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1. Introduction

The widely used treatment of Einstein’s equations in numerical relativity is to cast them to the
form of a nonlinear hyperbolic system with constraints (e.g., [1-9]) and to solve by employing
sophisticated discretization techniques. In the course of solution, the constraint part is either
monitored, or explicitly imposed. It was observed that the solution of the evolution part with
no constraints produces a violation which grows rapidly breaking computations in a short
time [7, 10, 11]. An attempt to control constraint violation, by projecting the solution, or by
incorporating constraint quantities in the evolution equations, results in a longer life time of
calculations (e.g., [12-15]). It was found in [13] that exponentially growing constraint violating
solutions converge to unstable solutions of the dynamic equations, which suggests that the
constraint violation is closely related to loss of stability in the system.
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An exact solution to evolution equations in the entire space has a property that it satisfies
constraint equations automatically as long as it satisfies them initially. However, in numerical
simulations, because of the roundoff and truncation errors, one cannot hope for automatic
constraint compliance. Instead, care must be taken to ensure that the inserted perturbations
are small, and remain small during the evolution.

The behavior of the solution can be improved significantly by introducing special sets
of boundary data, the so-called constraint-preserving boundary conditions, or conditions that
imply trivial evolution of constraints [13, 16]. Several sets of such data were proposed for
various first-order formulations of Einstein’s equations (e.g., [3-5, 9, 13, 16-18]). An approach
not involving first-order reduction has been proposed in [19] where boundary conditions
were constructed by projecting Einstein’s equations on time-like boundaries. These conditions
are typically written as a system of partial differential equations restricted to the boundary,
and in cases when the equations are time-dependent and decouple from the bulk system, the
equations may be integrated in time to produce regular Dirichlet data that is compatible with
constraints [4, 18, 20].

In this work, two sets of well-posed homogeneous algebraic constraint-preserving
boundary conditions for the linearized Baumgarte-Shapiro-Shibata-Nakamura formulation
[2, 8] are constructed. As being common, our derivation starts from considering the evolution
equations for constraint quantities and looks for sets of data for the variables of the main
system that guarantee zero Dirichlet data for the constraint quantities. The procedure is similar
to the procedure found in [4] but (a) does not employ reduction to first order, and (b) does
not involve integration of equations in time along the boundary. Instead, following [17, 21],
we rewrite the equations in a special form to find well-posed constraint-preserving boundary
conditions by direct inspection. The approach can be generalized to produce boundary
conditions of the evolving type (see, [4]) and the differential type [13, 16]. To further justify
the proposed conditions, we derive an energy estimate for the nonlinear BSSN system with
boundaries extending the results of [18, 22].

Recently, a significant progress has been achieved in establishing the well-posedness of
the constraint-preserving boundary conditions for the generalized harmonic formulation of
the Einstein equations [13, 16, 23]. Methods have been developed to study the well-posedness
of the higher-order differential conditions [24, 25] and Sommerfeld-type constraint-preserving
conditions [23, 26, 27]. This work is intended to prepare the ground to formulate similar results
for the BSSN formulation.

In Section 2, we summarize the derivation of the BSSN formulation and consider the
choices of lapse and shift most commonly found in numerical relativity. In Section 3, the
linearized BSSN equations are introduced. In Section 4, the constraint-preserving boundary
conditions are derived for the second order in time reduction of the linearized BSSN system. In
Sections 5 and 6, we extend these results and define the initial-boundary value problem for the
original linearized BSSN system. In Section 7, we obtain an energy estimate for the nonlinear
BSSN system without invoking the second order in time reduction and discuss its applications
to the validation of the proposed boundary conditions.

2. The trace-free decomposition of the Arnowitt-Deser-Misner system

To point out some facts about the nature and properties of the BSSN formulation (see [2, 8] and
also, some special cases in [14, 28]), let us briefly recall the derivation in the case of vacuum
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fields where the right-hand side of Einstein’s equation is zero. A reader not interested in the
BSSN derivation may proceed to Section 3 where the linearized system is given.

The derivation starts from the 3 + 1 Arnowitt-Deser-Misner (ADM) decomposition
[29, 30]:

a()hij = —2ak1~]~ + 2h1(ia,~)b’, (2.1)

aokii = a[R,-]- + (ki)kij — Zkilk;] + kila]'bl + klja,-b’ — DiD]-a, (2.2)
Ri+ (ki)* - kik =0, (2.3)

D'kij - Dik; =0. (2.4)

Here a denotes the lapse, the b; are the components of the shift vector b, and hij are the
components of the spatial metric h. The components of the 4-dimensional metric g are given
by

Qo =—a>+bibjh,  gu=bi,  gj=hi (2:5)

Here h'/ denotes the matrix inverse to h;;. Indices on all other quantities are raised and traces
taken with respect to the spatial metric. Also, 0y := (0; — b°0s) is the convective derivative
and D; is the covariant derivative operator associated with the spatial metric. The extrinsic
curvature k;; is defined by (2.1). We assume that global Cartesian coordinates t = xo, x1, x2, X3
are specified. Furthermore, R;; are the components of the spatial Ricci tensor

1 rs
Rij = EW (8p0jhiq + 0i0phyj — 8y0qhij — 0i0jhpg) + WPIH™ (TipsTgjr — TpgsLijr), (2.6)

where T’k are the spatial Christoffel symbols defined by I';jx = (0;hk;j + 0jhix — Okh;i) /2.

