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The functional inequality [|f(x) + 2f(y) + 2f (2)|| < [12f(x/2+y +2)||+ ¢ (x,y,2) (x,y,z € G)
is investigated, where G is a group divisible by 2, f : G— X and ¢ : G* — [0, ) are mappings,
and X is a Banach space. The main result of the paper states that the assumptions above together
with (1) ¢(2x,-x,0) = 0 = ¢(0,x,—x) (x € G) and (2) lim,_,(1/2")p(2™' x,2"y,2"z) = 0, or
limyee 2P (x/2"1, /2", 2/2") = 0 (x,y,z € G), imply that f is additive. In addition, some
stability theorems are proved.
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1. Introduction and preliminaries

The concept of stability for a functional equation arises when we replace the functional
equation by an inequality which acts as a perturbation of the equation. The study of stability
problems had been formulated by Ulam [1] during a talk in 1940: under what condition does
there exist a homomorphism near an approximate homomorphism? In the following year 1941,
Hyers [2] had answered affirmatively the question of Ulam for Banach spaces, which states
thatife > 0and f : X — Y is a mapping with X a normed space, Y a Banach space such that

|fx+y) - f) - f(y)| <e 1.1)

forall x,y € X, then there exists a unique additive mapping L : X — Y such that

[l f(x)=L(x)| <e (1.2)

for all x € X. Then, Aoki [3] in 1950 and Rassias [4] in 1978 proved the following
generalization of Hyers’ theorem [2] by considering the case when the inequality (1.1) is
unbounded.


mailto:ischang@mokwon.ac.kr

2 Abstract and Applied Analysis

Proposition 1.1. Let f : X — Y be a mapping from a normed space X into a Banach space Y subject
to the inequality

[ fCx+y) = fx) = F < e(llxll” + llyII7) (1.3)

forall x,y € X, where € and p are constants with € > 0 and p < 1. Then, there exists a unique additive
mapping L : X — Y such that

2¢
If (0 - Ll < 5=

forall x € X. If p <0, then inequality (1.3) holds for x,y #0 and (1.4) for x #0.

[ll[” (1.4)

Following the techniques of the proof of the corollary of Hyers [2], we observed that
Hyers introduced (in 1941) Hyers continuity condition about the continuity of the mapping
f(tx) in t € R for each fixed x, and then he proved homogenouity of degree one and,
therefore, the famous linearity. This condition has been assumed further till now through
the complete Hyers direct method in order to prove linearity for generalized Hyers-Ulam
stability problem forms (cf., [5]).

In 1991, Gajda [6] provided an affirmative answer to Rassias’ question whether his
theorem can be extended for values of p greater than one. However, it was shown by Gajda
[6] as well as by Rassias and Semrl [7] that one cannot prove a theorem similar to [4] when
p = 1. On the other hand, Rassias [8-10] generalized Hyers’ stability result by presenting a
weaker condition controlled by (or involving) a product of different powers of norms (from
the right-hand side of assumed conditions) as follows.

Proposition 1.2. Suppose that there exist constants € > 0 and p,q € R such that r = p + q#1, and
f: X — Yisamapping with X a normed space, Yis a Banach space such that the inequality

1 Ge+y) = f@x) = Il < ellxPllyll? (1.5)
holds for all x,y € X. Then, there exists a unique additive mapping L : X — Y such that

| f(x) = L(x)| < (1" (1.6)

_£
2-27]
forall x € X.

Since then, more generalizations and applications of the generalized Hyers-Ulam
stability to a number of functional equations and mappings have been investigated in [11-32].

Recently, Roh and Shin [33] proved that if f : X — Y is a mapping from a normed
space X into a Banach space Y satisfying the inequality

76+ 2 ) 27 @) < |27 (5 + v+ =) | + el =i 17)

forall x,y, z € X and some ¢ > 0, then it is additive. In addition, they investigated the stability
in Banach spaces.
In this paper, we will consider a mapping on a group instead of a normed space which

satisfies the following inequality:
2f (;—C +y+ z)

f(x) +2f(y) +2f (=) <

+¢(x,y,2) (1.8)
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for all x,y,z € G, where Gisa group, f : G — X and ¢ : G® — [0, c0) are mappings, and X is
a Banach space.

