H,) fi(t,¢,)isacontinuous function of ¢ for each ¢ €
BC(R,R"),i=1,2,...,m;

(H;) for any L > 0 and € > 0, there exists § > 0 such
that for ¢,y € BC(R,R}), l¢ll < L, |yl < L, and
l¢ — wll < & imply that

Ifi (t.¢) - f; (Lw)| <& Vte[0,w],i=1,2,...

1. (4)

To conclude this section, we summarize in the following a
few concepts and results that will be needed in our arguments.

Definition 1. Let X be a Banach space, and let P be a closed,
nonempty subset of X; P is a cone if

(i) ax + px € Pforall x, y € Pand all «, 3 > 0;
(ii) x, —x € Pimply x = 0.

Let X = {x = (x,(£),%,(t),...,x,®)" € PC(R,R") |
x(t +w) = x(t)} with the norm ||x|| = }.,_; |x;]o, where |x;|, =
SUP;¢[o, 1% (t); then X is a Banach space.

If x(t) = (x,(8), x,(1), . .. ,xn(t))T € X is a solution of (3),
then

t+w

x; (1) = /\j G, (t,u) f; (u,x,) du

t

where

“(“a (s, d
G; (t,u) = ex ( wjt (5% () ds) , i=1,2...,n
exp (— Io a; (s, x(s)) ds) -1

See [9], Zhang et al.
It is clear that G;(t + w, u + w) = G;(t,u), forall (t,u) € R,
and by (H,),

G (tu) f; (w9,) 20 7)

for (t,u) € R* and (4, @) € R x BC(R, RY}).
Define fori = 1,2,...,n,

exp (— J:) a; (s,x(s)) ds)

A;:= min |Gi (t,u)| =

P0st<usw 1 -exp (— _[(;U a; (s, x (s)) ds) )
1 (8)
B, := max |G;(t,u)| = >
! 0St$u£w| i( )| 1 - exp (— _[(;v a; (s, x(s)) ds)
A= min A, B := max B;.

1<i<n 1<i<n
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Let

K={x(®) = (%, (0,2, ()%, (1)) € X2 x, (1) 2 o]x;],

)

where 0 = A/B € (0, 1). It is not difficult to verify that K is a
cone in X. We define an operator ® : X — X as follows:

(@x) () = (@) (), (D,x) (1), (D,x) (1),  (10)
where
@O =[G (6 f () du
(11)

j=p :
+3.Gi(t, +n0) ()

Then, it can be immediately obtained from the assumptions
(H,) and (H,) that the operator ® is completely continuous.
On the other hand, it is not difficult to check that x*(¢t) =
(7 (£), x5(t), ..., x,, )T is a positive w-periodic solution of
(3) if and only if x*(¢) is a fixed point of the operator ®.

Before stating the main results, we shall give some impor-
tant lemmas.

Lemma 2. The mapping ® maps K into K, that is, DK c K.

Proof. For any x € K, it is easy to see that ®x € X. From (11),
we have

(@), = 48, |1,

831 (x(sn)]

Noting that G;(t, u) f;(u, x,,) > 0, we can also obtain

(12)

(®,x) (t) = AA, Jw |f; (usx,,)| du + A,-ji le- (x (ij))\

0 =

> Aij(@0),
2 o|(®x)|,
(13)
Hence, ®K ¢ K. The proof is complete. O

Lemma 3. Let X be a Banach space, and let K be a cone in
X. Suppose that Q, and Q, are open subsets of X such that
0€Q, cQ cQ,.Suppose that

®:Kn(0,\Q) —K (14)

is a completely continuous operator and satisfies either
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1)
[Qull < ull, YueKnoQ,;
(15)
[Dul > ull, YueKnoQ,;
or
2
[Dul < lull, Yue KnoQ,;
(16)
[Oull > [lul, VYueKnoQ,.

Then, ® has a fixed point in K N (0_2 \ Q).
The proof of Lemma 3 can be found in [11], Guo et al.

