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Here we study the polyharmonic nonlinear elliptic boundary value problem on the unit
ball B in R" (n>2) (—A)"u+g(-,u) =0, in B (in the sense of distributions)
lim y_eeap(u(x)/(1 — lez)mfl) = 0(§). Under appropriate conditions related to a Kato
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on estimates for the polyharmonic Green function on B with zero Dirichlet boundary
conditions, including a 3G-theorem, which leeds to some useful properties on functions
belonging to the Kato class.
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1. Introduction

In this paper, we deal with higher-order elliptic Dirichlet problems

(=2A)™u+g(-,u) =0, in B (in the sense of distributions),

u(x) (L.1)
WY g,
x—EcIB (1 _ |x|2)m—l (E)

where B is the unit ball in R” (n > 2), m is a positive integer, and 0 is a nontrivial non-
negative continuous function on dB.

A basic result goes from Boggio in [1], where he gave an explicit formula for the
Green function G, of (—A)™ on B with Dirichlet boundary conditions (3/9v)/u = 0,
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0 < j < m— 1. Namely, Boggio showed that the Green function is positive and is given by

[x,y1/1x=yl (VZ _ 1)”’_1

Gm,n(x)y) = km,nlx_y|2m_n JI dV, (12)

pyn—1

with ky, , is a positive constant and [x, y]? = |x — y|>+ (1 — |x]?)(1 — | y|?), for x, y in B.

The positivity of G,,, does not hold for the Green function of the m-polyharmonic
operator in an arbitrary bounded domain (see, e.g., [2]). Only for the case m = 1, we do
not have this restriction.

In [3], Grunau and Sweers established two-sided estimates for G, , and so they de-
rived a 3G-theorem result. This was improved in [4], where the authors obtained from
Boggio’s formula more fine estimates on G, ,. For instance, they gave a new form of the
3G-theorem: There exists Cy > 0 such that for each x, y,z € B,

)me,n(x,z)+ <%}Z/))>me,n(y,z)], (1.3)

Gm,n(xaz)Gm,n(z:)’)< M
Gunn (%, 7) ‘CO[(a(x)

where §(x) = 1 — |x|. In the case m = 1, the Green function Gq, of an arbitrary bounded
C"! domain Q satisfies (1.3). This has been proved by Kalton and Verbitsky [5] for n > 3
and by Selmi [6] for n = 2.

On the other hand, the classical 3G-theorem related to G, (see [7, 8]) has been ex-
ploited to introduce the classical Kato class of functions K,(Q) (see [9, 7]), which was
widely used in the study of some nonlinear differential equations (see [10, 11]). Sim-
ilarly, in [4] the authors exploited the inequality (1.3) to introduce a new Kato class
K := Kyn,n(B) (see Definition 1.1), such that K; ,,(B) contains properly K,,(B).

Definition 1.1. A Borel measurable function ¢ in B belongs to the class K := K, ,(B) if ¢
satisfies the following condition:

: S\ _
lim (sup mem ( : (x)> Houn(6,9) | 9(0)] dy) —o. (1.4)

a=0 \ xeB

In this paper, we will use properties of this class to investigate two existence results for
problem (1.1). Our plan is as follows. In Section 2, we collect some properties of functions
belonging to K. In particular, we derive from the 3G-theorem that for each g € K, we have

G (%,2) Gn(2,
0 := sup

y)
x,yEB B Gm’n(x)y) NQ(Z)|dZ< o0, (15)

In Section 3, we are interested in the following polyharmonic problem:

(=2A)"u+ugp(-,u) = f, in B (in the sense of distributions),

(1.6)
_u g,

x=§€dB (1 — |x|?)
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where 6 is a nontrivial nonnegative continuous function on 9B and the functions ¢ and
f verify the following assumptions.
(Hi) ¢ is a nonnegative measurable function on B X (0, ).
(H;) For each A > 0, there exists gy € K* with a,, < 1/2 and such that for each x € B,
the map ¢ — t(qr(x) — ¢(x,1)) is continuous and nondecreasing on [0,A].
(H3) f is a nonnegative measurable function on B such that the function y(x) :=
f(x)/(8(x))™! belongs to the class K.
Under these hypotheses, we give an existence result for problem (1.6). In fact, we will
prove that (1.6) has a positive continuous solution u satisfying for x € B that

c(Vf(x)+px) <ulx) < Vf(x)+p(x), (1.7)

where ¢ is a positive constant, V f(x) = [ Gun(x,y)f(y)dy, and the function p is de-
fined by p(x) = (1 — |x]?)™ 1h(x) with h being the continuous solution of the Dirichlet
problem Ah =0, on Band hjpp = 6.