Inequalities of the type above and some corresponding equations were examined by
several authors [34-36]. In [35], it has been proved that if G is a (not necessarily 2-divisible)
group, X is an inner product space and the mapping f : G — X satisfies

7 GO+ sl <[l f G+ w (1.9)
for all x, y € G, then it is additive. By replacing x = 0 in (1.8), we obtain
£ ) +2f(y) +2f(=)|| < ||]2f(0O+y +=)||+0 (1.10)

for all y, z € G, which implies the inequality (1.9). Therefore, Theorem 2.1 in this paper is a
special case of the result cited above for mappings which maps into Hilbert spaces. However,
Theorem 2.1 is also valid for Banach spaces, while the result in [35] is not. (A counter example
was constructed in [34]).

2. Main results

Theorem 2.1. Let (G, +) be a 2-divisible group and (X, ||-||) a Banach space. Assume that a mapping
¢ : G®> — [0, o0) satisfies the assumptions
(1) ¢(2x,-x,0) =0=¢(0,x,—x) (x € G),
(2) limn_,m(l/Z")¢(2”+1x, 2"y,2"z) =0 or limn_mZ”(,b(x/Z"‘l,y/Z",z/2") =0(x,y,z€
G),

and that the mapping f : G — X satisfies the inequality (1.8). Then, f is additive.

Proof. By letting x = y = z = 0in (1.8), we get f(0) = 0; and by letting x = 2x, y = —x and
z =0in (1.8), we have

f2x) =-2f(-x) (2.1)
for all x € G. Also, by letting x = 0 and z = —y in (1.8), we obtain
f(=y)=~fy) (2.2)

forall y € G.
Next, we are in the position to show that f is additive. We will consider two different
cases for second assumption of ¢.

Case 1. Assume lim,HooZ”(l)(x/Z”’l,y/Z",z/Z") = 0 forall x,y,z € G. We get by (2.1) and
(2.2)

fe0 =210, f@=-2f(3)=47(3)==27(5) 3)

for all positive integer n and all x € G. Therefore, we can define f(x) := lim,_,,2" f (x/2") for
all x € G. Due to (1.8), (2.1), and (2.2), we obtain

760+ ) - sl = tim2e £ (2) + £ (%) + 1 (552))|

(@) (@) ()] e

SlimZ”‘1¢<_x_y al y):o

i TERETT

< lim2"

n—oo

forall x,y € G. Thus, f(x+y) = f(x) + f(y).
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Case 2. Assume lim,,_(1 /2”)¢(2"+1x, 2"y,2"z) = 0 for all x,y,z € G. We get by (2.1) and
(2.2)

F@x)=2f(x),  fx) = 2 f22) = 1 f(x) = oo = o F(2") @5)

for all positive integer n and all x € G. Therefore, we can define f(x) := lim,_,.,(1/2") f(2"x)
for all x € G. Due to (1.8), (2.1), and (2.2), we obtain

1FG) + Fy) ~ fGet y) = imon £ @) + F2') + F @ x-w)|

1 (2.6)
< lim ~T59 (2" (-x — 1), 2", 2"y) =0
for all x,y € G. Thus, f(x+y) = f(x) + f(y). 0

Next, we will study the generalized Hyers-Ulam stability of functional inequality (1.8).