Lemma4. Assume that (H,)-(H,) hold and there existsn > 0,
such that

| 1 oldsznlgl, forgex.
Then,
IOx]l > AA7 |Ix]|. (18)

Proof. If x € K, then

(@;x) () = AA,; J:er |f; (u,x,)| du
e 3 i () o)

t+w
> \A,; J |f; (u, x,,)| du.
t

Thus, we have

D] = sup )" |(®;x) (¢)]

teR j—1

> ZAAI. L |f; (u, x,)| du (20)
=1

> AAJ |f (u,x,)| du > AAn |x||.
0

O

Lemma 5. Assume that (H,)-(H;) hold and let r > 0, if there
exists a sufficiently small € > 0 such

@ j=p
[lreotasa Sh@e
for ¢ € KNoQ,.
Then,

[Ox|| < (A +1)Be|x|, for xe KnoQ,. (22)

Proof. For any x € K N0Q,,
|lox]) = sup)” |(®;x) (£)]
t

€R =1
<y [ 1 Gsxlds
j=p
+ ZB;'Z 'I; (x (ij>)|
=1 =1 (23)

<AB J:J |f (s, )| ds

831 (x(s)

< (A+1)Belx]|.

3. Main Results

For the sake of convenience, we introduce the following nota-
tions:

>

[y 1 (s.)| ds
% =lim sup 22— "~
f x€K||x||Ba [lx|l

1 (x| ds

=lim inf =—————|
fa x€K |lx]| — « x|l
._ (24)
a T el
I" = lim sup >
xeKSq lxl
YL ()
I, =lim inf M,
xeK|xl—a  [lx||
where o denotes either 0 or co.
Theorem 6. Assume that (H,)-(H;) hold and
(Pl) foo = 00,
(25)

(Pz) fOZIOZO;

then (3) has at least one positive w-periodic solution.

Proof. By (P,), for any €;, €, > 0 there exists r, > 0, such that

;1 s glds < bl < e

j=p (26)

Z .Ij ((;5)' <6 || < e

=1
Choose € = max{e,, €,}, satisfying 0 < € < (1/(A + 1)B), by
Lemma 5, we have

[Ox]l < (A +1) Be ||x]l < [Ix]I,

(27)
for x € KN 0Q,.



Next, by (P,), there exists r; > r, > 0, such that

[/ 17 gl ds > nlgl.

for ¢ € K, [¢] = rs

(28)

where 7 > 0 is chosen, so that AAy > 1. It follows from
Lemma 4 that

1Ox]l = AAzn lIx] > lIx]l,
(29)
for x € KN 0Q,.

It follows from Lemma 3 that (3) has a positive w-periodic
solution satistying r, < ||lx|| < r5. O]

Theorem 7. Assume that (H,)-(H;) hold and

(Py)  fo =00,
o o (30)
(P) f*=I7=0
then (3) has at least one positive w-periodic solution.
Proof. Since f, = co, one can find an r; > 0, such that
[ 17 s plds = nlgl.
0 (D)

for ¢ € K, 0 < ||qb|| <7y

where 1 > 0 is chosen so that AAy > 1. It follows from
Lemma 4 that

1Dx]l = AAn Ix]| > llx]l» )
32
for x € KNoQ, .

By (P,), we know that there exists N; > rj and €}, €, > 0 such
that

j=

D1 @) <e el

j=

f0r¢€K,|

J; 17 glds < e ol

—

33)

¢l = N,

Choose € = max{e,, €}, satisfying 0 < € < 1/(2(A+1)B); then

[lrsolasselol.  Yln@lseld. 6o
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Take

rp >N, +1

+2B  sup
PeK,[IplI<N,

. =p
[AJO |f (s.¢,)] ds + Z I (‘/’)'} ’

(35)
w j=p
oxl < B{ [ [f (s.g)lds+ Y |1 (9)
0 j=1
36
~Blp(1)+p(1)] G
Sr—l+M=||x||, for any x € KN0Q, ,

where p(I}) = [A f(;u |f(s, ¢ )lds + Z;;f IL;( @ er i = 1,2,
and; = {x e K, ||x] < N}}, [, = {x € K, ||x[| = Ny}
This implies that [|[®x|| < ||x], for any x € K N 9Q,. .
Therefore, (3) has at least one positive w-periodic solu-
tion. O

Theorem 8. Suppose that

(Ps) there exists d, > 0, such that _[(;U [f(s, p)lds <
di/AA, forody < 1§l < dy,

(Py) there exists d, > 0, such thatjg) [f(s, P )lds <
d,/2AB, Z;if I1;($)l < d,/2B, for ¢l < d,
hold; then (3) has at least one positive w-periodic solution.