To establish this result, we will exploit the 3G-theorem to prove that if the coefficient
q € K* is sufficiently small and f is a positive function on B, then the equation

(=A)"u+qu=f (1.8)

has a positive solution on B. In [12], Grunau and Sweers gave a similar result with oper-
ators perturbed by small lower-order terms:

(=2)"u+ Z ak(u)Dku:f. (1.9)

|kl<2m

In the case m = 1, problem (1.6) has been studied by Maagli and Masmoudi in [13],
where they gave an existence and a uniqueness result in a bounded domain Q.

In Section 4, we fix a positive harmonic function h in B, continuous in B and we put
po(x) = (1= |x]?)™" 'hy(x). Then we aim at proving an existence result for problem (1.1)
with g satisfying the following assumptions.

(A;) g is a nonnegative Borel measurable function on B X (0, o), which is continuous

with respect to the second variable.

(Ay) g(x,t) < y(x,t), where y is a positive Borel measurable function in B x (0, ),

such that the function ¢t — y(x,t) is nonincreasing on (0, ©).

(A3) The function q defined on B by g(x) = w(x,po(x))/po(x) belongs to the class K.
We will prove the following result. There exists a constant ¢; > 0 such thatif @ = (1+¢;)hg
on 0B, then problem (1.1) has a positive continuous solution u satisfying po < u < p on
B.

This result is a followup to the one of Athreya [14], who considered the following
problem:

Au=g(u) inD,
)
u=¢ onoaD,
where D is a simply connected bounded C?-domain and g(u) < max (1,u%), for 0 < a <
1. Then he proved that there exists a constant ¢ > 0 such that if ¢ > (14 ¢)hy on dD, then
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problem (*) has a positive continuous solution u such that u > hy, where hy is a fixed
positive harmonic function in D.
In order to simplify our statements, we define some convenient notations.

Notations 1.2. (i) B:= {x € R%; |x| < 1} with n > 2.
(ii) On B? (i.e., (x,y) € B?),

[, y)? = lx = yI?+ (1= |xI7) (1 = [y 1),

(1.10)
O(x)=1-|x|.
Note that [x, y]> > 1+ |x|?|y]? — 2Ix[|y| = (1 — |x||y])*. So we have
max (8(x),8(y)) < [x,y]. (1.11)

(iii) 9B(B) denotes the set of Borel measurable functions in B and " (B) denotes the
set of nonnegative ones.

(iv) Co(B) := {w continuous on B and lim | w(x) = 0}.

(v) For f € B*(B) , we put

V() i= Vi f () = JB Gun(, ) f(y)dy, forx € B. (1.12)

The function V f is called the m-potential of f and it is lower semicontinuous on B.
(vi) Let K* denote the set of nonnegative functions on the Kato class K.
(vii) For any ¢ € B(B), we put

8 m
lotai=sup [ (55) Gt ot ldy (1.13)

(viii) Let f and g be two positive functions on a set S.
We call f ~ g if there is ¢ > 0 such that

%g(x) < f(x) <cg(x) Vxes (1.14)
We call f < g if there is ¢ > 0 such that
f(x)<cglx) VxeSs (1.15)

2. Properties of the Kato class K

We collect in this section some properties of functions belonging to the Kato class K,
which are useful at stating our existence results.
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ProrosiTiON 2.1 (see [4]). Let ¢ be a function in K. Then one has the following assertions.

(i) llpllp < oo.
(ii) The function x — (8(x))*™ ¢ isin L'(B).

