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We first introduce the new real function class F satisfying an implicit Lipschitz-type condition. Then, by using F-type real
functions, some common fixed point theorems for a pair of self-mappings satisfying an implicit Lipschitz-type condition in fuzzy
metric spaces (in the sense of Kaleva and Seikkala) are established. As applications, we obtain the corresponding common fixed
point theorems in metric spaces. Also, some examples are given, which show that there exist mappings which satisfy the conditions
in this paper but cannot satisfy the general contractive type conditions.

1. Introduction

In 1984, Kaleva and Seikkala [1] introduced the concept of a
fuzzy metric space by setting the distance between two points
to be a nonnegative fuzzy real number and studied some of its
properties. From then on, some important results for single-
valued and multivalued mappings in fuzzy metric spaces,
such as coincidence theorems, various fixed point theorems,
and so forth, were stated in subsequent work (see [1-11], etc.).
Recently, Zhang [12, 13] established some new common fixed
point theorems for generalized contractive type mappings in
metric spaces and for Lipschitz-type mappings in cone metric
spaces. These theorems extended the original contractive type
conditions. Moreover, various real function classes satisfying
an implicit relation were introduced in [10, 14-23], and
some common fixed point theorems for composite mappings
satisfying an implicit relation were established in metric
spaces and fuzzy metric spaces, respectively.

It is well known that the fuzzy metric space is an
important generalization of the ordinary metric space (see
[1]). Inspired by [13-23], we establish some common fixed
point theorems for new contractive type mappings in fuzzy
metric spaces in this paper. In Section 3, we first introduce
the new real function class # satisfying an implicit Lipschitz-
type condition. Then, in Section 4, by using F-type real

functions, some common fixed point theorems for a pair of
self-mappings satisfying an implicit Lipschitz-type condition
in fuzzy metric spaces are established. In Section 5, as their
applications, we obtain the corresponding common fixed
point theorems in metric spaces. Also, some examples are
given, which show that there exist mappings which satisfy
the conditions in this paper but cannot satisfy the general
contractive type conditions.

2. Preliminaries and Lemmas

Throughout this paper, let Z" be the set of all positive
integers, R = (—00, +0c0) and R* = [0, +00). For the details of
fuzzy real number, we refer the reader to Kaleva and Seikkala
(1], Dubois and Prade [24], and Bag and Samanta [25].

Definition I (cf. Dubois and Prade [24]). A mapping#: R —
[0, 1] is called a fuzzy real number or fuzzy interval, whose -
level set is denoted by [#], = {t € R : 5(t) > o}, if it satisfies
two axioms.

(1) There exists t, € R such that #(t,) = 1.

(2) [M]y = [Ag> py] 1s a closed interval of R for each o €
(0, 1], where —oo < A, < p, < +00.



The set of all such fuzzy real numbers is denoted by G. If
n € Gand y(t) = 0 whenever t < 0, then # is called a
nonnegative fuzzy real number, and by G* we mean the set
of all nonnegative fuzzy real numbers. If A\, = —co and p, =
+00 are admissible, then, for the sake of clarity, # is called
a generalized fuzzy real number. The sets of all generalized
fuzzy real numbers or all generalized nonnegative fuzzy real
numbers are denoted by G, and G, respectively. In that
case, if A, = -—oo, for instance, then [A,, p,] means the
interval (—00, p,].

The notation 0 stands for the fuzzy number satisfying
0(0) = 1and 0(t) = 0 if t#0. Clearly, 0 € G'. R can be
embedded in G: if a € R, then a € G satisfies a(t) = 0(t — a).

Lemma 2 (Xiao et al. [8]). Lety € G, « € (0,1], and [y, =
[Ay> Pol. Then

(1) lim, _, _n(t) =0 =lim, ,_ n(t).
(2) y(t) is a left continuous and nonincreasing function for
t € (A, +00).

(3) p, is a left continuous and nonincreasing function for
o € (0,1].

Definition 3 (cf. Kaleva and Seikkala [1]). Suppose that X is
a nonempty set and that d is a mapping from X x X into
G".Let L,R : [0,1] x [0,1] — [0, 1] be two symmetric and
nondecreasing functions such that L(0,0) = 0 and R(1,1) =
1. For a € (0,1] and x, y € X, define the mapping

[d (% 3)]q = [Aa (%) pa (3 9)] - )

The quadruple (X,d,L,R) is called a fuzzy metric space
(briefly, FMS), and d is called a fuzzy metric, if

(FM-1) d(x, y) = 0ifand onlyif x = y;
(FM-2) d(x,y) =d(y,x) forall x, y € X;
(FM-3) forall x, y,z € X :
(FM-3L) d(x, y)(s + t) = L(d(x,2)(s),d(z, y)(t)),
whenever s < A,(x,2),t < A;(z,y) and s +t <
A(x, )
(FM-3R) d(x, y)(s + t) < R(d(x,2)(s), d(z, y)(t)),
whenever s > A(x,2),t > A(z,y) and s +t >
A(x, p).
If d is a mapping from X x X into G, and (X, d, L, R) satisfies
(FM-1)-(FM-3), then (X, d, L, R) is called a generalized fuzzy
metric space (briefly, GFMS).
From Lemma 2 and Definition 3, we obtain the following
consequences.