The operator R;jin (2.2) contains second-order spatial derivatives of unknown fields and
is very difficult to analyze. As a result, it is onerous to judge properties of (2.2) and properties
of kij, in general. However, a simplified equation can be derived for the trace of the extrinsic
curvature k = k;. Contracting (2.2), and using (2.1) and (2.3), we find

dok! = ak'k;; - D'Dja. (2.7)

The simplicity of (2.7) suggests that the evolution of the trace of the extrinsic curvature be
separated from the system. Specifically, we introduce the trace of the extrinsic curvature k = k!
and the trace-free part of the extrinsic curvature A;; = k;j — (1/3)h;jk as new variables. Then
(2.7) yields

1
dok = 5ak2 +aA"™ Ay, — D'Dja. (2.8)

Unless the lapse function a is chosen with care, (2.8) is expected to be unstable. For example,
for a spatially independent lapse and zero-shift vector, (2.8) yields an estimate d;k > (1/3)ak?

which implies that k > [(1/ S)ISQ(T)dT +1/ k(O)]il, or that the solution k is unbounded in a
finite time. (This is a well-known example of a coordinate singularity.) A well-posed choice of
the lapse function is given by the maximal slicing condition [28]

D'Dja = ak"ky,,; (2.9)
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with this condition, (2.8) reduces to dpk = 0.

Alternatively, we can use harmonic slicing [2, 28] (a particular case of the Bona-Massé
family of k-driving slicing conditions (8; — b'Dj)a = -a?f(a)k, f(a) > 0 [31, 32]), which
corresponds to setting

doa = —a’k. (2.10)
The equation on A is obtained from (2.2), (2.8), and (2.1) as
doAij = Laka AuAL + 2akPhy - Laam A,k
0 ij—aRij+§a ij —2aA; jtgakthij—za imhij

: 2.11)
+ Aila]‘bl + Aﬂaibl - DiD]'lZ + ghileDla.

To proceed with the derivation, we need a splitting for the spatial metric h compatible with
the splitting of k;; into k and A;;. In the BSSN formulation, the desired splitting is achieved by

introducing the conformal factor ¢ = (1/12) In(det(h;;)) and the conformal metric i~1i]- = 6‘4‘Ph,-]-,
hii = e*h'i. Using the Leibnitz formula for differentiating the determinant of a matrix

odet(h;;) = det(hij)hlmahml, (2.12)
one finds that the derivative

~ 1
Oh;; = e |ohy; — ghi,-hlmahlm (2.13)

of the conformal metric is trace-free. By applying operator 0y on the definition of ¢ and using
(2.12) and (2.1), we get the second equation of our system

1 1
dogp = —zak + ga,b’. (2.14)
Now using (2.13) and (2.1), we obtain the third equation
7 X 7 27 a7
aohij = —2[1Aij + 2h1(iaj)b - ghijalb , (2.15)

where Ai]- = e‘4‘/’Ai]~ and Ei = e7%p; are the conformal analogs of the variables A and b.
Beginning with the last equation, indices are lowered and raised with the conformal metric
fli]- and its inverse i/ = e*hii. In this case, b° = b°, and it is easy to redefine 9y = 0y — b°d..

The remaining two equations can be obtained from (2.11) which can be rewritten in
terms of A as

~ ~ ey 2 e 1 e~ o~
a()Aij = ae‘4‘/’Ri]~ + a(kAi]' - 2A11A§ + §k2hi]‘ - gAlmAlmhi]‘>
(2.16)
~ o~ ~ ~ 2 ~ ~ 1~
+ Ailajbl + Aﬂaibl - éAijalbl - 6_4(PD1'D]'L1 + 3"4"’§hileDla.
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The Ricci tensor in terms of the conformal metric becomes [2, 28]

Rij = %;lpq<apajﬁiq + aiapfzq]- - 6p6qflij - aiajflpq> - Zﬁiﬁj(p - Zflij?lpqﬁpﬁq¢ (2 17)

+ fz”‘ﬁz“ (fipsqur - qusfijr) + 481(,08](,0 — 4fzijf1”‘76p(paq(p.

Here fijk = (a,-ﬁkj + a]-fzik - 6Jlﬁ)/2 and ﬁivj = 0;uj — Tl”ql:,-]-pvq are the covariant derivatives
associated with the conformal metric. The first line in (2.17) can be rewritten to obtain

1~ ~ - - ~ o~ -~
Rij = =5 1710,04hij + 0h" T ipq) + Lpg0ph™ = 2DiDjp = 2hih"1Dp Dggp

(2.18)
+ hP1n" (fipsqur - qusfijr) + 461(p6](p - 4h,-jh”‘78p<paq(p.
This suggests that we introduce a new variable
['j = WPl = hP10,hg;. (2.19)
Substituting (2.18) in (2.16), we derive the fourth evolution equation
~ 1 ~ ~ ~ ~ ~
60Ai]- = —Eae“l"’h’”qapaqhij + ae‘4‘f’6(il"j) — 2(16_4(PD1‘D]'(/)
. (2.20)
- 2ae_4"’l~1ijfzp‘715p15qtp - 6_4(PD1'D]'IZ + ge_4¢l~1ileD1a + Wi]',
where
Wij = ae"4"’1~"pq(i6j)f1”‘7 + ae"4“’ﬁp‘7flr5 (fipsf‘qu - qusfijr)
+4ae 0,90 — 4ae‘4"’f1ijf1p‘76p(paq(p
(2.21)

~ ~ o~ 2 o~ 1~ ~ ~
+ a(kAij - 2A11A; + §k2hij - §AlmAlmhij>
180+ Aod - 2400
+ Aila]' + Aﬂéi - gAi]'al .

