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We provide a representation of elements of the space IF(A, X) for a locally convex space X and
1 < p < oo and determine its continuous dual for normed space X and 1 < p < oo. In particular,
we study the extension and characterization of isometries on I’ (N, X) space, when X is a normed
space with an unconditional basis and with a symmetric norm. In addition, we give a simple proof
of the main result of G. Ding (2002).
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1. Introduction

Let X be a Hausdorff locally convex space, let R be a family of seminorms on X determining
its topology and, let A be a set. We say that x belongs to I (A, X) if and only if

Qlrox) (@] <o (1.1)

acA

for each r in R, where 1 < p < +o0. Obviously, I’(A,X) is a Hausdorff locally convex
space with the seminorms (3,4 [(r o x)(a)]’”)l/p, for each 7 in R. When p =1, Yilmaz in [1]
investigated some structural properties of the function space I' (A, X) for a Hausdorff locally
convex space X and obtained the continuous duals of I'(A, X) and cy(A, X) for a normed
space X. It should be mentioned that [2] is a powerful tool in the detailed investigation of
mentioned function spaces.

Let X be a real F space with the F-norm ||x|| and with an unconditional basis {e, }. The
norm ||x|| is called symmetric if, for any permutation {p,} and for an arbitrary sequence {¢,}
of numbers equal either to 1 or to -1, the following equality holds (see [3]):

tier + -+ then +--- || = ||e1tiep, + - + entnep, + -+ ||- (1.2)
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As follows from the definition of symmetric norms, the operator V defined by the
formula

V(tier +---+tpe, +---) = e1tie, + -+ + entyep, + - (1.3)

is an isometry of the X onto itself.

Let E and F be normed spaces. A mapping V : E — F is called an isometry if ||Vx —
Vy| = llx — y|| for all x,y € E (see, e.g., [4]). The classical Mazur-Ulam theorem in [5]
describes the relation between isometry and linearity and states that every onto isometry
V between two normed spaces with V(0) = 0 is linear. So far, this has been generalized in
several directions (see, e.g., [6]). One of them is the study of the isometric extension problem.

Mankiewicz in [7] showed that an isometry which maps a connected subset of a
normed space X onto an open subset of another normed space Y can be extended to an
affine isometry from X to Y. In 1987, Tingley [8] posed the problem of extending an isometry
between unit spheres as follows.

Let E and F be two real Banach spaces. Suppose that Vj is a surjective isometry
between the two unit spheres S;(E) and S1(F). Is V; necessarily a restriction of a
linear or affine transformation to S1(E)?

It is very difficult to answer this question, even in two dimensional cases. In the same
paper, Tingley proved that if E and F are finite-dimensional Banach spaces and Vj : S1(E) —
S1(F) is a surjective isometry, then Vp(x) = =Vy(—x) for all x € S;(E). In [9], Ding gave an
affirmative answer to Tingley problem, when E and F are Hilbert spaces. In the case E and F
are metric vector spaces, the corresponding extension problem was investigated in [10] and
[11]. See [12] for some related results.

In this paper we obtain some structural properties of IP(A,X) for 1 < p < oo. We
mainly provide a representation of the elements of I”(A, X) space and obtain continuous
duals of IP(A, X) for a normed space X, where 1 < p < oo. We also study the extension
and characterization of isometries on IP(N, X) space, when X is a normed space with an
unconditional basis and with a symmetric norm. Finally, we give a simple proof of an
isometric extension theorem of [9].

2. Some Results of [’'(A, X) Spaces

In this section we obtain some structural properties of the function space IP (A, X)(1 < p < o).
For this purpose, we need a lemma that will be used in the proofs of our main results. We
begin with the following well-known result (see [3]).

Lemma 2.1. Let X be a real infinite-dimensional F-space with a basis {e,} and with a symmetric
norm ||x|| . Then either X is a Hilbert space or each isometry is of type(1.3).