Proof. Without loss of generality, we may assume that d, <
d,. If x € KN 0Qy , then by (P), one can get

x| < e gt

YT RRCT d, = |xI» (37)

in particular, | ®x| < ||x], for all x € KN 9Q, .
On the other hand, by (P;), one has

x| > )LAJ I (sx)] ds > A4S = ) = .
for x € KNoQy .

Therefore, (3) has at least one positive w-periodic solution.
O

Theorem 9. If

(P,) ' =a, €[0,1/2AB), I, = a, € [0,1/2B);
(P8) foo = ﬂl € (1/AAG’OO)

hold, then (3) has at least one positive w-periodic solution.
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Proof. By assumption (P,), for € = min{(1/2AB) — «;,1/2B -
a,} > 0, there exists a sufficiently small d, > 0 such that

—I‘;U |f(5’x$)|ds <o t+e< 1
x|l ! 2AB’ )
, 39
YIPL (x)
% <o te< %, for x|l < dy;
X
that is
[ 17 oxlas < 22
(40)

j=p d

iX)| <55, for x| < a,.
260 < 25 for Ixl <d
j=1

So, (Py) is satisfied.
By assumption (P;), for € = 3, — 1/AAg, there exists a
sufficiently large d; > 0 such that

[1f (s, x,)| ds

i >pB—e= Ao’ for od, < |x| <d,,
(41)
that is
J |f (s, x)| ds > —_— ||x|| ,\T{gadl = %, (42)

therefore, (P;) holds. By Theorem 8, we complete the proof.
O
Theorem 10. If

(Py) fo =05 € (1/AA0, 00);

(Pyy) f® =pB,€[0,1/2AB), I, = 35 € [0,1/2B)
hold, then (3) has at least one positive w-periodic solution.
Proof. By (Py), for € = a3 — (1/AA0) > 0, there exists a suffi-
ciently small d; > 0, such that

J(;U|f(s,x$)|ds .o 1

> €= for 0 < ||x| < d,, (43)

fll

that is

J- lf(s,x)|ds> )\,A )‘ilq for od; < ||x|| < d;. (44)

Again, By (P,,), for € = min{(1/2AB) - 3,,(1/2B) — 55} > 0,
there exists a sufficiently small d > 0 such that
[y 1f (s:x,)| ds G
N < B te S T B e, (49)
ll] & ] &
that is
I;) |f (s, x,)| ds _L 'I (x)|
lll 2AB’ Il 28 (46)
for ||x| > d.

In the following, we consider two cases to prove (P) to be
satisfied:

@) [ 1f (s x)lds + Y120
(ii) [ 1f (s x))lds = 00, X%

The bounded case is clear. If case (ii) is valid, then there exists
y € BC(R,R}), |yl = d, > d such that

11;()] < o0

I

Lw |f (s, %) ds < Lw | (s, y,)| ds,

j

I
S

1,0 < Z 5,0 “

1

J

for 0 < ||x|| < ||y|| =

Since ||yl = d, > d, then we have

Iyl 4,
J'f(“‘ ds < 335 = g

|y|| d (48)
2 |I (] < S5 =22

for 0 < ||lx|| < d,,

which implies that condition (P;) holds. By Theorem 8, we
complete the proof. O

Corollary 11. If one of the following pairs

(P,) and (P,); (P;) and (P,); (P5) and (Py); (P;) and
(Py); (Py) and (Py,);

(Py) and (P,); (P,) and (Py); (P;) and (Pyy); (P,) and
(Py)

is valid, then system (3) has at least one positive w-periodic
solution.
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