The evolution equation for fj is obtained by applying the operator 9y to (2.19) and using
the momentum constraint

dol'; = —2adP A, — 2077 (3,a) Agi + 2aAPI (d,hy) + 10,0 + %aia,z? + hy0* 0,1, (2.22)
Next we notice that h?1D,A;; = 6"5,,,- - fsﬁf + 6(654))5?, and thus (2.4) takes the form
- 2 o~ o~ ~
0P Api — §6ik —T A7 +6(0s¢)A; = 0. (2.23)

Solving this equation for o” Api and substituting the result in (2.22), we derive the fifth equation
of the BSSN system

Aol = —%aaik +S;, (2.24)
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where
Si = —-2al A} +12a(0sp) A — 2hP1(0pa) Agj + 2aAP1(d,hy;) + 106! + %aia,El + hyj0°0sb.
(2.25)
Equations (2.8), (2.14), (2.15), (2.20), and (2.24) constitute the core of the BSSN formulation.
These equations are usually supplemented by one or more equations describing the choice of
the lapse and shift functions. Thus the lapse and shift are not given a priori but dynamically
determined from the metric and other quantities. In this work, we will assume the harmonic

lapse condition (2.10). Further, we corlsider either a prescribed shift b; or a shift that follows
from the gamma-freezing condition 9,I'; = 0 (cf. [28]).

3. Linearization around Minkowski space

Minkowski spacetime in Cartesian coordinates is represented by the trivial solution to the
ADM system: h;; = 6;j, kij = 0, a = 1, b; = 0. Consider perturbations of the ADM variables
around the Minkowski spacetime: h;; = 6;j + yij, kij = ij, a = 1 + a, and b; = f;, with the y;;, xj,
a, and f; being small. Substituting these expressions into the definitions of the BSSN variables
and neglecting terms of second- and higher-order in perturbations we arrive at

1 1 1
det(hy) =1+y,  ¢=31, e*=1-3y, e¥=1+3y
~ 1 ~
hij = 6ij + vij = 551‘]'}’11 =: 0ij +Yij, k=x=:x, (3.1)
~ 1 - ~
Aij = Aij = K55 = 551‘]"‘/ I =:T; = 0'7u.

Substituting the linearized quantities in (2.14), (2.15), (2.8), (2.20), (2.24), and (2.10), and
ignoring the terms which are second- and higher-order in ¢, ¥;j, x, A, and I';, we derive the
linearization of the BSSN system

11
Oup =K+ 6a’ﬁ,, (3.2)
o = —K, (3.3)
Ok = —0'0ja, (3.4)
- 2
OYij = —2Aij +20Bj) — 5esijalﬁ,, (3.5)
Ot Ajj = —%alaﬁij +00T}) — 20:0;¢ — 26;;0'01p — 0;0;a + %6i,-a’a,a, (3.6)
oI = —gaﬂ( + %6@"@, + a”apﬁi. (37)

Notice that the linearized harmonic lapse condition is included in this system in the form of
(3.3).

Linearization of the Hamiltonian and the momentum constraint equations yields
correspondingly

alaf?lj — Salal(p =0, alrl - Salal(P =0, (3.8)
oAy - %a,-x =0. (3.9)
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Since it can be written both in terms of ¥ and T, the Hamiltonian constraint appears in two
different forms. Also, introducing the new variable I' entails an artificial constraint

T = 8/ (3.10)

The linearized problem then consists of determining ¢, a, x, ¥, A, I’ from (3.2)-(3.7),
given the initial data and an admissible boundary data. The constraint equations (3.8)-(3.9)
may or may not be imposed during the process of solution. The initial data ¢(0), x(0), y¥(0),
A(0), T'(0) can be determined from y(0) and «(0) using (3.1). It can be verified that if y(0)
and «(0) satisfy the linearized Hamiltonian and momentum constraints of the ADM system,
then ¢(0), x(0), y(0), A(0), I'(0) satisfy the constraint equations (3.8)—(3.10). The linearized
Hamiltonian and momentum constraints in the ADM system are 0'0'y; — 8'9;y! = 0 and 0'x;; —
6i1<§ =0.

4. Constraint-preserving boundary conditions

The BSSN system is a constrained evolution system in the following sense: (3.2)—(3.7) that
are called the evolution equations contain both temporal and spatial derivatives; (3.8)—(3.10)
which are called the constraint equations involve spatial derivatives only. It has been assumed
for a long time that for properly selected boundary data, a solution to (3.2)-(3.7) satisfies the
constraints automatically if it satisfies them initially. Examples of such data, however, were
constructed only recently [18] for a first-order reduction of the BSSN system. In this paper,
we propose a set of constraint-preserving boundary conditions for the BSSN system in second
order.

First, we notice that for a solution of (3.2)-(3.7), the constraints (3.8) and (3.10) are
consequences of (3.9), so we can focus on just the last one. In view of (3.2), (3.6), and (3.7),
the time derivative of (3.8) becomes

6(90/F; - 89/019) = o (91 - S0uc),
(4.1)

at(all"l - 8616141) =0.

These equations state that both parts of (3.8) are satisfied as long as they are satisfied initially
and (3.9) is true. Similarly, if (3.9) holds, then the time derivative of (3.10) is zero in view of
(3.5) and (3.7). Thus (3.10) remains zero provided that it is zero initially.