Theorem 2.2. Let (G, +) be a 2-divisible abelian group and (X, ||-||) a Banach space. Assume that a
mapping ¢ : G> — [0, oo) satisfies the assumptions

(1) p(x) = X202 [¢p(x/2,~x/2*1,0) + §(0, /2, ~x/21")] < o0 (x €G),
(2) limy0o2"P((—x —y) /2", x/2",y/2") =0 (x,y € G),
and the inequality (1.8). Then, there exists a unique additive mapping L : G — X such that
IL(x) = ()l < p(x) (2.7)
forall x € G.
Proof. Letting x = y = z = 0in (1.8), we get || f(0)|]| < (1/3)¢(0,0,0). By assumption, we

should have ¢(0,0,0) = 0, since lim,—,2"$(0,0,0) = 0. Hence, f(0) = 0. So, by letting v =
—x/2 and z = 0in (1.8), we have

Jrovar(-5)| o9

for all x € G. Letting x =0, y = x, and z = —x in (1.8), we obtain

1£G) + F(-0)] < 56(0,%,-) 29)

for all x € G. Therefore, we have

ORI B ORIES
[ORE N SR

[ . x x . x x
] - ] _
LZ ¢<27' 2j+1’0) +2 (,‘b(O, 2j+17 2j+1>]
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(2.10)
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for all nonnegative integers m and [ with m > [ and all x € G. It means that the sequence
{2" f(x/2")} is a Cauchy sequence. Since X is complete, the sequence {2" f (x/2")} converges.
So we can define a mapping L : G — X by L(x) := lim,..,.2" f (x/2") for all x € G. Moreover,
by letting I = 0 and passing m — oo, we get (2.7).

Now, we claim that the mapping L is additive. We note by (2.9) that

(@) (-3)

So we have L(—x) = —L(x). By (1.8), (2.8), and (2.9), we have

() () ()|

L(x)+ L(-x)

= lim2"
n—oo

< lim2™ 1¢< o ,—ﬁ> -0.  (211)

N—00 2n 2n

||IL(x) +L(y) - L(x+y)| = 11m2"

ol (YN L (2N (Y
< Jim2 2f( 21 >+f<2">+f<2" ’
. An —X-Y xX+y
etm2 | (Z52) 5 (5)|
- -x-y x+y
(S >+f<2"-1>‘

Slim2"‘1<])< Xy x y>+hm2" 1¢<x+y —_x_y,o>

n—oo on-1 7 2n on n—oo on-17"  2Jn
: -2 XY X+YN
lm229 (0, 5" 5 ) <0

(2.12)

forall x,y € G.
Now, to prove uniqueness of the mapping L, let us assume that T : G — X is an
additive mapping satisfying (2.7). Then, we obtain due to (2.7) that

() -1(3)]
t(50) =G| [rG) -/ (5)
< 2"+1p<2£n) 0

forallx € G,asn — oo. O

|IL(x) - T(x)|| =2"||L

< on

| (2.13)

Theorem 2.3. Let (G, +) be a 2-divisible abelian group and (X, ||-||) a Banach space. Assume that a
mapping ¢ : G® — [0, co) satisfies the assumptions

(1) 320(1/2)[p(-271x,27x,0) + (1/2)$(0,27* x,-2/*1x)] < 0 (x € G),
(2) limy oo (1/2$ (2" (-x = y),2"x,2"y) = 0 (x,y € G),
and the inequality (1.8). Then, there exists a unique additive mapping L : G — X such that
L) - F0 < () (2.14)

forall x € G, where

n(x) = izm [¢( 2x,2/x,0) + = ¢(o 2%, =27 x) + —¢(0 0,0)]|. (2.15)
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Proof. By letting x = y = z =01in (1.8), we get

1
£ < 56(0,0,0). (2.16)
We also have, by letting y = —x/2 and z = 0 in (1.8), that
1 x 1 x 2
Z -z < Z = =z .
@+ i(-3)] < 36(x-5.0) + 20000 17)
for all x € G. Next, by letting x =0, y = x, and z = —x in (1.8), we obtain
1 1
[1£ (o) + f =) [| < 56(0,x,—x) + 5¢:(0,0,0) (218)
forall x € G. Therefore, we have
|52 - sz(2'”X)
m=1
1
S]z:; (2] )_2] 1f(2]+ .X')
wirg 1 1 1 (2.19)
+ + +
<3 ||zr@n s (-2 |+ | F@t) + (-2
< 5 ¢(-2"1x,2/x,0) + o qb(o 2y, 2% x) + — ! 11¢(0 0,0)
- 5 2]+1 2i+1 6

j
for all nonnegative integers m and [ with m > [ and all x € G. It follows that the sequence
{(1/2")f(2"x)} is a Cauchy and so it is convergent since X is complete. So one can define a
mapping L : G — X by L(x) := lim,_(1/2") f(2"x) for all x € G. By letting I = 0 and taking
the limit m — oo, we arrive at (2.14).

