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1. Introduction

Let D be the open unit disk in the complex plane and H (D) the class of all analytic functions
on D. The a-Bloch space B* (a > 0) on D is the space of all analytic functions f on D such that

£ llpe = [£@)] +sup(1-121") | (2)] < oo, (1.1)
z€eD
Under the above norm, B* is a Banach space. When a = 1, B! = B is the well-known

Bloch space. Let Bj denote the subspace of B* consisting of those f € B* for which
1- |z|2)a|f’(z)| — 0 as |z] — 1. This space is called the little a-Bloch space.

Assume that p is a positive continuous function on [0,1), and there exist positive
numbers sand t, 0 < s < t,and 6 € [0, 1) such that

u(r) . . ()
-1y is decreasing on [§, 1),}111} A=y - 0,
1.2
ulr) .. ) . () (12
- is increasing on [6,1),lim T =0,
1-7r) r=1(1-r)

then p is called a normal function (see [1]).
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An f € H(D) is said to belong to the Bloch-type space B, = B, (D), if (see, e.g, [2-5])

1715, = 17O +supu(zh| f'(2)] < oo (1.3)

B, is a Banach space with the norm || - ||,3,4 (see [3]). When p(r) = (1 -7?)", the induced space
B, becomes the a-Bloch space B“.

Throughout this paper, we assume that K : [0,c0) — [0,00) is a nondecreasing
continuous function. Assume that p > 0, g > -2. A function f € H(D) is said to belong
to Qi (p, q) (see [6]) if

1/p
1= (e IF@F (1-af) K(stempan) ) <o a4
aeD/J D

where dA denotes the normalized Lebesgue area measure in D (i.e., A(D) = 1) and g(z, a) is
the Green function with logarithmic singularity at a, that is, g(z, a) = log(1/|pa(2)]) (¢, is a
conformal automorphism defined by ¢,(z) = (a —z)/(1 —az) fora e D). If K(x) =x°, 5 >0,
the space Qk (p, q) equals to F(p, g, s), which is introduced by Zhao in [7]. Moreover (see [7])
we have that, F(p,q,s) = B4*2/?, and Fy(p,q,s) = B((f’ﬂ)/p fors > 1, F(p,q,s) C B42/p,
and Fo(p,q,5) € BY?7 for 0 < s <1, F(2,0,5) = Qs, and Fy(2,0,5) = Qs, F(2,1,0) = H?,
F(2,0,1) = BMOA, and Fy(2,0,1) = VMOA. When p > 1, Qk(p, q) is a Banach space under
the norm

£ llaxip = £ O+ £l (1.5)

From [6], we know that Qx (p,q) C BY*2/P, Qk(p, q) = B@*?D/P if and only if

fl (1- r2>72K(— logr)rdr < oo. (1.6)
0

Moreovet, || fllzq2m < C||f||QK( ) (see in [6, Theorem 2.1] or [8, Lemma 2.1]). Throughout
the paper we assume that (see fé])

f (1-72)"K(~logr)rdr < oo, (1.7)
0

since otherwise Qk (p, g) consists only of constant functions.

Let ¢ denote a nonconstant analytic self-map of . Associated with ¢ is the
composition operator C, defined by C,f = f o for f € H(ID). The problem of characterizing
the boundedness and compactness of composition operators on many Banach spaces of
analytic functions has attracted lots of attention recently, see, for example, [9, 10] and the
reference therein.



Abstract and Applied Analysis 3

Let D be the differentiation operator on H(D), that is, Df(z) = f'(z). For f €
H (D), the products of composition and differentiation operators DC, and C,D are defined,
respectively, by

DC,(f) = (fog) =f(9) ¢,
CyD(f) = f'(p), feHD).

(1.8)

The boundedness and compactness of DC,, on the Hardy space were investigated by
Hibschweiler and Portnoy in [11] and by Ohno in [12]. The case of the Bergman spaces was
studied in [11], while the case of the Hilbert-Bergman space was studied by Stevi¢ in [13].
In [14], Li and Stevi¢ studied the boundedness and compactness of the operator DC,, on a-
Bloch spaces, while in [15] they studied these operators between H* and a-Bloch spaces.
The boundedness and compactness of the operator DC,, from mixed-norm spaces to a-Bloch
spaces was studied by Li and Stevi¢ in [16]. Norm and essential norm of the operator DC,,
from a-Bloch spaces to weighted-type spaces were studied by Stevi¢ in [17]. Some related
operators can be also found in [18-21]. For some other papers on products of linear operators
on spaces of holomorphic functions, mostly integral-type and composition operators, see, for
example, the following papers by Li and Stevi¢: [5, 22-30].