We will now construct boundary conditions for the system (3.2)-(3.7) that preserve (3.9).
We introduce the new variable

Mi = alA,-l - %aﬂ(. (42)
Equation (3.9) is satisfied if and only if M; = 0.
Now let us derive an equation for the evolution of M. By differentiating (3.6) with

respect to time and using (3.5) to replace 0;};; in the result, we obtain

Ot A;; = 3'91A;;. (4.3)
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Terms in ¢, a, x, B, I cancel in view of (3.2)-(3.4), (3.7).
Similarly, by differentiating (3.4) and substituting (3.3) for 0, one derives

07k = 0'Oyx. (4.4)
Differentiating (4.2) twice with respect to time and using (4.3) and (4.4), we obtain
O?M; = 0'0, M. (4.5)

The initial value M(0) can be determined from A(0) and x(0) using (4.2) and must be zero for
the physical initial data. The initial values 9;M(0) can be calculated by differentiating (4.2) in
time and substituting (3.4) and (3.6) for 0;x and 0;A;j. Thus we have

@AL=—%d@mmm+%&yn+%&@n—4&&@@ (4.6)

It can be verified by substitution that if y(0), I'(0), and ¢(0) satisfy (3.8) and (3.10) then
0:M;(0) = 0.

We must now select the boundary conditions on M that imply the trivial evolution of
(4.5). However, the boundary conditions on M are expected not to be given freely but rather
be determined by the boundary conditions (and the data) on the variables A and «. Similarly,
the initial data M(0) and 0;M(0) is determined by A(0), x(0), ¥(0), I'(0), and ¢(0). Our goal
then is to construct the boundary conditions on the main variables A and x in such a way
as to guarantee homogeneous data for M. The standard approach is to study the relationship
between the main and the constraint variables (cf. [3, 4, 9, 16-18, 21, 24]) by considering both
the definition (4.2) and the evolution equations (4.3), (4.4).

We introduce the scalar products (v, u;) = [qviu'dx and (pij, 04j) = [pijo”dx for the
spaces of vector fields and matrix fields on €, respectively. The L, norms naturally associated
with these scalar products are ||ul|> = (u;,u;) and ||p|*> = (pij, pij)- We introduce the energy
function for the constraint quantity

e = [[0:M]1* + oM. (4.7)
If we prove that the energy e remains zero at all times, then, in view of the trivial initial data,
we will have | M| =0 (cf. [33]).

Differentiating € in time and using Green'’s first identity component-wise to transfer the
spatial derivative in the second term and using (4.5), we obtain

6te = J‘ <£M1> (atMi)dO'. (48)
Q. (311
The energy e is not increasing if
o .
<%M,> (6tMl) <0 onoQ. (4.9)

The desired boundary conditions on A and « will follow immediately if we rewrite (4.9) in
terms of the main variables.
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We assume that the boundary 0Q is a combination of arbitrarily oriented planes and
consider any of its faces. Let n; be the unit vector perpendicular to the face. Let m; and [;
complement #; to form an orthonormal triple. For example, m; can be chosen to be any unit
vector parallel to the boundary and /; be the cross product of n; and m;, so that ; = (n x m); =
ei/*njmy. Ata face of a flat boundary, the divergence of a vector field can be expressed in terms
of the directional derivatives along vectors n, m, and [ as

E)ivi = niivi + miivi + ligvi. (4.10)

on om ol

Similarly, the gradient of a scalar field ¢ becomes

oip = ni%qr+mi%q;+li§qr. (4.11)
Next we note that at any point of the boundary, a symmetric trace free matrix is spanned by
namj), ngly, limjy, Lilj — mym;, 2nin; — Ll — mym;. (4.12)
Introducing the scalar functions

Al = 2Ai7n(im,~), A2 = ZAiin(il]'), A3 = 2Aiil(im]-),
1 1 (4.13)
A4 = EA” (lll] - mim]-), A5 = EA” (2111'1’1]' - lil]' - mimj),

we rewrite A as follows:
Ai]' = Al (n(im]-)) + AZ(Tl(il]')) + A3(l(im]-)) + A4(lll] - mim]-) + A5(2nin]~ - lil]' - mim]-) (414)

Substituting (4.14) into (4.2) and using (4.10) and (4.11) to replace partial derivatives with
directional derivatives, we obtain

10 10 0 20
Ml‘— EﬁAl‘anAZ‘FZ&A!S—g%K:Inz
10 10 0 0 2 0
10 10 0 0 20
+ E&A2+§%A3+EA4—&A5_§&K li'
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The last equation implies that

<3M,~>(atM") 0 [1 O 4111040109 aA5—%ix]

on onl|20m” T 200 on 30
10 10 0 20
Xat[za A1+§aA2+za—nA5—§a—nK
o[1o0 10 0 0 2 0
(4.16)

1 a 1 0 0 a 20

0[1o0 10 0 0 20
1 a 1 0 0 (3 20

Either of the following two sets of boundary conditions imply that ((8/0n) M?)(d;M;) = 0 on
0Q:

0 0 0 0
— = N —_— = o = —K=U, 4.17
Al =0, A2 =0, o A3 =0, o A4 =0, o A5 =0, 3 k=0 ( )
Oa1=0 Zarc0, A3=0, A4=0, A5=0, x=0. (4.18)
on on

Let us prove the constraint-preserving character of (4.17). For (4.17), imply that the second
multiplier of the first term in (4.16) is zero. Thus the first term drops out. Now consider the first
multipliers in the second and third terms of (4.16). By commuting partial derivatives, terms in
A3, A4, A5, and « drop out as a direct consequence of (4.17). Also (4.3) can be solved for the
second normal derivatives of Al and A2 in terms of the temporal and tangential derivatives
using the following representation of the Laplace operator:

00,00 ,09
ondn Oomom 0lol
It can be easily noticed that (4.17) implies that all tangential and temporal derivatives of Al
and A2 vanish at the face of the boundary.

The condition (4.18), in turn, eliminates the first multiplier of the first term and the
second multipliers in the second and third terms.