Lemma 4. Let (X,d, L, R) be a EMS, [d(x, y)], = [A.(x, ),
P (2, ¥)] for « € (0,1], where x,y € X are any two fixed
elements. Then

(D) lim, _, _d(x, y)(t) = 0 =lim, _, , ,d(x, y)(t).

(2) d(x, y)(t) is a left continuous and nonincreasing func-
tion for t € (A,(x, y), +00).

(3) py(x, y)is aleft continuous and nonincreasing function
for o € (0,1].
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Lemma 5 (Xiao et al. [8]). Let (X,d,L,R) be a FMS, and
suppose that

(R-1) R € max;
(R-2)lim, _, ;+R(a,a) = 0.
Then (R-1) =(R-2).

Lemma 6. Let (X,d, L, R) be a FMS. Then

(1) (R-1) = for each o € (0,1], p,(x,¥) < p,(x,2) +
P2, y) forall x, y,z € X (cf. [4, 5]).

(2) (R-2) = for each « € (0,1] there exists y = p(a) €
(0, o] such that p,(x, y) < pﬂ(x, z) + pﬂ(z, y) for all
x, ¥,z € X (cf. [5, 6, 8]).

Lemma 7 (Kaleva and Seikkala [1]). Let (X, d, L, R) be a FMS
with (R-2). Then the family {U(e, &) : € > 0, € (0, 1]} of sets
U(e,a) = {(x,y) € X x X : p,(x,y) < ¢} forms a basis for a
Hausdor{f uniformity on X x X. Moreover, the sets

N,(ea)={y e X:p,(x,y) <¢} (2)

form a basis for a Hausdorff topology on X and this topology is
metrizable.

According to Lemma 7, convergence ina FMS (X, d, L, R)
can be defined by sequences. A sequence {x,} in X is said to
be convergent to x (we write x, — x or lim,_, X, = X)
if lim,,_, . d(x,,x) = 0; that is, lim,_, _ p,(x,,x) = 0 for
each o« € (0,1]; {x,} is called a Cauchy sequence in X if
lim,, , _, o, d(x,,, x,) = 0; equivalently, for any given ¢ > 0
and & € (0,1], there exists N = N(e,a) € Z* such that
Pu(Xp» X,) < & whenever m,n > N; (X,d,L,R) is said to
be complete, if each Cauchy sequence in X is convergent to
some point in X.

Lemma 8 (Kaleva and Seikkala [1]). Let (X,d, L, R) be a FMS
with R < max. Then for each « € (0, 1], p,(x, y) is continuous
at(x,y) € X x X.

3. The Real Functions Satisfying an Implicit
Lipschitz-Type Condition

Definition 9. A lower semicontinuous function F: R — R
is called a real function satisfying an implicit Lipschitz-type
condition, if the following conditions are satisfied.

(F1) F(t,,..

(F-2) There exist A, B > 0 with AB < 1 such that for
all u, v > 0, we have

.»t¢) is nonincreasing in t5, t,.

(F-2a) u < Av, whenever F(u,v,v,u,v +u,0) <0,
(%-2b) u < Bv, whenever F(u, v,u,v,0,v +u) < 0.
(#-3) Forallu > 0 with F(u,u,0,0,u,u) < 0, we have

u=0.

We denote by F the collection of all real functions F : R —
R satisfying an implicit Lipschitz-type condition.
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Remark 10. Let F € &%; if F(u4,0,0,u,u,0) < 0
or F(u,0,u,0,0,u) < 0, then by condition (&-2)
of Definition 9, we have u = 0.

The following examples show that the collection & is a
largish class of real functions.

Example 11. Let a € (0,1/2). The function F, : R} — Riis
defined by

Fy (ty,tytstystsyte) = t) —a(max {ty, ty,t,ts, t6}) s (3)

then F; € #.

In fact, it is easy to see that F, is continuous. Also,
(#-1) and (¥-3) are easy to check. For any u,v > 0, if
F,(u,v,v,u,v + u,0) < 0 or F,(u,v,u,v,0,v + u) < 0, then
we have u < (a/(1 — a))v, or u < (a/(1 — a))v respectively.
Taking A = B = a/(1 — a), we have AB = (a/(1 —a)? < 1
that is, (%-2) holds. Hence F, € &.

Example 12. Leta,b,c,d > Owitha+b+c € (0,1)anda+d €
(0,1). The function F, : R — R is defined by

F, (t,ty,ty,ty, ts tg) = tf —t, (at, + bty + cty) — dtstg;
(4)

then F, € #.

Obviously, F, is continuous, and (¥ -1) and (& -3) are easy
to check. For any u,v > 0, if F,(u,v,v,u,v + 1,0) < 0 or
E,(u,v,u,v,0,v+u) < 0, then we have W —u(av+bv +cu) <
0 or u” — u(av + bu + cv) < 0, respectively, which implies
that u < ((a +b)/(1 —¢))voru < ((a+ ¢)/(1 — b))v. Let
A=(a+b)/(1-c)and B= (a+c)/(1-b).Bya+b+c € (0,1),
we have A < 1 and B < 1; thatis, AB < 1. Thus (¥-2) holds.
Hence F, € &.