COROLLARY 2.2. Let q € K*. Then one has

G (x,2) G (z, )/)

oy = xs);lepB . Gon(%,7) q(z)dz < oo (2.1)

and for each x € B,
V(qGmn(+59)) (%) < 0gGmu(x, ). (2.2)
Proof. The result holds by (1.3). O

For { in KT, we denote

M;:={p €K, |p| <} (2.3)

From (1.3) and Proposition 2.1(i), we derive the following proposition.
ProprosITION 2.3 (see [15]). For any function { € K*, the family of functions

{W JB BN G )9(y)dy; ¢ € M(} (2.4)

is relatively compact in Cy(B).

ProrosriTiON 2.4. For each q € K* and h a nonnegative harmonic function in B, one has
for x € B that

jB Goun (6 ) (1= 1y h(»)a(dy < ag (1~ 1x12)™ " h(x). (2.5)

Proof. Let h be a nonnegative harmonic function in B. So by Herglotz representation
theorem (see [16, page 29]), there exists a nonnegative measure y on dB such that

W) = | oo, 26

where P(y,&) = (1—|yl?)/|y —&|", for y € B and & € 9B. So we need only to verify the
inequality for h(y) = P(y,§) uniformly in & € 0B.
From expression (1.2) of Gy, 5, it is clear that for each x, y € B, we have

- Gua(p,2) _ (L= 1yD)" x=&1" (1= 1y)" " P(,8)
121521 Gun(x,2)  (1—|x2)" 1y —E&In (1—x12)" " P, &) (2.7)
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Thus by Fatou lemma, we deduce that for each x € B and { € 0B,

m—1
[ Gt AL 2050

= (ld
(- 1<) P(od) la(y)|dy .
.. Gm,n(}’>z)
< 111;11glf BGm,n(x,y)m lg(y)|dy < ag,
which completes the proof. O

In the next results, we will give a class of functions included in K and we will precise
estimates of the m-potential of some functions in this class.

ProrosITiON 2.5. Let p > max (n/2m,1). Then for A <2m —n/pifn>=2m,orA <2m—n
if n < 2m, one has

L?(B)
(6())

CcK. (2.9)

To prove Proposition 2.5, we use the next two lemmas.

LEmMMA 2.6 (see [4]). On B2, one has the following.
(i) Forn >2m,

o men (8(x)8(»)" N (8(x)8()"
G (x,y) ~ |x =yl mln(l, LT ) PRI (2.10)
(ii) For n = 2m,
(8x)S(N™Y  (8(x)8(y)" [x, y1?
Gmn (%, y) L0g<1+ ‘x7y|2m ) [, y]2m L0g<1+|x7y|2>. (2.11)
(iii) For n < 2m,
(8(x)8(y)"
G (%, y) Tyl (2.12)
LEMMA 2.7. Let A € R. Then on B2, one has
1 .
W 1fn>2m,
1 S(\" 1 3
— | Gualx,y) =< i — 2.13
(6(y))A(5(x)) n(x:y) \x—yl”LOg(Ix—yl) ifn=2m, ( )
EI0%) R if n<2m,

where At = max(A,0).
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Proof. Using Lemma 2.6, inequality (1.11), and the fact that |x — y| < [x, y], we deduce
the following.
(i) If n > 2m, then for x, y in B, we have

S\ (0™
. ) Gun(x,y) < |x — y|n=2m[x, y]2m

DR (10)) i (2.14)

T x — p|r2mA [, y|2me A

<L
|x_y|n—2m+)t+

(ii) If n = 2m, then for x, y in B, we have

L (0\" o)™ [x, y]?
(a(y)))t((g(x)) Gun(x,y) < [x)y]zm Log(1+|x—y|2)

()" 3 (2.15)
T x— y A [x, y]2mAt g(\x—yl)

1 3
c (2
lox — y [ ©8 lx — yl

(iii) If n < 2m, then for x, y in B, we have

2m—-A*

(6(»))
[x, y]"

< (8(y) . (2.16)
O

L (3
07 ) Gt

Proof of Proposition 2.5. Let & >0, p > max (n/2m,1), and q = 1 such that 1/p+ 1/q = 1.
To show the claim, we use the inequalities in Lemma 2.7 and the Holder inequality. We
distinguish three cases.