Now, we claim that the mapping L is additive. By (2.18), one notes

[$(0,2"x, -2"x) + $(0,0,0)] =
(2.20)

< lim
_>002n +1

|[IL(x) + L(-x)|| = 31_{21021—" Hf(Z"x) + f(-2"x)

So we have L(-x) =

—L(x). By (1.8), (2.17), and (2.18), we obtain
[|IL(x) + L(y) - L(x + y)|| = lim

lim 1 2) + £ (2) + 2 x- )|
<ima[3s @ cx- ) + s ¢ s
@ x—w)+ @ )|

o1
+ lim —
n—oo 2N

+ lim

n—soo QN+

< lim
n—oo 2n+1

Ff @™ x—y)) + f@ e+ y)|

(i) (2" (-x-y),2"x,2"y) + gqB(O, 0, 0)]

+ hm— [¢(2”+1(x+y) 2"(-x-y),0)+ = (j)(O 0, 0)]

+ lim

—00 2n+2

forall x,y € G.

[#(0,2" (=x - y),2" (x + y)) + $(0,0,0)] =0
(2.21)



J. Roh and I.-S. Chang 7

Now, to show uniqueness of the mapping L, let us assume that T : G — X is another
additive mapping satisfying (2.14). Then, by (2.14), and assumptions of ¢, we have

1L - T = 5 lIL@") - T )|

1
<

[1L.(2"x) = f ") || + [T (2"x) = £ (2"*)[[] (2.22)

1(2"x) — 0

2

<

2n—1
forall x € G,as n — co. O

With the help of Theorems 2.2 and 2.3, we obtain the following corollaries.

Corollary 2.4. Suppose that f : E — X is a mapping from a normed space E into a Banach space X
subject to the inequality
2f <§ +y+ z)

forall x,y,z € E, where € and p are constants with € > 0 and p > 1. Then, there exists a unique
additive mapping L : E — X such that

[1f(x) +2f(y) +2f (2) < +e(llxll” + lylP + [1zIP) (2.23)

LG - f] < 22

p 224
< Sellxl @24)

forall x € E.

Corollary 2.5. Suppose that f : E — X is a mapping from a normed space E into a Banach space X
subject to the inequality (2.23) for all x,y,z € E, where € and p are constants with e > 0and p < 1.
Then, there exists a unique additive mapping L : E — X such that

242 12
P
el (2.25)

L) - f@]| <
forallx € E.

Theorem 2.6. Let (G, +) be a 2-divisible abelian group and (X, ||-||) a Banach space. Assume that a
mapping ¢ : G* — [0, o0) satisfies the assumptions

(1) Z72027 [¢(x/2,=x/27*1,0) + p(-x/2/,x/27*1,0)] < o0 (x € G),
(2) limy0o2"P(-x —y /2", x/2%,y/2") =0 (x,y € G),

and the inequality (1.8). Then, there exists a unique additive mapping L : G — X such that

fx) - f(=x)
2

HL(x) - <y(x) (2.26)

forall x € G, where

y(x) = ng-l [4)(%—%0) + ¢< - % 2}%0)] (2.27)
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Proof. Letting x = y = z = 0in (1.8), we get || f(0)|]| < (1/3)¢(0,0,0). By assumption, we

should have ¢(0,0,0) = 0, since lim,_..2"¢(0,0,0) = 0. Hence, we obtain f(0) = 0. By letting
y =-x/2and z = 0in (1.8), we have