More examples of constraint-preserving boundary conditions can be proposed by the
inspection of (4.16). For example, M;|sq = 0 is equivalent to the set of the following differential
boundary conditions that can be used in a numerical method [13, 16]:

10 la a 26

/0, = (4.19)

19 10 ) ) 20
- il _ = _ T k= 4.20
san M 2a e M e 3 (4.20)

10 1 (3 0,, O 2 0
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In this case, we can prescribe the Dirichlet data for A3 and A4 and the Neumann data for «.
Then (4.20) contains normal derivatives of A1, A2, and A5 and, therefore, produces mixed
conditions on these quantities. The difficulty using this condition, though, is that it contains
tangential derivatives of the unknown fields and it is not obvious if it leads to a well-posed
evolution of A and «. In general, well-posedness of the differential boundary conditions similar
to (4.20) can be established by employing the techniques of the Laplace-Fourier transform
developed in [26, 34, 35]. However, in some cases, classical energy estimates still can be
obtained by the standard energy techniques as is suggested in the following example.
Consider a combination of the Neumann and Dirichlet conditions
0 i i i

&Mﬂl = O, le = 0, Mim =0. (421)
By applying 0/0m to the second equation in (4.20), /0l to the third equation of (4.20), and
subtracting the results from the normal derivative of the first equation, we derive (using (4.3)
and (4.4) to eliminate (8?/dn?) derivatives) an evolution equation defined on the boundary

o P2 P 22 4/P P 2 5 0

29 a5 (L s T Na5-29 5 T N (L m 9 N\aa s 29 4s

oz v <alz+am2> > 38t2K+3<alz+am2>K <812 am2> 5 lam
(4.22)

One can use (4.22) to construct nonhomogeneous mixed Dirichlet and Neumann data that
imply (4.21). Specifically, we may prescribe Dirichlet data for A3, A4, and « that is compatible
at corners but, otherwise, arbitrary. Then we can use (4.22) to evolve A5 from the initial
data along the boundary. Since (4.22) is essentially a wave equation defined on the boundary
surface, it admits a well-posed numerical formulation assuming that additional compatibility
conditions are specified at corners in order to guarantee the smoothness of the solution (cf.
[4]). Once the values of A5 are determined, we can use the second and third equations of
(4.20) to determine nonhomogeneous Neumann data for A1 and A2. Similarly, one can give
the Dirichlet data for A3, A4, and A5 and use (4.22) to determine the Dirichlet data for x and
the Neumann data for A1 and A2. The corresponding nonhomogeneous algebraic conditions
on A;; then read

0 i d
Za—nA]n(im]‘) = aAl,
Z%Aﬁn(ili) = %AZ,

2AUlmj) = A3, (4.23)

%Aii (lil]' - mimj) = A4,

1 ..
EA” (Zninj - lil]' - mimj) = Ab.

If desired, energy estimates may be obtained on the solutions A and « by a two step argument
using the standard techniques for hyperbolic equations. The boundary conditions given by
(4.23) are analogous to the conditions introduced in [4] for the Einstein-Christoffel formulation
and in [18] for the first-order reduction of the BSSN formulation.
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5. Evolution of A and «; second order in time reduction

We will argue now that the boundary conditions (4.17) and (4.18) lead to a well-posed
problem for the linearized BSSN system. We assume that the initial values A(0) and 0;A(0)
are determined from (3.1) and (3.6), respectively, and satisfy the constraint equations. Also,
we suppose that the conditions (4.17) or (4.18) are specified at the domain’s boundary.

We introduce scalar products (y,v) = jgyvdxdydz and (uijk, vijk) = fguiikvijkdxdydz
for the spaces of scalar fields and triple-indexed fields on €. The L, norms naturally associated
with these scalar products are ||u||> = (4, p) and |jul?> = (ijk, uijx). Consider the system (4.3)
describing the propagation of A. We define the energy of the system to be

1
e1 = 5 (101 + [BLAIP). 5.1)

As in Section 4, by differentiating €, in time, integrating terms with spatial derivatives by parts,
and using (4.3), we obtain

6tel = j <2A1]> (atAij)dO. (52)
00 on

Since the right-hand side of (5.2) is zero if either (4.17) or (4.18) holds, we conclude that ¢; and,
therefore, A remain bounded.

Similarly consider (4.4). The boundary conditions (4.17) and (4.18) imply that the trivial
Neumann or Dirichlet data are given for «, respectively. In a similar fashion, we can show that
a solution to (4.4) must stay bounded as well.

We take advantage of the simplicity of the homogeneous data case and invoke the energy
methods developed in [36-39] to prove the existence of the solution to (4.3) and (4.4). By
employing the standard first-order reduction for each component of (4.3) and (4.4), we can
reduce these equations to six uncoupled first-order symmetric hyperbolic systems. Moreover,
both conditions (4.17) and (4.18) yield maximally nonnegative boundary conditions for the
resulting first-order systems. Furthermore, we can invoke the results of [39, 40] for each
individual first-order system to formulate the following theorem.

Theorem 5.1. Let the initial data y(0), A(0), x(0), ¢(0), a(0), and I'(0) be given, and let 0, A(0) and
01x(0) be determined by (3.6) and (3.4), respectively. If 0; A(0) and 0yx(0) € L»(£2) and also 0,A;;(0)
and 01k (0) € Ly (), then there exists unique solutions A and x to (4.3) and (4.4). These solutions obey
the following enerqy estimates:

Os:tlg[”atAij”Lz(Q) + ||alAi7||L2(Q)] = ||atAif(0)||L2(Q) + ||alAif(0)||L2(Q)’

(5.3)
Osgg[llatxllmg) + ||51K||L2(Q)] < ||atK(0)||L2(Q) + ||alK(0)||L2(Q)'

6. The initial boundary value problem for the linearized BSSN:
prescribed and gamma-freezing shift

We recall that conditions (4.20) may also be formally imposed in a numerical method.
However, these conditions contain tangential derivatives of the unknown fields, therefore
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their well-posedness is not easy to establish (see, however, results of [16, 23, 26, 27] for a
relevant treatment of the generalized harmonic formulation of Einstein’s equations). Also,
the conditions (4.23) are formally well-posed, but deriving the complete estimates on their
solutions is difficult. We therefore restrict our attention to the case of either condition (4.17) or
(4.18).