Case 1 (n>2m). Let p >n/2m, f € LP(B), and A < 2m — n/p. Then, for x € B, we have

3" )] ol
,[BmB(x,a) (8(x)> G (%, ) (5(),))/\dy = JBQB(X’a) |x — y[n2meks dy

« Y4 (2.17)
<y ([ remoenoear)

0

< | fllpeem= P,

which tends to zero as a« — 0.
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Case2 (n=2m). Let p>1, f € LP(B), and A < n/q. Then, for x € B, we have

8(y) fD)] LfO] 3
JBmB (2,0 <6(X)> Gm (%)’) (8()}))/1‘1)/ = —[BmB(x,(x) lx — y|A+ Log ( lx — )’I >dy

1/q

([ ()) )

(2.18)

which tends to zero as « — 0.
Case 3 (n<2m). Let p>1, f € LP(B), and A < 2m — n. Then, for x € B, we have

M |f y)| 2m n—-At i’l/
o (5) Gt L2y < [ 0™ gy = 1

(8’
(2.19)
which tends to zero as « — 0. This completes the proof. O
In the sequel, we put for f € %B(B) that
x) = J Gmn(x,¥) |f(y)Ldy, for x € B. (2.20)
B

(8(»)

Remark 2.8. From Lemma 2.6, we note that for each x, y in B, we have (8(x)d(y))™ <
G (x, ¥). This implies that there exists a constant ¢ > 0 such that for each f € B(B), we
have

c((S(x))mL %dy <v(x). (2.21)

In the next proposition, we will give upper estimates on the function .

ProrosiTioN 2.9. Let p > max (n/2m,1) and A < min (m+ 1 — (1/p),2m — n/p). Then
there exists a constant ¢ > 0, such that for each f € LP(B) and x € B, the following estimates
hold:

( m—A—n, . . 1 n
cll Il (8()) > P i m—ﬁ</l<m1n<m+1——,2m——>,
Fllp(8(x)) f » F »

> 1/q
V(X)S‘cllfll ()" (Log(m>) ifA:m—IE),
el 1l (8(x))" if)t<m—§.

(2.22)

To prove Proposition 2.9, we need the following key lemma.
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LEMMA 2.10 (see [17]) Let x,y € B. Then one has the following properties.
1) If §(x) < |x— yl?, then max(8(x),0(y)) < ((~/5+1)/2)|x — yl.
(2 ) If Ix — y|2s8( )8(y), then ((3 —+/5)/2)8(x) < 8(y) < ((3++/5)/2)8(x).

Proof of Proposition 2.9. Let p > max(n/2m,1) and f € LP(B). Then we have for x € B
that

- )] )]
V)= [ Graley) 5 (y))*d“LnDz o) | 3y = 3+ 1),
(2.23)

where
Di={yeB:lx—yl><d(x)8(y)}, Dy={yeB:lx—y>=38(x)5(y)}. (2.24)
Let g = 1 such that 1/p+1/q = 1. We claim that for x € B,
(0) <11 £l (800) ™7, (225)

Indeed, for x € B and y € D, we have by Lemma 2.10 that |x — y| < ((~/5+1)/2)8(x).
Hence from the estimates on Gy, (x,y) in Lemma 2.6, we deduce that for x € B and
ye Dy,

1 .
m ifn >2m,
G y) ~ Hyn(,) 1= 6™y (2.26)
(6()/))/\ 8 > N > L0g<1+ Ix |2m> if n=2m,
(8Cx))™" ifn<2m.