Example 13. Let a € (0,1/25). The function F; : R — R is
defined by

Fy(tptyptatptste) =ty —a(t ++1); (5

then F; € #.

Obviously, F; is continuous, and (% -1) and (¥ -3) are easy
to check.

Forany u,v > 0, if F5(u, v, v, u, v+ 1, 0) < 0, then we have
uw? —a2v® +u’ + (v +u)?) <0, which implies that

(1-a) W <2av’ + alv+ u)3

vv/3a/ (1 -a) (6)
(1-Bal G- )
Similarly, if Fy(u,v,u,v,0,v + u) < 0, then we also have
u < vJ3a/(1-a)/(1 - ~/3a/(1-a)). Let A = B =
~3a/(1 —a)/(1 — v/3a/(1 —a)). Note that a € (0,1/25); we
have 3a/(1 —a) € (0,1/8) = ~/3a/(1 —a) € (0,1/2); that is,
A = B € (0,1); thus AB < 1. Therefore (¥-2) holds. Hence
F; e 7.

<3a(v+u)3=>u<

Example 14. Let ¢y,...,¢s: R — [0,1) be five continuous
functions satisfying the following conditions.

(1) ¢y (t) + ¢y (t) + ¢s(t) < 1 forall t € R,

(ii) There exista > 0, b > 0, C > 0, D > 0 with CD <
ab, such that

inf{1-¢, (1) -¢s (1)} =a,

ltrzlg {1-¢;()-¢, (O} =1,

(7)
sup {6 )+, (1) + ¢, (1)} =C,

sup {¢r (1) + ¢5 (1) + 5 (1)} = D.

We define the function F, : R{ — R as follows:

F, (t),ty, t5,ty, b5, tg)
=t = (i (L)L +¢ L)+ ¢ (L)L (8)
+y (1) s + ¢ (1) ) -
Then F, € F.

In fact, it is easy to see that F, is continuous, and (%-1) is
satisfied.

For any u,v > 0, if F,(u,v,v,u,v + u,0) < 0, then we
have u — (¢, (V)v + ¢, (V)v + d;(V)u + ¢, (v)(v + 1)) < 0, which
implies that u < ((¢; (V) + ¢, (v) + ¢, (v)) /(1 — 5 (v) — ps(v)))v.
From condition (ii), we obtain u < (C/b)v. Similarly, if
F,(u,v,u,v,0,v + u) < 0, then we have u < ((¢;(v) + ¢5(v) +
ds(V)/(1 = ¢,(v) — ¢5(v)))v < Dfav. Let A = C/b,B =
D/a. Note that CD < ab; we have AB < 1; that is, (¥#-2)
holds.

Furthermore, for any u > 0, if F,(u,1,0,0,u,u) < 0, then
we have u— (¢, (u)u+¢,(u)u+¢s(u)u) < 0, which implies that
(1-¢p, (1) =y (1) —ps (1) )u < 0. Note that ¢, (1) +¢, (t) +¢s(t) <
1 forallt € R*; we have u = 0. This shows that (%-3) holds.
Hence F, € &#.

Example 15. Let the function F; : R; — R be defined by

FS (tl’ t2> t3’ t4’ t5’ t6)

B t, +1

t, +1
=6 - 2
20t, + 21

+ 3+
20t, + 21

t, +1
+ ts |5
2t +3

2t + 1t
5t,+6 1 (9)

ty+1
40t, +42°°

then F; € #.

In fact, in Example 14, taking ¢, (t) = (¢t + 1)/(20¢ + 21),

¢, (£) = (£ +1)/(20 + 21), ¢5(t) = (2£ + 1)/(5¢ + 6), () =
(t + 1)/(40t + 42), and ¢5(t) = (t + 1)/(2t + 3), we obtain five



continuous functions ¢, . . ., ¢s from R* into [0, 1) satisfying
the following conditions:

17 23
E<¢1(t)+¢4(t)+¢s(f)< 0 <1,

9
itleg{l — ¢, (1) = ¢s (1)} = 50°
23
inf {1-¢5 () = ¢4 O} = 1 (10)

sup {6, (1) + ¢, (1) + ¢, ()} = é

19
sup {¢; (t) + ¢5 (1) + ¢s (1)} = o
t=0

It is evident that 1/8 - 19/20 = 19/160 < 207/800 =
9/20-23/40, and so all conditions of Example 14 are satisfied.
Therefore, F; € &.

Example16. Leta,b,c,d,e > Owitha+d+e < 1,c+d < land
b+e < 1. Thereexists§ > Osuchthata+b+c+d+e=1+6
and (c—b)(e—d) > 28. We define the function Fg : R, — R
as follows:

Fg (t1,tyotsoty ts t) =t — (at, + bty + cty + dts +etg);
(11)

then Fy € #.

Obviously, in Example 14, taking ¢,(t) = a, ¢,(t) = b,
¢5(t) = ¢, p4(t) = d, and ¢5(t) = e, we obtain five continuous
functions ¢,,...,¢s from R" into [0, 1). Moreover, by (c —
b)(e —d) > 26, we have e#d. Hence, 0 < a + d + e < 1; that
is, condition (i) of Example 14 holds.