Let system (3.2)—(3.7) be provided with relevant initial data and boundary conditions
for A and x be taken in either form (4.17) or (4.18). According to Theorem 5.1, the matrix A
can be computed from (4.3), and « can be determined from (4.4). Let us assume that the shift
perturbation f is known. Integration of (3.5), (3.2), (3.3), and (3.7) with respect to time yields
the boundary conditions on the variables ¥, ¢, @, and I', where the projection operator N' qu is
defined below (6.4)

NMYP‘? + (6P5q Npq)_qu

t
Nqupq(O) + (5f6q Npq) qu(o) +j <qu + (5P6q NT)%) <25(pﬁq> - %6,,,,65,65)

(6.1)
0 0 1 0\ .y
pp+ (1= )5 = wp©) + (1= p)5mp+ [ (u-(-p5 )08 (62)
a+(1- )ia— a(0) + (1- )izx(O) (6.3)
H H on =H H on 4 .
. . T4 a
n'l; =n'T;(0) + appp +0P0pn ﬂl] ,
ol 3 on"
. . ‘T 48 10 (6-4)
iT. — T, - P P
T'[; TFI(O)+J;) 35:% 3aaﬁp+bbrﬂ1]
. . Pq . . .
The projection operator N;;" corresponding to (4.17) is given by
ijq = 2nPmDnm;y + 2nP19nl;) (6.5)
and the one corresponding to (4.18) is
ijq = ZI(pmq)l(imj) + %(lﬁlq - mpmq) (lil]' - mimj)
(6.6)

+ %(Zn'gnq - IP17 - mPm7) (2n;nj - Lil; — mym;).

In (6.2) and (6.3), in the case of (4.17), we have u = 0; in the case of (4.18) u = 1. Furthermore,
in (6.4), T; can be either vector I; or m;. If the Dirichlet data is given on «, I and x are coupled
through an integral equation (6.4). If the Neumann data is specified for x, for example, in
(4.17), the last equation of (6.4) can be replaced by

.0 .0 t 40 0 o/10 .
i T =7 T, _ = = — (= =_pr PO, i3
T Ii=r1 I;(0) +J;) [ 35 K+ <3 0 ﬂp +0 ap’r [31)] (6.7)
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Theorem 6.1. Let A and « be the solutions of (4.3) and (4.4) given by Theorem 5.1 for either boundary
condition (4.17) or (4.18). Let also the initial data A(0), x(0), 0;A(0), and 0sx(0) and the initial data
¥(0), I'(0), (0), and ¢(0) be such that

1., .
atAij (O) = —Ealaly,-]- (O) + 6(i1“j) (0) - Zala](p(O)
1
- 26,,0'319(0) - 3i0;a(0) + 3630'01x(0), (6.8)

9k (0) = —8'9,a(0).

Then a solution to (3.2)—(3.7) satisfying either boundary condition (4.17) or (4.18) and also boundary
conditions (6.1)—(6.4) is given by

= (O)+J¢ L Ly ]
(P - (P b 6 6 ﬂl ’
t
a=a(0) - j K,
0 t , (6.9)
¥ij = ¥i(0) + f = 2Aij +20p)) — 551';‘5’[31],
0
I 4 1
T =Ti0) + | |- o+ 28,07, + 33,
ol 3 3

Moreover, if A and « satisfy the constraint equation (3.9), then ¥, I, and ¢ defined by (6.9) satisfy
constraints (3.8) and (3.10) provided that they satisfy them at the initial time.

Proof. Equations (3.2), (3.3), (3.5), and (3.7) are verified by substitution. Replacing ¥, I, ¢, and
a in (3.6) and (3.4) by their expressions from (6.9) and using (6.8), we obtain

t t
Ot Aij = 8 A;(0) + f 9'91A;, Ok = 0ix(0) + f 0'ox, (6.10)
0 0

which is a consequence of (4.3) and (4.4). Substituting (6.9) into (6.1)-(6.4), we verify the
boundary conditions.
Now consider constraints (3.8). Replacing ¥, ¢, and I using (6.9), we obtain

t
0'9/yi; — 83'01p = 8'9/71;(0) — 89'914p(0) — f 20/ <a’Aﬂ - gajk>,
0
(6.11)
0'T; — 800y = 'T;(0) — 80'0;¢p(0).

It follows that (3.8) is met as long as it is satisfied initially and (3.9) is true. Constraint (3.10)
can be proven similarly. O

The situation is similar when f is to be determined from the gamma-freezing condition
0:I; = 0 yielding an elliptic equation for f that needs to be solved at each time step:

1 4
3007y + O — 50 =0, (6.12)
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The boundary conditions on f3 can be taken, for example, to be
pm' =0,  Bl'=0 ipni =0 (6.13)
1 - 4 1 - 4 an 1 - 4 .
or
0, ; 0 i i_
a—nﬁim =0, a—nﬁll =0, pin' = 0. (6.14)

A complete well-posedness proof requires a careful consideration of the coupling between
(6.12) and the main system (3.2)—(3.7). However, taking a scalar product of (6.12) and f; and
integrating by parts, we can show that ||8i||, @) is bounded by ||0ix||1,@) using the standard
techniques for elliptic equations.