Then, by elementary calculus, we deduce using the Holder inequality that for x € B,

1/q
< Hyn(x,y))dy | < 8(x)) AP
) ||f||p(j(x_yls((m/wm( (67)) y) 1£1,(3)
(2.27)

On the other hand, from the estimates on Gy, ,(x, y) in Lemma 2.6, we deduce by Lemma
2.10 and the fact that #/(1 +¢) < Log(1 +¢) < ¢ that for x € B and y € D5, we have

8(x)8(y)"
G (%, ) ~ % (2.28)
So, we obtain by using the Holder inequality that
m m— l/q
(8x)™ (3(y) "
Lx) < ||f||p<JDmB ) (229)

Now, we distinguish the following two cases.
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Case 1. If A < m, then we have

1/q
m 1
e < 60" | S T
2(6) <11 £l (3Gx)) < (x—yI2((5-1)/2)8(0)nB |x — y|(r=m+q y)
[(8(x))™ P ifm—2<A<m,
- P (2.30)
< m L . _ _ E
<4 (8(x)) (Log(a(x)» ifA=m >
8(x))" ifA<m— 2.
\( ) p
Case 2. If A > m, then we have
_ 1/q
2m-A-n/p M)(A ma 1
L(x) X[ fll,(8(x)) (Lams(d(y) |x_y|ndy . (2.31)

Then, since 0 < (A — m)q < 1, we have by [17, Corollary 2.8] that the function x —
Ip,n5(8(x)/8(y))4=™4(1/|x — y|")dy is bounded, and so

Lx) < 11, (8(x)) ", (2.32)

This completes the proof. 0
Remark 2.11. By taking p = +o (i.e., g = 1), in Propositions 2.5 and 2.9, we find again

the results of Bachar et al. in [4, Example 3.9 and Proposition 3.10].
3. First existence result

In this section, we are interested in the existence of positive solutions for problem (1.6).
To this end, we first introduce for g € K*, such that a; < 1/2, the potential kernel V, f :=
Vinngf as a solution for the pertubed polyharmonic equation (1.8).

We put for x, y € B that

G (5,3) = S (=K (V (@) (G (- 7)) (). (3.1)

k=0
Then we have the following comparison result.

LemMA 3.1. Let q € K* such that ag < 1/2. Then on B2, one has
(1= ag) Gun(%,y) < Gn(x,y) < Gun(x, y). (3.2)

Proof. Since ay < 1/2, we deduce from (2.2) that

G0, 9) | <> () G, y) =
k=0

1 ~a Gm,n(x’y)- (3.3)
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On the other hand, we note that for x # y in B,

Gnn(%,9) = Gun(%,y) = V(qGmn(-,y)) (x). (3.4)

Using these facts and (2.2), we obtain that

1-2
G, ) = Gn (56 9) = — L G(2,7) = L G, y) = 0. (3.5)
1 —ay I —ay
Hence the result follows from (3.4) and (2.2). O

In the sequel, for a given g € K* such that a; < 1/2, we define the operator V; on
%B*(B) by

Vof(x) = JB(Qm,n(x,y)f(y)dy, x € B. (3.6)

LEMMA 3.2. Letq € K* suchthatay < 1/2and f € B*(B). Then V, f satisfies the following
resolvent equation:

Vf=Vef+VeqV[f)=Vef +VI(qVef). (3.7)

Proof. From the expression of 4, ,, we deduce that for f € B*(B) such that V f < co, we
have

Vof = S (=DF(V(g) VT, (3.8)

k=0

So we obtain that

V@V ) =S (=D(V(g) V@V H] = = S(=DK(V(g) V= Vf-V,f. (3.9

k=0 k=1
The second equality holds by integrating (3.4). O

ProposITION 3.3. Let g € K+ such that ay < 1/2. Let f € Li,.(B) such that V f € L{.(B).
Then V, f is a solution of the perturbed polyharmonic equation (1.8).

Proof. Using the resolvent equation (3.7), we have
Vof =V =V(qVef). (3.10)
Applying the operator (—A)™ on both sides of the above equality, we obtain that
(=A™ (Vaf) = f —qV4f (in the sense of distributions). (3.11)

This completes the proof. O

Now, we aim at proving an existence result for problem (1.6). We recall that the func-
tion p is defined on B by p(x) = (1 — |x|?)™'h(x), where h is the continuous solution of
the Dirichlet problem Ak =0, on B and hj35 = 0.

The main result of this section is the following.
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THEOREM 3.4. Assume (H;)—(H3) hold. Then problem (1.6) has a positive continuous solu-
tion u satisfying (1.7).