Now we are in position to state and prove the main results in this section.
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Theorem 2.2. Let X be a Hausdorff locally convex space, let R be a family of seminorms on X
determining its topology, and let A be a set. Then each x € IP(A,X) (1 < p < oo) is represented

by

x = Zgea(la 0 x)(a), (2.1)
where I, : X — IP(A, X) is defined by
t, b=a
LHb) =1~ " beA. 22
(£)(b) {0/ bta, (2.2)

Proof. We denote by ¥ the family of all finite subsets of the index set A. We write x = ;e ([0
x)(a) if the net (3, (I 0 x)(a) : F € F) converges to x. Define

Sr(x) = X (Ia o x)(a) (2.3)

acF

for a finite subset F of A. We must prove that the net (Sp(x) : ) converges to x in IP(A, X).
By the definition of Sr(x), we have

x(a), a€F,

0, ae A\F @4)

Sr(x)(a) = {

For U € MNy(IP(A, X)) (where Ny(IP(A, X)) denotes a base of neighborhoods of the origin of
IP(A, X)), there exist e > 0 and 1, 713,...,1, € R such that

Ugﬁ{z: Z[(rioz)(a)]p<£}. (2.5)

acA

Since 3, 4[(r 0 x)(a)]? < oo for each r € R, then for i(1 < i < n), we can find F; € ¥ such that

> [ricx)(a)]’ <e. (2.6)
aEA\F,‘
Hence, setting Fy := JIL, F;, we have
Srio[x=Se()) (@] = D [(riox)(a)]f <e (2.7)
acA acA\F
for each F 2 Fy. This implies x — Sp(x) € U. Thatis x = X,ca(I; 0 x)(a). O

Remark 2.3. If X is a normed space and ||||p denotes the norm of IP(A, X), it holds that
()l = llt]l and || Lol = 1.
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Theorem 2.4. Let X be a normed space and let A be a set. Then for each f € IP(A,X) , there exists
peli(A, X') such that

fx) =D p@[x(@], (2.8)

acA

and IP (A, X) = 19(A,X"), where 1/p+1/q=1and 1 < p < oo.

Proof. By Theorem 2.2, x € IP(A, X) is represented by

x= > Ii[x(a)]. (2.9)
acA
If f € IP(A,X), then
f(x) = > f o La[x(a)]. (2.10)
acA

Define ¢ : A — X' by ¢(a) = f o I,. Next, we prove that ¢ € [1(A, X').

Let F be an arbitrary finite subset of A. Since Bishop and Phelps showed that the norm-
attainers are dense in B(X, Y) for every Banach space X when Y = F (the symbol [F denotes a
field that can be either R and C), there exists ¢(a) in the closed unit ball of X such that

lg@]| = lg(a)&(a)]] (2.11)

for each a € F. Let us write ¢(a)[¢(a)] in the polar form, that is,

p(a)[g(a)] = e

w(a)[¢(a)]], (2.12)

and define the function x from A to X by

-1 __ig, .
x(a) = {||<p<a)||" e™¢(a), if a€Fand g(a)[i(a)]#0, 213)

0, if a¢F or ¢(a)[é(a)] = 0.
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Obviously, x € IP (A, X). Therefore, for this x, we have

> w(a)[x(a)]

acA

S llg (@] e e

aeF

= Y llg@|’

ack (2.14)
<|IAI Ml

<|IfI <Z(Iqu<a>||"‘1)”>l/p

|f ()] =

p(a)[§(a)]] ‘

acF

1/p
_ ||f||<ZIIqr(a)IIq> |

acF

Thus

1/q
<Z||<p(a)||q> <l f]l < oo (2.15)

acF

Since F is an arbitrary finite subset of A, we have

1/q
ol = <z||q;<a>||q> < Ifll < oo .16)
acA

and so ¢ € 19(A, X'). Moreover, by Holder inequality, we have

1/q 1/p
If @) < D llg@lllx@ll < <Z||<P(a)||q> <lex(a)||”> = llgllixll, (217)
acA acA

acA

from which we get

A1 < Nl (2.18)

Combining (2.15) and (2.18) yields ||f|| = |[l¢|l. Thus we define a linear isometry T :
IP(A,X)" — 19(A,X') with Tf = ¢. To prove that T is surjective. Indeed, for ¢ € I1(A, X"),
there exists f defined on I” (A, X) such that

f(x) = > p(a)[x(a)], (2.19)

acA
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that is, Tf = ¢. By Mazur-Ulam theorem (see [5]), T is a linear isometry from 7 (A, X)' onto
11(A,X'), thus

P(A,X) =19(A,X)). (2.20)

The proof of this Theorem is finished. O

Theorem 2.5. Let X be a normed space with an unconditional basis and with a symmetric norm. Then
IP(N, X) is also a normed space with an unconditional basis and with a symmetric norm. Moreover,
either IP (N, X) is a Hilbert space or each isometry is of type (1.3).