Motivated basically by papers [14, 15], in this paper, we study the operators DC,, and
C(pD from Qk (p, q) space to B 4 and B0 spaces. Some sufficient and necessary conditions for
the boundedness and compactness of these operators are given.

Throughout this paper, constants are denoted by C, they are positive and may differ
from one occurrence to the other. The notation A < B means that there is a positive constant
Csuch that B/C < A <CB.

2. Main Results and Proofs

In this section we give our main results and proofs. For this purpose, we need some auxiliary
results. The following lemma can be proved in a standard way (see, e.g, in [9, Proposition
3.11]). A detailed proof, can be found, for example, in [31].

Lemma 2.1. Let ¢ be an analytic self-map of D. Suppose that p is normal, p > 0, g > 2. Then
DCy(or CyD) : Qk(p,q) — By is compact if and only if DCy(or C,D) : Qk(p,q) — By is
bounded and for any bounded sequence (fy),cy in Qx(p,q) which converges to zero uniformly on
compact subsets of D, one has ||DC,, fn, — 0 (or |CyD fr — 0)asn — oo.

I, I,

The following lemma can be proved similarly as [32], one omits the details (see also
(2, 4]).

Lemma 2.2. A closed set K in By, is compact if and only if it is bounded and satisfies

lim suppu(|z|)|f'(z)| = 0. (2.1)
21 =17 e

Now one is in a position to state and prove the main results of this paper.
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Theorem 2.3. Let ¢ be an analytic self-map of D. Suppose that p is normal, p > 0, g > =2, and K is
a nonnegative nondecreasing function on [0, oo) such that

1-r

1 -1
f K(—logr)(l—r)mi“{’l'q}<log ! >X (q)rdr<oo, (2.2)
0

where x(x) denote the characteristic function of the set O. Then DC,, : Qk(p,q) — B, is bounded
if and only if

! 2 "
u(lzD]¢' (2)] sup u(lzD]¢" (2)]

sup <o,
B (2+a)/p
= (1=l

2.3)
zeD <1 _ |()0(Z)|2>(2 a+p)/p

Proof. Suppose that the conditions in (2.3) hold. Then for any z € D and f € Qk(p, q),

=D (DC,f)' ()] = u2D| (F (9)¢') 2]
< uIDle AP (@) + k2D ]e" @I (9(2))]

u(lz) ¢ ()| u(lz))|¢"(2)]
S +g+ ”f” (a+2)/p + + ”f” q+2)/p (24)
<1 : |‘P(Z)|2>(2 q+p)/p B (1- |(p(z)|2)(2 q)/p B
Culz)|¢' ()| 1l Cu(z))|¢"(2)] 1]
- (1- l(p(z)|z)(2+q+p)/p Qk(p.9) (1- |(P(Z)|2)(2+q)/p Qk (p.q)

where we have used the fact that || fll5e.2/ < [|fllg, (4 as well as the following well-known
characterization for a-Bloch functions (see, e.g., [33])

(1+p)

sup(l - |z|2)ﬂ|(p’(z)| = |¢'(0)] + sup<1 - |z|2> l¢" (2)]. (2.5)
zeD zeD

Taking the supremum in (2.4) for z € D, then employing (2.3) we obtain that DC, :
Qk(p,q) — By is bounded.

Conversely, suppose that DC, : Qk(p,q) — B, is bounded, that is, there exists a
constant C such that ||DCq,f||BM < Clifllg, ) forall f € Qk(p, q). Taking the functions f(z) =

z,and f(z) = z%, which belong to Qk (p, q), we get

supp(|z]) 9" (2)] < oo, (2.6)

zeD

supu() (#(2)* +¢"(2)p(z)| < 0. (2.7)
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From (2.6), (2.7), and the boundedness of the function ¢(z), it follows that

supp(|z))|¢'(2)]” < 0. (2.8)
zeD
Forw € D), let
1 - |wl|?
ful2) = [l 2.9)

(1 - zz) 1 2/P
By some direct calculation we have that

q+2 w
@@+2/p)”
P )PP

. 2 2 w02
fw(w)=<q+ ><q+ +1> “ 2)/pil”
p p 1- |w|2)(q+ )/p+

From [8], we know that f,, € Qx(p,q), for each w € D, moreover there is a positive
constant C such that sup,,.p | fwllg, (g < C-Hence, we have

fro(w) =
(2.10)

C”DCtP ”QK(p,q) — B, 2 ”DCtpftp(/\) ||B,

L _4+2q+2+p p(AD YW ()|
PP (1-pp) T 211)

L A2 D] loW)]
P (1 o)

2

for A € D. Therefore, we obtain

g+2+p u(AD e’ W[ |eW)]?