Proof. Let f € B*(B) satisfy (H3). Then f(x) = (8(x))" 'y(x), where y is in K*. By
Proposition 2.3, we have that V f/(8(-))""! is in Co(B). So if we put 8=V f +pll,
we have obviously that 0 < < co.

Then by (H;), there exists a function g := gg € K* such that @y < 1/2 and for each
x € B, the map

t — t(q(x) — ¢(x,t)) is continuous and nondecreasing on [0, 3], (3.12)

which implies in particular that for each x € Band t € [0, ],

0 < (x,1) < q(x). (3.13)
Let
A={ueB"B):(1-a))(Vf+p)<u<Vf+pl (3.14)
We define the operator T on A by
Tu:=Vyf +(p—Vylap)) + Vol (q— o(-,u))ul. (3.15)

We claim that A is invariant under T. Indeed, using (3.13) and (3.7), we have for each

u € A that
Tu<Vyf+(p—Vylgp) +Va((qg—o(w)(Vf+p)) 5.16)
< Vof+(p—Vy(ap)) + Vy(q(Vf+p)) < Vf+p. '

Moreover, from (3.13), (3.2), and Proposition 2.4, we deduce that for each u € A, we have

Tuz=Vyf+(p—Vylgp) = Vaf +(p=Vigp)) = (1 —ay)(Vf+p). (3.17)

Next, we will prove that the operator T is nondecreasing on A. Indeed, let u,v € A such
that u < v, then from (3.12), we obtain that

Ty —Tu=Vy([(q— o )v] = [(g— (-, u)u]) = 0. (3.18)

Now, we consider the sequence (u) defined by ug = (1 — ay)(V f +p) and ugy1 = Tuy for
k € N. Since A is invariant under T, then u; = Tug = 1, and so from the monotonicity
of T, we deduce that

Uy <u < <up < <Vf+p. (3.19)

Hence from (3.12) and the dominated convergence theorem, we deduce that the sequence
(ux) converges to a function u which satisfies

u="Vyf+(p—Vylap)) + Vol (q—o(-,u))u]. (3.20)
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That is,

u—Vylqu) = Vo f +(p—Vy(gp)) — Vy(ug(-,u)). (3.21)

Applying the operator (I + V(q-)) on both sides of the above equality and using (3.7), we
deduce that u satisfies

u=Vf+p—V(up(-,u)). (3.22)

Finally, we need to verify that u is a positive continuous solution for problem (1.6). Since
for each x € B, f(x) = (8(x))™ 'y(x), where y is in K*, we deduce by Proposition 2.1 that
f € L},.(B) and by Proposition 2.3 we have that V f € L} .(B). Then, since u ~ V f +p
and ug(-,u) < ug, we deduce that either u and u¢(-,u) are in L{ .(B). Now, from (3.22)
we can easily see that V(ug(-,u)) € L{,.(B). Hence u satisfies (in the sense of distribu-
tions) the elliptic differential equation

(=A)"u+ue(-,u)=f inB. (3.23)

To prove continuity of u, we recall that V /(8(-))"~! € Cy(B). Then, there exists a func-
tion { € C(B) such that V f(x) + p(x) = (6(x))"~'{(x), and so we have by Proposition 2.3
that V((8(-))™"1{q) is in (8(+))™ ' Cy(B). Now, since V (u¢(-,u)) is lower semicontinu-
ous and for x € B, we have

V(ugp(-u)(x) < V(ug) < V((8(:))" ' {q) (x), (3.24)

then we deduce that V (u¢(-,u)) isin (8(-))™ 1 Co(B). This implies by (3.22) that u is con-
tinuous on B and satisfies obviously lim,_¢eap(u(x)/(1 — |x|>)™"!) = 6({), which com-
pletes the proof. O

Example 3.5. Let a, 3 be two positive constants and g, y are two functions in K*. Then,
for each 8 € C*(dB), the following polyharmonic problem

(=) "u+pu g =(1- lez)mfly, in B (in the sense of distributions),
ulx (3.25)
#m_l =0(%),
x—£€aB (1 — |x|?)

has a positive continuous solution satisfying (1.7), provided that f8 is sufficiently small.