Proof. Suppose that {ex} is an unconditional basis for X with [|ex|| = 1. Let

eix = (0,...,ex,0,...). (2.21)
—_—
ith place

By Theorem 2.2, if x(i) = }°, aikex then x € IP(N, X) is represented by

X = aik€ik,
l.GZN (2.22)
keN

that is {eik };cn ken 15 @ basis for IP(N, X). Note that x = 3,y xenaikeik is an unconditionally
convergent series in [P (N, X) and that {ex} is an unconditional basis for X. Thus {eik};cn ken

is an unconditional basis for I” (N, X). by the definition of norm on I”(N, X) and symmetry of
norm on X it follows that

||Zaik€ik” = (Z”aikeik”p)l/p = (Zlaikp”)l/p. (2.23)

For any permutation of positive integers {pix}, we have

”Z‘gikaikepik = <Z|aik|p>1/p, (2.24)

thus 7 (N, X) has symmetric norm. By Lemma 2.1, either " (N, X) is a Hilbert space or each
isometry is of type (1.3). O

3. A Simple Proof of an Isometric Extension Result in Hilbert Space

Lemma 3.1. Let E and F be normed spaces and let Vjy be an isometric operator mapping Si(E) into
S1(F). If for any A € Rand any x,y € S1(E),

[[Vox = IMVoy || < [l = IAly

, (3.1)

then Vy can be isometrically extended to the whole space. Furthermore, when Vj is surjective, Vi can
be linearly and isometrically extended to the whole space.
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Proof. Set

X

Vol — ), if 0,

v I °(||x||) if x7 (52)
0, if x=0.

It is easy to see that |Vx — Vy|| < ||x — y|| for all x, y € E. In particular, when ||x|| = ||y|| either
x or y is zero element, we have

[Vx=vyl = lx -yl (3.3)

Thus, it suffices to prove (3.3) whenever ||x|| > ||ly| > 0.
Suppose, on the contrary, there exist xo, 1o € E such that ||xo|| > ||yo|| > 0 and ||Vxo -
Voll < |lxo = yol|- Define a function on R by

(L) = ||x0 + X0 — x0) ||- (3.4)
The facts that ¢(\) is a continuous function, ¢(1) = |lyol| < [lxo| and lim) _+op(L) = +oc0
assure that there exists Ay € (1,+o0) such that p(Ay) = |xo|| (by the intermediate value

theorem). Let zp = xo + Ao(yo — x0). We see that xo, yo, and zo lie on a straight line and
lIzoll = ||xol]. Hence

llzo — xol = ||Zo —y0|| + ||3/0 —xo||

(3.5)
> ||Vzo = Viyo|| + [|[Vxo = Viyo|| = IVzo — Vaxol| = |Iz0 — xol,

a contradiction. Thus V, can be isometrically extended to the whole space, and V is an
extension of V.

If V} is surjective, then the conclusion follows easily from the Mazur-Ulam Theorem.

O

Theorem 3.2. Suppose that E and F are Hilbert spaces and Vy is a surjective isometric operator
mapping S1(E) onto S1(F) . Then Vy can be linearly and isometrically extended to the whole space.

Proof. Since Vj is an isometry, we have for all x, y in S; (E) that
(Vo(x) = Vo(y), Vo(x) = Vo(y)) = (x -y, x - y), (3.6)
that is,
2 - (Vo(x), Vo(y)) = (Vo(y), Vo(x)) =2 - (x,y) = (y,x), (37)
and thus we have

(Vo(x), Vo(v)) + (Vo(y), Vo(x)) = (x,y) + (Y, x). (3.8)
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The last equality gives that

(Vo(x), Vo(x)) = MV (x), Vo (1)) = MVo(y), Vo(x)) + (Vo (), Vo(y) )
=1+0% = M Vo(x), Vo(y)) = MVo(y), Vo(x))

2 (3.9)
=1+0 -Mx,y) - My, x)
= (x,x) = M, y) = My, x) + A2y, y).
Thus
Vo) = AWVo ()| = [|x - Ayl (3.10)
holds for all A in R. Now we can apply Lemma 3.1 to obtain the desired result. O
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