For computational purposes is beneficial to replace the elliptic equation (6.12) with a
time-dependent hyperbolic equation [41] to have

o;p = %aiapﬂp +0P0,p; — %am, (6.15)

which corresponds to a dynamic gamma-freezing condition 8;I; = 6;. In this case, in addition
to (6.4) and (6.13), one can consider either of two sets of radiative boundary conditions

pmi=0,  Bli=0, (atﬂi v ﬁﬁi>nl -0,
; ; (6.16)
<5tﬂi + @ﬂz)m =0, <5¢ﬂi + $ﬁi>l =0, pint =0.

By reasoning similar to the above, an energy estimate for ||| x, (@) in terms of ||0ix||1,@) can be
obtained using techniques for hyperbolic equations (cf. [37-39, 42]).

After the boundary conditions for f, A, and x are chosen, one can set I'; —I'(0); = 0 on the
boundary. Then the conditions for the rest of the variables follow by integration with respect
to time as in the previous examples.

7. Energy estimates for the BSSN system with boundaries

We use differentiation in time to propose boundary conditions (4.17) and (4.18) (and the
associated conditions (6.1)—(6.4)) in Sections 4-6. Our derivation, however, relies strongly on
the linearization assumption and does not extend to the nonlinear case. The difficulty appears
to be the extra derivatives of the inverse metric resulting from differentiation of (2.20) with
respect to time. These extra terms contaminate the principal part and break the similarity with
the linear case. In other words, we could have proposed boundary conditions for the nonlinear
case on the basis of (4.17) (or (4.18)), but we will not be able to prove the well-posedness of
the new conditions by repeating the argument of Sections 4-6. In this section, we try to correct
this flaw by establishing an energy estimate without reduction to second order in time. We
use approach proposed by Gundlach and Martin-Garcia [18, 22] for unbounded domain and
extend their proof to the case of bounded domains.
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Following [18], we use the densitized lapse
a=e*Q, (7.1)

which results in significant simplifications in our equations. The result, however, is expected
to carry over to the harmonic slicing and the k-driving slicing as well.

We illustrate the method in the linear case first. Under the densitized lapse assumption,
(3.3) is replaced with the linearized densitized lapse condition. The latter in the special case
Q = 1 reduces to a = 6¢. Assuming zero-shift perturbation f; = 0 for further simplicity, (3.2),
(3.4)—(3.7) are restated as

Ortp = —%K, (7.2)

O = —60'01p, (7.3)

O = —2Aqj, (7.4)

Ot A;j = —%a’aﬁﬁ + 0T} — 80:9;¢, (7.5)
oI, = —;faix. (7.6)

Taking the scalar product of (7.3) with x, integrating the result by parts, and using (7.2) to
replace x with 0, we obtain

1 d
9 [||x|1? + 36]|0:0|)? =—6f <— )n. 7.7
5 e[llxll l[01epll*] o F (7.7)

Also, we conclude from (7.2) that 36|0;¢||* = ||x||*.
From (7.2) and (7.6), we observe that 0;(I'; — 80;¢) = 0, which implies that

or||Ti - 83ip]|> =0,  (84(T; - 80ip), 3'Fi) = 0. (7.8)
Next we rewrite the right-hand side of (7.5) in the divergence form:
1 1 ~
0tAjj=0"| - zal)fij +061i(Tj) — 80j )| - (7.9)
Then we take the scalar product with A;;, and integrate by parts to obtain
1. 1, - 10 y
SOIAN7+ (= 50173 + b1 (Tj) — 80j)9), 01Aij ) = - - —Yij +nu(Tj) - 80,p) | AY. (7.10)
2 2 Q. 20n

Replacing A;; with (7.4) in the second term and using 0;[6i(I'j) — 89;)¢)] = 0, we replace the
last identity with

1 1, ? 10, i
Eat [”A”2 + EalYij - 61(i(r]’) - 86]')(/’) ] = .[39 [ - E%Yij + n(i(l"]-) - Saj)(p)] Al (7.11)
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From (7.7)-(7.11), we observe that the energy
2

1,
e = ||| + 36ll01plI* + || Tt - 83| + 12 + 500 = 616(Tj) = 83))¢p) (7.12)
has its growth determined by the boundary terms
9 ) 3 3
Or€ = —6I (— >1c —f <—"}>A’7 +2I n (L) —80j)p) AY. (7.13)
t o on? o on Vi o (G NP

Expression (7.13) can be used to propose examples of new energy- (and constraint-)
preserving boundary conditions for the linearized BSSN formulation. However, here we will
use (7.13) to discuss the validity of conditions (4.17) and (4.18) proposed in Section 4. In the
case of (4.17) and the associated conditions (6.1), (6.2), and (6.4), expression (7.13) reduces to

) 19 . . o . i 9
ate_’[aQ [— 65 -p(0)x ~ 52-73(0) A3~ 22T4(0) Ad — 6_75(0) A5 + 4<n T;(0) - 8$¢(0)> AS] ,

20n
(7.14)
where y1 - ¥5 are coefficients of the decomposition

?ij = ?1 (n(,-m]-)) + ?2(71(1'1]')) + ?3(1(1'711]')) + ?4(111] - mimj) + ?5(2111-71]- - lll] - mlm]) (715)
Energy (7.12) is conserved if the initial data is chosen as to satisfy (0/0n)p(0) = 0, ¥1(0) =
¥2(0) = 0, and (0/0n)y3(0) = (0/0n)y4(0) = (0/0n)y5(0) = 0 at the boundary. Notice that I';(0)

cannot be given freely but is expected to be subject to constraint (3.10).
Similarly, condition (4.18) is both constraint- and energy-preserving for (7.2)—(7.6) if ¢ =