4. Second existence result

In this section, assuming that (A;)—(Asz) hold, we aim at proving an existence result for
problem (1.1). We recall that hy is a fixed positive harmonic function in B, continuous
in B. We put po(x) = (1 — |x]>)"'ho(x) and p(x) = (1 — |x|?)" 'h(x), where h is the
continuous solution of the Dirichlet problem Ak =0, on B and h|3p-¢.

The main result of this section is the following.

THEOREM 4.1. Assume (A1)—(A3z) hold. Then there exists a constant ¢; > 0 such that if 6 >
(14 ¢1)ho on OB, then problem (1.1) has a positive continuous solution u satisfying for each
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x € B that
po(x) < u(x) < p(x). (4.1)

To prove Theorem 4.1, we need the next lemma.

LEmMA 4.2. Assume that (A>)-(As) hold. Then one has

1
€1 := sup

xeR! po(x) J[M Gm,n(x»)’)W()’)Po(y))dy < 00, (4.2)

Proof. By (A3), the function q defined on B by q(x) = w(x,po(x))/po(x) is in K*. Then we
deduce by Proposition 2.4 that

! I G (%, ) ¥ (5p0(y)) dy =J Gmn(%,Y) (- |y|2):j hO(y)q(y)dy < ay.
po(x) Jry RY (1—1x12)"" ho(x)
(4.3)
The result holds from Corollary 2.2. O
In the sequel, we suppose
(A4)
0(x) = (1+c¢1)ho(x), Vx€OIB. (4.4)
Proof of Theorem 4.1. We will use a fixed point argument. Let
A={veC(B):py <u<p}. (4.5)

Since h = 6 on 9B and hy is continuous in B, then we obtain by (A4) that h > (1+¢;)hy
on B. So A is a well-defined nonempty closed bounded and convex set in C(B).
We define the operator T on A by

Tulx) = p) = | G5, 7)g (o)), (4.6)
Since for u € A and y € B, we have by (A;) that

g u(y)) <y (ypo(y)) = po(»)q(y) < q(y), (4.7)

then the function y — g(y,u(y)) is in M,. Hence by (A3), Proposition 2.3, and the fact
that p € C(B), we deduce that T'A is relatively compact in C(B).
Moreover by hypothesis (A;), we have for x € B that

JW G (%, y)g (you(y))dy < JW G (6 Y)Y (3,p0(0))dy < c1po(x).  (4.8)

Then since by (A4), p = (1 +¢;)po, we obtain that TA C A.
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Next, let us prove the continuity of T in the uniform norm. Let (ux)x be a sequence
in A which converges uniformly to u € A, then since g is continuous with respect to the
second variable, we deduce by the dominated convergence theorem that

Vx€B, Tur(x)— Tu(x) ask— oo. (4.9)
Now since TA is relatively compact in C(B), then
||Tug — Tul|, — 0 ask — oo. (4.10)

Finally the Schauder fixed point theorem implies the existence of u € A such that Tu = u.
That is, for x € B, we have

u(x) = p(x) — JB Ginn(x,9)g (y,u(y))dy. (4.11)

Using (Az), (A3), and Proposition 2.1, we deduce that y — g(y,u(y)) isin L{ .(R"). So u
satisfies (in the sense of distributions) the elliptic differential equation

(=A)"u=g(-,u) inB. (4.12)

Furthermore, since hjp-g, then we deduce by Proposition 2.3 that lim,_¢cop(u(x)/
(1—x]?)m=1) = 6(&). This completes the proof. O

Example4.3. Let p >n/2m,A <2m —n/p,and a > 0. Let f € LP(B) and let hy be a positive
harmonic function in B, which is bounded and continuous in B. Then we have for x € B
that §(x) < ho(x).

Now, let g be a nonnegative Borel measurable function on B X (0, ), which is contin-
uous with respect to the second variable and satisfies

= f(x)

-, (4.13)
(8(x))"

glx,1) <

then there exists a constant ¢; > 0 such that if 0 = (1+¢;)ho on 9B, problem (1.1) has a
continuous positive solution satisfying (4.1).
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