Furthermore, 0 < 1 -b—e,0 < 1 - ¢ —d is obvious. Note
thata < 1 and (c — b)(e — d) > 28; it follows that

a(l+6)+be+tcd<a+d+be+cd<a—-38+bd+ce.

(12)
Bya+b+c+d+e=1+0, weobtain
a(@a+b+c+d+e)+be+cd
+bc+de<1-b-c—-d (13)

—e+bd+ce+bc+de,

which implies that (a + b+ d)(a+c+e) < (1 —c—-d)(1 -
b - e). Hence, condition (ii) of Example 14 is satisfied. Thus,
by Example 14, we have F; € F.

Remark 17. The numbers a,b,c,d,e, and § in Example 16
really exist. For example, if we take § = 1/40, a = 1/20,
b=1/20,c =2/5,d =1/40,and e = 1/2,thena+b+c+d+e =
1+1/40,a+d+e = 23/40 < 1l,c+d = 17/40 < 1,
b+e=11/20 < 1, and (c — b)(e — d) = 133/800 > 1/20;
that is, the conditions of Example 16 are satisfied.
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Example 18. Define the function F, : R — R as follows:

F, (t,ty, ty,ty, ts t) =t — (at, + bty + cty + dits + etg),
(14)

where a,b, ¢, d, and e are nonnegative real numbers, with a +
b+c+d+e=1andeitherc > b, e>dorc< b, e <d.Then
F, e &.

In fact, if we take ¢, (t) = a, §,(t) = b, ¢5(t) = ¢, ¢,(t) = d,
and ¢s(t) = e, then condition (i) of Example 14 is obviously
satisfied. Note thatc > b,e > d; we have (a+b+d)(a+c+e) =
(1-c-e)(1-b-d) < (1-c—d)(1-b-e);thatis, condition
(ii) of Example 14 is satisfied. Similarly, we can prove the case
of ¢ < b, e < d. Therefore, by Example 14, F, € #.

4. Main Results

Theorem19. Let (X, d, L, R) be a complete FMS with R < max
and let S and T be two self-mappings on (X, d, L, R). If there
exists F € & such that

u-F(u,v,w,st,g) 2L (Sx,Ty),
d(Sx,Ty) (u—-F (u,v,w,s,t,9))
<max {d (Sx,Ty) (u),d (x,y) (v),d (x,Sx) (w),

d(y,Ty)(s),d (x,Ty) (t).d (y,5x) (9)},
(15)

forall x,y € X, whenever u > A,(Sx,Ty), v = A,(x, ),
w = A(x,Sx), s = A (0Ty), t = A(x,Ty), and g >
A (y,8x), then S and T have a unique common fixed point in
X. Moreover, for any x,, € X, the iterative process X, = SXyp
Xopss = T, k= 0,1,2,.., converges to the fixed point.

Proof. Firstly, we use (15) to prove that the following inequal-
ity:

F(py (S%:Ty) > po (%2 ) » Po (%),
(16)

P (15 TY) s P (. TY) s po (,8%)) < O

holds for all x, y € X and « € (0, 1].

In fact, for each x,y € X and & € (0,1], if we set
Pu($%:Ty) = 1, po(X,y) = v, po(%,5%) = w, po(y,Ty) =
S P (6, Ty) = t, p(y,Sx) = g, then, for any ¢ > 0, it
is obvious that d(Sx, Ty)(u + &) < a, d(x, y)(v + €) < «,
d,Sx)(w+¢) < a,dy, Ty)s+¢) < a, dx,Ty)t +¢) <
a,d(y,8x)(g+¢€) < a,andu+e = A,(Sx,Ty),v+¢e =
M y),w +e 2 A(x8x),s +e =2 A(y,Ty),t+¢ 2
A, Ty), g + € = A(y,8x). By (15), we have u + ¢ — F(u +
v+ wte s+et+e, gte) 2 A (Sx, Ty)and d(Sx, Ty)(u+
e-Flut+ev+ew+es+et+eg+e)) <a which imply
that

F(py (8, Ty) + & po (%, ¥) + & py (%, 5%) + & p, (1, T)

+6p, (%, Ty) + & p, (1,Sx) +€) < &
17)
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then by the arbitrariness of € and the lower semicontinuity of
F, we have

F (o (S, T¥) poc (%, ) > o (2:8%) 5 po (3, Ty)
pu (%, Ty) po (1, 5%))
< lim ilO1fF (py (Sx, Ty) + & py (%, ¥) + & py (x,5x) + &,

P (15 Ty) + & po (X, Ty) + & p (¥, Sx) +€)

N
L

(18)

for each x, y € X and « € (0, 1]; that is, the inequality (16)
holds for all x, y € X and « € (0, 1].