0, (0/0n)y1(0) = (0/0m)y2(0) = 0, and ¥3(0) = y4(0) = ¥5(0) = 0 on 0Q.
We are now ready to establish the nonlinear analog of (7.13). Substituting (7.1) into the

BSSN equations and distributing and expanding covariant derivatives, we rewrite (2.8), (2.14),
(2.15), (2.20), and (2.24) as

e 9ok = —6add,p + F, (7.16)
By = —%ak + %alE’, (7.17)
~ ~ ~ ~ e~
dohij = —2aA;j + 2hy;0,b' - 5h,~]-<3lbl, (7.18)
€4¢60Ai]' = —aod” %apﬁi]‘ - Ep(i(fj) = 861)(p) + Gi]', (719)
~ 4
E)OD = —gaaik +S;, (7.20)

where
F= 6afz’”‘71~"i,qal(p - 48a(0"y) (8,¢p) — 14e*?(07y) (8,Q)

- e (DPD,Q) + %e‘l‘f’ak2 +e*aAPiA,,
Gij = —a(3hyi) (T)) - 83))p) +8al ;3,0 — 12a(dip) (3;¢) (7.21)

+ 4ahy; (0P 9) (Bp) — 8e™ (i) (0,)Q) — e (D;D;Q)

8 = 1 e o~ ~
+ 3¢ (079) (3pQ) + 3¢™hi (D"D,Q) + Wi
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Taking the scalar product of (7.16) with k and integrating by parts on the right-hand side, we
obtain

f (0K )ke™ = 6 f (8,) (8, (k)" — 6 f (70,) ak + f [6(3,9)akd " + Fk|,  (7.22)
Q Q o0 Q

where #; is the outward normal vector to the boundary in the sense of the conformal metric
h. Substituting (7.17) for ak in the second term and regrouping, we obtain our first energy

identity:

1
500[ [l

2 136)|aig]|’] = —6J‘ (7 0,p) ak +f H, (7.23)
o0Q Q
where ||k||? = [ k%", and

H = 6(3,9)[0,0:0° + 6(3,b°) (8:9) 11" + 36(3,0) (34¢0)

~ 1o - 1 1 . ~ (7.24)
x (aA’”q -0Pp? + ghpanbS) + kze4"’< - §ak + 5a5b5> +6(0p¢) akdyh?1 + Fk.
Also, from (7.17), it follows that
1 2 _ _ 1 1 71
260||(p|| = L [ 6ak + 661b ] 0. (7.25)
Next, we notice from (7.16) and (7.20) that
4 . 4~ ~
60 (r,’ - 861~q)) = Sa(ai(p)k + ge (P(alQ)k - gaiasbs - S(Gibs) (as(p) + S,'. (7.26)
Therefore,
1 2
560”1", - 88l(p|| = Q], (727)
where
4 4 ~ ~ ~ ~
J = [8a(d,9)k + 566‘/’ (0,Q)k - ga,,asbs - 8(0pb%) (0sp) + Sp] (Ty — 80,4¢)hP1
(7.28)

+ %(fp —80,0) (T, — 89,0 [za;&w —Pp 4 %’ﬁwajy] .

Finally, taking scalar product of (7.19) with A, integrating by parts in the right-hand side, using
(7.18) to replace A with Oph, and regrouping, we derive our last energy identity:

1o[en e = = 2 1,0~ = -
550[||A||3+ 50hij—hii(T')~80))¢) ]=—f [§(n’”aphij)—"u(rj)-85]')‘/’)]aA”+f K,
oQ Q

(7.29)
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where [|A] = [, AijATe*?, and

1 ~ ~
K= [Ea,,hi]- =y (T = 83]')4’)]
| [o0 (Rt = Smd) + (@) @)

~ ~ -~ -~ 2. ~\ o~

- < —2aAy(m + higdmb' + hy(md|gb° - §hq(ma|s|b5> (Ty — 83ny9) (7.30)

~ 4 4 ~ ~

. <8a(an)q))k + 3% (09 Q)k - 30005 ~8(005°)

< (0:9) + sn)>] PR 4 agmnaq(zmzmm} + Gy A

Notice that boundary terms in (7.23) and (7.29) differ from those in the linear case in the spatial
metric only. Notice also that the right-hand sides of (7.23)—(7.29) are combinations of ¢, k, h,
AT, 0y, and dh, but not derivatives of k, A, and T, implying that (7.23)—(7.29) are a closed
estimate and may be proposed for proving local well-posedness of the initial-boundary value
problem for the BSSN system. In this derivation, we assumed that contravariant components
of the conformal shift vector b® are prescribed. Otherwise, the terms 0;0 jl;S have to be expanded
to ensure that they do not break the hyperbolicity of the equations.

8. The concluding remarks

We have summarized the methods available for the construction of constraint-preserving
boundary conditions in numerical general relativity and applied them to the BSSN system. In
the simplest case when the system is linearized around the flat space and the boundary data is
homogeneous, we proved the well-posedness of the proposed conditions. The obtained results
will be extended in future to prove the well-posedness of the nonhomogeneous boundary
conditions that are used in actual simulations of Einstein equations. In particular, estimates
of Section 7 will be extended to include the frozen coefficient regime and the linearization
around an arbitrary background. Another development lies in the construction of well-posed
Sommerfeld-type constraint-preserving boundary conditions for the BSSN formulation. A
more thorough study of the propagation of the constraint quantities needs to be done and
methods that allow for driving the perturbed solution to a constraint-satisfying solution are
developed in the BSSN formulation. We expect that further study of the BSSN equations and
generalization of the results presented in this paper will provide answers to these important
questions.
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