#AAD " W leW] _

<C||IDG, || + : (2.12)
2+q)/p ” ?llQk(pa)—B @+q+p)/p
(1-lol?) P (- lewl?)
Next, for w € D, let
<1_|w|2>2 (q+2)/P+1 1_|w|2
Sw(z) = - (2.13)

(1-zm)@r 1 (q+2)/p (1-zw) 2P
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Then from [8], we see that g, € Qk(p,q) and supweDngllQK(p,q) < oo. Since

q+2+p lp@)[?
(1= o) "

oy (P(1)) =0, |g$()l) (‘P()t))i = / (2.14)

we have

q+2+p p(AD)]g' W[l

0 > C”DC‘P”QK(p,q)HB” 2 ”Dcfl’g‘/’(/\)”Bﬂ 2 p 5 (2+q+p)/p' (215)
(1-lp[)
Thus
sl Dl W PleW)
/p — /
lpv)]>1/2 <1 _ |‘P(/\)|2>(2+q+p) P e <1 B |(P()L)|z>(2+q+p) p 216)
< CIDCyll g g1, < -
Inequality (2.8) gives
(D' W)* 4Crap)/p ,
sup —* GO sup  pu(IAD]9' (W) < oo. (2.17)

>(2+‘7+P)/P ~ 3(2+g+p)/p

lp(h|<1/2 <1 ~ oW lp(v|<1/2

Therefore, the first inequality in (2.3) follows from (2.16) and (2.17). From (2.12) and (2.15),
we obtain

sup p(AD 9" M [l )]

(2.18)
@ a)/p
(1=l
Equations (2.6) and (2.18) imply
H(AD " (V)] <9 1D |o" (WD) [[p(V)]
e =< S N (2.19)
lp[>1/2 (1 ~ o] ) lp(0)]>1/2 (1 ~ o] )
p(AD " (1) 4@+a)/p :
| (ZJW < Saarp. sup u(ADly ()] <o (2.20)
lp(V)[<1/2 <1 — o) |2> lp(V)[<1/2

Inequality (2.19) together with (2.20) implies the second inequality of (2.3). This completes
the proof of Theorem 2.3. O
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Theorem 2.4. Let ¢ be an analytic self-map of D. Suppose that p is normal, p >0, q > -2 and K isa
nonnegative nondecreasing function on [0, o) such that (2.2) holds. Then DC,, : Qk(p,q) — By is
compact if and only if DC,, : Qk (p,q) — By, is bounded,

MiDle @ _ i _PE@L oo
2)|— (2+q+p)/p ! EYER et)/p ’
|‘P( )‘ 1<1_ |(P(Z)|2> |‘P( )| 1(1_ |(P(Z)|2>

Proof. Suppose that DC, : Qx(p,q) — B, is bounded and (2.21) holds. Let (fi)iey be a
sequence in Qk (p,q) such that sup, [l fkllg, (s < o0 and fi converges to 0 uniformly on
compact subsets of D as k — oo. By the assumption, for any € > 0, there exists a 6 € (0, 1)
such that

REN O] RENTAS]

, , (2.22)
<1 B |(P(Z)|2>(2+P+q)/r’ (1 B |(P(Z) |2>(2+q)/P €

when 6 < |p(z)| < 1. Since DC, : Qk(p,q9) — By is bounded, then from the proof of
Theorem 2.3 we have

M = supu(|z])|¢" (z)| < oo, M, = sup‘u(|z|)|(,0'(z)|2 < oo. (2.23)
zeD zeD

Let K = {z€D:|¢(z)| £ 6}. Then, we have

1DC,fells, = supr(izh | (DC,fe) )] + fi(w ) l#/ ©)]
= supp((zD)| (¢ fi @) )| + | fi (O |l ©)]
< supu(|zD ¢ )|/ ()| + supu(izDly" )| (p(2))]

+| £ (0(0)|]¢ (0]
< SI;P#(IZI)|‘P'(Z)|2|fIZ (p(2)] +supp(zD ¢ |1 (p(2))]

+supu(z)) |¢" (2) || 1 (9(2)) | + supu(z]) |¢" (2)] | i (9(2))]
D\K D\K

+| £ (9(0))]|¢'(0)]
< sgu(lzl)lso%z)lzlfz ()] +supp(lzD ¢ |1 (9(2))]