For any x, € X, we construct an iterative sequence {x,}
in X as follows:

k=0,1,2,.... (19)

Xoke1 = X Xpp = TXopeyrs

Fork =0,1,2,..., applying (16), we obtain for each & € (0, 1]

F (P(x (szka Tx2k+1) > Pa (xzk’ x2k+1) > Pa (leo szk) >
Pa (x2k+1) Tx2k+1) > Pa (xzk’ Tx2k+1) > Pa (x2k+1’ szk))
=F (Poc (x2k+1’ x2k+2) > Pa (xzk’ x2k+1) > Pa (xzk’ x2k+1) >

P (x2k+1> x2k+2) > Pa (xzk,x2k+2) > 0) <0.
(20)

By the known condition R < max and conclusion (1)
of Lemma 6, we have p, (x5, Xo0) S Po(Xo> Xops1) +
PalX2k11> X2i42)- Note that F is nonincreasing in fg; it is not
difficult to see that

F (Pa (%2ks1> x2k+2) > Po (xzk’ Xkr1) s Pa (xzk’ Xki1) s
Poc (%akr1> Xak42) > Poc (X2k> Xok41) (21)
+ po (X2ks1> Xoks2)»0) <0, for each a € (0,1].

Since F € &, there exists A > 0 such that

for each o € (0,1].
(22)

Pa (x2k+1’ x2k+2) < Apy (xzk: x2k+1) >

Similarly, for k = 0,1,2,..., applying (16), we obtain for
each o € (0,1]

F (Po (S%3pc120 TXok1) > P (ks X1 »

Pao (x2k+2> Sx2k+2) > Py (x2k+1’ Tx2k+1) >

Pao (x2k+2> Tx2k+1) > Py (x2k+1, Sx2k+2)) (23)
= F (o (%2430 X2ke42) > P (Xakes2s Xkea1) »

Pa (x2k+2, x2k+3) > Pa (x2k+1> x2k+2) »0,

Pa (x2k+1’x2k+3)) <0.

By R < max and (1) of Lemma 6, we have p, (x5, 1> Xop13) <
Pa( Xk 1> Xaier2)+Po (Xoks2> Xok43)- Note that F is nonincreas-
ing in t¢; we obtain
F (po (Xaks30 Xak42) » Poc (k20 Xaka1) > P (%220 X2k43) »
P (¥2ke1> X242) > 0 P (¥ks1> Xoier2)

+Py (Xap42> Xk43)) < 0, for each o € (0,1].

(24)
Since F € &, there exists B > 0 such that

for each a € (0,1].
(25)

Pa (X2k+3’ x2k+2) < Bp, (x2k+1, x2k+2) >

Using inductive method, for k = 0, 1,2, ..., we can obtain

Pa (Xakes1> Xaks2) < APy (X0 Xges1)
< ABp,, (X1 %)
<o+ <(AB)*Ap, (%, %) »
Pa (Xakes2s Xoke3) < Bpo (Xoies1 Xks2) (26)
< BAp, (%0 Xok11)
< < (AR oy (30,31
for each « € (0,1].

Next, we prove that the sequence {x,} is a Cauchy
sequence. For k < p, by R < max and conclusion (1) of
Lemma 6, we have for each o € (0, 1]

Pu (x2k+1’x2p+l) < Po (Xgjer1s Xogean) + 77+ Py (x2p’x2p+1)

S .
< (AZ(AB)’ + ) (AB)') o (%0, %)

i=k i=k+1

k k+1
< ( A AB)"  (AB)

1-AB

1-AB

) o)

< M(AB)kp“ (%0 %1) >
(27)

where M = (A + AB)/(1 — AB). By the similar reasoning
process, we have for each « € (0, 1]

Pa (xzk’x2p+1) < M(ABY*p, (x4, %) »
Pa (x2k7x2p) < M(AB)*p, (xg,x,), (28)
Pa (x2k+1’x2p) S M(AB)szx (x50, %1) -

Then there exists k(n) with (n—1)/2 <k <n/2for0 <n < m,
such that for each « € (0, 1]

Poc (xm’xn) < M(AB)szx (xO’ xl) . (29)



Since 0 < AB < 1, it is evident that the sequence {x,} is
a Cauchy sequence in X. By the completeness of X, we set
lim x, = x, € X. Applying (16), we have

n— 00

F(sz (Sx*’TxZnH)’Poc (x*’x2n+1)’Poc (x*,Sx*),
Pa (x2n+1’ Tx2n+1) > Pa (X*, Tx2n+1) > Pa (x2k+1’sx*))
:F(poc (Sx*’x2n+2)’sz (x*’x2n+1)’sz (x*,SX*),

Pao (x2n+1’ x2n+2) > Pa (x*’ x2n+2) > Pa (x2k+1> Sx* ))

<0,
(30)

for each o € (0,1]. Let n — 00; by the lower semicontinuity
of F and Lemma 8, we have

F(p, (Sx,,x,),0,p, (x,,5x,),0,0, p, (x,,5x,))

< hnnll(ng (sz (Sx*’ x2n+2) > Pu (X*, x2n+1) >
(1)

Py (.X*, SX*) > Po (‘x2n+l’ x2n+2) >

Pu ('x*’x2n+2) > Pa (x2k+1’ Sx*)) <0,

for each o € (0, 1]. By Remark 10, p,(Sx,, x,) = 0 for each
« € (0, 1], which implies that x, is a fixed point of S.
Similarly, for each « € (0, 1], we have

F (poc (SxZn’ Tx*) > Po ('xZn’ X*) > Pa (xZn’ SxZn) >
Pu (x*’ Tx*) > Pa (xZn’ Tx*) > Pa (x*’ SxZn))
=F (Poc (x2n+1’ Tx*) > Pa (in,x*) > Pa (xZn’XZrH-l) >