()

forall x € G. Let g(x) = (f(x) — f(=x))/2. Then, we obtain

<é <x, —’z—c, 0) (2.28)

(—2x) 2x)
25 - g0l < |+ L2« | e+ £
! (2.29)
< 5 [¢(—2x,x,0) + p(2x, —x,0)]
for all x € G. Hence, for all nonnegative integers m and [ with m >l and all x € G,
I £ o [ x
5(5) =@ 2 G) 2G|
- (2.30)

mz:: ]1[¢< 2’ 2J+1’0>+¢<%’_2%0>]'

So the sequence {2"g(x/2")} is a Cauchy sequence. Due to the completeness of X, this
sequence is convergent. Let L : G — X be a mapping defined by L(x) := lim,_2"g(x/2")
for all x € G. Letting | = 0 and sending m — oo, we get (2.26).
Next, we claim that the mapping L is additive. We first note that L(-x) = —L(x)
because g(—x) = —g(x). So, by (1.8) and (2.28), we obtain
|

o(a)+5(5) (7
) fQ/2)  f(=x-y/27)
2 2 4

NUCLINICT AW (ATl
2

|[IL(x) +L(y) - L(x +y)|| = 11m2"

< lim 2"

n—oo

2 4
F-x=y/2) | fry/2
2 4

Flary/2) | f(-x-y/2
+H LR ;

H

+ lim 2" [

n—oo

o -X-y x Y X+Yy -x -y
< n-2 _— <
- ,1,1_]?302 [d)( on-1 ’2n 2n> +¢< on-1"9n’ on >]

ool Xty —x-y -x-y x+y -
pme (G 0) (5 )| =0

(2.31)

for all x,y € G. So we have L(x + y) = L(x) + L(y).
The proof of uniqueness for L is similar to the proof of Theorem 2.2. O
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Theorem 2.7. Let (G, +) be a 2-divisible abelian group and (X, ||-||) a Banach space. Assume that a
mapping ¢ : G* — [0, o0) satisfies the assumptions

(1) X2,(1/2)[p(=27"x,27x,0) + (2" x,~2/x,0)] < o0 (x € G),
(2) lim,, e (1/27)p (2" (=x - y),2"x,2"y) = 0 (x,y € G),

and the inequality (1.8). Then, there exists a unique additive mapping L : G — X such that

HL(x) - %” <6(x) (2.32)
for all x € G, where
6(x) = ,202]'1*2 [4;( — 271, 2x,0) + ¢ (2" x, 2/ x, 0) + 24)(0, 0,0)|. (2.33)
Proof. Due to (2.17), we have
||%f(x) +f< - g) H < %(j)(x,—g,O) + %4)(0,0,0) (2.34)

for all x € G. So, we obtain

1 1
518(2%) - 528 (2"x)

8(2%) - 575(2)

Z
j=l
mZZM [¢( 27"x,27x,0) + ¢(2 x, -2/x,0) + = ¢(o 0,0)
j=l

(2.35)

for all nonnegative integers m and [ with m > [ and all x € G. This means that the sequence
{(1/2")g(2"x)} is a Cauchy sequence. Since X is complete, the sequence {(1/2")g(2"x)}
converges. Thus, we may define a mapping L : G — X by L(x) := lim,_.(1/2")g(2"x)
for all x € G. Letting I = 0 and passing the limit m — oo, we get (2.32).

Now, we claim that the mapping L is additive. By (2.16), (1.8), and (2.34), we have

[|L(x) + L(y) ~Lx+y)||
= 11m—IIg(Z”X) +g(2"y) +g(2"(~x - )|

< lim 2n+z [¢(2" (-x - y),2"x,2"y) + § (2" (x + ), —2"x,-2"y)] (2.36)
1
+ hm 2n+2 [ (x + 1), 2" (-x - y),0) + p(2" (-x - y),2"(x + y),0)]

+ limz—ngb(0,0,0) -0

forall x,y € G.
The proof of uniqueness for L is similar to the proof of Theorem 2.3. O
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