MENrIG]E 1Al
|z><2+p+q)/p fillacpa

+ | (0)) | |¢'(0)] + Csup

V(1 Jo(z)
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1(1zD 9" (2)|
+sup [ fiel
(2+p)/p Qk(p.9)
K (1~ Jg(2)[*)

< Masup| fi(¢(2))| + M sup| fi.(9(2)) | + 2Ce|l fillg, s

+ £ (90))]]¢'(0)].
(2.24)

The assumption that fy — 0 as k — oo on compact subsets of D along with Cauchy’s
estimate give that f;, — 0 and f/ — 0as k — oo on compact subsets of D. Letting
k — oo in (2.24) and using the fact that € is an arbitrary positive number, we obtain
lim . o[ DCy fill;, = 0. Applying Lemma 2.1, the result follows.

Now, suppose that DC,, : Qk(p,q) — B, is compact. Then it is clear that DC, :
Qk(p,q) — By is bounded. Let (zk),y be a sequence in D such that |¢p(zx)| — 1lask — oo
(if such a sequence does not exist then condition (2.21) is vacuously satisfied). Let

1-|o(z0)|”

(1-9G0z) "

fr(z) = (2.25)

Then, sup |l fillg, (g < o0 and fi converges to 0 uniformly on compact subsets of D as k —
0. Since DC,, : Qk(p,q) — By is compact, by Lemma 2.1 we have limk_>m||DCq,fk||B =0.
"

On the other hand, from (2.11) we have

2+q2+p+qp(aDly @ eI 2+ q pllzd) oo lo)|

CIDCy fill 5, >
(2+g+p)/p (2+q)/p
T eer) 7 (1 loteo)
(2.26)
which implies that
p 2rarp pladle @ PleEo L pdzdle @0lle)| (2.27)
_ Q+gp) /P lp(z)|— +q)/p ’ .
|o(zi)] =1 p <1_ |(P(Zk)|2> e lp(ze)|—1 <1_ |(P(Zk)|2> 9/p
if one of these two limits exists.
Next, for k € N, set
<1_ |‘P(Zk)|2>2 q+2+p 1—|(p(Zk)|2
gk(z) = - : (2.28)
(q+2)/p+1 q+2 — \@+2)/p
(1-9(z0z) (1-9(02)
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Then (gx) ¢y is @ sequence in Qk (p, ). Notice that g (¢(zx)) =0,

2+g+p lo(z)|?

, (2.29)
@y
P (1-leeol?)

|gr (p(zk))| =

and gk converges to 0 uniformly on compact subsets of D as k — oo. Since DC,, :
Qk(p,q) — By is compact, we have limk —, || DCygkll; = 0. On the other hand, we have
"

2+ q+p ullz)| 9 @0 oz |
(2+g+p)/p
P (1= le@al)

< ”Dctpgk”m' (2.30)

Therefore

pllzil) o' (z) |° p(zil) |9 (z6) P9 (z0) |

lo(zi)| —1 (1 - |(p(zk)|2>(2+‘1+P)/P - lo(zi)| —1 (1 - |<p(Zk)|2>(2+fl+P)/P =0 (2.31)
This along with (2.27) implies
plzle' @l o)
lp(zx)| —1 <1 : |(p(zk)|2>(2+p)/p
From the last two equalities, the desired result follows. O

Theorem 2.5. Let ¢ be an analytic self-map of D. Suppose that y is normal, p >0, q > -2 and K isa
nonnegative nondecreasing function on [0, o) such that (2.2) holds. Then DC,, : Qx(p,q) — Byuo
is compact if and only if

miDle @l kD)
|z =1 <1 _ |(P(Z)|z>(2+q+p)/p |z —1 (1 B |(P(Z)|2>(2+q)/p

= 0. (2.33)

Proof. Sufficiency. Let f € Qk(p, q). By the proof of Theorem 2.3 we have

) T N )] V]

u(lz)|(DC,f) (2)| < C fon pryel | V| EA
e (1-1p@ )" (1= fpP) T )

(2.34)
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Taking the supremum in (2.34) over all f € Qk(p,q) such that || f ”QK(P, » < 1, then letting
|z| — 1, we get

lim  sup ‘u(|z|)|(DC(pf)'(z)|:O. (2.35)

1
[z|— ||f||QK(p,q)S1

From which by Lemma 2.2 we see that the operator DC,, : Qx(p,q) — B,,0 is compact.
Necessity. Assume that DC,, : Qx(p,q) — By, is compact. By taking the function given by
f(z) = z and using the boundedness of DC,, : Qx(p,q) — B0, we get

lim (12D |y (2)] = . (2.36)