Poc (X*, Tx*) > Poc (x2n’ Tx*) ’sz (X*, x2n+1)) < 0.
(32)

Letn — o00; by the lower semicontinuity of F and Lemma 8,
we have for each « € (0, 1]

F(py(x,,Tx,),0,0,p, (x,,Tx,), py (x,,Tx,),0) < 0.
(33)

By Remark 10, p,(x,,Tx,) = 0 for each « € (0, 1], which
implies that x, is also a fixed point of T. Thus x, is a common
fixed point of S, T

Lastly, we prove the uniqueness of the common fixed
point. If x* is another common fixed point of S, T, then by
(16), we have for each « € (0, 1]

F (py (82, Tx") s po (%, x7) 5 Py (%4, S%,) 5
P (X7, TxX7), po (%, TX7) 5 po (%7, 8,))
= F(py (% %7 po (%,,%7), 0,0,

Pu(X05%7), pa (%7, %)) 0.

Note that F € &, and by (&-3) of Definition 9, we obtain

(34)

pu(x*,x,) = 0 for each « € (0,1]; hence x* = x,.
The uniqueness is proved and we complete the proof of the
theorem. O

Abstract and Applied Analysis

According to the proof of Theorem 19, we can easily
obtain the following corollary.

Corollary 20. Let (X,d,L,R) be a complete FMS with R <
max and let S and T be two self-mappings on (X,d, L, R). If
there exists F € F such that (16) holds for all x,y € X and
a € (0,1], then S and T have a unique common fixed point in
X. Moreover, for any x, € X, the iterative process X,j,; = SXp
Xopss = T, kK =0,1,2,.., converges to the fixed point.

Theorem 21. Let (X,d,L,R) be a complete FMS with R <
max. Let ¢y, ..., ¢s : RY — [0, 1) be five continuous functions
which satisfy the following conditions:

(i) ¢, (t) + ¢, (t) + ¢s(t) < 1 forallt € RY,

(ii) 0 < info{1 =, () = Ps(t)} = a, 0 < inf {1 — 5 (t) -
Gu(t)} = b, 0 < supply (1) + () + g0} = C,
0< Supt;o{‘/)l(t) +¢5(t) + ¢5(t)} = D and CD < ab.

Let S and T be two self-mappings on (X, d, L, R) such that

Pa (S, Ty) < ¢y (po (%, ) po (6 )+, (P (3, ¥))
X Py (%, 8%) + b5 (ps (%, ¥)) pu (1, T)
(35)
+ ¢y (Pu (%, 1)) pa (%, Ty)
+¢s (P (%, 1)) pa (7, S%)

forall x,y € X and « € (0,1]. Then S and T have a unique
common fixed point in X. Moreover, for any x, € X, the
iterative process Xy.,; = SXyp Xoppn = IXopyok = 0,1,2,..,
converges to the fixed point.

Proof. Taking F(t,, t, ts, by, ts, tg) =t — [, (£,)t, + ¢, ()5 +
b5 (t,)t + Py (t,)ts + Ps(t,)t4], from the known conditions (i)
and (ii) and Example 14, we obtain F = F, € . Furthermore,
from (35) we can easily derive the inequality (16). Then by
Corollary 20, the theorem is proved. O

Corollary 22. Let (X,d,L,R) be a complete FMS with R <
max and let S and T be two self-mappings on (X,d, L, R). If
thereexista,b,c,d,e 2 0and § > O witha+b+c+d+e = 1+6,
at+d+e<l,c+d<l,b+e<land(c-b)le—d) > 26, such
that

Po (S, Ty) < ap, (x, y) + bpy (x, Sx)

+cpy (1 Ty) +dpy (%, Ty) + epy (1, Sx) s
(36)

forall x,y € X and « € (0,1], then S and T have a unique
common fixed point in X. Moreover, for any x, € X, the
iterative process X,,; = SXop» Xoan = I1%ope, K =0,1,2,..,
converges to the fixed point.

Proof. Taking F(ty,t,,t5,t,,t5,ts) = t; — (at, + bty + cty +
dts + etg), note that the known conditions and Example 16,
we have F = F, € &. Furthermore, from (36) we can easily
derive the inequality (16). Then by Corollary 20, the corollary
is proved. O
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5. Applications to the Ordinary Metric
Spaces and Examples

In this section, we first establish some common fixed point
theorems for a pair of self-mappings satisfying an implicit
Lipschitz-type condition in complete metric spaces. After
that, we give two examples, by which we can claim that our
conclusions are really generalizations of the early results.

Let (X, p) be an ordinary metric space and

I, t= )
aw0-{y 1200

Then (X, d, min, max) is a FMS (cf. [1, 9]). It is easy to see that
(X, p) and (X, d, min, max) are homeomorphic and p(x, y) =
Pa(x, y) forall « € (0, 1].

Vx,ye X, t eR. (37)

Theorem 23. Let (X, p) be a complete metric space and let S
and T be two self-mappings on (X, p). If there exists F € F
such that

F(p(Sx.Ty),p(x,9),p (x,5x),
p(1.Ty),p(x.Ty), p(y,8x)) <0,

forall x,y € X. Then S and T have a unique common fixed
point in X. Moreover, for any x, € X, the iterative process
Xope1 = SXopo Xoprr = Txpper k= 0,1,2,..., converges to
the fixed point.

(38)

Proof. Note that the topology and completeness of (X, p) and
the induced FMS (X, d, min, max) are coincident, as well as
p(x,y) = pyu(x,y) forall « € (0, 1]; it is not difficult to see
that the inequality (16) holds as a result of (38). Moreover,
the other conditions of Corollary 20 are satisfied; thus by
Corollary 20, the theorem is proved. O

Applying the same method, we can obtain the follow-
ing theorem and corollary by virtue of Theorem 21 and
Corollary 22, respectively.

Theorem 24. Let (X, p) be a complete metric space. Let
Gpse. s : R — [0,1) be five continuous functions which
satisfy the following conditions:

() @y (t) + ¢y (t) + () < 1 forall t € RY,

(ii) 0 < inf,s{1 - ¢, (t) — bs(£)} = a2, 0 < inf 5o {1 — by (E) -
¢4(1)} = b,0 < sup,,{; (t) + $,(t) + P, (1)} = C,0 <
Sup,-o ¢y (1) + ¢5(t) + ¢5(t)} = D and CD < ab.

Let S and T be two self-mappings on (X, p) such that
p(Sx,Ty) < ¢y (p(x, 7)) p (%, )
+ ¢, (p (%, 7)) p (x,8x)
+¢5(p(x.9)) p (. Ty) (39)
+ ¢4 (p (7)) p (%, Ty)

+¢s (p (% 9) p(,8x),

forall x,y € X. Then S and T have a unique common fixed
point in X. Moreover, for any x, € X, the iterative process
Xor1 = SXopo Xgper = Ty k= 0,1,2,.., converges to
the fixed point.

Corollary 25. Let (X, p) be a complete metric space and let S
and T be two self-mappings on (X, p). If there exista, b, c,d, e >
0,andé > Owitha+b+c+d+e=1+8,a+d+e<1,
c+d<l,b+e<1,and(c-b)e-d) > 20, such that

p(Sx,Ty) <ap(x,y) +bp (x,Sx)
(40)
+cp (3, Ty) +dp (x,Ty) +ep(y,Sx),

forall x,y € X, then S and T have a unique common fixed
point in X. Moreover, for any x, € X, the iterative process
Xopr1 = SXop Xopsn = TXpi, k= 0,1,2,..., converges to
the fixed point.

By Theorem 23 and Example 18, we can also obtain the
following corollary.

Corollary 26. Let (X, p) be a complete metric space and let S
and T be two self-mappings on (X, p). If there exista, b, c,d, e >
Owitha+b+c+d+e=1andeitherc >b,e>dorc<b,
e < d, such that

p(Sx,Ty) < ap(x,y) +bp (x,5x)
(41)

+cp(y,Ty) +dp(x,Ty) +ep(y,8x),

forall x,y € X, then S and T have a unique common fixed
point in X. Moreover, for any x, € X, the iterative process
Xopr1 = SXopo Xgper = T k= 0,1,2,.., converges to
the fixed point.

Remark 27 In the conditions of Theorem 1 of [13], if we
suppose the functions A(x, y), B(x, y), C(x, ¥), D(x, y), and
E(x, y) to be continuous, then the theorem is just Theorem 24
in this paper. Therefore, in some sense, Theorem 23 is
the improvement and generalizations of Theorem 1 in [13].
Meanwhile, Corollaries 25 and 26 are just Corollaries 1 and 2
in [13], respectively.

If we assume T = S, then, by Corollary 26, we can obtain
the following corollary.

Corollary 28. Let (X, p) be a complete metric space and let S
be a self-mapping on (X, p). If there exist a,b,c,d,e > 0 with
a+b+c+d+e=1andeitherc >b,e>dorc<be<d,
such that
p(Sx,Sy) <ap(x,y) +bp(x,5x)
(42)
+cp (3. 8y) +dp (x.Sy) +ep (3, 5x),

forallx, y € X, then S has a unique fixed point in X. Moreover,
for any x, € X, the iterative process x,,.; = Sx,,n=0,1,2,...,
converges to the fixed point.

Corollary 29. Let (X, p) be a complete metric space and let S
be a self-mapping on (X, p). If there exist A, B,C € [0, 1) with
A+ B+ C < 1, such that

p(Sx,8y) < Ap(x,y) + Bp (x,8x) + Cp (1,Sy),  (43)



forallx, y € X, then S has a unique fixed point in X. Moreover,
for any x,, € X, the iterative process x,,,; = Sx,,n=0,1,2,...,
converges to the fixed point.

Proof. f B> C,byA+B+C < 1l,wecantake4d =1 - (A +
B+C),andleta = A,b = B+8,c =C,d = 28,and e = ; then
wehavea+b+c+d+e=1, c<b, e<d,andforx, y € X,

p(Sx,Sy) < Ap(x, y) + Bp (x,Sx) + Cp (. Sy)
<ap(x,y) +bp (x,5x) +cp (3, Sy) (44)

+dp (x,Sy) +ep(y,Sx),

which imply that the conditions of Corollary 28 are satisfied.
Similarly, we can prove the case of B < C. Therefore, by
Corollary 28, the corollary is proved. O

Remark 30. Corollary 29 is just the fixed point theorem for
Reich-type contraction mappings in [26, 27]. Meanwhile, we
can easily see that the conditions of Corollary 28 generalize
the Reich-type contractive conditions in Corollary 29.