From this, by taking the test function f(z) = z? and using the boundedness of DC, :
Qk(p,q) — B,y it follows that

Jim pu(lzD ' )] =0. (2.37)

If |||, < 1, from (2.36) and (2.37), we obtain that

7)) A 1 lim p(|=))|¢/(2)]* = 0
lzl—1 N ) /p = 2\ @) v il Y o
(1- o)) (1-llell2) (238)
()l VAL 1 lim p(|z))|¢" ()| = O,

ERS @+a)/p — @2+a)/p |z| -1
- le@ ) (-lol2) """

from which the result follows in this case.
Assume that||¢|| , = 1. Let (¢(zk)) ey be a sequence such that limy ., o [¢(zx)| = 1. From
the compactness of DC,, : Qk(p,q) — By we see that DC, : Qk(p,q) — B, is compact.
From Theorem 2.4 we get

mlDly @l
loz)] =1 (1 o(z) |2>(2+P+q)/P ’ (2.39)
lim (D¢ (2)] 040

. @alp
lp(z)] =1 <1 _ |(p(z)|2>
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From (2.36) and (2.40), we have that for every ¢ > 0, there exists an r € (0, 1) such that

"
1(1zD 9" (2)] e (2.41)
2\ (2+q)/p
(1-le=)
when r < |p(z)| < 1, and there exists a 0 € (0, 1) such that p(|z|)|¢"(z)| < e(1 - rz)(2+q)/p when
o < |z| < 1. Therefore, when o < |z| <1, and r < |p(2)| < 1, we have
"
ulzD]e"(2)] (2.42)
2\ (2+q)/p
(1-le=)
On the other hand, if 0 < |z| < 1, and |p(z)| < r, we obtain
(Iz1) 9" (=) 1 "
HEDI" @] u(lzD)]¢"(2)] <e. (2.43)

>(2+t1)/p (1- rz)(2+q)/rﬂ

(1-le@

Inequality (2.42) together with (2.43) gives the second equality of (2.33). Similarly to the
above arguments, by (2.37) and (2.39) we get the first equality of (2.33). The proof is
completed. O

From the above three theorems, we get the following corollary (see [14]).

Corollary 2.6. Let ¢ be an analytic self-map of D. Then the following statements hold.
(i) DCy : B — B is bounded if and only if

(1-12P) ¢ 2 (1-121) l¢"2)]
Sup 5 <™, sup — < oo; (2.44)
zeD (1 _ |‘P(Z)|2> D 1-|p(z)]
(i) DCy : B — B is compact if and only if DC,, : B — B is bounded,
(1-127)l¢ =) (1-1zP)l¢" ()|
im =0 lim =0; (2.45)

2 ’ 2
lp(z)] —1 (1 B |(P(Z)|2> p@I=1 1~ |o(z)]

(iii) DC,, : B — By is compact if and only if

. (1 _ |Z|2> |(P,(z)|2 iy . <1 - |Z|2> |‘P,,(Z)| 0.

: (2.46)
(a- |(p(z)|2>2 H=1 1 p(2))
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Similarly to the proofs of Theorems 2.3-2.5, we can get the following result. We omit
the proof.

Theorem 2.7. Let ¢ be an analytic self-map of D. Suppose that p is normal, p > 0, g > =2 and K is
a nonnegative nondecreasing function on [0, oo) such that (2.2) holds. Then the following statements
hold.

(i) CyD : Qx(p,q) — By is bounded if and only if

u(|z)|¢' ()]

0; (2.47)
(2+p+q)/p
< (1- o))

(ii) CyD : Qk(p,q) — By is compact if and only if C,D : Qk(p,q) — By, is bounded and

(5] UAC] I, (2.48)

= @+p+q)/p
lp(z)[—1 <1 _ |(p(z)|2>

(iii) CyD : Qk(p,q) — By, is compact if and only if

lim @] (2.49)
|z —1 2\ (2tp+q)/p
(1- 12
From Theorem 2.7 we get the following corollary.
Corollary 2.8. Let ¢ be an analytic self-map of D. Then the following statements hold.
(i) CyD : B — B is bounded if and only if
(1-121) ¢/ (2)]
sup=—————~ < (2.50)
= (1- o))
(ii) CyD : B — B is compact if and only if C,D : B — B is bounded and
(1-12P)1¢'2)]
im ———— =0 (2.51)
P (1 o)
(iii) CyD : B — By is compact if and only if
(1-120) ¢/ (2)]
lim =0. (2.52)

|zl -1 <1 B |‘P(Z)|2>2
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