Remark 31. If we take F = F, in Theorem 23, then
Theorem 23 is the generalizations of the fixed point theorem
for mappings satisfying Ciri¢-type [28] contractive condi-
tions to the common fixed point theorem for a pair of self-
mappings with a € (0, 1/2).

Now we give two examples, by which we can claim that
the theorems in this paper are really the generalizations of
the general contractive type fixed point theorems.

Example 32. Suppose X = {0, 1,2}, p is an ordinary metric;
then (X, p) is a complete metric space.

We define two mappings S, T : X — X as follows: S(0) =
S(1)=S8(2) =0, T(0) =T(1) =0, T(2) = 1; then

p(8(0),T(0)) = p(S(0), T (1))
=p(S(1),T(0) =p(S(1),T (1))
=p(S(2),T(0)=p(5(2),T (1) =0,

p(S(0),T(2)) = p(S(1),T(2)) =p(S(2),T(2)) = 1.
(45)

We take 6 = 1/40,a = 1/40,b = 1/40, c = 9/20,d = 1/40,
ande =1/2;thena+b+c+d+e=1+8,a+d+e < 1,c+d <
1,b+e < 1,and (c — b)(e — d) > 28; that is, these numbers
satisty the conditions of Corollary 25. Moreover,

1 1 9
p(80),T(2) < 15p(0,2) + 2-p(0,5(0) + —-p(2,T(2))

1 1 61
* 0P 0T @)+ 5p(2,8(0)) = 7
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1 1 9
PSM,T@)< 5p(1L2) + op(LSW) + 5p(2,T(2)
1 1 3
+ P (LT@)+ Zp@SM) =7,

1 1 9
p(S(2),T(2) < EP(% 2) + EP(Z,S(Z)) + EP(Z’T(Z))

61

1 1
+ EP(Z,T(Z)) + 5/3(2,8(2)) =

(46)
Hence S, T satisfy the nonexpansive condition, and they have

a unique common fixed point. But for any nonnegative real
numbers «, B,y with 0 < a + 23 + 2y < 1, we have

ap(1,2) + B(p(1,S(1) + p (2, T (2)))
+y(p(LT(2)+p(2,5(1))) (47)
=a+2B+2y<1=p(S(1),T(2);

thus S, T cannot satisfy the general contractive type condition
O<a+2f+2p<1.

Remark 33. For the examples satisfying the conditions a + b+
c+d+e = 1andeitherc > b,e > dorc < b,e < din
Corollary 26, we refer the reader to Example 2 in [13].

Example 34. Suppose X = {0,1,2}; p is a discrete metric,
then (X, p) is a complete metric space.

Likewise, we define the mappings S,T : X — X as
follows: S(0) = S(1) =S(2) =0, T(0) =T(1) =0, T(2) = 1;
then

P (8(0),T(0)) = p(S(0), T (1))
= p(S(1),T(0)) = p(S(1),T (1)
=p(8(2),T(0)=p(S(2),T (1) =0,
P(S(0),T@)=p(S(1),T(2)=p(S(2),TQ)=1.
(48)

We take 8 = 1/40,a = 1/40,b = 1/40, ¢ = 9/20,d = 1/40,
e=1/2,thena+b+c+d+e=1+8,a+d+e<1l,c+d <1,
b+e < 1,and (c-b)(e—d) > 26; that is, these numbers satisfy
the conditions of Corollary 25. Moreover,

PS(0),T@) = p(0.2)+ p(O.50) +-p (AT (2)
+ 2P OT )+ 2p2.SO) = 1,

PEW.T@) = 1-p(12)+ 2p (LS + op (LT ()
FCp(LT@) +5p (S = 1,

PR T@) = p@D+pRSC)+oop(RT(2)

1 1
+ 1 PBT@)+2p2S@)=1.
(49)
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Hence S, T satisfy the nonexpansive condition, and they have
aunique common fixed point. While for any nonnegative real
numbers &, B,y, %, 4 < L withw + B+ y + 7+ p < 1, we have

ap(L,2)+ Bp(1,S1) +yp (2, T(2)) +np (1, T (2))

+up(2,S()) =a+f+y+u<l=p(SQ1),T(2);
(50)

thus S, T' cannot satisfy the general contractive type condition
a+f+y+n+u<l.

6. Conclusion

In this paper, we studied the existence and uniqueness of fixed
points for nonlinear contractions in fuzzy metric spaces in the
sense of Kaleva-Seikkala. By virtue of a level-cut method, we
established relationships between fuzzy metric and a family
of quasi-metrics. Using them, we obtained some common
fixed point theorems for a pair of self-mappings satisfying
an implicit Lipschitz-type conditions in fuzzy metric spaces.
Obviously, the present investigation enriches our knowledge
of fixed points in fuzzy metric spaces. But, the work in this
paper with respect to fixed point in fuzzy setting is based on
R < max. The question whether the discussion can be carried
out under the weaker condition (R-2) deserves our further
investigation.
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